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Abstract Motivated by a classical comparison result of J. C. F. Sturm, we introduce a
curvature-dimension condition C D (k, N) for general metric measure spaces, variable
lower curvature bound k and upper dimension bound N > 1. In the case of non-zero
constant lower curvature, our approach coincides with the celebrated condition that was
proposed by Sturm (Acta Math 196(1):133-177, 2006). We prove several geometric
properties as sharp Bishop—Gromov volume growth comparison or a sharp generalized
Bonnet—Myers theorem (Schneider’s Theorem). In addition, the curvature-dimension
condition is stable with respect to measured Gromov—Hausdorff convergence, and it
is stable with respect to tensorization of finitely many metric measure spaces provided
a non-branching condition is assumed. We also briefly describe possible extensions
for variable dimension bounds.
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1 Introduction

Metric measure spaces with generalized lower Ricci curvature bounds have become
objects of interest in various fields of mathematics. Since Lott, Sturm, and Villani
introduced the so-called curvature-dimension condition CD(K, N) for K € R and
N € [1,00] via displacement convexity of the Shanon and Reny entropy on the
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L?-Wasserstein space [24,33,34], a rather complete picture of the geometric and ana-
lytic properties of these spaces has been developed (e.g. [1,2,14,16,20-22,30]). Their
approach is based on and inspired by recent fundamental breakthroughs in the theory
of optimal transport (e.g. [7,9,25,27]).

However, the condition of lower-bounded Ricci curvature is also very restrictive.
Neither non-compact smooth Riemannian manifolds do admit global lower curvature
bounds in general, nor does Hamilton’s Ricci flow in general. Moreover, one cannot
exceed the information that is encoded by the constant curvature bound. Therefore,
the regime of results is limited. However, in the context of smooth Riemannian mani-
folds, variable lower Ricci curvature plays an important role. One can deduce refined
statements for the geometry of the space, e.g. [5,18,28,29,31,36]. Therefore, it seems
natural to ask for an extension of the theory of Lott, Sturm, and Villani. For dimension-
independent situations, a definition is proposed by Sturm in [35]. However, to deduce
refined geometric statements, one also must bring a dimension bound into play.

In this article, we will focus on the finite dimensional case and introduce a
curvature-dimension condition C D(k, N) for metric measure spaces (X, dy, my),
where the lower curvature bound k : X — R is a lower semi-continuous function and
N = const > 1 (variable dimension bounds will be discussed in Sect. 9). Before we
describe our approach, let us recall that Lott, Sturm, and Villani define the curvature-
dimension condition C D(0, N) of an arbitrary metric measure space (X, dx, my) via
displacement convexity for the N-Rény entropy functional

1
Sy(omy) = —/ o'~ hdm, .
X

(The definitions in [24] and in [34] slightly differ.) In [34], Sturm gave a definition of
CD(K, N) for general K € R via the so-called distorted displacement convexity (see
also [37]). This approach involves the concept of modified volume distortion coeffi-
cients r,ff},(@) that do not come from a linear ODE but are motivated by the geometry
of Riemannian manifolds. They capture the geometric fact that Ricci curvature of a
tangent vector v is the mean value of sectional curvatures of planes intersecting in v.
Roughly speaking, non-zero curvature only happens perpendicular to v. Our idea is
to introduce generalized volume distortion coefficients as follows. We define

N-1

1
W @) =17 [0, )]

where k, (16) = ko y(t), y : [0, 1] — X is a constant-speed geodesic and ok(;)’N(O)
is the solution of

W (1) + 560% = 0 (1

with #(0) = 0 and u(1) = 1 where 6 = |y|. We remark, that in the case of constant
curvature k = K this yields o,((’fN (1Y) = sing,n(¢|y])/sing,y (|7 ) thatis precisely the

definition of Sturm in [34].
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Metric Measure Spaces with Variable Curvature Bounds 1953

A key property of the distortion coefficients is their monotonicity w.r.t. £ which is
a consequence of a classical comparison result of J. C. F. Sturm for one-dimensional
Sturm—Liouville-type operators.

Theorem 1.1 (Sturm’s comparison theorem) Let k, k' : [a, b] — R be continuous
function such that k' > k on [a, b] and s;r > 0 on (a, b). Then, s, > s on [a, b].

sk is a solution of (1) with 6k/N = k and y(¢) = t, an initial condition u(0) = 0
and 1/(0) = 1. The theorem is well known in the context of Riemannian manifolds
and smooth Jacobi field calculus. Its geometric counterpart is the celebrated Rauch
comparison theorem.

In particular, from generalized distortion coefficients, we also obtain a new char-
acterization of the differential inequality u” < —ku (see Proposition 3.8) that appears
naturally in connection with lower curvature bounds on smooth Riemannian mani-
folds.

Then our curvature-dimension condition takes the following form. Let (X, dy, my)
be a metric measure space as in Definition 2.1 and assume for simplicity that for m%—
a.e. pair (x, y) there exists a unique geodesic. Then (X, dy, my) satisfies the condition
CD(k, N) for N > 1 and a lower semi-continuous function k : X — R, if for any pair
of absolutely continuous probability measures 1o and 1 on X with bounded support,
there exists a dynamic optimal coupling IT € P(G(X)) such that (e;).IT = p; is an
L2-Wasserstein geodesic in P2(my) and

1

o)™ = 117 Deo o)V + 7 (17Dei (o) .
for all t € [0, 1] and TI-a.e. geodesic y. Here k;j = ky and k,; = k- where y ™ is
the time reverse reparametrization of y. o; is the density of the push-forward of I1
under the map y +— y;. If we replace 7, y by oy,y, we say X satisfies the reduced
curvature-dimension condition C D*(k, N). Let us emphasize that we do not assume
any non-branching assumption for the metric measure space in general, and we also
do not assume a quadratic Cheeger energy as in [1] or an a priori lower curvature
bound as in [35].

This is the first part of two articles where we investigate the geometric and and
analytic consequences of our curvature-dimension condition. The main results in this
article are

e The condition CD(k, N) for N € [1, co) implies C D(k, 00) in the sense of [35]
(Proposition 4.11).

e For Riemannian manifolds, the curvature-dimension condition C D (k, N) is equiv-
alentto alower bound & for the Ricci tensor and an upper bound N for the dimension
(Theorem 4.12).

e A generalized Brunn—Minkowski theorem and a generalized Bishop—Gromov
comparison theorem hold (Theorems 5.1, 5.3, 5.9). The latter result in particu-
lar yields a local volume doubling property and finite Hausdorff dimension for the
support of my.

e A generalized Bonnet—Myers theorem (Theorem 5.10). This is a non-smooth ver-
sion of a result by Schneider [31] (see also [3,15]). It states that if the curvature
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does not decrease too quickly for large distances from a point in the support of the
measure, then the support is compact with explicit bound for the diameter. There
are also similar statements in the context of smooth Finsler manifolds and for the
Bakry—Emery—Ricci tensor in a smooth context [4,38].

e The curvature-dimension condition is stable with respect to measured Gromov
convergence (Theorem 6.6). In particular, it implies that any family of compact
Riemannian manifolds with uniform upper bound for the dimension, uniform upper
bound for the diameter, and Ricci curvature uniformly bounded from below admit
a converging subsequence such that the liminf function of the variable lower Ricci
curvature bounds (that is the function that assigns to each point the smallest eigen-
value of the Ricci tensor) is a lower Ricci curvature bound for the limit space
(Corollary 6.8).

e The curvature-dimension condition is stable under tensorization of finitely many
metric measure spaces provided a non-branching assumption is satisfied (Theorem
7.4).

e The reduced curvature-dimension condition admits a globalization property (The-
orem 8.3).

In the forthcoming addendum to this article [19], we also investigate variants
of the condition C D(k, N). Namely, following [14,26], we introduce an entropic
curvature-dimension condition and a measure contraction property as well as an
EV Iy n-condition for gradient flows on metric spaces where k is a lower semi-
continuous function. We will investigate their relation to each other and also to the
reduced curvature-dimension condition presented in this paper. Given stronger regu-
larity assumptions, we establish various equivalences and consequences.

In addition, considering the recent approach of Cavalletti and Mondino in [11] to
prove isoperimetric inequalities and various other functional inequalities in the context
of non-branching C D-spaces with constant curvature bound, our approach seems very
well adapted for transforming their ideas to a non-constant curvature setting.

In the second section of this paper, we will present necessary preliminaries of opti-
mal transport, Wasserstein calculus and geometry of metric spaces. In Sect. 3, we will
introduce generalized distortion coefficients and we will present a new characteriza-
tion of ku-convexity of a function u. In Sect. 4 we give the definition of CD(k, N) in
the general context of metric measure spaces, and in particular we will prove that is
consistent with Sturm’s definition in [35]. The topic of Sect. 5 will be geometric con-
sequences of the curvature-dimension condition. In Sects. 6, 7, and 8, we will prove
the stability property, the tensorization property under a branching assumption, and
the globalization property of the reduced curvature-dimension condition, respectively.

In Sect. 9, we briefly discuss extensions of our approach that also capture a variable
dimension bound. This is not obvious since the condition C D(k, N) is defined via
N-Reny entropy functionals where N > 0 has to be a constant parameter.

2 Preliminaries

Definition 2.1 (Metric measure space)Let (X, dx) be acomplete and separable metric
space, and let my be a locally finite Borel measure on (X, dy). That is, for all x € X
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there exists » > 0 such that my (B, (x)) € (0, 00). Let Ox and By be the topology
of open sets and the family of Borel sets, respectively. A triple (X, dx, my) will be
called metric measure space. We assume that my(X) # 0. If myx(X) = 1 we say
(X, dy, my) is normalized.

(X, dy) is called length space if dyx(x, y) = inf L(y) for all x, y € X, where the
infimum runs over all rectifiable curves y in X connecting x and y. (X, dy) is called
geodesic space if every two points x, y € X are connected by a curve y such that
dx(x, y) = L(y). Distance minimizing curves of constant speed are called geodesics.
A length space, which is complete and locally compact, is a geodesic space and proper
[6, Theorem 2.5.23 ]. Rectifiable curves always admit a reparametrization proportional
to arc length, and therefore become Lipschitz curves. In general, we assume that a
geodesic y : [0, 1] — X is parametrized proportional to its length, and the set of all
such geodesics y : [0, 1] — X is denoted with G(X). The set of all Lipschitz curves
y : [0,1] — X parametrized proportional to arc-length is denoted with LC(X).
(X, dy) is called non-branching if for every quadruple (z, xo, x1, x2) of points in X
for which z is a midpoint of xo and x| as well as of xg and x», it follows that x| = x».

P(X) denotes the space of probability measures on (X, By), and P> (X, dy) =:
P>(X) denotes the L2-Wasserstein space of probability measures ¢ on (X, By) with
finite second moments, which means that f X di (x0, x)duu(x) < oo for some (hence
all) xo € X. The L2-Wasserstein distance dyw (1o, jt1) between two probability mea-
sures /o, 41 € P2(X) is defined as

dw (reo, 1) = dyw(ro, p1) = \/ir];f/x Xdi(x, ydm(x,y). 2

Here the infimum ranges over all couplings of o and w1, i.e. over all probability
measures on X x X with marginals po and wq. (P2(X),dw) is a complete sepa-
rable metric space. The subspace of my-absolutely continuous measures is denoted
by P>(X, my) =: Pr(my). A minimizer of (2) always exists and is called optimal
coupling between o and (1.

A probability measure IT on G(X) is called dynamic optimal transference plan if
and only if the probability measure (eg, e1)«IT on X x X is an optimal coupling of the
probability measures (eg). I and (e1).I1 on X. Here and in the sequel ¢; : I'(X) — X
fort € [0, 1] denotes the evaluation map y +— y;. An absolutely continuous curve u;
in P2(X, my) is a geodesic if and only if there is a dynamic optimal transference plan
IT such that (e;)IT = ;. We write DyCpl(uo, 1) for the set of dynamic optimal
transference plans between o and 1.

Let us recall the notion of Markov kernel. Let (Y, dy) be a separable and complete
metric space. A Markov kernel is a map Q : Y x By — [0, 1] with the following
properties. Q(y, ) is a probability measure for each y € Y. The function Q(-, A) is
measurable for each A € By.

Lemma 2.2 For each pair o, (11 € P2(X), there exists a dynamic optimal coupling
IT such that

dw (1o, 1) =/dx(y(0),y(1))dl'l(7/)-
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and there exist Markov kernels Iy x,, Iy, and Iy, such that

dIl(y) = dlyy x, (y)dm(xo, x1) = dx, (y)dpo(x0) = dIly, (y)dui(x1)
where (eq, e1),I1 =: .

