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Abstract In this paper, we discuss Calabi’s equation of the Kidhler—Ricci soliton type
on a compact Kihler manifold. This equation was introduced by Zhu as a general-
ization of Calabi’s conjecture. We give necessary and sufficient conditions for the
unique existence of a solution for this equation on a compact Kihler manifold with
a holomorphic vector field which has a zero point. We also consider the case of a
nowhere vanishing holomorphic vector field, and give sufficient conditions for the
unique existence of a solution for this equation.
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1 Introduction

Let (M, w) be an m-dimensional compact Kéhler manifold. In Kihler geometry, the
following theorem is widely known as Calabi’s conjecture:

Theorem 1.1 Let Q2 € 2mci(M) be a real (1, 1)-form. Then there exists a unique
Kiihler form o' in the Kéihler class [w] such that Ric(w) = Q.

Yau [8] proved this theorem by the continuity method and Cao [1] also proved it by
using some geometric flow. This theorem is deeply related to Kdhler—Einstein metrics.
For instance, as an immediate corollary, we have
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Corollary 1.2 If c; (M) = 0, then there exists a unique Ricci-flat Kéihler form o' in
Kdhler class [w].

As a generalization of Calabi’s conjecture, Zhu [9] considered the following prob-
lem:

Problem 1.3 (Calabi’s conjecture of the Kihler—Ricci soliton type). Let Q €
2nci(M) be a real (1,1)-form and X be a holomorphic vector field on M. Then,
does there exist a Kéihler form ' in the Kihler class [w] such that

Ric(w) — Q = Lxw'? (1.1)

Here Lx denotes the Lie derivative along X. We call (1.1) Calabi’s equation of the
Kihler—Ricci soliton type. One of the motivations for which he introduced Eq. (1.1)
was to study Kéhler—Ricci solitons. A Kihler form o' is called a Kéhler—Ricci soliton
if it satisfies

Ric(o) — o' = Lxo' (1.2)

for some holomorphic vector field X. In particular, if X = 0, then a Kéhler—Ricci
soliton is nothing but a Kihler—Einstein metric. Clearly, a Kihler-Ricci soliton o’ is a
solution for (1.1) when = «'. In his paper, Zhu [9] showed the following theorem:

Theorem 1.4 [9] Let (M, w) be a compact Kihler manifold with ciy(M) > 0. Let
Q € 2mce1 (M) be a positive definite (1, 1)-form on M and X be a holomorphic vector
field on M. Then Eq. (1.1) has a unique solution o' in the Kiihler class [w] if and only

if

(1) There exists a maximal compact subgroup K of Auto(M) such that it contains
the one-parameter family {exp(t Im X)};cR,
(i) LxQis areal (1,1)-form on M.

Here Autg(M) is the identity component of the group Aut(M) of holomorphic
automorphisms of M.

One of the main purposes of this paper is to remove the assumption that €2 is positive
definite and give a partial answer to Problem 1.3. Our first main result is as follows:

Theorem 1.5 Let (M, w) be a compact Kihler manifold and Q2 € 2w (M) be a real
(1, D)-form on M. Suppose that a holomorphic vector field X has a zero point. Then
Eq. (1.1) has a unique solution ' in the Kdihler class [w] if and only if

(1) There exists a maximal compact subgroup K of Auto(M) such that it contains
the one-parameter family {exp(t Im X)};cR,
(i) Lxis a real (1, 1)-form on M.

As a corollary of Theorem 1.5, we have

Corollary 1.6 Let (M, w) be a compact Kdihler manifold. Let Q € 2w ci (M) be a real
(1, 1)-form on M and X be a holomorphic vector field on M. Suppose H' (M; R) = 0.
Then Eq. (1.1) has a unique solution o' in the Kiihler class [w) if and only if
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(1) There exists a maximal compact subgroup K of Auto(M) such that it contains
the one-parameter family {exp(t Im X)};cR,
(i) LxQisareal (1, 1)-formon M.

