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Abstract We prove that on smooth bounded pseudoconvex Hartogs domains in C?
compactness of the d-Neumann operator is equivalent to compactness of all Hankel
operators with symbols smooth on the closure of the domain.
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Let 2 be a bounded pseudoconvex domain in C" and L%O 0 (£2) denote the space of

square integrable (0, g) forms for 0 < ¢ < n. The complex Laplacian [J = 90 +0°9
is a densely defined, closed, self-adjoint linear operator on L%o, )(§2). Hormander in
[7] showed that when 2 is bounded and pseudoconvex, [ has a bounded solution
operator Ny, called the d-Neumann operator, for all ¢. Kohn in [9] showed that the
Bergman projection, denoted by B below, is connected to the 3-Neumann operator via
the following formula

B=1-9 N0

where I denotes the identity operator. For more information about the 3-Neumann
problem we refer the reader to two books [4,15].
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Let A%(Q) denote the space of square integrable holomorphic functions on € and
¢ € L™(S). The Hankel operator with symbol ¢, Hy : A%(Q) — L*(Q) is defined
by

Hyg =[¢,Blg = 1 —-B)(¢g).

Using Kohn’s formula one can immediately see that
Hpg =9 Ni(33¢)

for ¢ € C'(Q). It is clear that Hy is a bounded operator; however, its compactness
depends on both the function theoretic properties of the symbol ¢ as well as the
geometry of the boundary of the domain 2 (see [6]).

The following observation is relevant to our work here. Let €2 be a bounded pseudo-
convex domain in C" and ¢ € C(Q). If 9-Neumann operator N is compact on
L%o, 1)(Q) then the Hankel operator Hy is compact (see [15, Proposition 4.17]).

We are interested in the converse of this observation. Namely,

Assume that 2 is a bounded pseudoconvex domain in C" and Hy is compact on
AZ(Q)for all symbols ¢ € C(S2). Then is the d-Neumann operator N1 compact
on Ly 1,(2)?

This is known as D’ Angelo’s question and first appeared in [12, Remark 2].

The answer to D’ Angelo’s question is still open in general but there are some partial
results. Fu and Straube in [13] showed that the answer is yes if €2 is convex. Celik and
the first author [2, Corollary 1] observed that if €2 is not pseudoconvex then the answer
to D’ Angelo’s question may be no. Indeed, they constructed an annulus type domain
Q where Hy is compact on A%(Q) for all symbols ¢ € C (Q); yet, the 9-Neumann
operator N is not compact on L%o, l)(Q).

Remark 1 One can extend the definition of Hankel operators from holomorphic func-
tions to the d-closed (0, g)-forms (denoted by K(ZO q)(Q)) and ask the analogous
problem at the forms level. In this case, an affirmative answer was obtained in [3].

Namely, for 1 <g <n—1if H! = [¢, B, ] is compact on K(zo q)(Q) for all symbols
¢ e C® () then the 3-Neumann operator N1 is compact on L%O 2 (2).

In this paper, we provide an affirmative answer to D’ Angelo’s question on smooth
bounded pseudoconvex Hartogs domains in C2.

Theorem 1 Let Q2 be a smooth bounded pseudoconvex Hartogs domain in C2. The
d-Neumann operator Ny is compact on L%O’l)(Q) if and only if Hy is compact on

A2(Q) for all € C®(Q).

Asmentioned above, compactness of N1 implies that Hy, is compact on any bounded
pseudoconvex domain (see [12, 15, Proposition 4.4.1]). The key ingredient of our proof
of the converse is the characterization of the compactness of Nj in terms of ground
state energies of certain Schrodinger operators as previously explored in [5,14].

We will need a few lemmas before we prove Theorem 1.
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1276 S. Sahutoglu, Y. E. Zeytuncu

Lemma 1 Let A(a,b) = {z € C: a < |z| < b} for 0<a<b<oo and d,p(w) be the
distance from w to the boundary of A(a, b). Then there exists C>0 such that

C
[ dswpurave <55 [ wPravo
A(a,b) n= JAa.b)

for nonzero integer n.