Proof For the existence of a dynamic optimal coupling, see [37]. The existence of
the corresponding Markov kernels comes from the existence of regular conditional
probability measures. O

3 ku-Convexity

Let k : [a, b] — R be a continuous function. We study solutions of
vV +kv=0. 3)

The generalized sin-functions sy : [a, b] — R is the unique solution of (3) such that
sr(a) = 0 and 5;6(a) = 1. The generalized cos-function is ¢ = 5;{. Solutions of (3)
depend continuously on the coefficient k. More precisely, for each € > 0 there exists
8 > O such that |k — k'|s < & implies | 5 — Sy |oo < € Where k, k" : [a, b] — R are
continuous. If y(t) = (1 —t)a + tb and v : [a, b] — R is any solution of (3), then
voy =u:[0,1] - Rsolves

W' +koylylPu=0. “)

In particular, s (y;) solves (4) with s;(y9) = 0 and %hzo sk(yy) =y 0)| =b—a.
The next theorems are well-known.

Theorem 3.1 (J. C. F. Sturm’s comparison theorem) Let k, k' : [a, b] — R be con-
tinuous function such that k' > k on [a, b] and s > 0 on (a, b]. Then s > sp.

Theorem 3.2 (Sturm-Picone oscillation theorem) Let k, k' : [a, b] — R be contin-
uous such that k' > k on [a, b]. Let u and v be solutions of (3) with respect to k and
k' respectively. If u(a) = u(b) = 0 and u > 0 on (a, b), then either u = v for some
A > 0 or there exists x1 € (a, b] such that v(x;) = 0.

Definition 3.3 (generalized distortion coefficients) Consider k : [0, L] — R that is
continuous and 6 € (0, L]. Then

0) .
o’ (0) = E:o‘kk((G)) if s (0,01 > ¢ > 0,
¢ oo otherwise .

We also define 7wy = sup{tr € [0, L] : sx(s) > Oforalls <¢}.If o,i”(@) < 00,1 >
o (0) is a solution of
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u” (1) + k(16)0%u(t) = 0 )
satisfying #(0) = O and u(1) = 1.

Proposition 3.4 U,i”(@) is non-decreasing with respect to k : [0,0] — R. More
precisely k(x) > k'(x) Vx € [0, 0] implies o,"(0) = U“)(O) vt € [0, 1].

Proof Consider ok” (0) and a,i (0) for k and k" such that k(¢) > k’(¢) forall ¢ € [0, 1].
By Sturm—Picone oscillation theorem, 0,2” 0) = o0 implies o (0) = co. Hence, we
only need to check the case when ak” () < oo and O'k )(9) < oo.
We use the idea of the proof of Theorem 14.28 in [37]. We know that a(o) 0) =
0 (0) =0ando;" (0) = 0, (0) = 1.Consider o, (0) /0" () =: h(t) fort € (0, 1].
We know that h(l) = 1 and L’Hospital’s rule yields

lim () = 5(0) . w(d) ) _
110 5k (0) 110 o (29) sk/(G)

Hence, it is sufficient to check that /(¢) has no local maximum in (0, 1). For this
reason, first we assume that k > k’. Set alg) (0) = f and a,i’) (0) = g. Assume there is
a maximum in #y € (0, 1). Hence, (f/g)'(fo) = 0 and (f/g)" (fo) < 0. We compute
the second derivative of f/g.

(i)" e -4 fe? | 288 /8~ 2¢'f'g?
g) g g
_verd ~|—k92£ _ 2g_2g’f’g —zfg/
g g g

and therefore

(g) (to) = (K'(10 0) — k(t09))6’2f(( 0)) 0.

The case where k > k' follows from that if we replace k by k + €. Then ,i'jr (0)

converges uniformly to ;" (9) if € — 0. |

Proposition 3.5 For 0 € (0, L] andt € (0, 1), the map k € (C([0, L]), | - |so) >
0,2')(9) € Rx>o U {oo} is continuous where R=o U {oo} is equipped with the usual
topology.

Proof If all the distortion coefficients are finite, this follows from the stability of (3)
under uniform changes of k. We only have to check the following. If k, — k with
respect to ||, and if ;" (9) = oo, then a,i;) (6) 1 c0.If 0" (8) = 0o, then there exists
r < 0 such that 5, (r) = 0. If » < 0, then by the stability property, s, (r,) = 0 for
some r, < 6 andn € N sufficiently large. Hence, a,i’) (#) = oo for n sufficiently large.
Otherwise, r = 0 and s; > 0 on (0, ). Again by stablhty, it follows that s, (8) — 0
and sy, — S; W.I.t. | - | if n — oo. Therefore, for any compact J C (0, 1), there
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exists ng such that for each n > ng, we have s;,(-:6)|; > ¢ > 0 for some ¢ > 0.
Hence, O'(;)(O) 1 oo foreacht € (0, 1). O

Lemma 3.6 Leta,b € Rogand k : [0,0] — R as before. If 5" (6) < oo, then
v(1) =0, (0)a + 0} ()b ©)

solves (5) in the distributional sense satisfying u(0) = a and u(1) = b.

Remark 3.7 Given k as above we set k= = k o ¢ where ¢(t) = b + a — t. We also
write k =: k™. a,i’)(e) < oo if and only if oli',) (6) < oo. This follows from Sturm’s
oscillation theorem.

To see this, we assume o, (#) = oo and 6, (9) is finite. Then s; has a zero in
[0, 8] and s;- has no zero in [0, 8]. However, s;(¢) and s, (6 — t) are solutions of
u” + ku = 0, and therefore Sturm’s oscillation theorem yields a contradiction.

Proof We have
V(1) = —k (1 = )0)0°0," (0)a — k(10)0°0,' (0)b
and
k(1 —100) =k* o (1 —1)0) = k(0 — (1 — 1)) = k*(t6).

Hence (6) solves (5) in the classical sense with the right boundary condition. O

Proposition 3.8 Letk : [a, b] — R be continuous and u : [a, b] — Rxq be an upper
semi-continuous. Then the following 4 statements are equivalent:

(1) u” + ku < 0 in the distributional sense, that is

b b
/ ¢"(Hu()dt < —/ @(Ok()u(r)dt (N

forany ¢ € C3° ((a, b)) with ¢ > 0.
(i1) It holds

1
u(y(®) = (1 =u(y0) + ru(y (1) +/0 (1, k(y ()0%uly (s))ds ~ (8)

for any constant-speed geodesic y : [0, 1] — [a, b] where 8 = |y| = L(y) with
g(s, t) being the Green function of [0, 1].
(iii) There is a constant 0 < L < b — a such that

u(y () = G,EL:')(@)M(V(O)) + ‘71:;) (@u(y (1)) ©)
for any constant-speed geodesic y : [0, 1] — [a, bl with0 = |y| = L(y) < L.

We setk, = koy :[0,0] — Ry :[0,0] — [a,b] denotes the unit-speed
reparametrization of y. We use the convention oo - 0 = 0.
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(iv) The statement in (iii) holds for any geodesic y : [0, 1] — [a, b].

Proof 1. First, we prove that (iii) implies (i). Since u is upper semi-continuous, it is

bounded from above. Hence, a,i’y) (6) = oo implies u o y (1) = O for any geodesic y.

Therefore, one can find L > L’ > 0 such that that Sk, > 0 on (0, 0] for any constant-
speed geodesic y : [0, 1] — [a, b] with & = |y| < L'. Otherwise u = const = 0.
sg, > 0 implies U,i'y)(e/) < oo forany 0’ € (0, 0. O

Claim For k and t, fixed f : h — a,i’) (h) is twice differentiable at 2~ = 0, and we
have

helo, Ll o (h) =1 [1 + é(l — tz)k(O)hz} + o(h?);. (10)

m}

Proof of the claim We can compute the first and second derivative of f at 0 explicitly
by application of L’Hospital’s rule. Then we apply the Taylor expansion formula and
the claim follows.

Ifk > k > k, then

o(h®): =" (h) — %t(l — k(0)h? — ¢

1 1 _
< UE‘” (h) —t [5(1 — 1)kh® + 1} =130~ 1) (k = bh* + o(h*)%
and similarly,
1 _
o(h?) = 15(1= 1)tk = h* + o(h*)}.

Since k is uniformly continuous on [a, b], we can choose h > 0and (r;)i=1
that

.....

max K|y —p,rj+n] — MINK|[y—p ri4n]) < €

foreachi =1, ... N and each & € [0, h].

Upper semi-continuity of u together with the condition (9) yields continuity of u
on [a, b]. We consider s € [a, b], h > 0 and a geodesic y : [0, 1] — [a, b] such that
v=s—h,yi=s+handy;p =sandsxh € [r; -k, rH—E] forsomei =1,...N.
Then, from (10) and (9), it follows that
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2u(s) —u(s —h) —u(s +h) - k(s —h)u(s —h) + k(s + h)u(s + h) e

h? 2
—k(s)u(s)

L 2\t
min;=1,_ yo(h )minkhri_h,ri+h1
h? '

—0

Multiplication with ¢ € Cgo((a, b)) such that ¢ > 0, integration with respect to s, a
change of variables and taking the limit 2 — 0 yields

/u(s)q)//(s)ds < —/k(s)u(s)¢(s)ds+€/¢(s)ds.

Since € > 0 can be chosen arbitrarily small, we obtain the result.
2. We prove the equivalence between (i) and (ii). We assume (i) holds. Consider

v(t) = fol g(t, s)k(y(s))@zu(y(s))ds. Then v solves

V(1) = —k(y (s)0%u(y (s))

in distributional sense by definition of the Green function. Hence, u o y — v has non-
positive derivative in the distributional sense, and it follows that uoy — v is concave (see
Theorem 1.29 in [32]). This implies (ii). The backwards direction is straightforward
and works like in the previous step.

3. We prove that (i) implies (iv). The implication (iv) = (iii) is obvious. First, we
assume that u € C([a, b]) N C%((a, b)). We consider the case when Sk, > 0 for any
constant-speed geodesic y : [0, 1] — (a, b). The right-hand-side of (9) is denoted
by v(r) where ¢ € [0, 1]. It is positive for any ¢ and solves v’ + k), o y 0%v = 0
with boundary condition v(0) = u(y(0)) and v(1) = u(y(1)). Hence, it suffices to
check that % has no local minimum in (0, 1). Otherwise, there is T € (0, 1) such
that (%)’ (r) =0and ( %)” (t) > 0. We can deduce a contradiction exactly like in
the proof of Proposition 3.4. O

Next, we consider when there is a a constant-speed geodesic y : [0, 1] — (a, b)
such that s, (f9) = 0 for some 7o € (0, 0]. Again we adapt parts of the proof of
Theorem 14.28 in [37]. We show thatu = 0. Letv(z) = sk, (Y (1)) andw(t) = uoy(1).
v satisfies v + k&, o y6%v = 0 and w satisfies w” + k,, o y68? < 0. Consider T =:h.
Then

wv —vw

/
(W =h"v? 4+ 2000 = ( 5 ) V2 + 200K

v

w'v —v"w —vw +20) uw N 20w = 2(v) 2w
= 2 2

v v

IA

—k92% +k92% —0
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Hence, h'v? is non-increasing. Suppose there is T € [0, 1] such that 4’'(t) > 0 then
we also have that #/v3(r) > 0 and h'v? > C > 0 on [r, 1]. for some constant
C > 0. Hence i/ > Cvl—z. vV = S, oY is in C2([O, 1]). Especially, it follows that

v(8) = 8 + 0(8%). Thus, h'(h) > CSLZ. It follows
€ € 1
/ W (t)dt = h(e) — h(8) > C/ —dt — oo if § — 0.
8 5§ T

Hence h(§) — —oo if § — 0 which contradicts 2 > 0. On the other hand, if there
is T € [0, 1] such that 4'(t) < 0, the same argument yields h(¢) — —oo if § — 0.
It follows that #/ = 0 and w(t) = ¢ - 5ky(y(t)). Especially u is differentiable at
y(1) € (a,b) with ul,),y) > 0, u(y(1)) = 0and u'(y(1)) # 0ifu # 0
since u’(y (1)) = 0 would contradict the uniqueness of the solution of (3). However,
u(y(1)) = 0and u’'(y (1)) # 0 yields u(x) < 0 for x > y (1) which is not possible.
Hence, u = 0 and (9) holds.

