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Abstract In the work of Ammann et al. it has turned out that the Yamabe invari-
ant on closed manifolds is a bordism invariant below a certain threshold constant. A
similar result holds for a spinorial analogon. These threshold constants are character-
ized through Yamabe-type equations on products of spheres with rescaled hyperbolic
spaces. We give variational characterizations of these threshold constants, and our
investigations lead to an explicit positive lower bound for the spinorial threshold con-
stants.
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1 Introduction

The smooth Yamabe invariant, also called Schoen’s o -constant, of a closed manifold
M™ is defined as
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* o . g * QMY _ my 2
o* (M) = suplnf/ scalfdvoly € ( = 00, *(§") = m(m — vol(S")7 |,
M

where the supremum runs over all conformal classes [go] on M, and the infimum
goes over all metrics g in [go] such that (M, g) has volume one. The smooth Yam-
abe invariant is an important geometric quantity. In particular, o*(M) > 0 if and
only if M admits a metric of positive scalar curvature. However, the smooth Yamabe
invariant is quite mysterious. It is only known for very few examples, e.g., the sphere,
cp. Remark 2.4, o*(T™) = 0, [20, Corollary 2.5], o*(RP3) = 272/30*(S%), [17,
Corollary 2.3], *(CP?) = 124/2, [26,33], and *(I" \ H?) = —6v7 where vr is
the volume of the compact quotient I" \ [ with respect to the hyperbolic metric, [13],
[31, Sect. I1.8]. In particular, there is no known example of a manifold of dimension
m > 5 witho*(M) ¢ {0, o*(S§™)}.

In [5] Dahl, Humbert, and the first author proved a surgery formula for the smooth
Yamabe invariant, cp. Theorem 2.5. In particular it says that if a manifold N™ is
obtained from a closed manifold M™ by a surgery of codimension m — k > 3 and
0 *(M) is below a certain positive threshold constant A, x, theno*(N) > o*(M). The
threshold constants A,, x appearing in this result are certain Yamabe-type invariants
for special noncompact model spaces MZ"’k which are products of rescaled hyperbolic
spaces and spheres; see Sect. 2.2 for the precise definition. In particular, it follows that
the smooth Yamabe invariant is a bordism invariant in the following sense: Suppose
that M and N are connected closed smooth spin manifolds of dimension m > 5

with fundamental group I', representing the same element in ;" (BI"), then 0 <
,,,,, m—3 Am k implies 0* (M) = o*(N), [5, Sect. 1.4]. Thus,
if sufficiently many mamfolds with 0*(M) € (0, Ay,) exist, one obtains a rich and
interesting subgroup in the bordism group > (BT") and similar versions hold in
oriented bordism classes.

In order to understand the structure of the subgroup, it is essential to get as much
knowledge about the surgery constants A, ; as possible.

If current conjectures about explicit lower bounds for A, x, see [5, Sect. 1.4], turn
out to be true, then the supremum in the smooth Yamabe invariant of CP? is not
attained by the Fubini—Study metric.

The current article will not give an explicit positive lower bound for A, ., but
it will provide many relations to a spinorial analogue of the problem. The smooth
Yamabe invariant o* (M) has a spinorial analogue o . (M); cf. Sect. 2.2. For closed
manifolds the Hijazi inequality gives crspm(M )>o* (M ). As in the Yamabe case there

S m
is a surgery formula for o * b

opin> CP- Theorem 2.6, and again a threshold constant A,
appears. However, in contrast to the (non-spinorial) Yamabe invariant codlmenswn
2 is allowed as well. This has implications for the smooth Yamabe constant as well:
If M and N are arbitrary closed spin manifolds (not necessarily simply connected),
and if M is spln bordant to N, then os (M) < ASpln fork =0, . — 2 implies

Spln(M ) = (N).Inparticular, . (M) > o*(N ). Finding 1nterest1ng manifolds

spin
with agpm(M ) < A WI;, « consists of two parts. First, one has to obtain explicit positive

spm

lower bounds for A;fl;{l, which is the main subject of the present article, and then one
has to find examples for M, which is not covered here.
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2844 B. Ammann, N. Grofie

As the threshold constant are defined as (spinorial) Yamabe-type invariants of non-
compact model spaces, one expects in view of the Hijazi inequality that A" > Ay k.
This question is quite subtle because on noncompact manifolds there are several ways
to define Yamabe-type invariants which are sometimes related and sometimes unre-
lated to each other. One goal of the article is to clarify these relations.

The structure of the article is as follows: In Sect. 2 we fix notation, summarize some
preliminaries and recall existing results. In particular, we define the model spaces and
several versions of the spinorial and the non-spinorial Yamabe invariant for noncom-
pact manifolds. This allows us to summarize the results of the article in Sect. 3. These
results are proved in the remaining sections. In particular, in Sect. 4 we provide a reg-
ularity statement for the Euler—Lagrange equation of the spinorial Yamabe functional,
which is a nonlinear Dirac eigenvalue equation. For more details, we refer to the end
of Sect. 4.

2 Preliminaries

Throughout the article we assume that the reader is familiar with the basic facts
about the solution of the Yamabe problem on closed manifolds by Trudinger, Aubin,
Schoen and Yau. There are many beautifully written introductions in the literature,
e.g., [28,34].

2.1 Notation

In the article a spin manifold always means a manifold admitting a spin structure
together with a fixed choice of spin structure.

The notion of a (topological) spin structure can be defined for arbitrary oriented
manifolds. A topological spin structure is a principal bundle P for the non-trivial dou-
ble cover of GL (n, R), together with an equivariant map & : P — PgL, (n,R)M to
the GL (n, R)-principal bundle Pgy . (,,g)M of positively oriented frames. Topolog-
ical spin structures exist, as soon as an obstruction, the second Stiefel-Whitney class
wo of its tangent bundle vanishes.

For defining the spinor bundle, we should pass to metric spin structures. By
restricting PgL, (n,RyM to (positively oriented) orthonormal frames we obtain the
SO(n)-principal bundle Pso(,)M and the Spin(n)-principal bundle PspinyM :=
1 (Pso(myM). Furthermore, ¢ restricts to an equivariant map Pspinn)(M) —
PsomyM. A metric spin structure is a Spin(n)-principal bundle together with such
an equivariant map. Above we have seen how we obtain a metric spin structure from
a topological one, and this construction actually yields a bijection from the set of
equivalence classes of topological spin structures to the set of equivalence classes of
metric spin structures. Thus one can identify topological and metric spin structures,
and they are simply called spin structures. Applying the associated bundle construc-
tion for the spinor representation s : Spin(n) — GL($) we obtain the spinor bundle
Sy = PspinmyM X5 $. In case the underlying manifold M and its metric are fixed,
we write S = Sy for short.

The space of spinors, i.e., sections of S, is denoted by I'(S). The space of smooth
compactly supported sections is called C2°(M, S). The hermitian metric on fibers of
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S is written as (., .), the corresponding norm as |.|. We write (., .), for the L?-product
of spinors.

We denote by D: C°(M, S) — C2°(M, S) the Dirac operator on (M, g). In case
several manifolds or metrics are involved, we sometimes specify its affiliation, i.e.,
D8, DM or DM-¢_ Analogously we proceed for other operators and quantities.

The sphere S! carries two spin structures, one of them, the so-called bounding spin
structure, is obtained by restricting the unique spin structure on the two-dimensional
disk to its boundary. The kernel of the Dirac operator for this spin structure is trivial.
The sphere S! with the other spin structure represents the non-trivial spin-bordism
class in dimension 1. In the article we will always assume that S! is equipped with the
bounding spin structure, unless stated otherwise.

A Riemannian manifold is of bounded geometry if it is complete, its injectivity
radius is bounded from below and the curvature tensor and all derivatives are bounded.

Theball around x € M withradius & w.r.t. the metric g on M is written as Béw (x) =
B.(x) C M.

In the article we need several Sobolev and Schauder spaces: For s € [1, co] we
write ||.||zs(g) for the L*-norm on (M, g). In case the underlying metric is clear from
the context we abbreviate by ||.||s for short.

Let H}} denote both the space of distributions on M and the one of distributional
sections in Sy, that have finite H;'norm given by

k
leliyy = DIV @l

i=0

Here V denotes the covariant derivative on M and Sy, respectively, depending on
whether ¢ is a distribution on M and a distributional section in Sy, respectively. H, ,‘:’1 oc
means that any restriction of the distribution to a compact subset has to be in H;' of
that subset.

The space of i-times continuously differentiable functions on M is denoted by
Ci(M), and C"* denotes the corresponding Schauder space for o € (0, 1].

2.2 The Model Spaces M

LetO0 < k <m—1landc € [0,1]. MI* = HEFD s §m7F1 g0 = g +
o™ ~%=1) where 6™ *~1 denotes the standard metric on S *~! and (HIC‘“, gppk+1)

is the rescaled hyperbolic space with scalar curvature —c?k(k + 1) if ¢ € (0, 1] and
the Euclidean space if ¢ = 0.
We introduce coordinates on HXT! by equipping R¥*! with the metric gy =

dr? + f(r)%>o* where

Lsinh(cr) ifc#0

felr) == sinhe(r) := [
r if c =0.
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2846 B. Ammann, N. Grofe

The manifold (M]"* = HF+! x §" %=1 o) = guii + 0™ *1 = sinh? 1 o* +
dr? 4 o™~*=1) is conformal to (S™ \ sk, o™y, [5, Proposition 3.1],

w: HEHD x §m=%=1 5 s\ Sk, g1 = f2u*o™ where f = f(t) = cosh’t.

