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Abstract We study generalized complex cohomologies of generalized complex struc-
tures constructed from certain symplectic fiber bundles over complex manifolds. We
apply our results in the case of left-invariant generalized complex structures on nil-
manifolds and to their space of small deformations.
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Introduction

Generalized complex geometry, in the sense of Hitchin, Gualtieri, and Cavalcanti,
[5,10,12], unifies symplectic and complex geometries in a unitary framework. In such
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Cohomologies of Generalized Complex Manifolds 143

a way, it clarifies the parallelism between results for (non-Kihler) complex manifolds
and for (non-Kihler) symplectic manifolds.

We recall that a generalized complex structure on a differentiable manifold M is
an endomorphism 7 € End(TM & T*M) such that J 2 = —1 and the i-eigenbundle
L Cc (TM & T*M) ® C is involutive with respect to the Courant bracket (1). If
w € A*M (viewed as an isomorphism TM — T*M) is a symplectic structure,
respectively J € End(T M) is a complex structure on M, then

0]|—w™! . _(-J]O
T = (a) 0 ) respectively Jy = (T’F)

are generalized complex structures on M. In view of the generalized Darboux theorem
[10, Theorem 3.6] proved by Gualtieri, these examples constitute the basic models of
generalized complex structures near regular points.

A generalized complex structure 7 on M of dimension 2n yields a decomposition
of complex differential forms A°*T*M ® C = @’}:_ 2 U 7, whence the bi-differential
Z-graded complex

(U, 2, 9).

In this note, we are interested in the generalized Dolbeault cohomologies

. ker 0 . ker d
GHy(M) := - and GH2X(M) := —,
im o 9 im 0
and in the generalized Bott—Chern and Aeppli cohomologies
. ker & Nker . ker 39
GHpr(M) := ———— and GHi(M) := ————.
im 90 imod +imad

(Note that, in the complex case, the generalized d and 9 operators coincide with the
complex operators, and so, up to a change of graduation, the above cohomologies are
exactly the Dolbeault and the Bott—Chern cohomologies. In the symplectic case, the
generalized Dolbeault cohomology is isomorphic to the de Rham cohomology, and the
generalized Bott—Chern cohomology has been studied by Tseng and Yau; see [18-21].)

More precisely, look at the i-eigenbundle L C (TM & T*M) ® C of J €
End((TM & T*M) ® C) with the Lie algebroid structure given by the Courant bracket
and the projection 7 : L — T M ® C. Take a generalized holomorphic bundle, that is,
a complex vector bundle £ with a Lie algebroid connection

3: C°(NL* ® E) — C¥(AT'L* @ E)
satisfying 8 o @ = 0. Consider

ker (0: C¥(A°L* ® E) — C®(A*TIL* @ E))
im (3: C¥(A*"IL*® E) —» C®(A*L*® E))

GH!™*(M,E):= H*(L, E) :=

@ Springer



144 D. Angella et al.

One way to construct generalized complex structures on manifolds is the following.
Let p: X — B be a symplectic fiber bundle with a generic fiber (F, o). Assume that
the base B is a compact complex manifold and that there is a closed form  on the
total space X which restricts to the symplectic form o on the generic F. Then we can
construct a non-degenerate pure form, and then a generalized complex structure on X.

We construct the following Leray spectral sequence for computing the generalized
cohomology of such an X.

Corollary 2.2 Let p: X — B be a symplectic fiber bundle with a generic fiber (F, o)
of dimension 2 such that:

e B is a compact complex manifold of complex dimension k;
e we have a closed form w on the total space X which restricts to the symplectic
form o on the generic F.

Consider the generalized complex structure J on X defined by @ and the complex
structure of B and the i-eigenbundle L of J. Let W be a complex vector bundle over X
such that W = p*W' for a holomorphic vector bundle W' over the complex manifold
B. We regard W as a generalized holomorphic bundle. Consider the flat vector bundle
H(F) = U,cp H*(Fp) over B.

Then there exists a spectral sequence { E? "}r which converges to GHgk'M_' (X)
such that

EPY = GH§"’(B, H9(F)).

As an application of the above results, we investigate generalized cohomologies of
nilmanifolds M = I'\G, that is, compact quotients of connected simply connected
nilpotent Lie groups G. We consider left-invariant generalized complex structures
on M, equivalently, linear generalized complex structures on the Lie algebra g of G.
Note that left-invariant generalized complex structures on nilmanifolds are generalized
Calabi—Yau, that is, the canonical line bundle K is trivial; whence GHg_'(M ) =
H*(L).

In this context, we have a generalized complex decomposition also at the level of
the Lie algebra, namely, A°g* = €D j $1/, and a (finite dimensional) bi-differential
Z-graded sub-complex

(U*, 8, 9) — (U°, 3, 9).