Now, let u be just upper semi-continuous. The equivalence between (i) and (ii)
yields that u is continuous. Consider ¢ € C§°((0, 1)) with fol ¢(t)dt = 1 and P () =
1(L). ge € C5°((0, €)). We set

0 b
i) =uxde(s) = | Ge(=ryuls — r)dr = / be(t — yu(t)dr

for s € [a,c] with ¢ < b such that ¢ + € > b and € > 0 sufficiently small. k is
uniformly continuous on [a, b]. Hence, for § > 0, we can find € > 0 such that for all
€ < e wehave k(s —r) < k(s) + 6. Then

b b
i(s) = ux @/ (s) = / (Ge(t — ) u(t)dt = / o/t — $)u(n)dt
b
< —/ G (—r)k(s — r)u(r — s)dr < —(k(s) + 8)u(s).

Since it € C?((a, ¢)) N C%([a, c)), the previous conclusion holds for i and k=k+3s.
Now, since u is continuous, # — u with respect to uniform convergence on [a, c].
And since solutions of (3) change uniformly continuous if the coefficient k¥ changes
uniformly continuous on [a, ¢], we obtain that 515;, — i, where y is a geodesic
in (¢, b). Hence, in the case that where s;, > 0 for any constant-speed geodesic
y : [0, 1] — (a, b), we obtain that S;, > 0 for any constant-speed geodesic y in (a, ¢)
by Sturm’s comparison theorem. It follows that (3) holds for i : [a, c] — [0, co) and
by uniform convergence, it also holds for u|, ] if € — 0. Then, it holds for u since ¢
can be chosen arbitrarily close to b.

Finally, consider the case when there is a geodesic y in (a, b) such that Sk, (y(1)) =
0. Then we can choose c sufficiently close to b and € > 0 sufficiently small such that
there is a geodesic y in (a, ¢) with SE, (y (1)) = 0. By the previous steps, it follows
that 1 = ¢ » u = 0 that implies u = 0.
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3.1 ku-Concavity in Metric Spaces

We consider a metric space (X, dy) and a lower semi-continuous function k : X —
R U{oo} = R. R is equipped with the usual topology. We define continuous functions
ky, : X — R that are bounded from above in the following way:

kn(x) = ing {min(k(y) +ndx(x, y),n)} < k(x).
ye

We retain this notation for the rest of the article. k,, is monotone non-decreasing
and converges pointwise to k as n — o0. For each k;, and for each Lipschitz curve
y € LC(X), we can consider sk, , where k., = k, oy and y : [0,L(y)] - X
is the 1-speed reparametrization of y. If s, , > 0 for all n, the generalized sin-
function Sk, , = 01is monotone non-increasing with respect to n. Hence, the limit exists
pointwise in [0, L(y)]. It is again denoted with sk, . 5, is upper semi-continuous and
if k is continuous, Sk, coincides with the previous definition. This follows since &, ,,
converges uniformly to k,, by Dini’s theorem. Therefore, the stability of solutions of
(3) under uniform changes of the coefficient k,, implies that s, , converges uniformly
to the solution of (3) with coefficient k,,. We can see that s, > Sk, ifk,k : X - R

are lower semi-continuous and k¥’ > k. In particular, we can consider X = [a, b] C R.

Definition 3.9 Let k : X — R be lower semi-continuous and let y 1[0, 1] - X be
in LC(X) with |y| = 0. Consider the sequence k, defined as above. Then ak’) 0) is

monotone non-decreasing in RU{oo}. We define the distortion coefficient with respect
tok: X — Ralong y as

<’>(9) lim. a“> () e RU {00} forr € [0, 1].

If k is continuous, the definition is consistent with the previous one. That is ak’) )

equals ok) (0) as in Definition 3.3.

Lemma 3.10 Let k : X — R be lower semi-continuous, and let y € LC(X) with
ly| = 6. Ifa(’o)(e) = 00 for some 1o € (0, 1) then ;) (0) = oo for any t € (0, 1),

In parttcular either one has Ukt) (@) < ocoforanyt € (0,1) and

ak’y)(e) = sk, (10)/5k, (0) where si, (0) # 0,
or ak)(e)

Proof For the proof, we write ky, , = ky, and k, = k. Assume lim,_ oo 0;2;’ 0) < oo.
We must have that sy, (100)/ sk, (0) — oo. Since k, 71, let k = const < k;, for all
n. Hence, sy, (t0) satisfies u” 4+ ku < 0 for every n. By proposition 3.8, we have for
every s € [0, 1] that

sk, (s100) = 0" (100) 51, (106) + 0, ‘)(l()@)sk (0) = 03 (106) s, (100)

@ Springer



Metric Measure Spaces with Variable Curvature Bounds 1963

and

s, (1= )1t + 9)0) = o)™ (10) s, (100) + 0, (100) 51, (0) = 0™ (206 s, (100)

Hence, if we pick ¢ € (0, 1), we can write t = stg ort = (1 — s)tg + 5. If t = 51, it
follows:

sk, (10)/ 5, (0) = 0 (t00) s, (106) / 1, (0) .
= — ——

— 00

and similarly, for ¢ = (1 —s)f9+s. Thus, %, )(9) — oo foreacht € (0, 1) ifn — oo.
O

Corollary 3.11 Letk : X — R be lower semi-continuous, y is a geodesic in X. Then
k — a(’) (0) is monotone non-decreasing in the sense of Proposition 3.4.

Proof If k' > k, let k], and k, be the corresponding approximations. It is clear from
the definition that k,/w > ky,,. Hence, ak/) ) > O‘(I) (0). Taking the limit n — oo
yields the result.

Remark 3.12 If y € LC(X), we define y ~ () = y (1 — t), and we set

(t) (1)
0 0) = o) ().

Therefore, one can see again that ak’) (f) = oo if and only if a,i’_) (0) =00

Corollary 3.13 Let k : X — R be lower semi-continuous, and let u : X — R>q be
upper semi-continuous. Then the following statements are equivalent:

(i) (woy)'+kyuoy < 0inthe distributional sense for any constant-speed geodesic
y :[0,1] —> X.
(i1) There is a constant 0 < L < b — a such that

u(y (1)) = 0(5 YOy () + 0} +@uy )

for any constant-speed geodesic y : [0, 1] — X with6 = |y| = L(y) < L.
(iii) The statement in (ii) holds for any geodesic y : [0, 1] — X.

Proof If k is continuous, the result follows from Proposition 3.8. If k is lower semi-
continuous, we consider k, for n € N as before. We set u,, (1) = u o y (¢).

(ii) = (i): Since k,, 1 k, we have o o (9) o ’)(0) for t € (0, 1). Then we can
apply part 1. of the proof of Proposition 3 8 to 0bta1n (7) for u with k replaced by k,.
That is
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—/¢”(I)uy(t)dt > /d)(t)kn,y(t)uy(t)dt

Z/[¢(t)kn,y(t)uy(t)]+dt_/[¢(t)kn,y(t)uy(t)]f dt.

/! <C<co

for any ¢ € C°((0, |y|)) where the left-hand side and C are independent of n.
Recall that u, is non-negative and upper semi-continuous. Hence, by the monotone
and dominated convergence theorem, the right-hand side converges to the integral of
Qkyu,y,.

(i) = (iii): We can apply part 3. from the proof of Proposition 3.8, and obtain (9)
with k replaced by k,. By the definition of distortion coefficients for general k, the
result follows. O

Lemma 3.14 Consider A € [0,1], 0 > 0, a curve y € LC(X) with L(y) = 6 and
k, k' : X — R lower semi-continuous. Then

(1) 1-x Q]
0 O) 0O = 0y e ©).

Especially, k = log oy, is convex.

Proof For the proof, we write k,, = k, and k, = k. Assume ak’)(é) < oo and
ok)(e) < oo foreach t € (0, 1), since otherwise there is nothing to prove. We assume
first that k and k are continuous. [ : t > log [0 (0)' ™ - k’)(@) ] solves

1" < —(1 =Mk — Mk — ()2

Hence o, (0)' - (’,) ()" solves v+ ((1 =)k +Ak")v < 0 with boundary condition
v(0) = 0 and v(1) = 1. The result follows by corollary 3.13.

If k and k' are lower semi-continuous, we consider again their approximations by
ky and k;,. We easily obtain that

G]it)(e)l—k (t)(e)k > Ukr)(e)l —A (t)(e)k ((i) Mk Ak, (9)

We show that a((?—)»)k,l-l-)»k,/l ©) — a((?_k)kﬂk,(e). One can check that (1 — Ak, +
Akl < ((1 — Ak + Ak"),,. On the other hand, by continuity of the approximating
sequence for all n € R and for all x € [0, 6], there exists m, > 2" and §, > 0 such
that (1 — Mkgs + Ak > ((1 — M)k + Ak"), on Bs, (x) for all m > m,. Hence, by
compactness of [0, 8], we can choose x1, . . ., x, such that [0, 8] C Ui:l .... " BSX,- (x;).
Then (1 — Mk, + Aky, > (1 — Ak + k"), for m, := max; m,,. Hence,

(1) (t)
O (1=t Ak, @) = " A)k +ak, () = O ((—npk+aky, (O -
[y —;
)
_)U((It)—x)k+kk’(6) - (i ki @
o ®
Hence, 01y 4k @) = 00 pan () =
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Proposition 3.15 Let k : X — R be continuous (lower semi-continuous). Let t €
(0, 1). Then the map

Y € (LC(X), doo) > U(’) (7D € RU {00}

is continuous (lower semi-continuous).

Proof 1f k is continuous, the result follows from Proposition 3.5. For k lower semi-
continuous, we consider its continuous approximation k. Then, by definition for any
Lipschitz curve y € LC(X),

O (7D 1 o (7).

ny

In particular, y +— cr/i’_i ,—(ly]) is lower semi-continuous O
Y

Definition 3.16 Consider a metric space (Y, dy) and alower semi-continuous function
k : Y — R. We say an upper semi- continuous function u : Y — [0, 00) is ku-convex
if u < oo and for all geodesics y : [0, 1] —

mwm>o“%uwmwm»+<%uwmwa» (11)

where k, =k oy :[0,L(y)] — Y and y is the unit-speed reparametrization of y.
We say u is weakly ku-convex if u < oo and for all x, y € Y there exists a geodesic
y : [0, 1] — Y between x and y such that (11) holds.

S
We say a function f : ¥ — R U {£o00} is (weakly) (k, N)-convex if e™ ¥ = u is
(weakly) < u-concave. We use the convention e = 0o, e~ = 0.

4 Curvature-Dimension Condition

Let (X, dyx, my) be a metric measure space. Given a number N € R with N > 1, we
define the N-Rényi entropy functional

Sn(-[my) : P2(X) — R
with respect to my by

v=omy+v’' = Sy) = Sy(v|my) := —/ Q_%dv
X

where o my +v° is the Lebesgue decomposition of v. Sy is lower semi-continuous
for N > 1. If my is a finite measure for each v € P»(X), we have

Ent(v|my) = lim N(1+ Sy(v)),
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where Ent is the Boltzmann—Shanon entropy functional, and this case Ent is lower
semi-continuous.

We consider k = k/N where k : X — R U {oo} = ]R is a lower semi-continuous
function and locally bounded from below, and we set o / N@) = o (1) =

992 ,(:0)/N
a,y> v (0) where y € £LC(X) and 6 = |y|.

Definition 4.1 Let (X, dy, my), k and y as before. We define generalized distortion
coefficients with respect to k and N along y as

(t) ©) = 6 -0 ifk>0and N =1
N—
N m[ lit) Q) T otherwise.

We use the conventions r - 0o = oo forr > 0,0 - 0o = 0 and (00)* = oo for o > 0.
If k > 0, we have 7", (8) < oo if and only if § = 0, and 7., (6) = 1 if k < 0.

Corollary 4.2 Fork, k' :[0,11 - R, N,N' > 0,7 € [0, 1], and 6 > 0,

N N’ 6] N+N’
o @Yol O = ol O
and, if N > 1,
o) N _® N’ o) N+N'
TN @) oy O = Tl e (©) -,

and in particular
(1) N_® N’ @) N+N’
TGN T O = T vy (©) .

Proof The result follows directly from Lemma 3.14. O

Remark 4.3 For the rest of the article, we always assume that (X, dy, my) is a metric
measure space and k : X — R is lower semi-continuous and locally bounded from
below. In this case, we say that k is an admissible function. It follows from Proposition
3.15 that if k is continuous (lower semi-continuous), the map

y €G(X) — r(’i/_ (17D € R=o U {oo}

is continuous (lower semi-continuous) for ¢t € [0, 1]. In particular, it is measurable
and we can integrate it with respect to probability measures on G(X).