2.3 Regularity Theory

We recall the standard estimates:

Theorem 2.1 Let (M™, g) be a Riemannian spin manifold of bounded geometry. Let
R > 0 be smaller than the injectivity radius of M, and let r € (0, R).

(1) (Inner L®-estimate, [19, Proof of Theorem 8.8], spin version [2, Proof of Theo-
rems 3.2.1 and 3.2.3]) Let ¢ € Hj . be a solution of Do = for ¢ € H}

1,loc
Then, there exists a constant C = C(s, r, R) such that for all x € M

loc*

ol g

(B () = C(llellLs Broxy + ||W||H,§(BR(x)))

(ii) (Embedding into C%Y) Letm < sand0 <y < 1 — “. By the spin version of
the proof of [19, Sect. 7.8 (Theorem 7.26)] there exists a constant C = C(s, r)
such that Hy (Bg(x)) is continuously embedded in cOy (By(x)) forall x € M.

(iii) (Schauder estimates) [2, Corollary 3.1.14] There is a constant C = C(r, R, k) >
0 such that for « > 0, ¥ € CK* with Dg = vy weakly it holds for all x € M

lllcreracs, oy < € (10llckBrey + 1¥ I ckasra) -

(iv) (Sobolev Embedding into L?, [19, Theorem 7.26]) Letk, L € R, k > Land s, t €
(1, 00) with k — (m/s) > £ — (m/t), then the restriction map H} (Bg(x), S) —
Hg(Br(x), S) is continuous for all x € M and r > 0. For fixed R > r > 0 the
operator norm of these restriction maps can be chosen uniformly in x.

2.4 L*-Invertibility of Dirac Operators

For a complete manifold M, we define the norm ||<p||1L~,iy = |l¢lls + [|De]|s for 1 <
s <oo.Forl <5 < o0, let Hf = ﬁf(M, S) be the completion of C2°(M, S) w.r.t.
the norm ||q)||1;_1(. Then Dj: I:I]S = dom Dy C L® — L*® is a closed extension of

the Dirac operator. By [10, Lemma B.2] we have (D;)* = D« for 1 < s < oo and
-1 *\y—1 __
s 4+ (sF)T = 1.
Note that on manifolds of bounded geometry and 1 < s < oo the H{-norm and
the graph norms H { are equivalent, [10, Lemma A 2].
General properties of the L®-spectrum of Dirac operators can be found in [10,
Appendix]. Here, we only cite the result on L*-invertibility of our model spaces.

Proposition 2.2 [10, Theorem 1.1] Let 1 < s < oo. The Dirac operator D: L® — L?*
on M™% is LS -invertible if 1 = mekfl > ck|1/s — 1/2].
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Table 1 Some constants in the % -

article for m-dimensional p p g g

manifolds 4m=—1 2m 2m 2m 2m
m—2 m—2 m—+2 m—1 m+1

2.5 Yamabe Type Constants and Yamabe Type Invariants

Let (M™, g) be a complete m-dimensional Riemannian spin manifold. By A¢ we
denote the Laplacian on (M, g) and by scalé its scalar curvature. Let L8 = a A8 +scal®
be the conformal Laplacian where a = 4%, see also Table 1. We recall the following
definitions:

Definition 2.3 Functionals

ID2gII?
Fo) = fM vL8vdvol, }_Spin((p) — Lm+T (g)
012 5, (DEg. @)
Lm=2(g)
For further use we define for the rest of the paper p := % and g := % The

corresponding Euler—Lagrange equations for normalized solutions are the so-called
Yamabe equation [34]

m+2
Lo = o3, ol o =1
and the spinorial brother [1]
2
8y — T —
D¢ = Ao|m-To, IlfpllL,,:% L.
Yamabe type constants defined by compactly supported test functions
0*(M. g) :=inf {F(v) [ v e (. 9)\ (0}},
A (M, g) i=inf [FP(p) | ¢ € C2(M, ), (D%, ¢), > 0}

Yamabe type constants defined over solutions
Q(M, g) is the Yamabe invariant “defined over the solutions”, i.e.,

O(M, g) == inf{u, |v e QV(M, g))

where Q()(M, g) is the set of all nonnegative functions v € C*(M) N L®(M) N
L*(M, g) satisfying L8v = p,v”~! for a real number 11, and with [[v||1r(p.q) = 1
(p = 2 as indicated in Table 1).

m—2
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2848 B. Ammann, N. Grofe

Analogously, we introduce a quantity corresponding to )L:I:{; (M, g) defined using
the solutions of the Euler-Lagrange equation of F*P':

Ao (M, g) = inf {re© 00)FpeL>®n L’nct:

2
O m < 1, Dg Z)\. m=T . 1
< II¢IIL%(M’g) < ¢ = A" Te} (1)

We will see in the next section why these different quantities are geometrically
relevant.

Renormalized spinorial invariants We also introduce renormalized versions of A:rmf:
and )Lr';in:

m—1 ~ m—1~
Qlpin(M, 8) = 4=——A (M, )%, Ospin(M, ) = 4——3 0 (M, 2)°. (2)
This renormalization will make things simpler.

Yamabe type invariants for compact manifolds Now we define the smooth Yamabe
invariant o*(M) as

o*(M) :=sup Q*(M, g)
g

where the supremum runs over all Riemannian metrics on M. Thus, o™ only depends
on the diffeomorphism type of M. Note that the smooth Yamabe invariant is positive
if and only if M admits a metric of positive scalar curvature.

A similar spinorial Yamabe invariant (M) was introduced in [11,12]. It is

SUP ¢ ginv () Myt (M, 8) if R™(M) # @

+ —
T = [ 0 if RV (M) = @,

where R™ (M) is the set of Riemannian metrics on M such that D¢ is invertible.
The definition of z7 is slightly different from the original one in [11,12], but obvi-
ously equivalent. Note that for connected closed manifolds one knows from [3] that
R™ (M) # @ if and only if the index of M” in KO,, vanishes. Thus, (M) is
positive if and only if this index vanishes. The invariant 7+ (M) only depends on both
the diffeomorphism type of M and its spin structure.

These Yamabe type invariants will be considered in this article only in the case that
M is compact. In this case the solution of the classical Yamabe problem [34] implies
QO(M,g) = Q*(M, g), and similar results in the spin case [1] imply )\min(M, g) =
A;{:(M, g). Thus, we also see

oo~ b [SUpgegiman A (M, g) if R™(M) # @
o (M)—sgpQ(M, g, T (M)—[ sefman if R (M) — .
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Similar to the above we also define (for M compact) a renormalized version

— 1r+(M)2.

%
Uspin
We want to remark that o* (M) was considered for non-compact manifolds in [25].

The A-invariants We define

A = 1nf Q(M’”k) and A}, ;= i{(l)fl]Q*(MZ"’k).

These invariants are important because of their relation to the invariant A, x that
contributes to the Surgery Theorem 2.5. We have A, x = Km,k unlessm =k—3>7
orm = k—2[6, Theorem 3.1 and Proof of Corollary 3.2]. The idea behind the notation
is that the invariant with * is the infimum of a functional, the invariant with ~ is
defined using solutions of the Euler—Lagrange equation and the invariant without such
decoration is the invariant in the surgery theorem. We know from [6, Theorem 3.3]
that all these invariants are positive for 0 < k <m — 3.

In the spinorial case we define similarly

K;ﬁ’f}: = 1nf Qspln(Mm k) and ASpln = 1{6f1] O Gin M .

It is known from [4, Theorem 1.1] that Asg)m > (0 forall0 < k < m — 2. The
invariant A*P" m. 1 the Spinorial Surgery Theorem 2.6 can be chosen to be A spin i forall
0 <k <m—2,[4, Corollary 1.4]. We introduce the notation A8p L= A;f},? to make
the presentation analogous to the non-spin case.

One of the main goals of this article is to search for relations between these five
possibly different A-invariants.

Remark 2.4 The Q-invariants for the spheres play a special role. We collect the main
properties: For all manifolds (M™, g) it holds Q*(M™, g) < Q*(S™). If M is spin,

then prm(M”’, g) < Q:‘pin(S”’). The invariant Q*(S™) is attained by a constant

m+2
test function v such that [vl] u = 1. Thus, Lv = m(m — Dy = O*(S™)vin-2
and O*(S™) = m(m — l)vol(Sm) m . The invariant krTH: (S™) is attained by a Killing
spinor ¢ to the Killing constant — 5. Note that the normalization in (2) is chosen such
that Q:“Pm(S’”) = Q*(S™). Since S’” is closed Q*(S™) = Q(Sm) and Q:‘pm(S’") =
Qspm(Sm)-

Moreover, for (M™, g) not locally conformally flat and m > 6, Aubin showed, see
[14, p. 292], Q*(M™, g) < Q*(S™).
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2850 B. Ammann, N. Grofe

2.6 Surgery-Monotonicity for Yamabe Type Invariants Below Thresholds

In order to define the constant A,, x mentioned above we set
0D (M, g) = inf [y |u € QP M, 9)}

where Q® (M, g) is the set of all nonnegative functions u € C>(M) N L®(M)
satisfying L&u = p,,uP~! for a nonnegative real number 1, lullLr(m,q) = 1, where

4 2
p= W%mz as always, and p, |lull ' > w Then, we set, cf. [5, Sect. 3],

[6, Sect. 2.6],

Am,kzminIKm,k, inf Q(z)(I\\/JIZ'*")].
cel0,1]

It follows from [6, Thquem 3.1 and below] thatincasek = m—3 < 6ork <m—4
we already have Ay = A k.