It induces the map GHal (g9) — GHg‘ (M) in cohomology, which is in fact always
injective.
Corollary 5.4 Let G be a connected simply connected nilpotent Lie group and g the
Lie algebra of G. We suppose that G admits a lattice I and consider the Q-structure
90 C g induced by I'. We assume that there exists an ideal )y C g so that:

(i) go Nbisa Q-structure of h;

(1) g/b admits a complex structure J;
(iii) we have a closed 2-form w € A’g* yielding € A*b* non-degenerate form on

h;
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Cohomologies of Generalized Complex Manifolds 145

@iv) t: A (g/h)* ® C — A*°*T H\G induces an isomorphism on the Dolbeault
cohomology.

Then the inclusion 1: (41°,9,9) — (U°*,d,d) induces isomorphisms GHyz(g) =
GH3(I'\G), and GHy(g9) = GHy(T'\G), and GHpc(9) = GHpc(I'\G).

As regards the fourth assumption, we note that it holds, e.g., when J is either bi-
invariant, or holomorphically parallelizable, or Abelian, or rational, or nilpotent; see
[9] and the references therein.

As an explicit example, we study a generalized complex structure on the Kodaira—
Thurston manifold in Sect. 7. Another application of the previous result can be found
in Angella et al. [2].

The above invariance result for generalized cohomologies is stable under small
deformations.

Theorem 6.1 Let I'\G be a nilmanifold with a left-invariant generalized complex
structure [J; denote by g the Lie algebra of G. If the isomorphism G Hz(g) =
G Hz(I'\G) holds on the original generalized complex structure [J, then the same iso-
morphism holds on the deformed generalized complex structure Je ) for sufficiently
small t.

For complex case, theorems of this type are found in [1,3,8].

Finally, we apply the above result on nilmanifolds to study their space of small defor-
mations. In particular, we prove that any small deformation of a generalized complex
structure on a nilmanifold with invariant generalized cohomology is (equivalent to) a
left-invariant structure.

Theorem 6.2 Let I'\G be a nilmanifold with a left-invariant generalized complex
structure [J; denote by g the Lie algebra of G. If the isomorphism G Hz(g) =
GHz(I'\G) holds on the original generalized complex structure J, then any suf-
ficiently small deformation of generalized complex structure is equivalent to a
left-invariant generalized complex structure J, with € € N2 £* satisfying the Maurer—
Cartan equation.

This result is a generalization of [17, Theorem 2.6].

1 Generalized Complex Structures

Let M be a compact differentiable manifold of dimension 2n. Consider the vector
bundle TM @& T*M, endowed with the natural symmetric pairing

1
(X +&[Y +n):= 5 EX) +n(0)).
We define the action of TM @ T*M on A*T*M so that
X+8&-p=ixp+&Enp
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146 D. Angella et al.

We define the Courant bracket on the space C*° (T X & T*X) such that

1
[X+& Y +n]:=[X, Y]+Exn—ﬁ)f§—§d(tx77—w5)- (D

A generalized complex structure on M is an endomorphism J € End(TM & T*M)
such that 72 = —1 and the i-eigenbundle L C (TM & T*M) ® C involutive with
respect to the Courant bracket.
A form p in A*T*M ® C is called pure if it can be written as
,0 — eB+ia)Q

where B, w € A’T*M and Q = 0 A --- A G with 0y, ...,6 € T*M ® C. A pure
form p € A°*T*M ® C is non-degenerate if

"FAQAQ#£0.

For a generalized complex structure [ with the i-eigenbundle L, we have the canonical
line bundle K C A°*T*M ® C such that

L=AmK)={ve TM&®T*M)®C|v-K =0}.

Any p € K is a non-degenerate pure form and any ¢ € C*°(K) is integrable, i.e.,
there exists v € C*° (T'X @ T*X) satisfying

dp =v-¢.
Conversely, if we have a line bundle K C A*T*M ® C so that any p € K is a non-
degenerate pure form and any ¢ € C*°(K) is integrable, then we have a generalized
complex structure whose i-eigenbundle is L = Ann(K).
For a generalized complex manifold (M, J) with the i-eigenbundle L C (TM &
T*M) ® C and the canonical line bundle K C A*T*M ® C, for j € Z, we define
Ul=A"JL.K C A°X®C.
Then we have
n .
ANT*M@C= P v'.

j=—n

Denote U/ = C*°(U/). Then, by the integrability, we have dif/ C U/~! @ U/ We
consider the decomposition d = d + 9 such that

Ul — ut! and  9: U/ — UL
Hence we have the bi-differential Z-graded complexes (°, 3, 9).
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Cohomologies of Generalized Complex Manifolds 147

We define the generalized Dolbeault cohomologies

. ker (9: U'—)L{"H)
im (0: U~ > U*)’

k ° o—1
GH*(M) = er(g us —-u )
d (5 U"H—)U')

Define also the generalized Bott—Chern and Aeppli cohomologies

ker (3: U® — U*T!) Nker (3: U* — U*7T)
im (85: ue — U')
ker (00: U* — U°®)

im (3: U1 — U®) +im (3: Ut — U°)

GHpy-(M) :=

)

GHY (M) :=

A generalized Hermitian metric on a generalized complex manifold (M, J) is a
self-adjoint orthogonal transformation G € End(TM & T M*) such that (Gv, v) > 0
forv # 0 and JG = GJ. For a generalized Hermitian metric G, we can define the
generallzed Hodge star operator * : L{’ > U*® (see [6, Section 3]) and its conjugation
*. Define 8" = —%ox and Az = 90"+ 0. Then Ay is an elliptic operator and every
cohomology class @ € GH2 (M) admits a unique representatlve a € ker Az.