In particular, if M is a Fano manifold, i.e.,c1 (M) > 0, then M satisfies the condition
H'(M;R) = 0. Zhu used the continuity method in the proof of his theorem, but we
show Theorem 1.5 by using a geometric flow.

We also consider the case of a nowhere vanishing holomorphic vector field X. This
case is more complicated because the harmonic part of iy does not vanish. Under
the condition that X has no zero point, we show the following theorem:

Theorem 1.7 Let (M, w) be a compact Kihler manifold and Q2 € 2wci (M) be a real
(1, D)-formon M. Let X be a holomorphic vector field which has no zero point. Assume
that both {exp(t Re X)};cr and {exp(t Im X)},cr are periodic. Moreover, suppose that
LxQisareal (1, 1)-formon M. Then Eq. (1.1) has a unique solution o' in the Kéihler
class [w].

We organize this paper as follows. In Sect. 2, we review some basic facts in Kéhler
geometry. In Sect. 3, we show the necessity part of Theorem 1.5 (cf. [9]). In Sects. 4,
5 and 6, we introduce a geometric flow, and prove the long time existence and the
convergence of the flow (cf. [1,7]). In Sect. 7, we consider the case of a nowhere
vanishing holomorphic vector field.

2 Preliminaries

Let M be an m-dimensional compact Kédhler manifold and w be a Kéhler form on M.
In local coordinates (Zl, ..., Z™), o has an expression

m
w=+=1 Z gl.j-.dzi Ad7,
i, j=1
where (g; Jf) is a positive definite Hermitian matrix. Recall that g; i satisfy the Kihler

identities
0kgi; = 0i8kjs (2.1

where 9; = 9/9z' and 8; = 8/3z/. For arbitrary Kihler form «’ in the Kihler class
[w], there exists a smooth real function ¢ on M such that

o =w+v/—13d¢.

The Ricci form Ric(w) of w is given by

m
Ric(w) = v—1 z R;7dz' AdZ/ = —/=199 logdet(g; ;)

i, j=1

and it represents 27 cy(M).
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3328 K. Tottori

Let n(M) be the space of holomorphic vector fields on M. For each holomorphic
vector field X, there exists a unique function 6y (w) such that

[cxw—Faéex(w), 02

fMGX(w) ml —

Putay := ixw — ~/—130x (®). Then ax is a harmonic (0, 1)-form with respect to
. The following propositions are widely known, but we give proofs for the reader’s
convenience.

Proposition 2.1 Let wy, = w + +/—1 30¢ be a Kiihler form on M in the Kihler class
[w]. Then
Ox (wy) = Ox (@) + X (). (2.3)

Proof Let wg = w + s+/—193¢. From the definition of 8y, we have
V—=1000x (wg) = vV/—1330x (w) + s+/—130 X (¢) (2.4)

and hence
Ox (w5) = Ox () + s X (@) + ¢5 (2.5)

for some constants c;. Clearly, co = 0.
We now compute

0

\N&

/ (Ox (@) + s X (9) + Cs) —

(X(w) + == + (Ox (@) + X (9) + ¢5) Dy ) %

O ™ dcy ™
=/X(<P)—S+/§0£X = +4/—S
M m! M m! ds Jy m!

_dcs ' 6
= s Syl 20

where A, = géj 0;05 denotes the complex Laplacian with respect to ws. Thus we
conclude ¢; = 0. O

Proposition 2.2 ay is independent of the choice of @' in the Kdéihler class [w].

Proof From Proposition 2.1, it follows that
ixwe — v/ —100x (wy) = ixw — v/—130x (@) + v/—1 (ixddp — 0(X (¢))) . (2.7)
Since X is holomorphic, we have ixaz'w —39(X (p)) =0. O

Proposition 2.3 [4] ax = 0 if and only if X has a zero point.
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Proof Suppose ay = 0. Let p € M be a point at which Oy (w) attains its maximum.
Then X vanishes at p. Conversely, suppose X vanishesatg € M. Since ay is harmonic,
d*ay = 0 and day = 0. Thus we have

m

05/ |2 /(lxw—\/ 1360x (). Otx)w—
M m

/ (ixw, Otx)w

:L/‘aX(X) (2.8)
M

Furthermore, ax (X) is a holomorphic function on M. Since M is compact and
X, =0, it follows that ax (X) = 0. Therefore, ax = 0. O

As a corollary of Proposition 2.3, we have

Corollary 2.4 Suppose H'(M; R) = 0. Then, for arbitrary holomorphic vector field
X, ax =0.