Theorem 2.5 (Surgery-monotonicity for the Yamabe invariant, [5, Corollary 1.4])
Assume that N™ is a closed Riemannian manifold that is obtained from M™ by a
surgery of codimension m — k > 3. Then

o*(N) = min{o™ (M), Ay k).

Note that a surgery from M to N is called spin preserving if the spin structures on
M and N extend to a spin structure on the corresponding bordism. In particular this
implies that the spin structures on M and N coincide outside the region of surgery.

Theorem 2.6 (Surgery-monotonicity for the spinorial Yamabe invariant, [4, Corol-

lary 1.4]) Assume that N™ is a closed Riemannian spin manifold that is obtained from

M™ by a spin-preserving surgery of codimension m — k > 2. Then

Tapin(N) = min{og;, (M), ASP‘“}
Inthe case k = m—2 the sphere S carries the bounding spin structure, as explained

in the Notation 2.1.

Since there is a whole zoo of different Q- and A-invariants, we summarize the logic

of our notation in Table 2.

3 Overview of the Results

Many of the inequalities established in this article are summarized in Fig. 1. For
example, ASpln Y= ASpln > A* , forall k < m — 2. Other inequalities hold under
additional assumpt10ns e. g.,in the case k <m—4andinthecasek <m —3 <3 we
have A7 ;> Km k- Thus, together with previously mentioned relations we obtain
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Table 2 Overview of the notation

Label Meaning

No spin label Associated with the Yamabe problem

Spin Associated with the spinorial Yamabe problem for the Dirac operator

* Defined as a variational problem

~ Defined by solutions of the associated Euler—Lagrange equation (as a
nonlinear eigenvalue problem)

No * and no ~ Appears in an associated surgery result

(0] For a fixed Riemannian (spin) manifold

A = inf¢[o, 1] of the Q-invariants (decorated with the same labels as A) for

the model spaces M

o The supremum of the Q-invariants (with the same labels) for a (spin)
manifold over all conformal classes

S (for k < m — 2, Cor. 6.4) S (for k < m — 2, Cor. 6.4)
spin,* A spin * m,k A k
Amﬁk Amyk spin (Mc ) Qspin (IMI?LY )

< (for k < m — 2, Cor. 9.8)

> (for k < m — 2, Prop. 5.3)

< (for k < m — 2, Cor. 9.8)

< (Cor. 6.2) < (Cor. 6.2)
.k Ak Q (M) QM)
> (fork<m—4ork<m—3<3, Prop. 5.3) > (Cor. 10.2[2])

Fig. 1 Summary of the results for the Q-invariants of the model spaces (right) and the corresponding
A-invariants (left).

[1]: for m — k — 1)% > ¢%k(k + 1) and Qspm(Mg"”‘) < 0%E™

[2]: for m —k — 1)(m —k —2) > c2k(k+1),c € [0, ) orfork <m —3,c =1

Theorem 3.1 In the case k < m — 4 and in the casek <m —3 <3

spin, * < spin spin * ~
A =B = B Z D = B = Dk

Thus, in most of the cases the inequality Affl’m > Ak conjectured in the intro-
duction holds. Together with the explicit positive lower bounds for A, x in [6,7], we

then obtain explicit positive lower bounds for Af’flz. Theorem 3.1 does not provide for
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2852 B. Ammann, N. Grofe

Table 3 Some explicit lower bounds for Af,l,)in.: the values are rounded—Q* (S™) is rounded to the nearest
multiple of 1/10 and the lower bounds for Af,',)m and Q"‘(]HIP2 x RM=8) are always rounded down

m 5 6 7 8 9 10 11 12 13

Q*(S™) 80.0 963 1135 1307 1479 1650 1822 1993 216.4
AP - 451 500 652 787  91.8 1049 1181 1315 1450
O*(HP? x R"—8) > _ - - 1214 1385 973 1359 1587 178.0

Note that Q*(HPZ) = 121.4967 . .. is attained by the canonical metric on HP 2, due to Obata’s theorem

A;fIZ_S for m > 6. But nevertheless our techniques also allow us to obtain explicit
spin

positive lower bounds for Am,m73 for m > 6; see Sect. 11.

The right-hand side of Fig. 1 gives relations between the Q-invariants of the model
spaces. Some of them require additional assumptions which are given as footnotes.
The parameter ¢ ranges in the interval [0, 1]. However, the case ¢ = 1 is very special as
then M'ln’k is conformal to a subset of S”* which allows much stronger statements. This
is summarized in Sect. 7. Another special case is k = m — 1. These invariants do not
have similar geometric applications. But for the sake of completeness we summarize
in Sect. 8.

As already mentioned in the Introduction, the explicit positive lower bounds for
A:f’l,?, k < m — 3 lead to bordism invariant. As we only want to give an overview here,
many proofs will be given later, i.e., in Sect. 12.

Letm > 5. We set

AP o= min { A5 AE, AT )

From Theorem 3.1_, Sect. 11, and results in [6] and [7] we obtain explicit positive
lower bounds for Aifm, summarized in Table 3 for low dimensions.

Using standard techniques from bordism theory (see Sect. 12 for details) one obtains
several conclusions:

Proposition 3.2 Let M be an m-dimensional closed connected, simply connected spin
manifold, «(M) = 0. If 5 <m <7, then

Ogpin(M) = AR,
Form = 11 or m = 8 we have
Opin(M) = min {A‘j,{’i“, 0*(HP? x Rm_g)} '
Form =9, 10 we have

spin m,1°

ok, (M) > min {ASP“‘ AP o HP? X R’”‘S)}.
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Note that by definition (M) # 0 implies that there are no invertible Dirac opera-
tors, thus by definition o*. (M) = 0.

spin
We conjecture A, SN~ O*(HP? x R™8) for all m > 11, which would imply
Spm(M ) > Ast for all closed simply connected spin manifolds M with dimension
m>5m#9,10.
A similar bound also exists for non-simply connected manifolds, namely in this
case form # 9, 10

spm m,m—2>

(M) > min {Aspm Aspin Q*(HPZ « Rm—S)} -0
and form =9, 10

02 (M) = min {Aj}jf?, A AT Q*(HP? X R’”_S)} > 0.

However, this positive lower bound is not explicit as no explicit lower bound for

Aff:‘;l , is currently available. Numerical calculations and some further assumptions

indicate that Agpm L <Ap

Proposition 3.3 Assume that M is an m-dimensional closed connected spin man-
ifold with m > 5. We consider the bordism groups Q,S,lfm(BF), r = m(WM)
where the boundaries and the bordisms are spin manifolds together with maps to
BT'. Let cpy: M — BT be a classifying map of the universal covering of M,
i.e., the map which induces an isomorphism from wi(M) to I' = m(BT). Let
[N, f1=[M,cy] e QP™(BT), and let N be connected. Then

in (N 2 min [y (W), AF™, AT

If N is connected and if f induces an isomorphism from 71 (N) to T, then

(N) > mln{ (M), ASP‘“}. 3)

Spm Spll’l

Note that every class in 2 pln(B I') — R can be written as (M, cyy).

By applying (3) twice, it follows from Proposition 3.3 that there is a well-defined

map s : Q" — R such that for all connected, simply connected spin manifolds
M

Sspin([M]) = min { spm(M) Aspm}

Thus if M is a connected spin manifold, we have

m,m—2

Opin (M) = min {5 P (MD, AT ).
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It follows from standard arguments of surgery theory that
SP(M]+ [ND) = min {570, 77 (ND]
Thus,
" = f (M) e @ | T (M) > 1

spin spin, >0 . spin

is a subgroup of 2, isthe kernel of theindex map o : 2,,;, —
KO,,.

Similarly as above, for an arbitrary finitely presented group I" we obtain a well-
defined map sSpm. P ln(BI“) — Ras follows: For every [M, f] € QSP ln(BF) where

M is connected and f induces an isomorphism from 1 (M) to I" we have

.Forexample, €2,

sPN([M, £1) = min [a;;m(M) AZE"‘;,A*F"“}.

In this case the minimum includes the constants A;Iln? since it is required to show
that

SPNAM, 14+ [N, gD) = min s (M, 7D, 5PN, D
Then, analogously as above,
QP™(BT) = {[M, f1€ QP"(BT) | $P™(M, £1) > 1)

is a subgroup of QP (B,
Assume that there is a closed simply connected spin manifold M of dimension
m > 5 witho*. (M) < AP™,

spin For such manifolds one would have: If N is a simply

connected closed spin manifold spin-bordant to M, then O’spm (N) = aspm(M ). An
advantage of this bordism result is that we have explicit positive lower bounds for
AP™ in contrast to a similar result for the classical Yamabe invariant.
As a consequence, by the Hijazi inequality we have o*(N) < crspm(M) ie.,
Spm (M) is an upper bound for the Yamabe invariant for all simply connected mani-
folds in [M].

This question is related to the open problem of whether there is a manifold in
dimension m > 5 with Yamabe invariant different from 0 and o *(S™). If one finds
an M as above, all simply connected manifolds in the spin bordism class of M would
have a Yamabe invariant in (0, o*(S™)).

Many of the statements on the right-hand side of Fig. 1 are still valid if one replaces
the model spaces by arbitrary manifolds of bounded geometry; see Sects. 6 and 9. The
inequalities in Sect. 9 are noncompact versions of the Hijazi inequality which is of
central importance of our article. The reader should be aware that there are different
ways to generalize from the compact to the noncompact setting. We have positive
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and negative results for the generalization of the Hijazi inequality to the noncompact
setting; see Sect. 9. Our investigations also need regularity statements for the Euler—
Lagrange equation of the spinorial functional. For this purpose we have included Sect. 4
which might be of independent interest and which goes beyond the requirements of
the following sections.