Proof We will use the fact that d,, (w) = min{b — |w|, |w|—a} with polar coordinates
to compute the first integral. One can compute that

2n T 2042 2n+2
w|“"dV(w) = ——(b —a
/A(,,,b)' v = )

forn # —1.Letc = “t2. Then

/ (dap () w*"dV (w) = / (lw| — a)*|w*"dV (w)
A(a,b) A(a,c)
+ / (b — [w)w*dV (w)
A(e,b)
=27 /C (a2p2n+1 _ 261,02n+2 + p2n+3)dp
a

b
+27T/ (b2p2n+l _ pr2n+2 + p2n+3)dp
c

1 2 1
=2 b2n+4_ 2n+4 _
4l ) mt2 m+3  mi4

) ) 62n+2 C2n+3
2(a® — b A (b —
+2n(a )2n+2+ 7 ( a)2n+3
ﬂ(b2n+4 _ a2n+4) 7[02n+2(b2 _ az)

T+ D +2)2n+3)  m+hHen+3)

In the last equality we used the fact that ¢ = #. Then one can show that

. 72 [aan @ap @) 'dV (w) 52
n— =400 fA(a,b) |w|2”dV(w) 2

Therefore, there exists C >0 such that

C
[ dswpurave < 55 [ wlravo
A(a,b) n= J A(a.b)

for nonzero integer 7. O

We note that throughout the paper ||.||—; denotes the Sobolev —1 norm.
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Lemma2 Let Q = {(z, w) € C?:ze Dand ¢1(2) < |w| < ¢2(2)} be a bounded
Hartogs domain. Then there exists C > 0 such that

C
lg@w"||-1 < ;Ilg(z)w”ll

for any g € L*(D) and nonzero integer n, as long as the right-hand side is finite.

Proof We will denote the distance from (z, w) to the boundary of Q2 by do(z, w). We
note that W—1(Q) is the dual of WO1 (R2), the closure of C°(2) in W1($2). Furthermore,

Ifll-1 = sup{[{f, ¢)| : ¢ € C5°(), Pl < 1}
for f € W~1(Q). Then there exists C; > 0 such that
I fll-1 < lda fllsup{li¢/dall : ¢ € CG°(2), lI$lli < 1} < Cillda fIl.

In the second inequality above we used the fact that (see [4, Proof of Theorem C.3])
there exists C; > 0 such that ||¢/dql|l < Ci||¢]|1 for all ¢ € WOI(Q).

Let d,(w) denote the distance from w to the boundary of A(¢1(z), ¢2(z)). Then
there exists C; > 0 such that

lg)w"|%, <Ci /Q (da(z, w)?|g@ P lw*dV (z, w)

<C / lg(2)I? / (d,(w))*|w|*"dV (w).
D 91 (2)<|w|<p2(z)

Lemma 1 and the assumption that €2 is bounded imply that there exists C2 > 0 such
that

C
/ (de(w)*|w"dV (w) < —22/ lw[*'dV ().
$1(2)<|lwl<g2(z) n= Jor1@)<lwl<¢2(2)

Then

/ lg(2))? / (d,(w))*|w|*"dV (w)
D ¢1(2)<|w|<p2(z)

C>
< —2/ |g(z)|2/ lw[*"dV (w)
n=Jp d1(D)<|w|<g2(z)

&)
= = lg@w"|*.
n

Therefore, for C = /C1C; we have ||g(z)w" |- < %Ilg(z)w” || for nonzero integer
n. O
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Lemma 3 Let Q be a bounded pseudoconvex domain in C" and € C L(Q). Then
Hy is compact if and only if for any € > 0 there exists C¢ > 0 such that

IHy h1I* < elh3Y I|lIAll + CellhdY |1 1Al M
for h € A*(Q).
Proof First assume that Hy, is compact. Then

| Hyhl|> = (H Hyh, h) < | H Hyhl||IR]

for h € A?(2). Compactness of Hy, implies that Hl;‘; is compact. Now we apply the
compactness estimate in [8, Proposition V.2.3] to H;. For ¢ > 0 there exists a compact
operator K, such that

£
213" N
e —_
<5 1RBY Il + | Ks Hyhl.

| Hj Hyh|l < | Hy | + | Ke Hy Rl

In the second inequality we used the fact that Hy h = 3N (hdy). Since € is bounded

pseudoconvex_g*N is bounded and hence K 20 N is compact. Now we use the fact
that Hyh = B*N(hal/f) and [15, Lemma 4.3] for the compact operator K. N to
conclude that there exists C, > 0 such that

e —
|KeHyh| < Ellhal/fll + Cellhoy|-1.
Therefore, for £ > 0 there exists C; > 0 such that
IHyh|* < e|hay |[|A] + Cellhdy || -1 |||

for h € A2(Q).