Definition 4.4 Consider an admissible function k, and N € [1, 00). A metric measure
space (X, dy, my) satisfies the curvature-dimension condition C D(k, N), if for each
pair vy, v1 € P>(X, my) with bounded support there exists a geodesic (v;):e[0,1] C
P>(X, my) and a dynamic optimal coupling IT € P(X) such that (e;).I1 = v; and

Syi(v) < —/ (7 (7Deo (o)™ ¥ 4+ | (7Der (e1(v) ¥ Jam(y)
(12)
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forallt € [0,1] and all N’ > N. ky, =k oy where y : [0, 1] — X is a geodesic and
y its 1-speed reparametrization.

Remark 4.5 The right-hand side in (12) is also denoted with 7, (IT| my). If T is
the optimal dynamic coupling from the previous definition, let IT'(xg, x1)(dy) =:
H;O,XI (dy) be its disintegration with respect to (eg, e1)«I1 = 7. One can reformulate

(12) in the following way

_ _ 1
Syr(v) < —/ [Tkﬂj;;,m;o,xl)go x0) ¥V + T\ (T et (k)™ V ]dn(xo,m
(13)

where 7L, (T) = [ .70 (17 DdTl @),
Conversely, if there is a kernel H;ny] (dy) such that for po and p; there exists a
geodesic u; and an optimal coupling 7w with (13), then X satisfies CD(k, N).

Remark 4.6 In the case where k is constant, the previous definition is equivalent to a
variant of Sturm’s curvature-dimension condition in [34] that is mostly used by other
authors (for instance, in [30]). On the right-hand side, Sturm requires integration with
respect to an optimal coupling 7w between vy and v; that is not necessarily related
to u;. However, most authors assume 7 is induced by a dynamic coupling that also
induces u;. In any case, our definition yields Sturm’s definition for constant lower
curvature bounds. On the other hand, if we consider a space that satisfies this variant
of the curvature-dimension condition for constant lower curvature bound, it is exactly
the condition that we propose.

Definition 4.7 Two metric measure spaces (X, dy, my) and (X', dy/, my) are called
isomorphic if there exists an isometry ¥ : supp my — supp my such that

Yemy = my .

Remark 4.8 As Sturm states in [34], one might not require that the geodesic v; is
the projection of IT w.r.t. ¢;. Consequently, (e;),IT might not be necessarily my-
absolutely continuous, or supported in suppmy. In this case, we say (X, dy, my)
satisfies amodified curvature-dimension condition. However, if (e;), I is not supported
in supp my, the condition would not be a property of the isomorphism class of the
metric measure space. In this case, the right notion of isomorphism would be to say
¥ (X,dy) — (X', dy)isanisometry and ¥, my = my. Then, amodified curvature-
dimension condition is stable w.r.t. ¢ what is apparent from the proof of (i) in the next
Proposition.

Proposition 4.9 Let (X, dy, my) be a metric measure space which satisfies the con-
dition C D(k, N) for a continuous functionk : X — Rand N > 1.

(i) If there is a strong isomorphism ¥ : (X,dyx, my) — (X', dy, my) onto a
metric measure space (X', dy, my/) then (X', dy, my/) satisfies the condition
CD(W*k, N) with y*k =k o .
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(ii) For a, B > 0 the rescaled metric measure space (X', a dy, Bmy/) satisfies
CD(a™%k, N).

(iii) For each geodesically convex subset U C X, the metric measure space
(U, dx luxu, my |v) satisfies CD(k|y, N).

Proof (i) First, we observe that 1y *k is still lower semi-continuous and locally bounded
from below. v induces an isometry from P, (X, my) to P>(X’, my/), and the image
of a geodesic in X is a geodesic in X'. Moreover,

— 3+ —&+1
Q; dmy = (0r o) VT dmy .
X X'

¥, I1 is an optimal dynamic plan, if IT is so. Then the result follows.
(i1), (iii) The results follow easily. One can easily adapt the proofs of similar state-
ments in [34].

Definition 4.10 [35] Let k£ be admissible. We say a metric measure space (X, dx, my)
with my (X) = 1 satisfies the condition C D (k, oo) if for g, 1 € P2(X, my) there
exists a Wp-geodesic u; € P2(X, my) and an optimal dynamic plan IT € P(G(X)
such that (e;).IT = u; and

1
Ent(u;) < (1 —1) Ent(po) + 1 Ent(p1) _/o /g(s, Dk(y () (5)]*dT(y)ds
(14)

forallt € [0, 1]. g(s,¢) = min {s(1 — 1), t(1 — s)} is the Green function of [0, 1].

Note that my(X) = 1 guarantees that Ent : P2(X) — R U {oo} is a well-defined,
lower semi-continuous function. Otherwise, an exponential growth condition for my
has to be assumed (for instance, see [17]).

Proposition 4.11 Let (X, dyx, my) be a metric measure space which satisfies the con-
dition CD(k, N) for a continuous functionk : X — Rand N > 1.

(1) If k' : X — R is a continuous function such that k' < k, and if N' > N, then
(X, dy, my) also satisfies the condition CD(k’, N').

(i) If (X, dx, my) has finite mass then it satisfies the condition C D (k, 00) in the sense
of Sturm.

Proof (i) is an immediate consequence of the monotonicity of o,é”(&) w.rt. k.

For (ii), it suffices to consider vy, vi € P2(X, my) with Ent(vg|my) < oo and
Ent(vy|my) < oo. In any other case, the right-hand side in (14) is co. By assumption,
(X, dy, my) satisfies C D(k, N). Hence, there exists a dynamic optimal transference
plan " between vy and v| such that (12) is satisfied for VN’ > N.

The assumption my(X) < oo implies that Ent((e;).'|my) = limy/—oo(1 +
Snr((e)«I'| my) for ¢ € [0, 1]. It follows
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N'(1 + Syr((er)« | my))
< —N// [—(1 -0+ r,i‘y,j’j’v,(lyl)@o(eo(y))’# —t+ r,i’yl,N,(|y|)g1(e1(y))*ﬁ] r(y)
<A —=0DN'(1+ Sy ((e0)«T|my)) +tN'(1 + Syr((e1)«T| my))
/ (1-1) . = © . H)
- N /[[(1 —1) +0ky_,N/(|)/|)]QO(€o(V))N’ + [[-‘rO’k;_,N/(h/DiIQ](el(y))N ]r(y)
<1 —=0N'(1+ Sy ((e0)«T|my)) +tN'(1 + Syr((e1)«T| my))

- [ a=otsam-ag @] re)

=w(t)

w solves w” = —ky|y|2(a]§1:’;v(|y|) +0) (7)) with w(0) = w(l) = 0. Hence
Vo Vo

1
w= [ [et. 0k Pl 307D + 02 7 s
Since a]iij’;,(m) + a,jyl’quD — 1if N’ — oo uniformly in y € G(X) for fixed ¢,

it follows

N'(1+ Syr((er)«T[my))
< (I =0ON'(1+ Sy((eo)« Tl my)) +1N'(1 + Sy ((en) ' my))

1
—//O [g(s,t)kyli}lz((f,i;_i}i,(lyl)+0,§3’N(|J}|))]dsl“(y)
1
[—> —// g(s, Dk, |y °dsT(y) if N' — oo:|
0

and this implies the result. O

Theorem 4.12 Let (M, gy, Vdvoly) be a weighted Riemannian manifold for a
smooth function V.: M — (0,00). Let k : M — R be a lower semi-continuous
function and N > 1.

The metric measure space (M, d,,, Vd voly,) satisfies the curvature-dimension con-
dition CD(k, N) if and only if (M, gy, Vd voly)) has N-Ricci curvature bounded
from below by k.

Remark 4.13 For each real number N > n, the N-Ricci tensor is defined as
V2V ¥ ()

VN=n(p)

ric™V (v) = ric(v) — (N — n)

where v € TM),. For N = n, we define

ricNV (v) == ric(v) + VZlog V(v) VlegV(v) =0
' - else.
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For 1 < N < n, we define ric¥ (v) := —oo for all v # 0 and 0 otherwise.

Example 4.14 Let (a, ) = I C R be some interval where o, § € R U {Z00}. Let
k : I — R be a lower semi- continuous function and let u : I — [0, 00) be a non-
negative solution of u” + 1“ = 0 for N > 1. Then, the metric measure space

(I, |- |2, uN"tach sat1sﬁes the curvature-dimension C D (k, N).

Proof “«<": Pick a point p € M and € > 0 such that k|p () > k. There exists
geodesically convex ball Bs(p) for 0 < § < € around p. Hence,

(Bs(p), dulBs(p), Vd voly |By)

satisfies the condition C D (k., N). It follows that the N-Ricci tensor is bounded from
below by k. (for instance see [34]). If € goes to 0, we see that k. — k(p) and the
result follows.

“="": The proof goes exactly as the proof of the corresponding result in [24,34] or
[9]. O

5 Geometric Consequences

Let (X, dx, my) be metric measure space. All the results of this section stay true if
we replace the curvature-dimension condition by the modified curvature-dimension
condition of Remark 4.8.

Theorem 5.1 (Brunn—Minkowski inequality) Assume that the metric measure space
(X, dx, my) satisfies CD(k, N) for k admissible and N > 1. Let Ag, Ay C X
be bounded Borel sets such that my(Ag) my(A;) > 0. We set G(Ag, A1) =
{yedgX):y@) € A;,i =0, 1}. Then

my (4 inf (P me(A)V + inf 7" my(AD¥.
ol ) Veg(A0A|) k N(|V|) x(4o) eg(Ao,Al) (|V|) x(A1)

(15)
where inf, cg(ag,a,) T ,/f) (Iyh =0.

Proof First, assume m(Agp), m(Aq) < oo and set yu; = m(A;) " 'm |4; fori =0, 1.
The curvature-dimension yields

1
/A o/ du z/ = ”(|y|)mx(Ao>”N+r“> Syhmyapt/h

where (1, = 0;d my),; denotes the absolutely continuous geodesic that connects g
and w1, and IT is an optimal dynamic plan. By Jensen’s inequality, the left-hand side

1
of the previous inequality is smaller than my(A;)» . The general case follows by
approximation of A; by sets of finite measure. O
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Definition 5.2 (Minkowski content) Consider xo € suppmy and B, (xo) C X. Set
v(r) = my(B,(xp)). The Minkowski content of d B, (xp) (the r-sphere around x) is
defined as

1 i}
s(r) = li18n S(l)lp 3 M (Br+5(x0)\ Br(x0)).

Theorem 5.3 Assume (X, dy, my) satisfies C D(k, N) for an admissible function k
and N € [1,00). Then, (X, dy) is a proper metric space, bounded sets have finite
measure and satisfy a doubling property, and either my is supported by one point or
all points and all sphere have mass 0.

In particular, if N > 1 then for each xy € suppmy, forall0 <r < Randk € R

such that k|gg(xy) = kand R < /(N — 1)/k Vv 0, we have

r o N—1
s(r) smk/(N N v(r) I sing _y, tdt

} (16)
S(R) smk/(N , R v(R) fo smk/(N , tdt

If N =1andk <0, then

s _ v
SR - wR R

Proof 1.Letusfixapointxg € X suchthatmy({xo}) = 0,andlet R > 0be sufficiently
small such that k|p,,(x,) = k for some k € R. Letr € (0, R) and putt = r/R. We
choose € > 0 and § > 0 and define Ay = B<(xg) and A| = BR+3R(x0)\BR(xo). By
triangle inequality, one easily verifies that

A C Br+8r+er/R(XO)\Br—er/R(XO) C Bar(x0).

Hence, if we consider measures ; = my (A,')_l my |4, fori = 0, 1, the curvature-
dimension condition, my ({xg}) = @, local finiteness of the reference measure, and the
monotonicity of the distortion coefficients imply that

my (Bt (x0)\ B (x0))'/™ = 7717 (1 + 8)R) my (B145)R(xg) \Br (x0)) /™.

Since my is locally finite, we can assume that the right-hand side is finite.

2. Now, we can follow precisely the proof of Theorem 2.3 in [34] to obtain that
my (0B (xg)) = 0 for r € (0, R), my({x}) = 0 for x € Br(x0)\ {xo} and (16) for
r € (0, R) and R > 0 as chosen like in the first step. If mx ({xp}) # 0, we can choose
a point x close to xo such that my ({x}) = 0 and Bg(x) C Bar(xp). This is implied by
the local finiteness of my and the existence of e-geodesics. If there is no such point x
then necessarily supp my = {xo}. We repeat the previous steps for x instead of xg and
obtain that mx ({xo}) = 0 unless supp my = {xo}.