It is known that the vector bundle L with the Courant bracket and the projection
7w : L — TM ® Cis aLie algebroid. By this, we have the differential graded algebra
structure on C®(A®L*) with the differential d; : C°(AKL*) — C®°(AKHIL*) such
that

drw(vi, ..., 1) = Z(—l)i+j_lw([vi, Vil vty Oy ey Dy oy V1)
i<j
k+1
+ D (=D ) (@i, Dy Vi)

i=1

It is known that (C*°(A®L™*), dr) is an elliptic complex (see [10, Proposition 3.12]).
A generalized holomorphic bundle is a complex vector bundle E with a Lie algebroid
connection

3: C°NL* Q@ E) > C°(AN I L* @ E)

satisfying 8 o @ = 0. For a generalized holomorphic bundle (E, 9), we define the Lie
algebroid cohomology

ker (0: C*(A°L* ® E) — C®(A*TIL* ® E))

H*(L,E) = — .
( ) im (3: C®(A*~!L* ® E) - C®(A°L* Q E))
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148 D. Angella et al.

Identifying L* = L by the pairing, 3 : "% — U" ¥~ can be viewed as a Lie
algebroid connection

3:CPNL* Q@ K) » CP(ANTIL* @ K)
such that
Nw®s)=dro®s + (—Dfo @ ds.

Hence the canonical line bundle K is generalized holomorphic and we have
GHaf_'(M ) = H*(L, K). For a generalized holomorphic bundle (£, d), we denote
GH!™*(M,E) = H*(L,K ® E).

If there exists a nowhere-vanishing closed section p € C*°(K), we call J a gener-
alized Calabi—Yau structure. In this case, we have GHaf_'(M) = H*(L).

By the identification L* = L, we can define the Schouten bracket [-, =] on
C>®(A®L*). For sufficiently small € € C>(A2L*), we obtain the small deformation
of the isotropic subspace

Le=(+e)LC(TM®T*M)R®C.

Consider the endomorphism Je € End(TM & T*M) whose i-eigenbundle and —i-
eigenbundle are L, and L. respectively. Then 7, is a generalized complex structure
if and only if € satisfies the Maurer—Cartan equation:

1
dre + 5[6, €] =0.

As similar to Complex Geometry, we can apply the Kuranishi theory. Choose a Her-
mitian metric on L. Consider the adjoint operator d;, the Laplacian operator A; =
dpdy +djdy,the projection H : C*°(A®L*) — ker Ay and the Green operator G (i.e.,
the operator on C*®(A®L*) sothat GA; + H = id). Let €] € ker Az NC*(A®L*). We
consider the formal power series € (e1) with values in C*°(A® L*) given inductively by

r—1

1
ér(e1) = 5 D[ Gles(en), e (€n)].

s=1
Then, for sufficiently small €1, the formal power series €(€1) converges.

Theorem 1.1 ([10, Theorem 5.5]) Any sufficiently small deformation of the general-
ized complex structure J is equivalent to a generalized complex structure Je(e,) for
some €1 € ker Ap N Cz(/\'L*) such that € (e1) satisfies the Maurer—Cartan equation.

Example 1.2 Let M be a compact 2n-dimensional manifold endowed with a symplec-
tic structure @ € A?M. Consider the induced isomorphism w: TM — T*M. The
symplectic structure gives rise to the generalized complex structure
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Cohomologies of Generalized Complex Manifolds 149

0l-w!
jw':(a) 0 )

In this case, we obtain the i-eigenbundle

L={X—-ioX): XeTMQC},
the canonical line bundle K = (¢/®) and

U™ = o(A°X®C),

i A
D (x) :=exp(iw) (exp (Z) a),

and A := —,,1. In particular, we have the Lie algebroid isomorphism 7TM ® C = L,
J is generalized Calabi—Yau and hence we have an isomorphism H*(M) = H*(L) =
GHaﬁ*'(M ). Moreover, we have [6, Corollary 1],

where

®d = 9® and ®d* = 2i9d,

where d® := [d, A] and this implies that GHEC (X) and GHﬁ (X) are isomorphic
to the symplectic Bott—Chern and Aeppli cohomologies introduced and studied by
Tseng and Yau; see [18-21].