3 Calabi’s Equation of the Kéahler—Ricci Soliton Type

Let 2 € 2mci (M) be areal (1, 1)-form on M and X be a holomorphic vector field on
M. In this section, we assume a Kihler form w is a solution for Calabi’s equation of
the Kihler—Ricci soliton type:

Ric(w) — Q = Lxo. 3.1)

The aim of this section is to derive the necessary conditions for the existence of the
solution w, which was obtained by Zhu ([9]).

Since Ric(w) and 2 are real (1, 1)-forms on M, we can see Lxw is a real (1, 1)-
form. Therefore, Im X is a Killing vector field, that is, Im X generates a one-parameter
group of isometries of (M, w). Thus, there exists a maximal compact subgroup K of
Auto(M) such that it contains the one-parameter group {exp(z Im X)},cRr.

Moreover, we can see the following:

Proposition 3.1 [9] Assume that there exists a solution w for (3.1). Then LxQ is a
real (1, 1)-form on M.

Proof First note that Oy (w) is a real-valued function. We have

. d 1y
LRre x Ric(w) = — (exp(t Re X))* Ric(w)

dt 1t=0
= —V/—130A,0x (w), (3.2)
and
Lim x Ric(w) = 0. (3.3)
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3330 K. Tottori

Hence Lx Ric(w) is areal (1, 1)-form.
Furthermore, we have

X (Ox (@) = g;; X' XJ — V=Tax(X). (3.4)

Since X is holomorphic and day = O, it follows that 3 (@x(X)) = 0. Thus we
obtain

V=103X (0x () = +/—100(g; X X1). (3.5)

Hence Lx(Lxw) = ~/—109X (Ox (w)) is areal (1, 1)-form, and we conclude £y 2
is areal (1, 1)-form. O

Consequently, we complete the proof of the necessity part of Theorem 1.5.

4 A Geometric Flow of the Kihler—Ricci Soliton Type

In order to show that Calabi’s equation of the Kéhler—Ricci soliton type has a solution,
in this section, we introduce a geometric flow. We also show the short-time existence
of the flow.

Let X be a holomorphic vector field on M. We assume that there exists a maximal
compact subgroup K C Auto(M) such that {exp(t Im X)};,cg C K. By changing @
if necessary, we may assume that o is a K -invariant Kéhler form. Let 2 € 2w ¢y (M)
be areal (1, 1)-form such that Lx 2 is a real (1, 1)-form. Since Q € 27 ¢ (M), there
exists a real-valued function f on M such that

Ric(w) — Q = /=100,
£ om W 4.1)
Jue! 5= Ju -
Now we consider the following flow:
40 = —Ric(w) + 2+ Lxoy, “2)
wo = .

By the definition of this flow, we can see the following lemma:
Lemma 4.1 The flow (4.2) preserves its de Rham cohomology class.

Therefore, the flow (4.2) is equivalent to the following parabolic complex Monge—
Ampere equation:

(4.3)

¢ =log 2z — [+ 0x (@) + X (@),
o =0.

First we consider the short-time existence.
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Theorem 4.2 There exists a positive constant T > 0 such that a unique solution ¢;
for (4.3) exists for0 <t < T.

Proof Let Q; = (exp(—t Re X))* Q. We consider the following flow:

[%&)z = —Ric(@) + ., w

D) = w.