3. Hence, for any xo € X, there is R > 0 (sufficiently small) such that dy and
my restricted to Bg(xo) satisfy a doubling property provided the radius of balls is
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sufficiently small, and therefore B, (xp) is compact for » € (0, R). In particular, X is
locally compact. Then, since (X, dy) is also a complete length space, the generalized
Hopf-Rinow theorem (for instance, see Theorem 2.5.28 in [6]) implies (X, dx) is a
proper metric space. Therefore, any closed ball B (xo) is compact, and we can repeat
the previous step for any O < r < R. In particular, it follows that (16) holds, and any
bounded set has finite measure. O

Corollary 5.4 (Doubling) For each metric measure space (X, dy, my) satisfying the
condition C D(k, N) for an admissible k and N > 1, the doubling property holds on
each bounded set X' C supp my, and in the case of k > 0, the doubling constant is
< 2N, and otherwise it can be estimated in terms of k, N and L as follows

c<2Ve¥ L

CorN—1)
where L is the diameter of the bounded set X', and k = miny k.
Proof The result follows from the previous theorem (see also [34]).

Corollary 5.5 (Hausdorff dimension) For each metric measure space (X, dy, my)
satisfying a curvature-dimension condition C D(k, N) for some admissible k and N >
1, the Hausdorff dimension of suppmy is < N.

Definition 5.6 Let (X, dy, mx) be any metric measure space, let N > 1 and let
k : X — R be admissible. We define the effective diameter of (X, dy, my) with
respect to k and N as

T/v-1) = SUp {dw(uo, wi) : A € DyCpl®* (o, 1) with 7;(3, (I < OO} .

where TT € DyCpl? (ug, 1) if TI € DyCpl(uo, 1) with (e;),IT my-absolutely
continuous. By definition, we have 7;,y_;, < diam supp my.

Proposition 5.7 Let (X, dy, my) satisfy C D(k, N) for an admissible function k and
N > 1. Then my)y-1, = diam supp my.

Proof Assume 7, y_1) < diam supp my. Then, there are points x, y € suppmy such
that dy(x,y) > ¢ 4 myw-1, for some ¢ > 0. Therefore, we can consider e-balls

Bc(x) = Ag and B<(y) = Aj such that

dx(Ap, A1) = inf dy(x0, x1) > Tk /(N=1)-
X0€AQ,X1€EA]

If we define (o)1 = my (Ao/l)_1 my |A0/1 , we see that dw (1o, 1) > mv-1). Hence,
for each dynamical optimal plan IT € DyCpl®* (i, it1)

ooi/ 101y DT (y) my(Ag) ¥ +/ 7 (PDATIy) my(AD Y.
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However, by the curvature-dimension condition, the right-hand side is smaller than

—Sx(ie| My) < my(A)V < my(Br(0)V

for some 0 € X and R > O sufficiently large such that A; C Bg(0). A; is the set of
all r-midpoints between Ag and A|. However, the Bishop—Gromov comparison tells
us that balls have always finite measure. This results in a contradiction. O

Definition 5.8 Fix a point x € X. Since 9B,(x) is compact, we can consider
mingp, )k = ky(r) for r < R, where R, = sup{r > 0:9B,(x) # @}. Let k,
be the lower semi-continuous envelope of k. It is clear that kK, < k and k, induces a
lower semi-continuous function on X - also denoted by &, -via

y =k () =k, (dx(x, y)).

Theorem 5.9 Let X be a metric measure space satisfying CD(k, N). If N > 1 then
foreach xo € X, forall0 <r < R such that R < T J(N—1), We have

r s N—1
s(r) Smk /(N nt U(”) fO s, /(N y H1
SR~ sing vy R W(R) = I Sing -y 141

a7

Proof First

dxigcfz) {k (dx(x,2)) +nldx(x,2) —dx(x, P} =k, ,(dx(x, y))

andsincek, , (r) 1 k, (r) wehavek, , (dx(x,y)) = 1k ,(») 1 k,(y). By monotonic-
ity with respect to the curvature function, X satlsﬁes C D(kx »» N). Hence, if we
consider0 < r < R < Ry, and A; with u; fori =0, 1 asin Theorem 5.3 (replace xq

by x), then we obtain

- 1
my (B14s+e)yr O\B—e)r (X)) ¥

Z/ (r/R) N(|y|)d1'[n65(7/)mX(B(1+3)R(X)\BR(X))N
+/ o (Iyl)dl'lneg(y)mx(Be(x))N

where IT, ¢ s is an optimal dynamic plan between po and pp. Since the left-hand
side is finite, the right-hand side is uniformly bounded, and the distortion coefficients
are finite almost everywhere. If ¢ — 0, compactness of closed balls implies that
we can find a subsequence of I, ¢ s that converges to I, s for n — oo and with
(e0)«I1,,s = 8. The previous inequality becomes

N
my (B(145)r (X)\ B, (x)) > ( / o N(|y|)dnn55(y>) my (B(1+5)r (*)\Bg (x))
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(r/R)

We remark that y — T, N(|y|) is bounded and continuous for geodesics y in a

sufﬁ01ently large ball. Slmllarly, if § goes to 0, we can take another sub-sequence of
I1,, s that converges to IT,,. If we divide both sides by 6r and take § — 0, the previous
inequality becomes

N
5:(r) = ( / e (7D, (y)) s¢(R).

(e0)«I1, = &x and (eq)4I1, is a probability measure with (eq).I1,(d0Bgr(x)) = 1.
Hence I1,, is supported on geodesics with y(0) = x and |y| = R, and by definition
of k). , we have that k) , oy =k, (-R) is independent of y. Therefore

—X,n

sx(r) &R

A (R)N_l.
5 (R) = Zen/ (N1

Now, take n — oo. Since k, , 1 k,, one can check as in Lemma 3.14 that - after
choosing another subsequence - s | 8k . This is the first claim. The second one
follows as in Theorem 5.3. O

Theorem 5.10 Let (X, dy, my) be a metric measure space satisfying CD(k, N) for
N > 1. Assume there is point p € suppmy, o > 0 and R > 0 such that

k(x) > (zll(N —1) +a2) dx(p,)c)72 for all x € suppmy with dy(p, x) > R.

Then diam suppmy < Rew, and supp my is compact.

Proof Assume the contrary. Then we can find a point ¢ € X such that dy(p, q) >
(R 4 8)e« for some 0 < & < R. We choose € > 0 such that 2¢(2 — e™ «) < § and

min_ dy(x, y) = dy(Be(@), Be(p)) > (R + 8)ew.
X€Be(p).y€Be(q)

We set B (g) =: Ap and B ( p) =: A1 and define probability measures
i = my(A) "~ pyla,
wherei =0, 1. Let ¢’ € B.(q) and p’ € B.(p). We consider a geodesic y : [0, 1] —

X between ¢’ and p’ and estimate the curvature along y as follows. Let y be the unit
speed reparametrization of y. For 0 < 1 < [dx(q’, p/) + 2¢](1 — e~ @) we have

dy(p,7®) = dx(p', ¥y () — dx(p, p') = [dx(p'. ") —t] — €
> dy(q, pe @ —2e(l —e ) —e
>(R+8)—2e(2—e a)>R
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Therefore

c c
(p, 7(1))? = (dx(p, p') +dx(p', 7(1))?

2 1) - ! _. -
2(05 +3) VD G S HOW =D

We obtain a lower estimate for the modified distortion coefficient along y. The gener-
alized sin-function ;.5 /(v —1) is bounded from below by s; which is given explicitly
by

k(y (1)) = a4

_ AP : et+dx(q'.p)—t
5k(t) - C\/E + dX(p ) q ) t) s [a log ((E-l—dx(q/,p’))e*”/“)] .
where C is a normalization constant. We see that the second zero of s appears at

(e 4+ dx(q’, (1 — ™) <dy(q/, p') — R+ e(l —e™w) < dy(q/, p).

Therefore, the second zero of s;.; appears strictly before t = dyx(q, p). Consequently
00, n1(0) = 0" 0) = 0.

We conclude that
1 - . L . €
my (AN > / 70 (7 DATI(y) my (A) W + / 7 7Dy my (AW
V> Yo
= 00.
A, is again the set of all -midpoints between Ag and Ay, and IT is an optimal dynamic
transference for o and 1. As in the previous Proposition, this yields a contradiction.

Example 5.11 The previous theorem is sharp in the sense that one cannot improve the
result by replacing the lower bound %(N — 1) for ¢ by a smaller lower bound. For
instance, consider

([0, 00), | - |o, (v/7)" " dr).

Using Theorem 4.12 and Proposition 7.3 one can check that it satisfies the curvature-
dimension C D(k, N) for

k(r) = %(N - r?

k satisfies the assumption of the theorem for ¢ = %(N — 1) and any p € [0, 00)
since k(r) ~ %(N — Dlr — ply Zforr > 0 sufficiently large but one cannot find
a point p € [0,00), ¢ > %(N — 1) and R > 0 such that k(r)r? > ¢ forr > 0
with |[r — p|» > R. A Riemannian manifold of geometric dimension N satisfying this
property can be constructed via warped products.
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6 Stability
6.1 Measured Gromov—Hausdorff Convergence

A rectifiable curve y : [0, 1] — X with constant-speed parametrization is called e-
geodesic if L(y) — € < dx(y(0), y(1)). The family of all e-geodesics is denoted
with G¢(X), and it is equipped with the topology that comes from deo(y, 7)) =
sup, dx(y (t), y(t)). Measurability is understood in the sense of this topology. Obvi-
ously, we have G(X) € G7(X) if € < n and QO(X) = G(X). If X is compact, then
G¢(X) is compact with respect to doo. Since L(y) < € +diamy, forevery y € G(X),
this follows from Theorem 2.5.14 in [6].

A probability measure IT on G¢(X) is called dynamic transference plan between
(e0)«IT and (e),I1. If k : X — R U {oo} is an admissible function, we can consider
k, for y € G¢(X) and the corresponding generalized sin-function and the modified
distortion coefficient. One can check that y +— t,f;). ~([71]) is a measurable function on
G€(X). The evaluation map e; : y +> y () is continuous and hence measurable.

Definition 6.1 A sequence (X;,dy,);en of compact metric spaces converges in
Gromov—Hausdorff sense to a compact metric space (X, dy) if there is a compact
metric space (Z, d;) and isometric embeddings ¢; : X; — Z,t : X — Z such that
dzu (i (X;), (X)) — 0 where d; y is the Haudorff distance w.r.t. to d.

A sequence of compact metric measure spaces (X;, dy,, my,) converges in mea-
sured Gromov—Hausdorff sense to a compact metric measure space (X, dy, my) if
there exists a compact metric space (Z, d,) and isometric embeddings ¢;, ¢ as before
such that the corresponding metric spaces converge in Gromov—Hausdorff sense and
(tj)x» my, — (1), my with respect to weak convergence in Z.

A sequence of isomorphism classes [(X;, dx,, my,)] of metric measures spaces
converges in measured Gromov sense to an isomorphism class of a normalized met-
ric measure space (X, dy, my) if there exists a metric space (Z, d;) and isometric
embeddings ¢; : X; — Z and ¢ : X — Z such that (;), my, — (1), my with respect
to weak convergence of finite measures in Z.

Remark 6.2 1f a sequence (X;,dy,, myx,) of compact metric measure spaces con-
verges in measured Gromov—Hausdorff sense to (X, dy, my) then this yields measured
Gromov convergence of the corresponding isomorphism classes [33, Lemma 3.18],
[17, Theorem 3.30]. The converse is not true in general. However, if the family
(Xi, dx,, my,);en satisfies an uniform doubling property and the corresponding iso-
morphism classes converge in measured Gromov sense to [(X, dyx, myx)], then by
Gromov’s compactness theorem, one can extract a subsequence that converges in
measured Gromov—Hausdorff sense to a limit space (X', dy/, my/), and consequently
[(X,dy, my)] = [(X’,dy, my)]. Therefore, if suppmy = X, then (X;, dy,, my,)
converges in measured Gromov—Hausdorff sense to (X, dy, my) [33, Lemma 3.18],
[17, Theorem 3.33].

Lemma 6.3 Letk : X — RU {oo} be admissible and N > 1. For dynamic couplings
(Ty)en supported on G"(X) for some n > 0 with the same marginals Lo, L1 €
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P(X, my) which converge to a dynamic coupling T, it follows

hm sup Tk('N(l'I |my) < Tk(f)N(l'Ioo|mX).

Proof First, we assume that k is continuous. We will show that

n—

lim inf / 2 (7Deo()” VTL(dy) = / O (7Deo(0)F Mao(dy).