Example 1.3 Let M be a compact 2n-dimensional manifold endowed with a complex
structure J € End(7 M). The complex structure induces the generalized complex

structure
-J| 0
7= (F17):

where J* € End(T*M) denotes the dual endomorphism of J € End(7T X). In this
case, we obtain the i-eigenbundle L = T%'M @ T*!-OM, the canonical line bundle
K = A"T*0M and

u = @ arax,

p—q=e
with the differentials
d = dy and 3 = 9y,
where 8; and 9 are the usual Dolbeault operators on a complex manifold. The Lie

algebroid complex C®(A®L*) is C®(A*(T-OM @ T*%1 M)) with the differential d;
which is the usual Dolbeault operator.
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150 D. Angella et al.

2 Fibrations and Spectral Sequences

A symplectic fiber bundle is a smooth fiber bundle p: X — B so that the fiber F is a
compact symplectic manifold and the structural group is the group of symplectomor-
phisms. Let p: X — B be a symplectic fiber bundle with a generic fiber (F, o) such
that:

e B is a compact complex manifold of complex dimension k;
e we have a closed form w on the total space X which restricts to the symplectic
form o on the generic F.

Taking a local trivialization U x F C X, for a local holomorphic coordinates set
(z1, .., 2x) in U we obtain a non-degenerate pure form

p =%z A Adzk
and it gives a generalized complex structure on X whose i-eigenbundle L is given by
Ly=T""UeT" U & (X —in(X): X e TF®C}.

We consider the sub-bundle S so that Sy = {X —iw(X): X e TF®C} C L.
Then, S is involutive with respect to the Courant bracket.

For b € B and F, = p~!(b), denoting by H*(F},) the C-valued de Rham coho-
mology of Fj,, we consider the vector bundle H(F) = |,z H*(Fp). Then H(F) is
a flat vector bundle over B. Hence, in this case, H(F') is a holomorphic vector bundle
over the complex manifold B.

Consider the bundle 7 = T Fj, ® C of the vectors tangent to the fibers. Then F
is a Lie algebroid. Consider the Lie algebroid cohomology H*(F); then we have an
isomorphism

H*(F) = C*(H(F));

see [11, Cha_pter 1.2.4].
Let (W, d) be a generalized holomorphic bundle over X. Define the subspace
FPC®(A°L* @ W) C C*®°(A°L* ® W) so that

FPC®(APTIL* @ W)
={p e CPNPHIL* QW) | ¢(X1..... Xpiq) =0for Xg,,.... Xy, €5},

Then FPC®(A®L* @ W) is a decreasing bounded filtration of (C*°(A®L* @ W), 9).

Hence we obtain the spectral sequence {E, }r for this filtration.
We suppose that W = p*W’ for a holomorphic vector bundle W’ over the complex

manifold B. For a local holomorphic coordinates set (z, ..., zx) of B, locally we
have
EDU = AP (dzy, . dze ) @ W @5 CO(AISY)
0 e "321’”"3Zk (B) (B)

@ Springer



Cohomologies of Generalized Complex Manifolds 151

with the differential
dp =1d ® dg

where d is the differential on the Lie algebroid complex C*° (A9 S*). By using the w,
we have a Lie algebroid isomorphism F > X — X —iw(X) € S. Hence we obtain

_ _ 0 0 .
EPT = AP <dz1,-..,d2k, — —> Qcoopy W ®coo gy H* (F)
9071 d0Zk
with the differential
di =03

where 3 5 is the usual Dolbeault operator on the complex manifold B. Thus, globally,
we obtain

EP?T = C®(ANPLE @ W @ HI(F))

with the differential d; = 8 which is the Lie algebroid connection on the holomorphic
bundle W’ @ H(F) where Ly = T%!B & T*!:OB. Hence we have

EPT = HP(Lg, W @ H(F)).

We have shown the following result.

Theorem 2.1 Let p: X — B be a symplectic fiber bundle with a generic fiber (F, o)
such that:

e B is a compact complex manifold of complex dimension k;
e we have a closed form w on the total space X which restricts to the symplectic
form o on the generic F.

Consider the generalized complex structure J on X defined by w and the complex
structure of B and the i-eigenbundle L of J. Let W be a complex vector bundle over X
such that W = p*W' for a holomorphic vector bundle W' over the complex manifold
B. We regard W as a generalized holomorphic bundle.

Then there exists a spectral sequence {Er' "}r which converges to H®*(L, W) such
that

EPY = HP(Lg, W @ HI(F)).

Set W = K which is the canonical line bundle of (X, 7). Then as a bundle, we
have p*Kp = K where K p is the canonical line bundle of the complex manifold B.
Hence we have:
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152 D. Angella et al.

Corollary 2.2 Consider the same setting in Theorem 2.1. Suppose dim B = 2k,
dim F = 2¢.

Then there exists a spectral sequence {E,' "}r which converges to GHaf'M_' (X)
such that

EPY = GHg‘P(B, H9(F)).

3 Generalized Complex Structures on Lie Algebras

Let g be a 2n-dimensional Lie algebra. We consider the Lie algebra Dg = g ® g* with
the bracket

[X+¢.Y+n]=[X. Y]+ Lxn—Ly¢

for X,Y € gand ¢,n € g*. A generalized complex structure on g is a complex
structure on Dg which is orthogonal with respect to the pairing

1
(X+¢,Y+n) = E(C(Y) + n(X)).