Equation (4.4) has a unique short-time solution. We now fix s € R. Since L1y, x 2 =
0 and [Re X, Im X] = 0, it follows that

(exp(s Im X))* (exp(—1 Re X))* Q2 = (exp(—1 Re X))* (exp(s Im X))* Q
= (exp(—tRe X))* Q. 4.5)

Moreover, since Ly xw = 0, we have
(exp(s Im X))* &y = . (4.6)

Therefore, the uniqueness of the solution for (4.4) implies

(exp(s Im X))* @&, = @y, 4.7
and hence, Ly x@; = 0.
Thus
w; = (exp(t Re X))* &y, (4.8)
is the unique short-time solution for (4.2). O

5 A Priori Estimates

In this section, let us assume that X has a zero point. Then, from Proposition 2.3,
ayx = 0. First, we need the following lemma:

Lemmfl 5.1 (see [2,9]) Let (M, w) be a compact Kéhler manifold. Let w, = w +
~/—100¢ be a Kihler form. Suppose that Lxw and Lx w, are real (1, 1)-forms. Then
10x (@)l co = [10x (wy) ]l co-

Proof Firstnote that 6x (w,) and Ox () are real functions. Suppose 0x (w,) and Ox (w)

attain _their maximum at p and ¢, respectively. Since ixw = +/—1 90 (w) and i XWy =
v/ —108x (w,), X vanishes at p and ¢. Thus, from Proposition 2.1, we can see that

Ox (wy)(p) = Ox () (p) = Ox(@)(q), (5.1
Ox (@)(q) = Ox(wy)(q) < Ox(wy)(p). (5.2)

Hence max 0y (w) = max 0x (w,). Similarly, we see min 6y (w) = min x (w,). O
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3332 K. Tottori

5.1 Volume Ratio Estimate

Let ¢, be the solution for (4.3). Now we shall prove some estimates for ¢;. Differen-
tiating (4.3), we obtain
0 — & — X)gr = 0. (5.3)

Then the maximum principle implies the following:

Proposition 5.2 There exists a positive constant C depending only on f and 0x (w)
such that
lee|l < Ci (5.4)

forallt > 0.

Moreover, by (4.3), Lemma 5.1 and Proposition 5.2, we obtain the following esti-
mate:

Proposition 5.3 There exists a positive constant Co depending only on f and 0x (w)
such that

wm
‘log —jjl‘ <. (5.5)
'

5.2 C? Estimate

Next let ¥; 1= g"ngm]T =m + Ay¢;. We shall show an estimate for Y;.

Proposition 5.4
Y, <C3 (5.6)

for some positive constant C3 independent of t.

Proof Let

1 wm
= — —_— 5.7
Yy Pt Vol (M) /M Pr m (5.7

where Vol(M) = f M o™ /m!. Since wy, = wy,, we consider v/, instead of ¢;.

Now we compute in normal coordinates with respecttow at p € M, i.e., g; Jr( p) =
d;j and 8kgi]v(p) = Blggl.]v(p) = 0. Furthermore, we may assume that gm-]f(p) = ©idij
and then Y;(p) = D \y. First we show the following inequality:

Lemma 5.5 We have
1 Ni ;
0 — At = X)log Y;(p) < Y, —R,»;k;;(p)x—k +Qi(p) + 0 X (), (5.8)

where R; A the curvature tensor for w.

Proof of Lemma 5.5 Using (4.3), we have

Y8, log Y, = —R, ;i + ;5 + 88 (0x (@) + X (¥)). (5.9)
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A straightforward computation gives

1
AYi(p) = R,»;k;;(p)x R, i(p)+ — =y 08 15 (P58, iz (P)- (5.10)

Furthermore, we have

1
10,12, (p) = > 081,798k
l
1 1

= Z(Z | lg,“|2)2 (Z%kmkg,,,,-ﬂ)z

k

(5.11)

Here the first and second inequalities follow from the Cauchy—Schwarz inequality.
Combining (5.10) and (5.11), we obtain

1
=Y ArlogYi(p) = —AYi(p) + —|8Y,|Z)l (p)
=- llkk(p) +R;”(P) (512)