Let I, x,(dy) be a disintegration of I, with respect to o for n € N U {co}, and let
C € (0, 00). We put

00 = [ [5,070 A €] Moy (ap

where n € N U {oo}. Since C,(X) is dense in L' (my), and since v&n is bounded by
definition, for each € > 0, there is ¢ € Cp(X) such that

1
/U0n|Q0N ANC —Y|dug < e forall n € NU {oo} (18)

if C < oo. Weak convergence of I1,, — I on G7(X) implies that one can find n
such that for each n > n., one has

/v&mwduo S/voc,nllfduo+e (19)

Putting together (18) and (19) one gets

1 L 1
/U(()’:OO[QON A Cld g S/U&n[QON A Cldug + 3¢ 5/1}831Q0Nduo+36.

It follows that for each C > 0,

1 1
C -N .. -
/vo,oogo N ACdug < hnrgloréf/ V0o " dpto- (20)
Finally, let C — oo
_1
/ O (7Deo(y) ¥ II(dy) < lim inf / v§%,00 " diso.

The same statement holds with g replaced by o and r(')  replaced by ‘L'(l ”.

Now, let k be lower semi-continuous, and let k; be a sequence of contlnuous func-
tions that converge pointwise monotone from below to k. By monotonicity of the
distortion coefficients, we observe that

DR NG
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for any y € G¢. Therefore, vg ., ; 1 vy o, and vg, ; 1 vg, if i — oco. In particular,
by the monotone convergence theorem for € > 0, we can choose i. € N such that

_1
/ [v&Oo - v&oo’i]go M ACdpy <€ fori > i.
Hence, together with (20) it follows that
1 1 1
C - N . . - N . . - N
/UO,ooQo N ACduy —e < lknlt%f/ V3,100 Ndpo < hnnilolgf/ V55,00 ¥ dio
and finally we let C — oo and € — 0, and the result follows as before. O

Proposition 6.4 Let (X;, dx,) be a sequence of compact length spaces converging in
Gromov—Hausdorff sense to a length space (X, dyx). Then for all ¢ > 0, there exists
ic € N with the following property. If i > i, and y : [0, 1] — X; is a geodesic, then
there exists a geodesic y' : [0, 11 = X such that d; .(y’, v) < €. Moreover, we can
choose ®; : y > y’ to be a measurable map from G(Y) to G(X).

Proof We can use exactly the same argument as in the proof of a similar statement in
the appendix of [23]. O

Definition 6.5 Let (X;, dx,) be a sequence of compact metric spaces that converge to a
compact metric space (X, dy) in Gromov—Hausdorff sense. Let Z be a compact metric
space where Gromov—Hausdorff convergence is realized. Let k;, k : X;, X — R be
admissible functions. We say liminf; _, o k; > k if for each n > 0 there exists i, € N
and 6 > O such that k; (x) > k(y) —nifi > iy, x € X;,y € Xandd,(x, y) < 4. The
definition does not depend on the choice of Z.

Theorem 6.6 Ler (X;, dx;, my,);eN be compact metric measure spaces satisfying
CD(ki, N;) respectively for admissible functions k; and N; € [1,00). Assume
(Xi, dx,, my,) converges in measured Gromov—Hausdorff sense to a compact metric
measure space (X, dy, my). Letk : X — R bean admissible functionand N € [1, 00)
such that

liminfk; > k & limsupN; < N & diamy, < L.

1—>00 i—00

Then (X, dx, my) satisfies CD(k, N).

Remark 6.7 The previous stability theorem uses the notion of measured Gromov—
Hausdorff convergence though it is not a property of isomorphism classes of metric
measure spaces. The reason for that is that we will apply Proposition 6.4 that guar-
antees convergence of sequences of geodesics in (X;, dy,) where the limit might
not be in the support of my. If we assume that my has full support, then a suitable
reformulation of the theorem holds for measured Gromov convergence as well by
Remark 6.2. We want to emphasize that Gromov’s precompactness theorem—that is a
major source of geometric applications in finite dimensional context—yields measured
Gromov—Hausdorff convergence in the first place anyway. See also the discussion at
the beginning of Sect. 4.2 in [17].
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Proof of Theorem 1. Without loss of generality, we assume that my, has full sup-
port. Gromov—Hausdorff convergence yields that (X, dx) is a geodesic space, and
diamy < L. The curvature-dimension condition yields a uniform doubling property
for supp my, . Therefore, by compactness of X;, the measure my; is finite. Moreover,
supp my satisfies a doubling property as well, and therefore my is finite as well. Hence,
without loss of generality we normalize any reference measure. By Remark 6.2, mea-
sured Gromov—Hausdorff convergence yields measured Gromov convergence of the
corresponding isomorphism classes. Let us fix a metric space (Z, d,) and isometric
embeddings ¢; : X; — Z and ¢ : X — Z where the measured Gromov and the
measured Gromov—Hausdorff convergence are realized according to Definition 6.1.
First, assume that k is continuous.

2. my, converges weakly to my in Z as probability measures. Hence, let g; be
optimal couplings between my, and my such that f d% dgi = dzw(my,, mx)2 =:
dl.2 — 0. Therefore, we can choose i, such that for i > i, we have that d; < €.
Following [33], for fixed i € N, one can define amap Q; : P>(my) — P>(my,) with

SN(Qi(WImy,) < Sy(ulmy) & d7 (1, Qi (1) < 8 21

where d,  denotes the Wassertstein distance in (Z,d;) and §; — 0 for i — oo. Q;
is constructed by disintegration g; with respect to my, . More precisely, for u = ¢ my,
we set u; = Q; (1) = 0;d my, where

Qi(y)=/XQ(X)Qi(y,dX)

and Q; is a disintegration of ¢; w.r.t. my. Similarly, we define o Pr(my,) —
Pa(my) by u' = Q' (n) = ¢'d my, where

o' (x) = /X 0(») Q' (x, dy)

and Q' is a disintegration of ¢; w.r.t. my,. Again we have
SN(Q' (WImy) < Sx(ulmy) & 47, (1, Q' (W) < &' 22)

with 8/ — 0if i — co. Hence, we can choose i, such that 8, 8; < €2 fori > ..

3. Pick measures wug = oomy and pu; = @1 my in P(X, my) with bounded
densities, and define n;; = Q;(u;) for j = 0, 1. Due to the curvature-dimension
condition for X;, there exists a geodesic (is,i)re[0,1] between pp; and p1; and a
dynamic optimal plan I1; such that (e;).I1; = u;; and

Sv (il my) < T, (T my,).

By (22), we know that Q' decreases Sy . Note that Q' (i;;) = fi;; satisfies

I dx w(ro, fr,i) — t dxw(o, n1)| < 2e.
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By compactness, fi;; converges weakly in X for each rational ¢ € [0, 1] fori — oo
after extracting a subsequence, and by Lipschitz continuity, the limit extends to a
geodesic (s):e[0,1] In P2(X). For instance, see (vi) in the proof of Theorem 3.1 in
[34]. For simplicity, we write N for N’.

4. In this step, we will generalize the map ®; : G(X;) — G(X). Increase i such
thatd, .. (y, ®i(y)) < efori > i, and each geodesic y € G(X). Since X is a compact
geodesic space, one can choose a measurable map W : X? — G(X) such that W (x, y)
is a geodesic between x and y. For instance, this follows from a measurable selection
theorem. Pick a geodesic y € X; and consider the geodesic ®;(y) in X. Consider the
map E; : G(X;) X X2 — GX(X) that is defined as follows

(¥s X0, X1) F> W(x0, @i (¥)(0)) * @ (y) * W (P; (y)(1), x1) € G“(X).

Here, the operator * denotes the cancatenation of curves with constant-speed repara-
metrization on [0, 1]. It is clear from the construction that E; maps to G*(X) and E;
is measurable. We also set &; , (1) := E;(y, ) with &; , : X2 — G“(X). Then we
define Q(y, do) = [(Ei )« Py1(do) where

900000, dx) ® —250.(y(1). dxy).

P, (dxo. dx)) :=
o )= o) 03 (r (1)

Q:G(X) x P(GX(X)) — R is a Markov kernel. We define a dynamic plan f1; via
/g Oy, do)T;(dy) = fi(da) € PG-(X).
(Xi)

Set (e, el),f[i =m;.Iff: X 2 _5 R is continuous and bounded, then we compute

/ f(xo, x1)7; (dxo, dx) = / fleo(0), e1(0)Q(y,do)I;(dy)
G(X;i) JGL(X)

= / TG, 1) 200Dy 05, dx) T ()
G(Xi) 00,i(Y0)o1,i(y1)

/ / F o, x)-2200RIOD ) 0y 05 (o, )i (o, dyn)
Qo i(vo)o1.i(y1)

/ / £ (xo. QO(XO)Ql(xl)Qi(yl,dm)m(yo,dyl)Qi(XO,dyo)mx(dXO)

Li(y1)
(23)

Here 7; (yo, dy1) is a disintegration of 7; w.r.t. j1o ;. The last equality follows from

Qi (yo, dxo)mi(dyo, dy1) = Qi(yo, dxo)7i(yo, dy1)po.i (yo) mx, (dyo)
= p0,i (¥0)7i (Yo, dy1) Qi (o, dxo) mx, (dyo)
= p0,i Y0)7i (yo, dy1) Q' (x0. dyo) my (dxq). (24)
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Since (23) holds for any f, we obtain an explicit formula for 7;. If one chooses
f(xo,x1) = fo (xp) or f(xp, x1) = f1(x1), one can see that that the first and the ﬁnal
marginal of I1; are o and | respectively. Let I xo.x; (do) be a disintegration of I1;
with respect to 77;.

Let C > 0 be a constant. For y € G(X;) and for 0 € G*(X), we define

P =67 () €10, 00] and T (16D AC =1a” (o).
Ly

o € G — a~/* (o) is continuous function with respect to ds,. The dependence of
a/Tand b~/T onk, n, N and C is suppressed in our notation but we wil also write
a, I+ if necessary.

5. We consider (eq, e1)I1; = m;, and (ep,e1) : I'; — suppmw; C X x X. Let
IT; 1o,y (dy) be the disintegration of IT; with respect to 77;, and let 7; ; (y', dy) be a
disintegration of 7r; with respect to ;; for j =0, 1. We put

vo(yo) == / / o % 7oy (VD Mg,y (dy)o.i (0. dyr) = / o (17D dy)

(A-1)
lvV

(1)

and similarly, we define v (y1) replacing T - ,(|y Dbyt i, N,(|)} [),and 7o ; by 71, ;.

We compute
-4
T(’N/(l'l Imy,) = Z/ [/ Q/(xj)Qi(ijdxj)] vi(y;) my, (dy;)

j=0,1

> Z/ /g,(x,) N Qi (yj, dx)v;(y)) my, (dy;)
j=0.1

_ —1ej(x)

= Z Q] ]) Qi(yj,dxjv;(yj)mi(dy;)
fary 0j.i(yj)

= Z(T),»
i=0,1

One has the following identity:

(o —/ /Qo( 0)_7 Qj((yo)) Q; (0, dxo)vo(yo) i (dyo)

/ / [ / 00(xp)~ ¥ ob0)erx) Qi(yl,dm)Qi(yo,dXO)b_()/)] M (dy)
X2 X2 00,i(Yo)o1.,i (1)

/ / [ / 00(xg)~ ¥ oLilertxy) Qi()/l,dxl)Qi(VO,dXO)b_(V)] I (dy)
X? 00.i(Y0)o1,i (1)

B /x / /X Q0(x0)™ ¥ Py (d (x0. x1))b™ (1) iy, (@) (d (30, 31)) = ()
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In the third equality, we used that (eg, e1)(y) = (yo, y1) is constant on the support of
Hi,yo,yl (dy).

#)o = /Xi //X2 QO(XO)_% [a™ ((Bi,y(x0.x1) + (b~ () —a™ (Biy (x0, x1)))]
x Py (d(x0, x1) i, yo,y; (dy)7i (d (Yo, y1))
= | [ ], eoteot@i ) Fa™ (21 o000y s, 00y
= (o),
[+/X.2//X2 Qo(xo)_% (b~ (y) —a™ (Bi,y (x0, x1))) Py (d(x0, x1))1; (dy)
= (%o |
and similarly for (7);.

6. Consider the sequence of optimal couplings (g;);cn between my and my,. We
fix A > 0. By Markov’s inequality,

2 2

1 ’ d; € o
qi(dz(x,y) > A) S — [ d;(x, y)dg; = 2 < 3 fori > ic.