Consider the complex A®gg of the Lie algebra g := g ®r C. A form p € A®g
is a pure form of type k if it can be written as

p= eB+in

where B, w € /\Zg* and Q = 0 A --- A G with O, ..., 6, € Algz‘:. A pure form
p € A*gg of type k is non-degenerate if

"FAQAQ#£0.
A pure form p € A®gp of type k is integrable if there exists X + ¢ € Dg such that
dp=(X+¢)-p.

Theorem 3.1 ([7]) If g is nilpotent, then any non-degenerate integrable pure form is
closed.

For a non-degenerate integrable pure form p € A®gg. of type k, we have the sub Lie
algebra £ C Dgc such that

£=Am(p) ={X +¢ eDgcl(X +¢)-p =0}
We have the decomposition Dgc = £ @ £ and this gives a generalized complex
structure on g.

Define U°* C A®gp such that 4" = (p) and L' = A"E - 4", Then, by the
integrability, we have dil/ (/=1 @ /! We consider the decompositiond = 9 + 3
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such that 9: 1/ — $1J +_1 and 9: Y/ — $4/~1. Hence we have the bi-differential Z-
graded complex (L°, 9, d). We define

GH () ker (9: U* — y*+1)

5(9) = m (0: 4o T = 1)

. ker (9: U® — y*71)
GH(9) = im (5 gotl il') ’

ker (3: U* — il'“) N ker (5: e — il'_l)
GH. = )
sc(@ im (88. Ue — il')

. ker (85: Us — 4°)

GHj(g) =

im (9: Yo=! — $°) +im (9: Y+ — yo)

By the integrability do = (X + ¢)p and from the identification of £* = £ by
the pairing, we can consider (p) as an £-module and we can identify (4" ~*, 3) with
A®L£* ® (p) as a cochain complex of the Lie algebra £ with values in the module (p)
(cf. [10, p. 98]). In particular, if dp = 0, then we have U"~* = A°L*,

We consider the following special case for using techniques of spectral sequences.

Example 3.2 Let g be a Lie algebra and h C g an ideal of g. Consider the differential
graded algebra extension

A°gF =A% (g/h)* ® A°h*

dualizing the Lie algebra extension

0 b g a/b 0.

We assume that:

e g/b admits a complex structure J;
e we have a closed 2-form w € A%g* yielding @ € A%h* non-degenerate form on b.

Consider the ti-eigenspace decomposition

(8/h) ®C = (g/0)"° @ (g/0)"".

Take a basis Z1, ..., Z; of (g/f))l’o and the dual basis 01, ..., 6; of (g/b)*l’o. Then
we have the non-degenerate integrable pure form

pzeiwel A A,
We have

L= ....00.Z1,....21)®{X —iwX): X eh®C}
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154 D. Angella et al.

and consider the subspace & = {X —iw(X) | X € h ® C}. By dw = 0in A®g* and
w € A*h*, & is an ideal of £. We have £/6 = £; = (g/h)"! @ (g/b)*"**. We have
the isomorphismh @ C> X — X —iw(X) € 6.

By the Hochschild—Serre spectral sequence, we have the spectral sequence {E M "}r
which converges to H*®(£) such that

EYY = HP(£/6, H1(6)).

4 De Rham and Dolbeault Cohomology of Nilmanifolds

Let G be a connected simply connected nilpotent Lie group and g the Lie algebra of
G. A Q-structure of g is a Q-subalgebra g C g such that gp ® R = g. It is known
that g admits a Q-structure if and only if G admits a lattice (namely, a cocompact
discrete subgroup); see, e.g., [16]. More precisely, considering the exponential map
exp: g — G which is an diffeomorphism, we can say that:

e for a Q-structure gy C g, taking a basis X1, ..., X, of gg, the group generated
by exp(Z{X1, ..., X)) is a lattice in G;
e for alattice I' C G, the Q-span of exp~!(I") is a Q-structure of g.
If G admits a lattice I', we call I'\G a nilmanifold.

We suppose that G admits a lattice I' and consider the Q-structure g C g induced
by I' as above. Let h C g be a subalgebra and H = exp(h). We suppose that gg N b
is a Q-structure of . Then H N T is a lattice of H; see [16, Remark 2.16]. If  is an
ideal, then H is normal and we obtain the fiber bundle I'\G — I' H\ G with the fiber
I'NH\H.

For a nilmanifold I'\ G, regarding the cochain complex A®g* as the space of left-
invariant differential forms on I'\ G, we have the inclusion

L:Ag" — A°T\G.

Theorem 4.1 ([15]) The inclusion t: A® g* — A°T'\G induces a cohomology iso-
morphism

H®(g) = H*(T'\G).

Suppose that g admits a complex structure J. Then we can define the Dolbeault
complex A*°g* ® C of (g, J). Consider the left-invariant complex structure on the
nilmanifold I'\ G induced by J and the Dolbeault complex A®**I"\G. Then we have
the inclusion t: A®® g* ® C — A®°T\G.