To prove the converse assume (1) and choose {£;} a sequence in A%(Q) such that
{h;} converges to zero weakly. Then the sequence {/;} is bounded and ||h.,'51p||_ 1
converges to 0 (as the imbedding from L? into Sobolev —1 is compact). The inequality
(1) implies that there exists C > 0 such that for every ¢ > 0 there exists J such that
| Hyh |> < Cefor j > J.Thatis, {Hy h;} converges to 0. That is, Hy is compact. O

The following lemmais contained in [ 10, Remark 1]. The superscripts on the Hankel
operators are used to emphasize the domains.

Lemma 4 ([10]) Let Q21 be a bounded pseudoconvex domain in C" and Q2 be a
bounded strongly pseudoconvex domain in C" with C*-smooth boundary. Assume
that U = Q1 N Q9 is connected, ¢ € Cl(Ql), and dezl is compact on Az(Ql). Then

Hqﬁj is compact on A2(U).
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Now we are ready to prove Theorem 1.

Proof of Theorem 1 We present the proof of the nontrivial direction. That is, we
assume that Hy is compact on A%(Q) for all ¥ € C>®(Q) and prove that Ny is
compact. Our proof is along the lines of the proof of [5, Theorem 1.1].

Let p(z, w) be a smooth defining function for 2 that is invariant under rotations in
w. That is, p(z, w) = p(z, |w|),

Q={(z,w) € C*: p(z, w) <0},
and V p is nonvanishing on bQ2. Let I'g = {(z, w) € b2 : pjy(z, [w|) = 0} and
e ={(z, w) € bQ: [pju(z, [w)| = 1/k}

fork = 1,2, .... We will show that I'y is B-regular fork = 0, 1, 2, ... by establishing
the estimates (2) and (3) below and invoking [5, Lemma 10.2]. Then

o0
bQ2 = U 'y
k=0

and [11, Proposition 1.9] implies that b2 is B-regular (satisfies Property (P) in Catlin’s
terminology). This will be enough to conclude that Ny is compact on L%()‘ 1 (€2)

The proof of the fact that I'g is B-regular is essentially contained in [5, Lemma
10.1] together with the following fact: Let €2 be a smooth bounded pseudoconvex
domain in C?. If H> and Hy are compact on A2(S2) then there is no analytic disc in
b<2 (see [6, Corollary 1]).

Now we will prove that Iy is B-regular for any fixed k > 1. Let (z9, wo) € 'y, we
argue in two cases. The first case is when p,|(z0, |lwol) < O and the second case is
Plw| (2o, lwol) > 0.

We continue with the first case. Assume that <2 near (zg, wo) is given by |w| =
e~?@ Let D(zp, r) denote the disc centered at zo with radius » and

Usp = D(z0,a) x {w e C:|wy| —b < |w| < |wo| + b}

fora, b > 0. Then let us choose a, ay, b, by > O such thata; > a, by > |wgy| + b, the
open sets

U=QNU,p = {(z, w) € C?:z € D(z0,a), e 9 < |w| < |wo| +b}

andU; =QNU at.bi are connected where

2 b2

_ 2 2
yab z[(z,w)ecz:u+ﬂ<l},
aj 1
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1280 S. Sahutoglu, Y. E. Zeytuncu

and finally U C U. Then
U = {(z, w)eC?:zeV, e <l < e*“(Z)}
where V; is a domain in C such that D(zg,a) C Vi C D(zg, a;) and
1 2 2
a(z) =loga; —loghy — Elog (ai — |z — z0l%).