4 Improvements of Regularity for the Dirac Euler-Lagrange Equation

Let (M™, g) be a Riemannian spin manifold of bounded geometry. In this section, we
consider a spinor ¢ € LY and ¢ € Lj . for ans > ¢ that fulfills

Dy = Alp|"?p  weakly, )

s
loc

for an s > ¢ it follows with the methods of [2, Theorem 5.2] that ¢ is C'* for all
a € (0,1). We omit the proof of this local statement since the proof is completely
analogous as in [2]. Furthermore, we will only use the fact that ¢ is continuous which
is part of the assumptions in the applications of this subsection.

We want to further examine the regularity of ¢. First, we will show that ¢ € L*°.
For that we need the following auxiliary lemma.

i.e., in the distributional sense, where as always ¢ = % Note that from ¢ € L

Lemma 4.1 Fix 8, R, 8§ > 0. Let ¢ € I'(Spy) be continuous with || ¢| L~ = oo.
Then there is a sequence (x;);eN in M with |¢(x;)| > i and

)M 1@l o gy < 148

where BiR = BR‘(ﬂ(xi)‘—l/ﬂ (x;).

Proof Letd(., .) denote the distance in (M, g), and fix R, § > 0. We prove the claim
by contradiction: Assume that there is a constant C > 0 such that for all x € M with
lp(x)| = C there is yx with d(x, y) < R l()|™"F and [p(y)| > (1 +8) [p(x)].
Then, we define a sequence x; recursively by choosing xo € M with |¢(xg)| > C
and x; 11 = yy, forall i > 0. Then, |p(x;)| > (1 + 8 lp(x0)| = (1 4+ 8)'C — oo as
i — oo. But,

i—1 i—1 i—1 .

_1 _1 _

d(xi,x0) < D d(xjy1, %)) < D Rlp(x))|"F <RC 7 D (1+8) 7
j=0 j=0 j=0

RC

<——F <™

Cl—(+87F

ol —

which then contradicts the continuity of ¢. O

Lemma 4.2 Let (M™, g) be of bounded geometry. Let ¢ € LINCY be a weak solution
of (4). Then ¢ € L*°.
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Proof We assume the contrary, i.e., ||¢]lc0c = 00. We fix f := 2(¢ — 2), R smaller
than the injectivity radius, and some § > 0. Then applying Lemma 4.1 there is a
sequence of points (x;);en in M with |¢(x;)| > i and ||§0||Loo(BiR) < (14 8&)|ex)].
After passing to a subsequence, every compact subset only contains a finite number of
x;. We thus assume that all Bl.R are pairwise disjoint since this can always be achieved
by passing to a further subsequence. We consider the charts for BI-R given by rescaled
exponential maps

u;: B, (0) CR" — BR

i U expy, (8;v)

1

where m; = |@(x;)l, §; 1= m; 7% and ri = SlflR |(p(x,-)|7% =R |<p(x,-)|ﬁ.
Note that m; = |¢(x;)| > i — oo and, hence, §; — 0 and r; — ocoasi — oo.
The map u; induces a map on the frame bundles which lifts to the spinor bundles; for
details, see [16]. For simplicity, we denote this lift also by u;, and set W =m; lu;‘go.
Then v is a spinor on By, (0), [/ (0)| = 1 and || || (5, (o)) < | + 8.
Using the comparison of the Dirac operator with the one on the Euclidean space
[8, Sects. 3 and 4], we obtain from D¢ = A|p|?2¢ that

m H l ad | i i - -
D¥yl + ZZFZﬂea cep-ey Y+ D (B = 8) ea - Veu v = A1y
apy apf

where 85 denotes the Kronecker symbol, e, is the standard orthonormal frame on R™
and

1 .
bP =sf — 63.213’

i ot)»llﬂx)»xﬂ +0 (8?|x|3) g 85

Iy =0ab); — %a,-(zegwS + R, )5t + 0 (3,.2|x|2) =0
as §; > 0,i — oo. Here, R(l;zk//,ﬁ = gxi([vi)ﬁ, VB,L]aa — V[gﬁ’aﬂ]aa, d,) is the Rie-
mannian curvature tensor of g at x;.

Let K;, j = 0,1,2,3 be compact subsets of R” with K C interior(K ;) for
j = 0,1,2, and let iy be big enough such that Ky C Brio (0). Since ¥* is bounded
on B, (0) for i > ip, the inner L*-estimate in Theorem 2.1 shows that for each s
the ¥!’s are uniformly bounded in H{(Ko). Thus, after passing to a subsequence
V! — ¥ weakly in H{(Ky). The restriction map H}(Ky) — C%7(K/) is bounded
because of Theorem 2.1, hence the ¥ are uniformly bounded also in C 0.7 (K1) for all
y € (0, 1). In particular, |’ 19721 are uniformly bounded in C%¥(K,). Thus, by the
Schauder estimate (see Theorem 2.1) we obtain Y € C Ly (K>) and, thus, by Arzela—
Ascoli ¥! — o strongly in C! on K3, after passing to a subsequence. We apply
this construction to K3 := By (0) and construct a diagonal subsequence for k — oo.
This subsequence converges locally in C! to a spinor ¥ on R” with | (0)| = 1,
Il < 1+ 8 and DRy = Alyr|4 2y,

We write b;jdvolgn = ujdvol,, where b; := ,/det(u’g) — lasi — oo in c!
on each compact subset of R™. As the balls BiR are disjoint, ¢ € L7 implies that
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/, gk l@l?dvol, — 0 asi — oo. Thus, we get for all compact K and sufficiently
larlgei

A

/|wi|qdv01Rn 1.001/ | |19b; dvolgn
K |x|<rq

l.OOl/R l¢|? dvoly — 0 asi — oo.
B

Hence, ||/ ||, = 0 which contradicts ¥ € Cland |¢(0)] = 1. Thus,p € L®. O

Lemma 4.3 Ler (M™,g) be of bounded geometry. Let ¢ € L1 N C° fulfill
weakly (4). Then, limy_ o l¢| = 0. Moreover, ¢ € C“Y for all y € (0,1),
limy oo l9llcy (B, xy) = Oforall r > 0, and ||¢llc1.y < oo. In particular, ¢ is
uniformly continuous.

Proof From Lemma 4.2 we have ¢ € L*°. Fix z € M and § > 0 to be smaller than
the injectivity radius. Let d(., .) denote the distance function on (M, g). We prove the
first claim by contradiction: We assume that there is a constant V > 0 and a sequence
(x;)ien C M with |o(x;)| >V, |x;| =d(x;,z) — oo and d(x;, xj) > 2.

Let e € (0, %). Since ¢ € L*° and (M, g) has bounded geometry, we obtain by
inner L°®-estimates that

ol a3 (B, xi)) = Cs@)U@lLs By (xi)) + M@l 2@l s (Byy (x1)))
< CCs(s)vol(Bas (x))5 < C' )

where C’ does not depend on i.

Fixing s > m and using the Sobolev embedding H; (B:(x;)) < CY7 (By(x)))
we get that ||‘P||C0=V(B,,(x,~)) < C” for some y € (0, 1), p € (0, ¢), and where C” is
independent on i.

With ¢ € L7 we estimate

el = D 1elfa, 0 = K D, _inf o)l
i

; X€B)(x;

where K := inf; vol(B,(x;)). Note that K > 0 since (M, g) has bounded geometry.
Hence, infxegp(xi) lo(x)| — 0 asi — oo. But on the other hand, on each ball B, (x;)
we have for all x, y € B, (x;) that |[@(x) — @(y)| < C"|x — y|¥ < C”"p”. Thus

V < limsup|p(x;)| < C"p”.

i—00

By choosing p small enough we obtain a contradiction.

Inequality (5) still holds if we replace x; by an arbitrary x € M. Then, C’ does
not depend on x. Moreover, choosing s large enough we then have for any y € (0, 1)
that ”(p”c(),y(Bp/z(x)) < oo forall x € M and lim,_, o ||g0||co,y(3p/2(x)) = 0. Thus,

@ Springer



2858 B. Ammann, N. Grofe

¢ € C% for any y € (0, 1). Then, by a further bootstrap step we obtain the same
statement for C17 instead of C%" and for p/3 instead of p/2. Thus, for sufficiently
large compact subset K the norm lell ey (M\R) is arbitrarily close to zero. This implies
the lemma. O

Corollary 4.4 Let (M™, g) be of bounded geometry. Let ¢ € LY N C° be a weak
2

solution of Do = Alg|m=T¢ with ||¢|l; = 1. Then, ¢ € C>7 forall y € (0, %] if

m >4 and all y € (0, 1) otherwise.

Proof LetB :=q —2 = % and ¥ = |@|Py. At first we will show that

VY = 19lP Ve + B(Ve, 0)lplP e (©6)

isin CY for y as above: By Lemma 4.3 ¢ € C1* forall « € (0, 1). Thus, ¢ is locally
Lipschitz and, hence, |¢)|ﬂ isin C#. Moreover, Vo € C?, thus the first summand in (6)
is cmint.f} By [1, LemmaB.1]|¢|# 2o ®¢ € CP . Itfollows that (Vg, ¢)|¢|# 2@ is
C7” as well. Thus, Vi € CY and yy € C% forall « € (0, 1). Now Schauder estimates,
see Theorem 2.1, imply ¢ € C>7. The corollary then follows. O

Example 4.5 Let us consider Euclidean R, m > 2 with standard basis (e;);=|
and with a parallel spinor ¥y # 0. We define

----- m

1 . 1 2
o(x', ..., x") =x"el Yo —x"ex - Y.