Let £ = g% @ g*''0. We consider the Lie algebroid Lrg = TIM\G @
T*1.0T\G for the generalized complex structure associated with the complex struc-
ture on I'\G. Then we have COO(/\'L;“\G) = C®(I'\G) ® ALY and we have the
inclusion

K: /\. ,gj d COO(/\.LF\G).
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Proposition 4.2 ([13]) Ifthe inclusioni: A*°*g*QC — A*°*T\G induces an isomor-
phism on the Dolbeault cohomology, then the inclusion k : A® £5 — C% (/\'L’l’i\G)
induces a cohomology isomorphism.

Let W be a complex-valued g-module. We regard W as a g°'-module and so an £ -
module. We consider the cochain complex A®*£L% ® W of the Lie algebra with values
in the module W. Consider the flat complex vector bundle W over I'\G given by W.
We regard W as a holomorphic bundle over I'\G and so a generalized holomorphic
bundle on I'\G. We have COO(A’L”li\G ®W) =C®(I'\G) ® A*L ® W and we have
the inclusion

K:ALY®W — C¥(ALE g ®W).

Proposition 4.3 We suppose that the inclusion ¢ : A*°g* @ C — A*°*T'\G induces
an isomorphism on the Dolbeault cohomology and W is a nilpotent g-module. Then
the inclusion

KIALT®W — C¥(A LT g ®W)
induces a cohomology isomorphism.

Proof The proof is by induction on the dimension of W.

Suppose first dim W = 1. Then W is the trivial g-module and hence the statement
follows from Proposition 4.2.

In case dim W = n > 1, by Engel’s theorem, we have an (n — 1)-dimensional
g-submodule W C W such that the quotient W/ W is the trivial submodule. The exact
sequence

0 w w W/W——=0
gives the commutative diagram

0—— AW ————ALHOW —————— A @ W/W ———0

| | |

0 ——= C¥(A*Lfy g ® W) ——= C®(A° LY\ g ® W) —— C¥(A*LE, ; @ W/W) ——0

such that the horizontal sequences are exact. Considering the long exact sequence
of cohomologies, by the Five Lemma (see, e.g., [14]), the proposition follows
inductively. O

5 Left-Invariant Generalized Complex Structures on Nilmanifolds

Let G be a connected simply connected nilpotent Lie group and g the Lie algebra of
G. We assume that G admits a lattice I'. We consider the nilmanifold I'\G.

@ Springer



156 D. Angella et al.

We assume that g admits a generalized complex structure associated with a non-
degenerate integrable pure form p € A® g?*c of type k. Then we have the left-invariant
generalized complex structure J of type k on the nilmanifold I'\G.

Consider the bi-differential Z-graded complexes ($1°, 8, ) associated with (g, p)
and (U*, 9, 9) associated with (I'\ G, 7). Then the inclusion ¢ : N ge — AT\G®C
can be considered as a homomorphism (41°, 9, 3) = (U°, 3, 9) of bi-differential Z-
graded complexes.

Proposition 5.1 There exists a homomorphism ju: (U®, 9, 9) — (U°, 9, 3) such that
w ot =id. Hence the induced map v: G Hz(g) — G Hz(I'\G) is injective.

Proof Let dv be a bi-invariant volume form such that fF\G dv = 1. We define the
map u: A®*T\G — A®g( as follows: for o € A*T'\G, the left-invariant form s (c)
is defined by

;L(a)(Xl,...,X,,):/ a(Xy, ..., Xp)dv,
G

where f(], R )~(p are vector fields on I'\G induced by X1, ..., X, € g. Then we
have d ot = pwod and ot = id. We have u(U4®) C U°. We consider J as an
operator on U/* such that

J (@) =ipa

for @ € UP. Then we have dJ — Jd = —i(d —9);see[5,6]. By uoJ = J ou, we
have o9 =9 o and w0 d = 9 o . Hence the proposition follows.

Corollary 5.2 Ifthe induced map v: G Hz(g) — G Hz(I'\G) is an isomorphism, then
the induced maps 1: GHy(g) — GHy(I'\G) and t: GHpc(g) — GHpc(I'\G) are
also isomorphisms.

Proof By using the complex conjugation, we can easily prove that t: GHy(g) —

G Hy(I'\G) is an isomorphism if « : G Hz(g) — G H5(I'\G) is an isomorphism.
Now, [4, Corollary 1.2]implies thatift: G Hz(g) — GHz(I'\G) and¢: G Hy(g) —

G Hy(I'\G) areisomorphisms;thent: GHpc(g) — G Hpc(I'\G) isanisomorphism.

By Theorem 3.1, in our settings, we have isomorphisms GHaf_' (g) = H*(L)
and GHai’f’(F\G) = H°®(L). Thus, H*(£) = H*(L) if and only if GHgf'(g) =
GHg_'(F\G).