One can check that « is subharmonic on D(zg, a1), while pseudoconvexity of €2
implies that the function ¢ is superharmonic on D(zg, a1). Furthermore, since B-
regularity is invariant under holomorphic change of coordinates, by mapping under
(z, w) = (z, Aw) for some A > 1, we may assume that

Uy C D(zp,a1) x {fweC:|w| > 1}

For any 8 € C3°(D(z0, a)) let us choose ¥ € C*®(Vy) such that ¥z = . Lemma
4 implies that the Hankel operator le] ! (we use the superscript U; to emphasize the

domain) is compact on the Bergman space A%(Uy).
Let

An(z) = — log( i N (6(2”_2)‘”@ - e(z"_z)“‘(Z)))

n—

forn = 2,3, .... One can check that since ¢ is superharmonic and « is subharmonic,
the function A, is subharmonic. Let SX,: be the canonical solution operator for 3 on

L2(Vi, ). If £, = HV[/]1 w™" then we claim that

n

fu(z,w) = gn(Dw™

where g, = S, (dz) andn = 2,3, ... Clearly H,'w™ = f, € L*(U)) and

Ign(Dw™" = B(x)w "dz.

To prove the claim we will just need to show that g, (z)w ™" is orthogonal to AZ(UY).
That is, we need to show that (g, (z)w™", h(z)w™)y, = 0 for any h(z) € A*>(V;) and
m € Z. Then

(gn(@w™, h(x)w™)y, =/U gn(@w " h(Qw™mdV (2)dV (w)

= / gn(@h(2)dV (2) w WAV (w).
Vi

e~ 9@ <|w|<e—@@
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Unless m = —n the integral [,y _ |, -o—et w"wmdV (w) = 0. So let us assume
that m = —n. In that case we get

/ (DR (2)dV (2) w " wmdV (w) = / (DR (@e DV (z).
Vi

e 9@ <|w|<e—() Vi

The integral on the right-hand side above is zero because g, is orthogonal to
A2(V1, An). Therefore,

g(@Qw™" = Hvlfl w .

The equality above implies that %" = % = . Then the compactness estimate
(1) implies that

/ 180 (@) Pe ™ @PdV () < lIga@w " IIZ,
D(zp,a)

= ellB@uw " v, llw™"llu,
+ CellB@Qw ™ llw-1wplw™"llu,

1/2
=¢ ( / Iﬁ(z)lze“(Z)dV(z))
D(zp,a)

1/2
x ( / e_)‘"(Z)dV(z))
Vi

1/2
+CB@W ™ 1) (/ “n<z>) ‘
Vi

Then by Lemma 2 there exists C > 0 such that

_ C _ C
IB(z)w n||W71(U1) = ;Hﬁ(z)w "N, = ;”lglle(D(zo,H)J»n)'

We note that to get the equality above we used the fact that g is supported in D(zo, a).
Hence we get

Ce

2
”g””Lz(D(zO,a),ky,) < (8 + ) ||ﬂ||L2(D(z0,a),kn)||1||L2(V1,)»n)'

For any ¢ > 0 there exists an integer n, such that

CcC, n mTap

n n—1

<¢
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1282 S. Sahutoglu, Y. E. Zeytuncu

for n > n,. Then

2 2
”g””LZ(D(zO,a),A,,) < 2elBlli2pzo.ay.an M 20vy ) = 26718 L2(D(z0.0).0)

for n > n, because U C D(z9,a) x {w € C: |w| > 1} and

I L2 vy 20 = I 22D zg.a1) )

1/2
_ (/ b (e(Zn—Z)ga(z) _ e(2n—2)ot(z)) dV(z))
DGzp.ap) M — 1

. 1/2
< (/ dV(z))
D(zo.ap) 1t — 1

Tay

n—1

Letu € C;°(D(z0,a)) and n > ne. Then

/ lu(2)?e*@dv(z)
D(zp,a)

2
= sup {1, B) Do 1 B € CE (D0, N 1B ey ay 1y = 1]
< sup {1, @)D b 18013 20piey 00y = 267
— 2. 2 < 92g2
= Sup |(uZa gn>D(z(),a)| . ”g"”LZ(D(zo,a),)»n) = z€
< 2¢? / lu, (2)|?e*DdV (z).
D(z0.a)
There exists 0 < ¢ < 1 such that e %@ < ¢e~2@ for z € D(zp, a). Then
T 210 (] — (21-2) < g~h@) T 2n-2p()
n—1 n—1
So for large n we have

T ,n-29@) _ o=@ o T ,2n-20()
2(n—1) n—1

and

n—1

/ u(z)?e > 2@ qv (2)

s D(z0,a)

< / lu(2)|?e*@dv(z)
D(zg,a)

<2¢? / -2V (2)
D(zp,a)
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20n —
S48(n 1)

luz (2)[2e@ 29 qV (7).
T D(zo,a)

That is, for any ¢ > 0 and u € C§°(D(zo, a))

/ (DP9 () < 46> / () 2Py () ()
D(zp,a) D(zp,a)

for large n.