We also have

3 9: (Ox (@) + X (V) = 8;(g, ,5X5)
= X g7 + 8,470 X"
= X(¥) + X' (5.13)
Here we used the Kihler identities (2.1). Combining (5.9), (5.12) and (5.13), we

complete the proof of Lemma 5.5. O

From Lemma 5.5 and )\; < Y3, it follows that

1
(3 — Ay — X)log ¥, < CZr +C/, (5.14)

where a positive constant C depends only on €2 and a lower bound of the bisectional
curvature for @, and C" = ||V X || co( M,w)- Moreover, from (4.3), Proposition 5.2 and
Proposition 5.3, it follows that
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@ — By — X0 = Tog °L — f 4 6x(@) — By + — /“’m
A —loe P _ ©) — w”
o T X TNl Sy

l "
=> Ve c’, (5.15)

where C” > 0 depends on f, Ox (w) and m. Let w; := logY; — (C + 1)v;. Then, by
(5.14) and (5.15), we obtain

l

1 1
O — b —Xw, <C > TJ“C/_(CH)(E ;—C”)
. l
1
=-> 1ic (5.16)
: N 4, .

where C4 = C' + C"(C + 1).
Now we compute > xi_l. We have

o 1
Y.e 102 om — N —
t IZ 1];[,}\](
1
N Zl:]g Nk

m—1
< (Z xl,) ) (5.17)

By using Proposition 5.3, we obtain

Y, < ecz(z%)m_l, (5.13)

We now need the following lemma (see [6]).

Lemma 5.6 Let f be a positive function on (M, w). Suppose ¢ satisfies

wm
9 _
=1 (5.19)
Then we have
= —info <C 5.20
Osc@ i=supg —infe = (5.20)

for some positive constant depending only on (M, w) and || f || co.

From Proposition 5.3, Lemma 5.6 and (5.18), we see that

1 m—1
o = (DY, _ (Z x_) (5.21)

i
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for some positive constant C5 independent of ¢. Thus, from (5.16) and (5.21), it follows
that

1 w
B — A — X)w; < —C—emf’l + Cy. (5.22)
5

Note that we can choose positive constants C4 and Cs such that
wo = logm < (m — 1) log C4Cs. (5.23)

Now we prove
w; < (m — 1)log C4Cs (5.24)

for all # > 0 by contradiction. We assume that

max wy, = Wy, (po) = (m — 1) log C4Cs, (5.25)
w; < (m — 1)1log C4Cs (t < 1p) (5.26)

for some #y > 0. From (5.22), (5.25) and (5.26), we have

d
0= el (po) <0, (5.27)

a contradiction. Thus we obtain
w; < (m — 1)log C4Cs (5.28)

and hence we complete the proof. O
Propositions 5.3 and 5.4 immediately imply the following proposition:

Proposition 5.7
Cilo <w < Cow (5.29)

for some positive constant Cg independent of t.

Proof We have \; < Y; < C3 from Proposition 5.4. On the other hand, from Propo-
sitions 5.3 and 5.4, it follows immediately that

1 1 1 m—1
x_i<lzx—i§ k Tk(z“) <cC (5.30)

for some positive constant C independent of 7. O

5.3 C3 Estimate

In this subsection, we shall show the following proposition:
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Proposition 5.8 There exists a positive constant C7 independent of t such that
2
[Voal, <C1, (5.31)

where V0 is the Levi-Civita connection for wy.

Our proof is a slight modification of the argument in [5] (see also [7]). Let o; :=
exp(—t Re X). We prove Proposition 5.8 by computing pullbacks under o;. More
precisely, we put

&y = oty (5.32)
¢ 1= 0wy, (5.33)

and let @, V be the Levi-Civita connections for @y, @y, respectively. Then
A2 2
=|Val;, =0/ Vo, - (5.34)

Therefore we show the uniform boundedness of S instead of |V'g, |Z)¢' We define a
tensor \Ifl.k » by

U=V V. (5.35)
Then we can express W as
v = gMoig, — &Y 02, (5.36)
and S as
2 sij skl = kgl
S=|¥[; = g’Jg 8rgVipVi,- (5.37)

Now let us prove Proposition 5.8.