Hence, if we define X* = {(x, y) € X x X; :d,(x, y) < A}, wehave g; (X")¢) — 0
for i — oo. Recall (24), consider (x),, and rewrite it as

/// Qo(xo)*% (b~ (v) —a™ (Bi,y (x0, x1))) Py (d(xo, x)IT; (dy)
x? X2

=/ / /(b_(y)—a_(Ei,y(xo,m))) i yo,y: (dy)
XxX;iJXxX;

QO(XO)I_%QI(XI)
00,i (y0)o1,i(y1)

=/ / /(bi(y)_ai(ai,)/(x()vxl))) Hi,yo,yl (d)’)
XxX; JXxX;

o« 00(x0)'~ v o1(x1)
01,i(y1)

b T+ [ f o

First, a~ and p¢ are bounded independent of i or A, and b~ is non-negative. Hence,
there is M > 0 such that

Qi(y1,dx1) Qi (Yo, dxo)mi(dyo, dy1)

Qi (y1, dx1)m;(yo, dy1)gi(dxo, dyo)
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) > _/XM/XM/ lel(?yll)) i v,y (dy) Qi (y1, dx1)7; (yo, dy1)gi (dxo, dyo)

- / / ML 6 (31 ey (o, dyngi (dxo, dyo)
xme Jare  01,i()

> / M (yo. dy1)ai (dxo. dyo)
X*r.c Jxi

M €2
= _M/ qi(dxg, dyy) > —— dz w(my,, mx)z >-M— fori>i..
X)L,c )\ ' ! )\,2

(25)

Second, we wan to estimate (/). Observe that dz (v, E;,y (x0, X1)) < 2A + 2¢ and
Eiy(x0, x1) € G¥12€(X) provided we have (xo, 1), (x1,y1) € X* and i > i.
Hence, we fix n > 0 and since liminf k; > k, we choose A > 0, ¢ > 0 sufficiently
small and i, > i, sufficiently large such that k; , > k; — n whenever d;(y, o) <
2A + 2¢ for every y € X; and every o € X and fori > i,. Hence, by monotonicity

of distortion coefficients, we have r(’) MG e T/it)—n v(lo 1), and therefore b~ (y) —

a” (&8i,y(xo, x1)) = 0 provided (xo, yo), (x1,71) € X*. Hence, (1) > 0. Together
with (25), we obtain fori > i,

— T (M myy) > / (4= @)00(00) ¥ +a*(@)e1(on ] flitdo) — M
(26)

7. Now, choose A = /€, a sequence ¢; | 0 fori — 0, and pick for every i € N a
measure [ ; asin (26). Since G*(X) is compact with respect to doo, Prohorov’s theorem
yields that there is a subsequence of I1; that converges to a dynamic transference plan
IT that is supported on G*(X). Recall that (ej)*lcli =pjforj=0,1andalli.Bya
modification of Lemma 6.3 (replacing 7;—/+ y by a~/*), it follows that

RHS in (26) — / [a—(a)go(oo)—% +a+(a)91(ol)—ﬂ M(do) — Me ifi — oo.

We show that (e, e1)«I1 =: 7 is an optimal coupling, and IT is supported on G (X).

The first claim follows by construction of I1;. We have an explicit representation
for the coupling 7; by (23) that is the same coupling as constructed by Sturm in [34]
(more precisely, this is ¢" on page 154). It is an almost optimal coupling between ¢
and (1, and the error becomes small if i is large. Therefore, since 7; — 7 weakly
and since the total cost of couplings is lower semi-continuous with respect to weak
convergence of couplings, 7 is optimal for pg and ug.

For the second claim, we decompose I1; with respect to Xv& . Recall

/f(o)l'l (do) = / / / F(Eiy ) (ro, 1)) 220001 00(x0)o1(x1)
X7 JX2JG(Xi) 00, (¥0)o1,i(y1)

x Qi(y1, dx1) Qi(yo, dxo) Il yy,y, (dy)mi(dyo, dy1).  (27)
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We set for f € Cp(G*(X))

oo(xp)o1(x1)
L;, evf:=/ / / FU(Eiy)x(x0, 1)1 pveiy2 (X0, Yo, X1, Y1) —————
b x2Jx2 JGx:) v (Y c0,i (yo)eri(y1)

x Qi(y1,dx1) Qi (Yo, dxo)T1; yo.,y, (dy)7i (dyo, dy1).

By Riesz’ theorem, L; s yields a measure I1; such that Li e f = ff(o)dﬁ,-(a)
and that is supported on G212v& (X) by construction of X<,

Note that G2 T2va (X) ¢ G2V (X) fori > j, and since G2¢T2V¢(X) is com-
pact, by diagonal argument, we find a subsequence such that I1; converges to a measure
I supported on G2<i+2v% (X) for every i € N. Since G(X) = [,y G224 (X) by
the Arzela—Ascoli theorem, IT is supported on G(X). For every i, we consider the
decomposition I1; — I1; =: I1; and as in (25) we see that 0 < I1; (G- (X)) < Me; for
all i > i,. Hence, (IT — I1)(G*(X)) = 0, and therefore G(X) has full [T-measure.

Together with the convergence of Q' (ur,i) to iy (step 3.) the curvature-dimension
condition on X; and lower semi-continuity of Sy, we get

Sv(ulmy) < = [ [a=@oton ¥ + ot @eien @, @8)

Since n was arbitrary, application of another compactness argument on X yields the
inequality for k instead k — 7.

8. Now, we will check that (e;),IT = p, where (s):¢[0,1] 1s the geodesic that we
found in step 3.

Consider again I:Ii. It is a finite measure on G2€1t2v¢(X) and by normalization, we
can make it a probability measure. Recall again (27). If g € Cp(X; x X), then

o [ 8(er (). eu(iy o 1) i s o 31,30

x GEAELL 0: (y1, dx1) Qi (yo, dxo) T (dy)

defines a coupling between (e; ), I1; = u, ; from step 3 and (e;).(o; 1:Il-) where o; > 0
is a normalization constant with ; — 1ifi — 00. Choosing g = d% | x;ux, we obtain
by construction of E; and X V€ that dzw(psi, (et)*lzli) <2,/€ +2¢.Recall u; ; —
u; weakly. Moreover, weak convergence of a,-I:Il- to I1 implies weak convergence
of (et)*aifl,- to (e,)*l:l. Consequently, (e,)*l:I = u; since dzw(usi, (e,)*I:Ii) <
2,/€i +2¢; — 0. Moreover, since ((e;)I1 — (et)*fl)(X) = 0, we have ; = (e7),I1

9. In the last step, we want to remove the remaining assumptions, namely continuity
of k and boundedness of o; and a /7.

Consider general probability measures 119, u1 € P>(my) with densities p j forj =
0, 1. Fix an arbitrary optimal coupling = between g and u1, and set for r € (0, co)

e
E; = {(o.x0) € X2 powo) < ropr(n) <} oy = F(E), 7= —F 1.

r
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The coupling 7" is an optimal coupling between its marginals p(, and ) such that
dyx.w(p;, ,u;) <e for j =0, 1if r > 0 sufficiently large. (29)

Dependingonr > Owe canconstruct u; and I1" as before. After successively choosing
subsequences - that u] converges weakly to a probability u, for t € [0, 11N Q. Then,
again as in step (vi) of the proof of Theorem 3.1 in [34] 1, extends to geodesic between
po and pq and liminf; o0 Sy () | my, ) > Sy(usI myy) for ¢ € [0, 1].

Set a‘(o)go(oo)*% + a+(o)Q1(01)*% = ¥ (y). ¥ is integrable w.r.t. I1, since
the coefficients a ™/~ are bounded, since py and p; are probability densities for pg
and u1, respectively, and since IT is a coupling between 1o and 1. Therefore, if we
set 1€ = o, IT" + \IJ,,JﬂXz\Er, it follows that

61135‘ / ()T () — / wy)dn’(y)' 0.

(see also step (v) in the proof of Theorem 3.1 in [34] for similar argument) Now, by
compactness, we can choose subsequence ¢; such that I1¢ converges weakly to an
optimal coupling IT between w1 and . Since I1€ is a coupling between g and
for every € > 0, we can apply again Lemma 6.3. Hence,

Sw(ua| M) < liminf Sy (| my.,) < limsup — / ¥ (y)dTI% (y)

i—00

< —/w(y)dl'l()/).

If k is lower semi-continuous, we take monotone sequence of continuous functions k;,
that approximates k from below. Since we can repeat all the previous steps, for any 7,
we obtain an optimal dynamic coupling I1" and a Wasserstein geodesic p} such that
(28) holds with k replaced by k;,. The right-hand side of (28) is monotone with respect
to k;. Therefore, we obtain

IA

St 1mn) = = [ [ag, (D000 ¥ +af @i | ey

IA

~ [ [a e+ +a o 4] @,

for n > 7. Compactness yields a subsequence such that I1,, and pu;’ converge if
i — oo and by another application of Lemma 6.3 the limits of IT and u; satisfy

SN (el my) < —/[a,;(y)go(yo)‘% +a,j;(y)m(m)‘ﬂn(dy)- (30)
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We let i — oo. Then the theorem of monotone convergence yields the estimate
_ 1 _1
Sn (gl my) < — / (a7 @000 +af @)erton ¥ | o). (31)

Finally, by a similar reasoning as before, C 7 oo yields a~/*(y) / rk(’,) /+’N( 7)) €

R U {oo} for any y € G(X), and again by monotone convergence, the left-hand side
in (31) converges to

Sw (el my) < — / (22 007Deo) ™% + 72 (17De1 () ™V | Midy).

ky
This finishes the proof. O

Corollary 6.8 Let (M;, gi,)icN be a family of compact Riemannian manifolds with
ricy, > k; & dimy, <N & diam,, <L

where ki : M; — R are lower semi-continuous functions such that k; > —C for
some C > 0. Let vol u, be the normalized Riemannian volume. Then, there exists
subsequence of (M, dy,, vol ;) that converges in measured Gromov—Hausdorff sense
to a normalized metric measure space (X, dy, my), there exists a subsequence (in),cN
and a lower semi-continuous function k : X — R such that liminf x;, > « and
(X, dx, my) satisfies the condition CD(k, N).

Proof By Gromov’s precompactness theorem, there is a converging subsequence
(M;, dM,- , VE)lMI.) in the measured Gromov—Hausdorff sense, and a normalized limit
metric measure space (X, dy, my). vol is the normalized Riemannian volume. Con-
sider a compact metric space (Z, d;) where the convergence is realized, and define
K : Z — Rwithk(x;) = k; (x;) if x; € X;, and +o0 otherwise. Let k : Z — R be the
lower semi-continuous envelope of k (see, for instance, [12]). We have & > —o0 since
ki > —C > —o0. We define k|x = k : X — R. By compactness, k is uniformly
lower semi-continuous. More precisely, for € > 0, there is § > 0 such that for all
x,y € Zwithdz(x,y) <§wehave f(y) > f(x) — €. This implies lim inf x; > « in
the sense of our definition. Hence, applying the previous theorem yields the statement.

Remark 6.9 Recall the notion of pointed measured Gromov—Hausdorff (GH) and
pointed measured Gromov convergence from [17]. These notions generalize the previ-
ous concepts of convergence of metric measure spaces to the context of non-compact
spaces and measures with infinite mass. From Remark 3.29 in [17], we see that if a
sequence of pointed metric measure spaces converges in pointed measured GH sense
to a metric measure space that is a length space, then pointed measured GH conver-
gence is equivalent to measured GH convergence of closed R-balls around the center
point to closed R-balls around the center point in the limit space. Hence, it is possible
to extend the previous stability statement to pointed measured GH convergence.
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7 Non-branching Spaces and Tensorization Property

Lemma 7.1 Let (X, dy, my) be a non-branching metric measure space that satisfies
CD(k, N). Then, for every x € suppmy, there exists a unique geodesic between x
and my-a.e. y € X. Consequently, there exists a measurable map W : X*> — G(X)
such that ¥V (x, y) is the unique geodesic between x and y my @ my-a.e. .

Proof Since k is bounded from below on any ball Bg(x) by Theorem 5.3, one can
adapt the proof of Lemma 4.1 in [34]. O

Proposition 7.2 Let k : X — R be admissible, N > 1 and (X, dx, my) be a metric
measure space that is non-branching. Then the following statements are equivalent

(1) (X, dyx, my) satisfies the curvature-dimension condition C D(k, N).
(i1) Foreach pair, no, 1 € P2(X, my), there exists an optimal dynamic transference
plan T1 such that

1 . _1
o)™V =7, L (17 Deo(ro) N +r,f§_,v(|)/l)91(m) V. (32)

forallt € [0, 1]and IT-a.e. y € G(X). Here, o, is the density of the push-forward
of Il under the map y +— y;. That is determined by

/X u()er(n)d my(y) = / u(dTI(y).

for all bounded measurable functions u : X — R.