Let G be a connected simply connected nilpotent Lie group and g the Lie algebra of

G. We suppose that G admits a lattice I and consider the Q-structure g C g induced
by I'. We assume that there exists an ideal fj C g so that:

(i) go N bisa Q-structure of b;
(ii) g/h admits a complex structure J;
(iii) we have a closed 2-form w € A%g* yielding w € A%h* non-degenerate form on

b.
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Then, as in Example 3.2, we obtain the non-degenerate integrable pure form p € A®gr
and the Lie algebra £ and its ideal G. We obtain the symplectic fiber bundle '\G —
I" H\ G over the complex base I' H\ G with the symplectic fiber I' N H\ H as in Sect. 2.
The left-invariant generalized complex structure given by p is the generalized complex
structure constructed in Sect. 2. Consider the Lie algebroids L and S as in Sect. 2.
Then £ and & give the global frame of L and S respectively.

Consider the cochain complex A®L* and C*°(A®L*). Then we have C*°(A®L*) =
C*®(T'\G) ® A®L* and we have the inclusion

ALY — C®(A°LY).
For the ideal &, we consider the filtration
FP AP g% = ¢ e APHIE* | o(X), ..., Xp1q) =0for Xy, ..., Xy,,, € G}

This filtration gives the spectral sequence {’ E; "}r which converges to H®(£) such
that

'EVY = HP(£/6, H1(&)).
By the identifications £/& = £; and G = h ® C, we have
'EYT = HP (L), HY(h & C)).

The filtration F'” A® £* can be extended to the filtration of C°°(A®L*) constructed in
Sect. 2. Hence the inclusion A®*L* — C%°(A®L*) induces the spectral sequence homo-
morphism 'E'® — E?** such that the homomorphism 'E>'* — E3° is identified
with the map

H?(£;,HI(h ® C)) - HP(Lry\c, HY(I' N H\H)).

By Theorem 4.1, the flat bundle HY(I' N H\H) over ' H\G is derived from the
g/h-module H9(h ® C). The g/h-module H9(h ® C) being induced by the adjoint
representation on the nilpotent Lie algebra g, it is a nilpotent g/h-module. If ¢ :
A®®(g/h)*®C — A®*T H\G induces an isomorphism on the Dolbeault cohomology,
then the homomorphism 'E>** — E3** is an isomorphism.

Hence, by Proposition 4.3, we obtain the following result.

Theorem 5.3 Let G be a connected simply connected nilpotent Lie group and g the
Lie algebra of G. We suppose that G admits a lattice I and consider the Q-structure
g0 C g induced by I'. We assume that there exists an ideal i C g so that:

(i) go Nbisa Q-structure of h;
(1) g/b admits a complex structure J;
(iii) we have a closed 2-form w € A’g* yielding € A*b* non-degenerate form on

h;
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@iv) t: A (g/h)* ® C — A*°*T H\G induces an isomorphism on the Dolbeault
cohomology (e.g., J is bi-invariant, Abelian, or rational, i.e., J(gg/h N gg) C
go/h N g)-

Then the inclusion

AL — C°(A°LY)
induces a cohomology isomorphism.

Corollal‘y 5.4 Inthe same assumptions of Theorem 5.3, the inclusion v: (4°, 9, 5) —
(U*, 9, 9) induces isomorphisms G Hz(g) = G Hz(I'\G), and G Hy(g) = G Hy(I'\G),
and GHpc(g) = GHpc (T'\G).

6 Deformation and Cohomology

We consider a nilmanifold I'\G with a left-invariant generalized complex structure
J . We consider the Lie algebra £ C (g @ g*) ® C and the cochain complex A®L*. By
the identification £ = £*, we have the bracket on £*. Consider the Schouten bracket
on A®L*. Then, for the inclusion A®L* C C°(A®L*), the Schouten bracket on A®L*
can be extended to the Schouten bracket on C*°(A®L*).

We assume that we have a smooth family €(r) € A?L* which satisfies the Maurer—
Cartan equation

1
dee + 5[6’ €]=0

such that € (0) = 0. Then we have deformations J¢(;) of J.

Theorem 6.1 Let I'\G be a nilmanifold with a left-invariant generalized complex
structure [J; denote by g the Lie algebra of G. If the isomorphism G Hz(g) =
G Hz(I'\G) holds on the original generalized complex structure [J, then the same iso-
morphism holds on the deformed generalized complex structure Je ) for sufficiently
small t.

Proof Take a smooth family of generalized Hermitian metrics for the generalized
complex structures Je (). We obtain the smooth family Aj(z) of elliptic operators on
A®T'\G ® C such that A5(1)(A°g* @ C) C A®°g" ® C.

Take a Hermitian metric on g ® C and extend it to 7TT'\G ® C. Consider the
completion WO(A*T\G ® C) with respect to the LZ-norm. Consider the orthogonal
complement (ker Ag(t))J- in WO(/\'F\G ® C). It is known that for sufficiently small
t, we have (ker A5(0))1 Nker Az(t) = 0.