Proof of Proposition 5.8 We compute in normal coordinates with respect to @, at
p € M. First, a straightforward computation gives

AS =R, \ylkp\yfp + Ry w{‘p\pi" R} \1/1

+2Re (Vo VoWl wh) + [VW[} + 9w}, (5.38)

where A is the Laplacian with respect to @, and R is the Ricci tensor of ;.
Recall that @, satisfies (4.4). Moreover, we have

d
E@:cxw,_\/ 1090, 0x (wo) =: ~/—1906);. (5.39)
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By using (4.4), (5.36) and (5.39), we obtain

k gk 5o A\ wk wk B N\ wk ol
%S = ( ji ~ Qt ]z) \I}lp\p]p + (R‘H’ - Qt,qp) lIlipllliq - (Rkl - Qt,kl) lIJiplljip
+a,wfpw1‘ +\IJ?‘ a,qﬂ‘
(- k gk 5o A\ wk wk B N wk ol
= (Rji -, ,z) Vi, Wi, + (qu =, qp) VipYig — (Rkl -, kl) YipYip

Jrzma,((—v,-zep,;Jrv,-sztkarg’“S g Vi8,i0pdg0r +~/—1¢* 1. (Lyin) ) )
(5.40)

From (5.38) and (5.40), we obtain
(at - A) S<CS—2Re (%%xpfpw_j;)

+2Re ((—@iRp,;—i-@iQ,,p,; + §k8§ylﬁi§p[3p3qéz + V=184V, (EXC?):),,[) ‘I’ikp)

(5.41)
for some positive constant C independent of 7.
From (5.36), we have
_wk — pk
daV;, = ]m + Rji5 (5.42)
Vo Val}, = =V Rfm + VR,
= —ViR i + Vo RS 5. (5.43)
Here we used the Bianchi identities V,, Iéf_i ;= \/ Iélj‘_a FE Combining Proposition
5.7, (5.41) and (5.42), we obtain
(3 — A)S < CS +2Re (( Vo R iq + Vi,
+ 8787118,0,0q0 + V=TV (Lxd) 1) W)
=C'(s+ ﬁ) <20/(S+1) (5.44)

for some positive constant C’ independent of 7.
Furthermore, put l?t = gff'g,.j = 0,"Y;. Then, from Proposition 5.7, (5.9), (5.10)
and (5.13), we have

1 1
(a, )Y,<C =S (5.45)

for some positive constants C” independent of 7.
Let Q := S+ C”(2C" + 1)Y;. Then, by (5.44) and (5.45), we obtain
(a, — A) 0<-S+C; (5.46)
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for some positive constant C7 independent of 7. Note that we can choose the positive
constant C7 such that
mC"(2C" + 1) < C7. (5.47)

Then the same argument in Sect. 5.2 implies
S < (7, (5.48)

and hence, we complete the proof. O

Combining the above estimates and standard Schauder theory, we conclude that a
solution for (4.3) exists for a long time.

Theorem 5.9 A solution ¢; for (4.3) exists for all time t € [0, 00).

Proof Let T be the maximal time. Assume 7 < oo. From the estimates which we
show in this section and standard Schauder theory (see [3]), there exists a positive
constant C independent of ¢ € [0, T') such that ||¢; |2 < C. Now let CAR L
be local coordinates of M and 7' = x’ + /—1x"*!. Differentiating (4.3) with respect
to x!, we obtain

dor  79&7  50&F  Af  90(w) v’ gy
8 — A —V)— = ety - 7 -
& ! )Bxl 8 %0xl T8 oxl T oy ax! ax! 9xi

, (549
where v = v/d,; = Re X. We have a uniform C*¢ estimate for the right-hand side.
Therefore, standard Schauder theory implies that for arbitrary k, there exists a positive
constant Cy independent of ¢ € [0, T) such that |l¢;]|cx < Ci. Then there exists a
smooth function ¢7 and a time sequence {t,} which converges to T such that ¢;, — ¢r
in CK. This is a contradiction, and hence ¢, exists for all time ¢ € [0, 00). O