Then Vo = dx'®e; -wo—dx2®eg-1ﬁ0, andthus Dp = ey e -Yo—er-e2-Yog =
—o + Yo = 0. Thus this spinor satisfies (4) with A = 0, but is not L9 and many
conclusions in this section, particularly the L°°-bound, do not hold. The example thus
shows that the L9-condition in the above lemmas is necessary.

We know that by Lemma 4.2 ¢ is in L°°. However, the following example shows
that we cannot derive an upper bound for ||¢|| e which only depends on (M, g),
llollze and A.

Example 4.6 Consider again Euclidean R™. Take a Killing spinor ¢ on the sphere

_ 2m
(S™, ¢™) normalized such that its LY=»-T-norm is one. Then on S™ we have
D¢ = Z¢ = A(S™)|pl? 2, cf. Remark 2.4. The stereographic projec-
tion h is a conformal map from the sphere with a point removed to the Euclidean

space. Now let h? be the composition of ¢ and the scaling of R™ by p. Then,

gE = fg h? (™) where fo = p% f1 is the conformal factor. Using the identifi-

cation of spinor bundles of conformal metrics, cf. [29, Sect. 4], we get a spinor
—1

¢ = f, 7 ¢ fulfilling DR"¢ = A1*(S™)@19"'¢ and [|¢]le@m) = 1. But
m— _m—1

@1l oo my = ,O_Tlllfl 7 ¢llLo@n — oo as p — 0. We obtain an example

where L°°-norm of solutions cannot be controlled in terms of its L4-norm, A and

M, ).

We close this section by some lemmas on removal of singularities for our Euler—
Lagrange equations.

@ Springer



Relations Between Threshold Constants for Yamabe Type... 2859

Lemma 4.7 Let (M, g) be an m-dimensional Riemannian spin manifold, and let S C
M be an embedded submanifold of dimension £ < m — s* where s* is the conjugate
exponent of s. Assume that ¢ is a spinor field such that ||¢||s < oo fors € (1, 00) and
Do = Aol 2@ weakly on M \ S for . € R. Then Do = A|g|* 2@ weakly on M.

Proof We follow the proof for the removal of singularities for weakly harmonic spinors
in [3, Lemma 2.4]: Let Ug(¢) consist of all points of M with distance < ¢ to S. Let ns
be a cut-off function with ns = 1 on Ug(§), ns = 0on M \ Ug(28) and | V7| < 2871
Then, we obtain for a smooth and compactly supported spinor ¥ on M

| wowr =2 [ {or20.v)
M M

= [ . —nw) =3 [ (io¥ 0.1 = miw)
M M

+ [ mpn+ [ oo vns = [ (ot o).

The sum of the first two summands on the right side vanishes since D¢ = A|¢|* ¢
weakly on M \ S. Moreover, | [, (¢, nsDy)| < l@lsIDY Il o+ g 25y — O and

| [y (101720, nsyr)| < ol ¥l s v 25y) — 0 as 8 — 0. The remaining term can
be estimated by

A

2
’/ {0, Vns - W)‘ = g||‘P||LS(US(28))||1/’||LS*(US(25))
M

C hl
< g||§0||L5(U5(26))V01(US(28) N suppyr) s*

m—t _
C @l wsasy & ' — 0.
—_———

A

IA

—0
O

Lemma 4.8 Let (M, g) be an m-dimensional Riemannian spin manifold, and let S C
M be an embedded submanifold of dimension £ < m — 2s* where s* is the conjugate
exponent of s. Assume that v is a nonnegative function such that ||v|; < oo for
s € (1,00) and Lv = pv*~! weakly on M \ S for i € R. Then Lv = puv*~! weakly
on M.

Proof The proof is similar to the one of Lemma 4.7, and we use the notation therein.
The cut-off function 75 is chosen such it fulfills additionally | An;s| < 48~2. Then, the
estimates are done analogously. O

5 Gromov-Hausdorff Convergences

Let (M;, gi,xi), 1 € N, and (M, gc0, Xo0) be pointed complete connected Rie-
mannian manifolds. We say that (M;, g;, x;) converges to (Muo, 800, Xoo) in the
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C*-topology of pointed Riemannian manifolds if for every R > O and every i > io(R)

there is an injective immersion X : Bgfl’g“ (¥o0) — Bg"_’ig" (x;) such that (pf)*g;

converges to goo ON Bglw’g * (xoo) in the C*-topology. If all manifolds above carry spin
structures, then we say that they converge in the C¥-topology of pointed Riemannian
spin manifolds if additionally the maps goiR preserve the chosen spin structures.

Lemma 5.1 If (M;, gi, x;) converges to (Mso, 8oo, Xoo) in the C2-topology of pointed
Riemannian manifolds, then

limsup Q*(M;, gi) < 0" (Moo, 8c0)-

i— 00

If (M;, gi, xi) converges to (Moo, 800> Xo0) i the Cl—topology of pointed Rie-
mannian spin manifolds, then

hm Sup Q;kpin(Ml" gl) S Q;kpin(va gOO)
1—> 00
Proof For a given ¢ > 0 we take v € C2°(Mo) with F8>(v) < Q" (Mo, 8x0) + €.

Choose R > 0 such that the support of v is contained in B?f&’go" (xo0). For sufficiently
large i we then have

Q*(M;, gi) < F&(vo (pf)™1) = FOI 8 (n) < Fo(v) + & < 0* (Moo, goo) + 26

where the second inequality uses that ¢ depends only on derivatives of g up to order
2. The first part of the lemma follows in the limit ¢ — O.

The spinorial statement is proven completely analogously. Here, convergence in
C! is enough since the Dirac operator is of first order. O

In the articles [4] and [5] the following situation was considered. Assume that N
is obtained from M by a surgery of dimension k. Then for any metric g on M a family
of special metrics gy, 08 > 0, was constructed. It was proved in [5] in combination
with estimates given in [6] that for allk <m — 4 and all k = m — 3 < 3 we have

lim Q*(N, g») = min {Q*(M, &), Am} -
+—0

Similarly it was proven in [4] for k < m — 2 that

lim Q% (V. 80) = min { 0%, (M. ). K77}
We apply this construction to M = S equipped with the standard metric g = o™.
Then N = S¥*1 x §”=%=1 Thus we obtain a family of metrics gy on N = k1 x

sm—k=1 with

lim 0" (sk+‘ x sm—k—‘,gﬁ) > Amx  ifk<m—4dorifk=m—3 <3,
—
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and

lim Oy, (S 5 "1 gy) = KFY ifk =m—2.
n ,

spin

The following lemma is proven with exactly the same methods as in Sect. 6.3 of

[5].

Lemma 5.2 Foranyc € [0, 1], there are points xy € Skl sm=k=1"9 € (0, 1), such
that (S¥+1 x §™=k=1 ¢y x3) converges in the C*®-topology of pointed Riemannian
manifolds to (M'C"’k, Xo) where xq is an arbitrary base point.

Lemmas 5.1 and 5.2 imply

l;lglo Q* (Sk+1 X Sm_k_l,gﬁ) S Q*(Mzn,k)

and
1;11)1,10 Q;kpin (Sk-'rl e Sm_k_l,gﬂ) S Q;kpin(Mg’L,k)

for all ¢ € [0, 1] with the same restrictions on k as above. Hence, we immediately
obtain

Proposition 5.3

Am,kSA:;Lk fork <m —4and fork =m — 3 < 3,

7\2’12 < A;fl,r;'* fork <m —2.
Note that in this proposition we do not get any statement about the invariants for
MT‘k for a fixed c; compare to Corollary 10.6.

6 Cut-Off Arguments

In this section we use cut-off functions to compare the x-invariants (which are defined
as the infimum of a functional) with their ~-counterparts (which are defined as the
infimum of nonlinear eigenvalues).

Lemma 6.1 Let (M™, g) be a complete connected m-dimensional Riemannian man-
ifold. Then, Q*(M, g) < Q(M, g).

Proof (cp. [5, Lemma 3.5]) Let v € CZ(M) N L®(M)N L2(M), v > 0, satisfying
L&y = v~ with 1, € Rsg and |[v]|zr = 1 where p = % We fix z € M. Let
nr be a smooth cut-off function with values in [0, 1], n, = 0on M \ B>, (2), nr = 1
on B,(z), and |dn,| < 2r—'. Then,
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Q*(M g) < fM ﬂrULg(nrv)dVOIg _ fM n%ngU +a|d77r|2v2dV01g

[T 170117 g
- Jos mon?vP + adr—2v?dvol,

> — Ly 8S T —> OO.
||7]rv||LP(g)

Corollary 6.2 Q*(M"*) < QM) and A%, , < Ry for all m, k.

Lemma 6.3 Let (M™, g) be a complete connected m-dimensional Riemannian spin

manifold. Assume that D is L1= =i -invertible. Then Q:‘pm(M, g < éspin(M, 2).

Proof LetA = Amln(M g). By the definition of Amm, cf. (1), thereisap € LZNL>®N
C! with D¢ = A|p|92¢p and lelly = 1 where g = ”?'_"1 Then, D¢ € L9", and by
the L9 -invertibility of D we get that ¢ € L9". Hence, » > 0 since otherwise ¢ would
be a nonzero L4 -harmonic spinor which contradicts the L9 *-invertibility.