Proof “<”: Let N' > N and g;d mxy = u; € P2(X, my) fori = 0, 1. Holder’s
inequality yields

N

L . _1 . _1\w
o)W z( T (7 Deo () ~+r,52 (17Derr )"

l
N’

(1 1) N/ 1 — (1— N’ N/) ;*}
z T IPDV (A =1) ¥00(0) +1 N,(IVI) e1(y1)

In addition, Lemma 3.14 yields the estimate
=01 \ 2 -4 = 070 (15
PODEACED R A (D)

and similarly for the term involving k)‘," . Finally, integrating the previous inequality
with respect to I yields the condition CD(k, N).

“=": Consider probability measures u; = pijdmy for i = 0, 1. Let IT be an
optimal dynamic coupling. Since for my ® my-a.e. pair (x, y), there exists a unique
geodesic Yy y, there exist an optimal coupling 7 such that I'T can be written in the form:
8y, ,dm(x, y). Therefore, the curvature-dimension condition for wo and p; becomes
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/X / 0/ ()N 8y, (dy)d(x, y)
> /X 2 / [ 017 Do) ™V + 74, (17De1() ¥ |8y, (dy)dr(x. y).

Now, we can follow exactly the proof of the corresponding result in [34]. O

Proposition 7.3 Let (X, dy, my) be a non-branching metric measure space that sat-
isfies CD(k, N), let k' : X — R be lower semi-continuous and let V : X — [0, 00)
be strongly k' V -convex in the sense of Definition 3.16. Then (X, dy, yN my) satisfies
the condition CD(k + k', N + N').

Proof The proof is a straightforward calculation using the characterization of
CD(k, N) for non-branching spaces, Corollary 4.2 and Holder’s inequality. O

Theorem 7.4 Let (X;,dy,, my,) be non-branching metric measure spaces for i =
1, ..., k satisfying the condition C D(k;, N;) for admissible functions k; : X; — R
and N; > 1. Then the metric measure space

[ k k
(Hf=] Xi’ Zi:l d%(l ’ ®i:l mX,') = (Y’ dY’ mY)

satisfies the condition

CD( min k,, 'rrllaka)

i=l,. i=l1,...,

where (min;—;_ ki) (x1,...,x;) =min{k; (x;) :i =1,...,k}

.....

Proof 1Tt is enough to consider k = 2 and measures of o and w1 in P(Y, my) of the
form pg = ,u(ol ' ® /1,(2) and | = u“) ® M<lz) Then general case follows in the same
way as in [8], for instance. Consider dynamic optimal couplings 1 for )’ and /4
such that (32) holds according to our curvature assumption. Let (eg, e).I1 (’) = 71(’)
The pushforward of 7" @ 7@ with respect to
0,10, 52, x8) o (60, 52, 10, x)

becomes an optimal coupling 7 between (g and 1. There is also a measurable map
Y,y € G(X1) x G(X2) =~ (¥, y?@) € G(Z). Therefore, we can consider the
pushforward IT of TTV x T1® with respect to this map. Since (eg, e1),I1 = =, IT is
an optimal dynamic plan for po and wg.

Claim: For geodesics yV € G(X1) and y® € G(X») consider y = (yV,y?) €
G(Y), then we have

(1) DN (1) 2) 1\ V- (1) © 1\N1+N:
o OO T (PN =gl (I

The claim follows immediately from Corollary 4.2 combined with the observations

that 7,!)  (|7’]) :r;:WN(l) that |y|? = |y ©V|? + |y@|?, and that
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kio Uy =ki oy (1) = min (ki oy (1)} = (minj—1 2 ki o 7) (t]y]).

for i = 1, 2. The rest of the proof works exactly like the proof of the corresponding
result in [13]. O

8 Globalization of the Reduced Curvature-Dimension Condition

Definition 8.1 If we replace in Definition 4.4

(1=0)/() . (1=0)/@) g
T by o .
k;H,N’('y') y k;/Jr,N’('y')

we say (X, dy, my) satisfies the reduced curvature-dimension condition C D*(k, N).
Obviously, we always have that C D(k, N) implies C D*(k, N).

We say that (X, dy, my) satisfies the the curvature-dimension condition locally -
denoted by C Dy, (k, N) - if for any point x there exists a neighborhood U, such that
for each pair g, 11 € P2(X, my) with bounded support in Uy, then one can find a
geodesic p; € P2(X, my) and an optimal dynamic coupling IT € P(G(X)) such that
(12) holds. Similarly, we define C D} .(k, N).

Remark 8.2 All the previous results of this article also hold for the condition
C D*(k, N) although constants and estimates are in general not sharp.

Theorem 8.3 Let (X, dx, my) be anon-branching and geodesic metric measure space
with suppmy = X. Let k : X — R be admissible. Then the curvature-dimension
condition C D*(k, N) holds if and only if it holds locally.

Proof We only have to show the implication C D}, .(k, N) implies CD*(k, N). Let us
assume the curvature-dimension condition holds locally. Therefore, a Bishop—Gromov
volume growth result holds locally, and it implies the space is locally compact. Then
the metric Hopf-Rinow theorem implies that X is proper. Hence, we can assume that
X is compact. Otherwise, we choose an exhaustion of X with compact balls Bg(0)
such that the optimal transport between measures supported in Bg (o) does not leave
By (0). For instance, compare with the proof of Theorem 5.1 in [8]. Similar to the
proof of Proposition 7.2, one can also see that a measure contraction property holds
locally. Then, the result of [10] implies uniqueness of L>-Wasserstein geodesics.

By compactness of X, there is A € (0, diamy), finitely many disjoints sets
Ly, ..., L that cover X and have non-zero measure, and finitely many open sets
My, ..., My such that B, (L;) C M; fori € {1, ...k} and such that (12) holds in M;
for each i (for instance, see the proof of Theorem 5.1 in [8]).

Let o, 1 € P2(X, my) be arbitrary and let u; be the L2-Wasserstein geodesic
between wo and ). Consider u; and uz such that 5§ — 7 < A/diamy. We define
Vr = W(1—7)i+r5 1S a geodesic between u; and uy, and any transport geodesic has
length less than A. IT denotes the optimal dynamic transference plan that corresponds
to v;. We decompose vg with respect to (L;);—1.... x as follows

,,,,,
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k

k
Zl:v(L) i:gllv(’).

Define £; = {y € G(X) : y(0) € L;} with vo(L;) = I1(L;). The restriction property
of optimal transport yields that ' = (L)' L, are 0pt1rna1 dynamic couplings
between v and v] = (el)*l'l’ and IT' induces a geodesic v; between vj and v] =
(e1)«IT. By construction, v} is supported in M;. Hence, the condition CD(k, N)
implies

ol )V = o (YD (O N+l (17 Dei(r(1) ¥

for ['-a.e. y € G(X) where o!d my = dv!. In particular, v; is absolutely continuous
with density o, = Zl | 0.

The measures v, are disjoint. Therefore, the measures vifori = 1,...,k are
disjoint for any ¢ € [0, 1) (see for instance, Lemma 2.6 in [8]). Since any optimal
transport between absolutely continuous probability measures is induced by an optimal
map, we can conclude that also vi are disjoint. Therefore, for any ¢ € [0, 1],

k

| 1
0i(0)™N = Zn(ﬁ)et( XN (33)
where o/d my = dv!. Hence
oy ()Y Z a7 Doy OV +0 (17Der(y(1)"¥

for IT —a.e.y € G(X).

In particular, the previous argument holds for each §, 7 € [0, 11N Q. Thus, if u; is the
unique geodesic between g, i1 and IT is the corresponding optimal dynamic plan,
we showed that

1 —@t . _ 1
prin(y(T(®))™V > 0,:;7,1\,( "((s = DIy Do (y )W
. _ 1
+0 (s = DY Das(y ()N
1,
for I-a.e. geodesic ¥ and each 7,5 € [0, 1] N Q where () = (1 — 1)t + 5. If we

pick such a geodesic y, the inequality holds also globally along y for p; by Corollary
3.13. Then the result follows. O

9 Curvature-Dimension Condition with Variable Dimension Bound
We briefly discuss two possibilities to define a curvature-dimension condition

CD(k, N) with variable dimension bound N' : X — (0, c0). Following the pre-
vious approach for variable lower curvature bounds, it is not obvious how to pose
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a reasonable definition when N = N is variable as well. This is because for our
definition, we use the N-Reny entropy functional where N is a constant parameter.
However, the problem can be resolved in the following way. Consider the non-
branching situation of Sect. 7, and the reduced curvature-dimension condition
CD*(k, N) that is introduced in Sect. 8. A metric measure space (X, dy, my) sat-
isfies CD*(k, N) if and only if for each pair uo, u; € PZ(X, my) there exists a
geodesic u; € PZ(X, my) and a dynamic optimal plan IT with (e;),I1 = u; and

L - . — L . —L
PV 2 0 VDo) Y+ (17 DA (34)

Ky /N

for [T-a.e. y € G(X), where u; = p;d my. (34) is equivalent to the following differ-
ential inequality in the distributional sense:

d? i Ky (D712
Wpt(yt) S_T

=

pi(y)™N on [0, 1]. (35)

Note (35) implies that # — p,(y;) is absolutely continuous. If N = N is variable
along y, (35) would involve second derivatives of A along y. However, one can fix
this problem by another reformulation. If we assume that p;(y;) is C2int for M-a.e.
y (this is true, for instance, on Riemannian manifolds), then (35) is equivalent to the
Ricatti equation

d? 2 .

T logpi (v + 7 (G log pr(y) "+, (0 1717 < 0. (36)
Here, it is no problem to replace N by an upper semi-continuous function N o y.
Then, the following definition is meaningful.

Definition 9.1 Let (X, dy, my) be a non-branching metric measure space, and let « :
X — Rbelower semi-continuous andlet A/ : X — (0, 00) be upper semi-continuous.
We say (X, dy, my) satisfies C D*(k, N) if for each pair ug, u1 € PZ(X, my) there
exists a geodesic ; € P?(X, my) and a dynamic optimal plan IT such that (¢;),IT =
prMmy € Pz(mx), p:(yr) is absolutely continuous in ¢ € [0, 1] for IT-a.e. y and (36)
holds in the distributional sense with N replaced by N o y.

Similarly, one can define an entropic curvature-dimension condition C D*(x, )
for «x lower semi-continuous and N upper semi-continuous following ideas of [14]
and [19] where no non-branching assumption is required. However, Definition 9.1 has
an important disadvantage. It is not clear to the author how to formulate an equivalent,
integrated version that is desirable for proving geometric consequences and stability
properties. Moreover, the full curvature-dimension condition C D («, ') does not make
sense since the coefficients t” (| |) are not derived from an ODE.

Following a clever suggestion of the referee another possibility to extend our defi-
nition to variable upper dimension bounds would be as follows.

Definition 9.2 Consider an admissible function £ : X — R, and a upper semi-
continuous function N' : X — R bounded from above. A metric measure space
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(X, dy, my) satisfies the curvature-dimension condition C D(k, N) if for each pair
Vo, V1 € P2(X, myx) with bounded support there exists a geodesic (V;)ref0,1] C
P> (X, my) and a dynamic optimal coupling IT € P(X) such that (e;).IT = v; and

Syi(v) < — / (7 (7Deo (o)™ ¥ +70 | (7Der (1) Jami(y)
(37)

forallz € [0, 1]and all N’ > N where N = N(II) = SUP,, supp I1,7€[0, 1] Ny @®).

The upper bound for A guarantees that (X, dy, my) satisfies C D(x, N) for some N,
and in particular it is locally compact. Therefore N (IT) is well defined. This definition
seems to be better for proving geometric consequences and stability of the condition,
and it might be possible that one can extend the results of this article.

Example 9.3 First, itis clear thatany C D (x, N)-space satisfies a condition C D (x, )
for N constant and A/ upper semi-continuous if A" > N.

Now, we construct a more interesting example. Let N, N’ € [1, co) with N > N’,
and K € (0, o0). Consider

K K
I =|—m ,0lU 0,
N —1 N —1

and define

f( ) COSK/(N,I)(.X)Nil ifx e [_7'[1/ %, O],
X) =

’_ .
COSK/(N/,I)(X)N ! lf.x € (O,T[ %].

Then, (1, - |2, f dL1) satisfies the curvature-dimension condition C D(K, N) in the
sense of Definition 9.2 and the condition C D*(K, N) in the sense of Definition 9.1
where

Moo N ifx € [-m /555, 01,
X) =
N ifx € 0,7,/ 551

Note that the space satisfies the condition C D(K, N) already.
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