The estimate in (2) is identical to the one in [5, p. 38, proof of Lemma 10.2].
That is A%(D(zg, a)) — oo asn — oo (see [5, Definition 2.3]). Since ¢ is smooth
and subharmonic, [5, Theorem 1.5] implies that )Lf”p(D(zO, a)) —» ocoasn — oQ.
We note that [5, Theorem 1.5] implies that if )Ln’"w(D(z(), a)) — oo as n — oo then
)»fw(D(zO, a)) — oo as n — oo. This is enough to conclude that I'; is B-regular.
This argument is contained in the proof of Proposition 9.1 converse of (1) in [5, p. 33].
We repeat the argument here for the convenience of the reader.

Let V = {z € D(zp,a) : Ap(z) > 0} and K9 = D(z9,a/2) \ V. Then V is
open and K is a compact subset of D(zp, a). Furthermore, Agp = 0 on Ky. If Ko
has non-trivial fine interior then it supports a nonzero function f € W1(C) (see [15,
Proposition 4.17]). Then

IV £ -
£

Which is a contradiction. Hence K¢ has empty fine interior which implies that Ko
satisfies property (P) (see [15, Proposition 4.17] or [11, Proposition 1.11]). Therefore,
for M > 0 there exists an open neighborhood Oy of Ko and by, € C5°(Oyp) such
that |by| < 1/2 on Oy and Aby > M on K. Furthermore, using the assump-
tion that |[w| > 0 on I'y one can choose M| such that the function gy, (z, w) =
Mi(Jlw|?e?@ — 1) + by (z) has the following properties: |gm, | < 1 and the complex
Hessian Hg,, (W) > M||W|?>on Ty N'D(zg, a) where W is complex tangential direc-

Any (D (20, @) < forall n.

tion. Then [1, Proposition 3.1.7] implies that 'y N D(zp, a/2) satisfies property (P)
(hence it is B-regular). Therefore, [15, Corollary 4.13] implies that I is B-regular.

The computations in the second case (that is pj,((zo, lwp|) > 0) are very similar.
So we will just highlight the differences between the two cases. We define

yab — {(Z, w) € C*: [w| > bilz — 2o/ +al}
and

U =Qnuah = {(z, w)eC2:ze V), e @ < u| < e—‘ﬂ@}

where V| is a domain in C and where «(z) = —log(b|z — Z()|2 + ay) is a strictly
superharmonic function. One can show that bU%-?! is strongly pseudoconvex. We
choose a, ay, b, by > 0 such that such that D(zp, a) C V| and U is given by
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1284 S. Sahutoglu, Y. E. Zeytuncu

U=QNUsp = {(Z, w) € C*: z € D(z0,a), ¢ *® < Jw| < e*V’(Z)}

where U, , = D(z0,a) x {w € C: |wg| — b < |w| < |wp| + b}. Furthermore, we
define

T
An(z) = —log (—n 1 (e’(Z”J“z)‘/’(Z) — e(z”*z)“(”))

forn = 0,1, 2,... and by scaling U; in w variable if necessary, we will assume
that Uy C D(zp,a1) x {w € C : |w| < 1} so that 1M 22(D(zo.a1).2,) &O€S tO Zero as
n — 00. One can check that A,, is subharmonic for all n.

We take functions 8 € Cgo(D(zO, a)) and consider symbols i € C*®(V}) such
that = = B. Then we consider the functions Hyw" forn =0, 1,2, .. .. Calculations
similar to the ones in the previous case reveal that g,(z)w" = Hyw" where g, =

S)‘;l (Bdz). Using similar manipulations and again the compactness estimate (1) we
conclude that for any & > 0 there exists an integer n, such that for u € C5°(D(zo, a))
and n > n, we have

/ lu ()Pt qv (z) < e / luy (2) 2@ qv (). (3)
D(zp,a) D(zp,a)

Finally, an argument similar to the one right after (2) implies that I'y is B-regular. O
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