We fix z € M. Let n, be a smooth cut-off function with values in [0, 1], , = 0O on
M\ B> (z), nr = 1 on B,(z), and |dn,| < 2r~!. Then

(D(1,9), 1,9) = (A0, - @, @) + (2 Dy, @) = k/ nZlgpl?dvoly > 0
— — M
eR cR

where we used that the summand including dn, vanishes due to (dn, - ¢, @)y € iR.
Thus,

2 2
)\+ *(M g X) - ”D(r)r(/))”q* _ (||d77r (p”q + ”nrD(P”q*)
min A e A= (D), nrg) T A [y n2lpl4dvol,

5 7 1/4*\ 2
2liglly- + 2 ([ 1 loledvol,)

<

- A [y n?leldvolg

2 m—
— M8 = ) T

as r — oo. Note that the summand }||<p||q* — 0 since ¢ € L7 as shown above.
Hence, Q:‘pin < Ospin- O

Corollary64 Forall c € [0,1] and k < m — 1, we have QF. (M™* g.) <

’ pln * spm
Qspin(MC s 8¢)- In particular, A, < A,y

spin

Proof We start withk < m— 2 Lemma6 3and ProposmonZ 2imply Qgpm (Mm’k, gc)
< Oupin(MF, go) forall 2=5=1 > cp(mtl 1y = <k e forallk <m —2and
ce[0,1].

The remaining case k = m — 1 follows directly from Lemma 7.4. O
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7 The Model Space M'I"’k
For ¢ = 1 the model spaces le’k are very special: The manifold
(Mlin,k — kL « Sm—k—l’ g1 = gt + oMkl — ginh? ¢ ok + df? +0m—k—1)

is conformal to (S \ Sk, o™y, [5, Proposition 3.1],
w: HF s smhel g sK g = fPute™ where f = f(t) =coshr  (7)

where cosh ¢ = (sinr)~! with r = dist(., S¥).

Using this conformal map, we will immediately obtain some of the Q-invariants
of M’l"’k.
Lemma 7.1 Q*(M["*) = Q*(8") = O, (M}"").

Proof By conformal invariance Q*(M'ln’k, g1) = O*(S™ \ S, ™). Since Q* is
defined over test functions, we have Q*(S”\S¥) > Q*(S™). On the otherhand Q*(S™)

is the highest possible value for Q*, see Remark 2.4, and thus Q*(M'I”’k) = Q*(S™).
With analogous arguments one gets Q;“pin (M'ln’k) = Q;‘pin (S™). Together with

o*(S™) = Q;‘pin (S™) the lemma follows. O
In order to examine Q(M’I”’k) and éspin (MT’k) we will need modifications of the
removal of singularities results in Lemmas 4.7 and 4.8.

Lemma 7.2 Let (M, g) be an m-dimensional Riemannian spin manifold, and let S C
M be an embedded submanifold of dimension £ < m— 1. Assume that ¢ is a spinor field
such that ng(S) %|<p|2 < 00 where Ug(S) consists of all points of M with distance

p < e to S. Moreover, let Do = A@|? 2@ weakly on M \ S for » > 0. Then
Dy = AM@|9 2@ weakly on M.

Proof We adapt the proof of Lemma 4.7: Let 75 be the function on M defined by
0 for p :=dist(x, S) > pp :=§
fis(x) = 1 8log(po/p) for po = p = p1 := poe~'/°
1 for p1 > p.
We smooth out 775 in such a way that the resulting function 5 still fulfills ns(x) = 1

for p > po, ns(x) =0 for p < p1, and |Vrs| < 2.
Then, for a smooth and compactly supported spinor ¥ on M we obtain

| twpin =i [ (o120, v)

=/ (@, D(l—ns)llf)—k/ (o120, (1 = ns)v)
M M

+/ (7 naDI/f)Jr/ (o, Vna~1/f)—k/ <|<p|q_2<ﬂ, naI/f>.
M M M
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The sum of the first two summands on the right side vanishes because the equation
holds on M \ S. The terms [,, (¢, ns DY) and [}, (l¢|? 2@, ns1) vanish for the same
reason as in the proof of Lemma 4.7. The remaining term is now estimated by

1 I, 2 1 3
(o, Vs - )| < Cs —lpl < Cé 4 -
M Us(S)Nsuppy P Us(S) P Us(S)Nsuppyr P
1 1
1 3 L | 2
<’ ( / f|<o|2) ( / Lpm=t- dp) ~0
Us(S) P Se=1/8 P

—0as§—0 is 8=1/2 for m=£+1 and <C8m—t=1/2 ¢lge

as § — 0 which concludes the proof. O

Lemma 7.3 Let (M, g) be an m-dimensional Riemannian spin manifold, and let
S C M be an embedded submanifold of dimension £ < m — 2. Assume that v be
a nonnegative function such that st(S) %UZ < 00 where U, (S) consists of all points

of M with distance p < € to S. Moreover, let Lv = uvP~" weakly on M \ S. Then
Lv = pvP~ weakly on M.

Proof We use an analogous argumentation as in the proof above. Now, we smooth
out 7 in such a way that the resulting ;s fulfills additionally |Ans| < %. Then, for
h € CX° (M) we estimate fM vLh — fM vP~1h in a similar way—only Ans gives rise
to a new term:

‘/ thng
M

1

Us($)\Uy, 175 (S)Nsupph P

1

1 \? 1\’
Us(S) P Us($)\Uj,—1/5 (S)Nsupph P
1 1
1 2 8 1 2
C's (/ —21)2) (/ —2,0’”_6_1 d,o) —0asd — 0.
Us(S) P de1/6 P

—>0as3—0 is 8—1/2 for m=¢+2 and <C§m—t=1/2 ¢lse

IA

IA

Lemma 7.4 Form > 2

= ok _ | O¥S™)  fork<=m—2
QSPm(M] )= [Qspin(Hm) =oo fork=m—1.

Proof Let ¢ € L® N L?> N C! be a solution of Dy = Alp|?"%¢ on MT’]‘ with
0 <_1 lollze < 1. Using the conformal map u in (7) we obtain a C!-solution ¢ =
fngo of D" % = A|@|972% on S \ SK with 0 < ||@|lz« < 1. Moreover, since ¢
is L we get co > ||<,o||i2 = fS'"\Sk F1@|? dvolym = me\Sk(sin )~ 1@|* dvolgm.

@ Springer



Relations Between Threshold Constants for Yamabe Type... 2865

In particular, § € L>. Moreover, % -3 np is bounded by O(e) for p € (O ).

Thus, fUE(Sk) %|<,Z>|2 dvol,m < oo as well. Because of Lemma 7.2 ¢ solves D" ¢ =

A|¢|97%2% weakly on all of S™. By regularity theory on compact manifolds ¢ € L4
implies ¢ € qu CH f " Hence, @ can serve as a test function for F*P" on ™ which
implies % > Qgpin(S™) = Q*(S™). Thus, Qpin(M["F) > 0* (Sm)

Now let ¢ be a Killing spmor on S" with Killing constant — and @llpasmy = 1.
Then D = QF .

<pin Sl T ¢. Then using the 1dent1ﬁcat10n of spinor bundles to
conformal metrics as in Example 4.6 the spinor ¢ = f~ it ¢ fulfills the Euler—
Lagrange equation for D on Ml K and is in L>® N LY. Moreover, if m — k > 2,

then

o0 o0
lell?, = Cz/ cosh! ™ ¢sinh*rdr < C3 + 04/ 1O 4p < 0.
0 1

Thus, for k < m — 2 we obtained éspin(MT’k) = O0*(S™).

Now let k = m — 1. Then, MT’m_l corresponds to two copies of the hyperbolic
space. Thus, éspm (M'I"’m_l) = éspin (H™). Now let ¢ be a solution as above on H™.
By a conformal map we get as above a solution ¢ on the lower hemisphere of S™.
Extending ¢ by zero to all of S™, we obtain a weak solution to our nonlinear Dirac
eigenvalue equation on S” \ §”~!. Again using Lemma 7.2 we see that ¢ is already
a nontrivial weak solution on all of S”. But since ¢ vanishes on an open subset, this
contradicts the unique continuation principle, [15]. Thus such a solution ¢ we started
with cannot exist. Hence, Qspm(H ) = Qspm(Mm m=ly ]

Lemma 7.5 Form >3

_ Q*(S™) fork <m—3
oMM =1 oo fork=m—2
OMH™) =00 fork=m—1.

Proof We start analogously as in the spin case from above with a nonnegative solution
v e L®NL*NC%of Ly = pvP~! onM’f”k and use the conformal map win (7) to obtain
on S"™\SK. Analogous as in the proof of Lemma 7.4 we see that /; UL (S5 p—lzf)z dvolym <
oo which allows us to use Lemma 7.3 for k < m — 2. Thus, we get as in the last
lemma that Q(M'I”’k) > Q*(S™) for k < m — 2. On the other hand, v = const such
that ||f)|| Lr@m) = 1is a solution of the Euler—Lagrange equation on ™. Set v =
f- g u*v = C cosh™ 7% ¢ where C is an appropriate constant. Then by conformal
invariance, v fulfills the Euler—Lagrange equation on M'lﬂ % and is in L”. Moreover,
if m —k > 3,v € L? as can be seen by ||v||2 = Cfooo cosh® ™™ ¢sinh* rdr <
Cy+Cy 7 e® ™01 dt < co. Hence, for k < m — 3 we have Q(Mm Ky = o*sm).

For m — k < 2 we obtained up to now that each nonnegative solution v on M'I"’k
gives rise to a nonnegative solution v on S™. By [35, Theorem 5] v is continuous and
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everywhere positive. For m — k = 2 and using that v is continuous and positive we
can estimate

1 |
/ —zf)zdvolgm > C/ —2p d,O
U, (S"2) P 0o P

Thus, the left integral is not finite which gives a contradiction. Thus, é (M'I”’mfz) =
00.