We can easily show that any cohomology class in G Hz(g) admits a unique rep-
resentative in ker A5(0). Hence, by the isomorphism G Hz(g) = GH75(I'\G), we
have ker A;(0) C A®g* ® C. This implies that (A°g* ® C)*+ c (ker Ag(O))L. By
(ker A3(0)1 Nker Az(r) = 0, we have ker A5(t) C A®g* ® C. Hence, on the
deformed generalized complex structure e (r), any cohomology class in G Hz(I'\G)
admits a representative in A°g* ® C and the theorem follows. O
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Theorem 6.2 Let I'\G be a nilmanifold with a left-invariant generalized complex
structure [J; denote by g the Lie algebra of G. If the isomorphism G Hz(g) =
GHz(I'\G) holds on the original generalized complex structure J, then any suf-
ficiently small deformation of generalized complex structure is equivalent to a
left-invariant generalized complex structure J, with € € N> £* satisfying the Maurer—
Cartan equation.

~

Proof By the isomorphism GHz(g) = GHZ(I'\G), we have the isomorphism
H*(£) = H*(L).

Take a Hermitian metric on £. Since £ gives the global frame of L, it gives a
Hermitian metric on L. Consider the adjoint operator d;, the Laplacian operator
Ap = dpdf + djdy, the projection H : C*°(A®L*) — ker Ay and the Green
operator G. Obviously, these operators can be extended to A®L£*. Since A®L£* is finite
dimensional, we can easily prove that any cohomology class in H*(£) admits a unique
representative in ker Az . Hence, combining with the Hodge theory on the elliptic com-
plex (C*°(A®L¥), dr), we have ker Ay C A®L£*. Hence, for €] € ker A, the formal
power series €(e1) as in Theorem 1.1 is valued in A®£*. Thus the theorem follows
from Theorem 1.1.

7 Example: The Kodaira-Thurston Manifold

We consider the real Heisenberg group H3(R) which is the group of matrices of the
form

1
0
0

S = =

z
y
1
where x, y, z € R. Then H3(R) admits the lattice H3(Z) = GL3(Z) N H3(R). We
consider the Lie group H3(R) x R with the lattice H3(Z) x Z.

Letg = (X1, X2, X3, X4) such that [ X1, X2] = X3 and other brackets are 0. Then
g is the Lie algebra of H3(R) x R and the basis X1, X», X3, X4 gives the Q-structure
associated with the lattice H3(Z) x Z. Consider the ideal h = (X3, X3). In this case,
the assumptions in Theorem 5.3 hold.

Take the dual basis {xi, xo, x3, x4} of {X1, X», X3, X4} and consider A‘g% =
A®(x1, X2, x3, x4). Consider the non-degenerate integrable pure form

o = €23 A (x) +ixg)
of type 1. We have
L= (X1+iXa, x1+ixa, X2 —ix3, X3+ ix2).
In this case, we have & = (X, — ix3, X3 4+ ixp) and & is an ideal. We obtain

2 = (p)
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Ul = (M, PN A (x) 4 ixg) A (X1 —ixa), (X1 +ix4) A xs,
(x1 +ix4) A Xx2)
8O = (2N A (x) —ixg), X3, X2, X3 A (X1 +ixg) A (X] — ixa),
X2 A (] Fixa) A (X —ixa), e T2 (x) 4 ixa))
U = (e TR A () b ixg) A (X — ixa), (X1 —ix4) A X3,
(x1 —ix4) A x2)
U2 = (p).

We have that the only non-trivial differentials are

d((x1 +ixg) Ax3) = 5((x1 +ix4) AX3) =iX] A X2 A X4,
1 1
d(x3) = _E(xl +ix4) ANxp — z(Xl —ix4) A X2,

d((x; —ixg) ANx3) =0 ((x1 +ixg) AXx3) =ix1 AX2 A X4
Define the Kodaira-Thurston manifold as the compact quotient
M := (H3(Z) x Z) \ (H3(R) x R).
By Corollary 5.4, we get:

GHZ (M) = ([p])
GHI(M) = ([e""0], [e72M0 A (a1 + ixg) A (1 = ix)])
GHZ(M) = ([e"2" A (x1 = ixa)]. [xal, [x3 A (o1 ixa) Ay = i),
[e™ 23 A (x) + ix4)])
GH- (M) = ([e7™2"53], [ A (x1 +ixg) A (1 = ixa)])
GH;>(M) = ([p1),

and

GHze(M) = ([p])
GHpye(M) = ([¢"2"5], [ A (xy +ixg) A (1 = ixa)],
[(x1 4+ ix4) A x2])
GHY(M) = ([ A (x1 — ixa)], [x2], [x3 A (x1 +ixa) A (x1 — ixa)],
62 A (x1 +ixa) A (x1 — ixa)], [e7" 23 A (x1 +ixa)])
GHpt (M) = {le” "], [ A (xy + ixa) A (01 — ixa)],
[(x1 — ix4) A X2])
GHyt(M) = ([p)).
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