6 Convergence of the Flow

In this section, we show the convergence of the flow (4.2). Let i, be the function
defined as in (5.7). First note that from the estimates in the previous section, we have
uniform C¥ estimates for v, (k = 0, 1, ...). Hence there is a sequence {,} such that

Vi, = Yoo 6.1

in C* for some smooth function ¥/, on M.
Now, we prove the following lemma in order to show the convergence of the flow:

Lemma 6.1 Let M be a compact Riemannian manifold and g; be Riemannian metrics
such that for any nonnegative integers k, | |3tk V'g:| is uniformly bounded. Here V is
the Levi-Civita connection for gy and | - | is the norm with respect to go. For a smooth
vector field v on M, we consider the following equation:

B — A —v) f, =0. 6.2)
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Then there exists a positive constant 0 < y < 1 independent of t such that
osc f, <yoscfy (1+1=mn) (6.3)

for arbitrary solution f; for (6.2).

Proof First note that the maximum principle implies that, for arbitrary solution f; for
(6.2), sup,, f; is monotonically decreasing and inf, f; is monotonically increasing,
and hence, osc f; is monotonically decreasing. Therefore, we have only to consider the
case o = t1 + 1. We prove this lemma by contradiction. We assume that the statement

is not true. Then for arbitrary positive integer n, there exists a solution f,(") for (6.2)
(n)

and ¢,"” such that
1
o 10, = (1= ) o 1. 64
We may assume that
sup f((;? = inf fﬂ’,}} = (6.5)
(6.4) implies
1 1

1n f((fff Lo supf((ff)) o >1— ~. (6.6)

Replacing £ by 1 — £, if necessary, we may assume that
m _ 1
1nf f(n) —. 6.7)
n

Puth” = f ((:’)) . Then we have
—+s

1 1
0<h™ <1, osch”>1——, 1nfh(") (6.8)
' M 3 n n

Moreover, h§") satisfies
(n) _
(3 —A (n)+ i U) hyV =0. (6.9)

Since we have uniform C* estimates (k = 0, 1, ...) for g, sequences {g(") :

8, i } and {hg")} have convergent subsequences with limits g; and hy, respectively.

Note that g are smooth Riemannian metrics and fzs are functions that are smooth as
functions on M and of class C! as functions of s € [0, 00) such that
(85 — Dy, — V)i =0, (6.10)
0<hy <1, oscil 1, 6.11)
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By the maximum principle, we can see that hg = 0. This is a contradiction. O

Since ¢ satisfies (5.3), Lemma 6.1 implies
oscgn, <e “oscg, (1+1<t) (6.12)

for some positive constant a independent of 7. From the definition of y/;, we see that
osc ¢; = osc ;. Thus we have

sup Y < osc i, < Ce (6.13)

for some positive constant C independent of ¢. Hence, we obtain the following theorem:

Theorem 6.2 /; converges in C* to ¥ and ¢, converges in C* to a constant.

Next, we prove the uniqueness of the solution for (3.1). Let oY, w! be solutions for
(3.1)and * := (1 — 5)@” + sw!. Then, we have a solution w] for

d s : K :

770; = —Ric(@)) + 2 + Lxoy,
S S

wy =o'

(6.14)

Note that 0? = 0" and ; = w'. From Theorem 6.2, »{ converges to some Kihler
metric @, = w + +/—100¥3, and w} satisfies

0 = —Ric(wly) + Q = Lxol,. (6.15)

Differentiating (6.15) with respect to s, we obtain

NASYY ((Awgo + X);—Swgo) =0. (6.16)

Therefore, the maximum principle implies o}, = »” = w".

Consequently, we complete the proof of the sufficiency part of Theorem 1.5.