Fork =m — 1letv € L® N L? N C? be a positive solution of Lv = uv”~! on
Mrln’m_l. Thus, we have two solutions of the same equation on the hyperbolic space.
We will show that a nontrivial solution of Lv = s|v|”~2v on the hyperbolic space
cannot exist in L. From a solution on the hyperbolic space we can use the conformal
map u to obtain a solution v on the lower hemisphere S”. We extend v to the upper
hemisphere by reflection and changing its sign on the upper hemisphere. Thus, v solves
LY = u|9|P723 on §” \ S”~!. Next we show that 7 solves this equation weakly on
all of S™. Since v is an odd function with respect to reflection at the equator, it suffices
to test with odd functions 4 € C®(S™). Thus, there is a constant C > 0 such that
|h(x)] < Cdist(x, sm-1y = Cp. Following the arguments in Lemma 7.3 the estimates
are done analogously, and it remains to estimate

’/ vhAns
M

1
Us (S"=Y\Uy, 175 (" =1)Nsupph P

IA

, 1
C's —
Us(S"=\Uj,—178 (S"~HNsupph P

1

1) 1 2
C”S(/ —d,o) — 0as§ — 0.
se-1/8 P
—_—

=§—1/2

IA

Thus, 7 solves LT = u|5|”~27 weakly on S™. Then, regularity theory implies
that & € C? and thus ¥|gm—1 = 0. Using a conformal transformation from the lower
hemisphere to the disk D in R”, we obtain a solution 9 of LY = |d|?~>% on D
which is somewhere nonzero in the interior of D and zero on the boundary. This is a
contradiction to [36], [39, Theorem III.1.3]. Thus the solution we started with cannot
exist, and hence é (H™) = oo. O

8 The Invariants for k = m — 1

The constants A; m—1 and Affl;ll’: are easy to determine.

Lemma 8.1 We have AY'n* | = Q*(S™) forallm > 3 and A%, ,,_, = Q*(S") for
allm > 2.

Proof We show
Qoin M ™h = Q" (M) = Q*(S™).

spin
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For ¢ # 0, our model space MT"”71 is isometric to two copies of the rescaled
hyperbolic space H!, and for ¢ = 0 it is isometric to two copies of the Euclidean R™.
Thus, Q*(I\\/H?’m_l) = Q*(H) = Q*(H™) = Q*(R™) = Q*(S™), cf. Remark 2.4,
and the first equality follows from [32, Lemma 1.10]. Using [21, Lemma 2.0.5] the
analogous equations hold for Qspm which finishes the proof. O

For the Q invariants we have by scaling and Lemma 7.4 that Qspm(H ) =
Qspm(H ) = oo forc € (0,1] and m > 2, and Q(H’") Q(H’") = oo for
¢ € (0, 1] and m > 3. It remains to consider the Euclidean space.

Lemma 8.2 We have Q(R™) = oo for m = 3,4, Q(R™) = Q*(S™) for all m > 5,
Qspin(Rm) = Q*(S™) forallm > 3 and Qspin(Rz) = Q*(Sz)

Proof We start examining éspin(Rm). Let ¢ € L2N L>® N C! be a solution on
R™ of Dy = Alp|? %@ with 0 < ||¢|lze < 1 for some A > 0. By stereographic
projection, we have ¢ = a ;2)2 gg where r is the radial function in R™. Using
the conformal invariance of the nonlinear Dirac eigenvalue equation above, we get

N Moo .
forg = ( ) @ that D" ¢ = A|@|9 2@ and 0 < ||@]lLa < 1 on S \ {N}.

P20~
Moreover, me\{N} |g0|2dvolgm = me |<p| dvolg < coand 1472
p is the distance to the north pole N. In particular, it now follows 51m11arly to the proof
of Lemma 7.4 that fU ) 5 |(p| dvol,n is finite. In particular, fU N B |g0| dvol,m is
finite as well. Thus, we can apply Lemma 7.2 and see the nonlinear Dirac eigenvalue
equation from above; is valid on all of §™. Thus, we can conclude as in the proof
of Lemma 7.4 that Qg,in(R™) > Q*(S™). Let ¢ be a Killing spinor to the Killing
constant —% normalized such that ||¢| /¢ = 1. Then, D¢g = At *(S™)|@|972@. Using

min
—m+1

stereographic projection we obtain a smooth spinor ¢ = (1? ) : ¢ on R™ with

gt
)”mm

1+ 2\ —m+1 }
/ 92 dvol g :c/ ( 2r ) 1512 dvol g
00 2\ —m+1
< C’/ (l—gr ) Py,
0

Thus, ¢ € L>(R™) for m > 3. Hence, Qspin(R™) = Q*(S™) form > 3.

An analogous argumentation for nonnegative solution v € C> N L>® N L? on
R™ satisfying Lv = pvP~! and |Jv|[zr = 1 for a 4 > 0 gives a nonnegative
solution v of the corresponding nonlinear eigenvalue equation on the sphere with

L7-norm one and which satisfies Dy = (S™)|@|972¢. Moreover,

fU ™) 5 L 52 dvolym < oo. By regularity & € LP N Hp* with p* = nfilz Thus, by

the Sobolev embedding theorem v € Hj. 2 Thus, similar as in Lemma 7.4 we see that
Q(Rm) > Q*(S™). Moreover, by [35, Theorem 5] v is continuous and everywhere
posmve. Hence, we can estimate
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1 2\ —m+2 o 71 2\ —m+2
/ v? dvolg =/ ( —;r ) 32 dvolg > C/ ( —;r ) Py
m m 0

o0
zC/ r 4+ O
1

Thus, for m = 3, 4 the solution v was not in L? which contradicts the assumption.
Hence, é (R™) = oo form = 3, 4. For m > 5, we see with an analogous calculation
that taking the constant solution v of Lv = Q*(S™)v”~!, |lv||z» = 1 on the sphere,
we obtain via stereographic projection a solution ¥ on R” which is even in L2(R™).
Thus, Q(R™) = Q*(S™) form > 5. O

Example 8.3 Let ¢ be a Killing spinor on S* with L9=*-norm one. Then, Dy =
0*($?)|¢|>¢. We consider the three-branched covering h: S — S?, z > z. This
map preserves the spin structure. Thus, we can pullback ¢ via & and obtain a spinor
@ on S?, cp. [1, Sect. 4] fulfilling DG = Q*(S?)|@|*@ and ||<,5||‘24 = 3. In particular,
@ has zeros on the north and the south pole of S?. Setting § = (%) 1/4 ¢ we obtain
D@ = 3'20%(S?)|@*@ and ||@]|;+ = 1. Using stereographic projection we obtain
a spinor ¢ = (H%)l/ 2% on R? (r being the radial coordinate in R?) with Dy =
3120%(S?) ¥ >y and Il llza = 1. Moreover, since ¢ vanishes at the north pole N,
|@(x)| < Cp on U (N) where p = dist(., N). by the estimate

1472 __
/ || ?dvolg = / 1@1>dvol >
R2\ B, (0) Ue(ry(N) 2

£ 1 2 € 3
< C// )02 +r pdp = C// ,p2 dp.
0 2 0 sin“p

Thus, ¥ € L>(R?) and Qgpin (R?) < 31/20%(S?).

Summarizing we obtained for the spinorial invariants

Corollary 8.4 We have

AsPin - pSPin 0*(S™) forallm >3

mm—1 — “*m,m—1 =
and 32 0*(S?) > ~;€’i1n = éspin(]Rz) > 0*(S?) = A;I?iln. Moreover;,

Am,m—l =Am,m—l = Q*(Sm) for all m > 5,
00 =Amm—1 > Apm—1 = Q*(S™) form =3, 4.
9 Hijazi Inequalities
On a closed spin manifold (M™, g), the Hijazi inequality provides a lower bound of the

lowest eigenvalue A% (g) of the square of the Dirac operator by the lowest eigenvalue
of the conformal Laplacian ©(g), [29, Theorem A],
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2 m
1) 2 g e ®)

Taking the infimum over all metrics conformal to g with constant volume, one
obtains the conformal Hijazi inequality [22]

Oopin(M) = Q™ (M). &)

We call (8) the metric Hijazi inequality and (9) the conformal Hijazi inequality. In
this section, we want to discuss whether similar inequalities also hold on noncompact
manifolds. In this context one should replace the lowest eigenvalues in (8) by the
infimum of the corresponding spectra whereas (9) remains unchanged.

In [22, Theorems 1.1 and 1.2] the metric Hijazi inequality was shown by the second
author for complete spin manifold of finite volume fulfilling one of the following
conditions:

(1) The infimum of the spectrum of the squared Dirac operator is an eigenvalue.
(2) The infimum of the spectrum of the squared Dirac operator is in the essential
spectrum, m > 5 and the scalar curvature is bounded from below.

In particular, this already implies the conformal Hijazi inequality for manifolds
which admit a conformal metric g that is complete and of finite volume and where
zero is not in the essential spectrum of the Dirac operator for g or where the second
condition from above is fulfilled, cf. [22, Theorem 1.3].

There are also examples of manifolds of bounded geometry where the metric Hijazi
inequality does not hold. The simplest example is the hyperbolic space H" where 0
is in the spectrum of the Dirac operator and the spectrum of the conformal Laplacian
is [, 00) with o = 4m=L =12y gy = m=l o g

On the other hand, the hyperbolic space is conformal to a subset of the standard
sphere. Thus, Q;“pin(Hm) = Q;kpm(H’”) = Q’S*pin(S’”) = Q*(§™); see Lemma 7.1 for
details. Unfortunately it is still unclear whether the conformal Hijazi inequality (9)
holds for all complete Riemannian spin manifolds.