7 More General Cases

In this section, we consider the case of a nowhere vanishing holomorphic vector field
X. First, note that in Sect. 5 we use the assumption that X has a zero point only in the
proof of Lemma 5.1. Hence, if we show Lemma 5.1 under the condition that X has a
zero point, then, by using the argument in Sect. 5, we can show the existence of the
solution for (1.3).

The goal of this section is to show the following lemma:

Lemma 7.1 Let (M, ) be a compact Kiihler manifold and w, = o + V=13d¢
be a Kdihler form. Let X be a nowhere vanishing holomorphic vector field. Sup-
pose that Lxw and Lxw, are real (1, 1)-forms. Assume both {exp(t Re X)};cr and
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{exp(t Im X)},cr are periodic. Then there exists a constant C independent of ¢ such
that

IX(p)| < C. (7.1

7.1 The Casem =1

Let us prove Lemma 7.1 when m = 1. Hence, we consider the case where M is a
I-complex torus. When M is a 1-complex torus, we can remove the assumption that
{exp(f Re X)};cr and {exp(z Im X)},cRr are periodic. Now we shall show the following:

Lemma 7.2 Let M be a I-complex torus and wy, = o + V—100¢ be a Kiihler form.
Let X be a holomorphic vector field. Suppose that Lxw and Lxw, are real (1, 1)-
forms. Then

X (@) =C (1.2)

for some constant C depending only on M, X and w.
Proof We may assume that
M =C/(EZ+85&Z) (51,6 €C, Red #0) (1.3)
and X = 9d/0dz. Note that for any Kéhler form w on M,
kv/—1dz A dZ € [w], (7.4)

where k = [,[0]/ [,, v/—1dz A dZ. Therefore, we may assume w = k+/—1dz A dZ.

Put z = x + +/—1y. Suppose w, = @ + +/—13d¢ is a Kihler form and X (¢) is a
real function. Using the natural projection 7 : C —> C/(§1Z + &7), we identify ¢
and o with their pullbacks. Since w, is a Kihler form, ¢ satisfies

LY 0 (15)
— — — > U. .
4\ox2 " 5y2)°

From 0 = 2Im X (¢) = d,¢, we see that

p(x,y) = px). (7.6)
Hence, from (7.5), we have
ket 2,0 (1.7)
4 8x2 @ > V. .
Moreover,
p(x +Reéy) = p(x +Reép, Imé) = p(x), (7.8)
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i.e., ¢ is | Re &1|-periodic. Note that d,¢ and 8%90 are also | Re &1 |-periodic.
Let xp € R be a minimizer of ¢. For arbitrary ¢ € [0, | Re &1]], we have

A C+xo 32¢
- — —d
oy (& T x0) /XO a5z X

¢+xo
> —4k/ dx > —4k|Re&q|. (7.9)
X

0

Hence we obtain 2Re X (¢) > —4k|Re &1].
On the other hand, let x; € R be a maximizer of 9, ¢. We may assume d,¢(x1) > 0.
Then there exists ¢’ € (0, | Re &1]) such that ¢’ + x1 is a minimizer of . Thus we have

9 ¢ +xi 32
%y = / Y dx
X

0x . ﬁ
¢ +xy
> —4k/ du > —4k|Re &q]. (7.10)
X1
Hence we conclude
[X(p)| = |Re X(p)| < 2k|Re&]. (7.11)
[m}

7.2 The Case m > 2

Now we prove Lemma 7.1 when m > 2.

Proof of Lemma 7.1 The proof is similar to the proof of Corollary 5.3 in [9]. Since
[Re X, Im X] = 0, {Re X, Im X} defines a holomorphic foliation Fx on M. From
the assumption that both {exp(f Re X)},cr and {exp(z Im X)};cr are periodic, we see
that every leaf of Fx is a compact Riemann surface and the leaf space M/Fx is
compact. The condition X, # O for arbitrary p € M implies that every leaf of Fy is
a 1-complex torus. Therefore, applying Lemma 7.2 to each leaf of Fx, we obtain the
desired uniform estimate. O
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