In this section we prove slightly modified conformal Hijazi inequalities. Some
inequalities are proven only for the model spaces, some on more general manifolds,

e.g., for manifolds of bounded geometry with uniformly positive scalar curvature.

Proposition 9.1 Let (M™, g) be of bounded geometry withm > 3. Let ¢ € L4 N C°
2
and . € R with Do = Alo|"T¢ weakly and |¢|l, = 1 where q = 2—’"1 Then

m—2 . "
u = |@|m=1 satisfies
m—1 m+2

)\'2um—2 (10)

Lu <4

m

in the sense of distributions. Moreover, the equation holds classically outside the
zero-set of u.

Proof By Corollary 4.4 and Lemma 4.2 ¢ € L> N C?. We use the idea of Christian
Bér and Andrei Moroianu written down in [18, Proposition 3.4]. Let @ := ’y’;—j and
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f := Alg|?72. We define the Friedrich connection V/ as V§¢ = Vxy¢ + %X -
Then for all points where ¢ # 0 we estimate

o _ _
d*dle|* = e/ 2d*d|g|? — ala — 2)le*2|d]p||?

alp" 2 ((Ag. @) — V9P = (@ — 2)ldlo] )

_ : f f?
= alp|*? (<A¢, o) — 1V g]* - 2:-(Dg, ¢) + ;W — (@ —2)[d|g]|?
a—2 2 scaly 5 fo2 f
= uly| (D w,w)—lel —|V/g| —2Z<D<p,<p>
2 2 2
+ —1ol —(oe—2>|d|¢||)
m
_ scal s
= alel* 2(<<D—f)2¢,¢>— lpl> — [V/ p)?

m—1 m—1 , 5 m 5
+2——f (D — e, o) + —— f7lol” + ——I|d|¢l|
m m m—1

where we used in the last step that ([D, flg, ¢) = (df - ¢, ¢) has to vanish since
(df - ¢, ¢)x € iR but all the other terms are real. By Corollary 4.4, ¢ is in C? and
all equations above hold in the classical sense. In particular (D — f)¢ = 0. As the
spinor ¢ is in the kernel of the operator D — f we can use the refined Kato inequality
Vg2 > - |d|g||?; see [18, (3.9)]. Thus, we get for the u defined in the proposition

= m—1

1 —1
d*duf—ascaMu+am fu.
4 m

Thus, using a = g this means that

m—1

Lu =aAu + scalyu <4

As remarked above this all holds outside of the zero set of u = |<p|%. From
Corollary 12.2 we see that inequality (10) holds distributionally since u is anonnegative
function. O

Proposition 9.2 We assume the conditions of Proposition 9.1. Additionally we assume
m=2
that scaly; > so > Qor¢ € Lzm, then

m

—1
22, (11
m

0" (M,g) =4

Proof Let u be defined as in the previous proposition. For any regular value ¢ > 0 of
u, we consider V, := {u > ¢}. Note that by Lemma 4.3 lim,_, o, #(x) = 0, and hence
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(Ve)e exhausts M as ¢ — 0. Let v be the exterior unit normal field of the boundary of
Ve. Then, 0,u < 0. Thus, integration over V, of Inequality (10) multiplied by u gives

m—1, 2m, * 2
4732 | widvoly = [ (awd*du + scalyu?) dvol,
m v, Ve

~——
—1lase—0

:/ (a|du|2 +sca1Mu2) dvol, —/ aud,u dvolg
Ve ave

2/ (a|du|2 +scalMu2) dvoly. (12)
Ve

In the case that scaly; > so > O this implies u € H12(M).

m—2
For the remaining case that ¢ € L*n=T we have u € L2. Thus, we obtain

1 sup,, |scaly|

A2+

. 2 m — 2
lim [ |du|*dvol, <4 Nl 2
e—0 X ma

Ve

and this as well implies u € le.
Sard’s theorem tells us that the set of regular ¢ is dense. In the limit ¢ — O we then
get (11) from (12). |

Example 9.3 (Spherical cap solution on hyperbolic space) Let B, C S be a ball in
the standard sphere of radius r. Let ¢ be a Killing spinor on the sphere with Killing
1

2m
m—1"

constant —% normalized as |¢| = vol(B,) ¢ for g = Then [l¢llLrp,) =1

m q=2
and D" ¢ = To = %Vol(Br)qq l9|9%¢. Let u: H™ — B, be a conformal map
from the hyperbolic space to the spherical cap such that ggm = f?u*o™. Then, using

identification of the spinor bundles, as in Example 4.6 and setting ¢ := f ’m%l@ we
get by conformal invariance that

H” ~ m q-=2 q—2~ - -
DG = Zvol(B)T 13177°@ and 1§ zoszm) = 1 and 6] = szm) < oo
—_—
=:Ar
Then A, — 0 as r — 0. Nevertheless, Q*(H™) = Q*(S™). Thus, Proposi-

m—2
tion 9.2 does not hold without the assllmption scalyy > s9o > Oor g € LT,
Hence, the conformal Hijazi inequality Qgpin (H™) > Q*(H™) which trivially follows
from Lemma 7.4 is no longer true if we remove the L?-condition in the definition of

Qspin-

We now want to use these inequalities to prove Hijazi inequalities for the model
spaces MT’k. In this goal we will examine whether for certain m and k there is a

-2
spinor ¢ € L2 satisfying the assumptions of Proposition 9.1.
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Proposition 9.4 Letm > 3. Let0 <k <m —2,c € [0,1]ork = m — 2 and
c € [0, 1). On the manifold MT’k, we consider a spinor field ¢ € L1 N C° solving

2
Dy = AlolmTe,  lelly =1

m—2
forx e Rand g = % Then, ¢ € LT,

We also know that ¢ € L® by Lemma 4.2.

Lemma 9.5 Under the assumptions of the proposition we have (m —2)(m —k — 1) >
ck, unlessk =m — 2 and c = 1.

Proof of the lemma The condition (m — 2)(m — k — 1) > ck is equivalent to
m—1m—k—-2)>—(1—c)k.

Proof of Proposition 9.4 By Proposition 2.2 D is L"-invertible if

13)

By assumption we have Dy = Alp|?/" Dy ¢ L%, The condition (13) for
r:=2m/(m+1) is equivalent to m(m —k — 1) > ck which is fulfilled by assumption.
Thus, we obtain ¢ € Lmz%. Hence,

2m _2m(m=1)
Dy = )»|(p|qf2¢ e L@D@=D" min?

2m(m—1) m—2
Note that for m > 3 we have D)2 < 2_m71

get Dy € L®. Moreover, D is L*-invertible as condition (13) for r := s is equivalent
to (m —2)(m — k — 1) > ck which is provided by assumption and Lemma 9.5. Thus
p €L’

=: 5. Hence, using ¢ in L*> we

Example 9.6 In the exceptional case k = m — 2 and ¢ = 1 the conclusion of Proposi-
tion 9.4 is not correct. To see this, we construct the following example. We consider a
Killing spinor on S™ and transport it conformally to M'I"’m_z, similar to the proof of
Lemma 7.4. The spinor falls off as e~ "=’/ where r is the distance to a fixed point
on H”~! as introduced in Sect. 2.2. Then the Lz%-norm of ¢ is infinite. A similar
example is provided by Example 9.3 in the case k = m — 1 and ¢ > 0.

Corollary 9.7 ConsiderMT’k withm > 3. Let0 <k <m—2,c € [0, 1]ork =m—2
2

andc € [0, 1). Let ¢ € L1NC° be a solution of Do = A|¢|"—T¢ on M'C"’k withh € R

and |¢lly = 1 where g = 21 Then,

m—1°

2 m * m,k
W2 g 0O,
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Proof We setu = |g0|%. By Proposition 9.4 u € L. Then, Proposition 9.2 gives
the corollary. O

Corollary 9.8 (Conformal Hijazi inequality for the model spaces) For0 < k <m—2
and ¢ € [0, 1] we have

Ospin M5y > 0* (M),

In particular, K;I:IZ > A; Jor0<k<m-—2.

Proof Fork < m —2ork < m — 2 and ¢ < 1 this follows immediately from
Corollary 9.7 and the definition of Qgpin. The remaining case,k =m — 2 and c = 1,
was treated in Lemma 7.4. O

Remark 9.9 In the case k = m — 2 we obtain together with [5, Lemma 3.8] that
Qspin(M'Z"m_z) > (M™% > e Q*(S™). Foratest functionv € C®(M™"~?)
that is constant along S! one can calculate (since the scalar curvature of S is zero)
that

m,m—2

FME" ) = em PV ().

Since Q*(MT’m_z) = Q*(S™) is minimized by a v that is constant along S!, we
— 2
have Q*(M™"~2) = ¢ Q*(S™). Thus, together we obtain

Opin (M™172) > O (M™™M=2) = cin Q*(S™).

In particular, A% 5 =0.

10 Minimizer of the Variational Problems

The Euler-Lagrange equations of the constants Q* and )»;;: defined via functionals
read as

Lu = Q*u”_l with [Ju|| _2n =1
P=u=
and

min

Do = 1 ¥|9|%¢ with loll 2 = 1.

2m
Now assume such minimizing solutions u € Iﬁ NL>®and ¢ € H/"*' N L exist.

Then, we also have u € C?and ¢ € C'. Then, Q < Q*. Moreover, by interpolation
(/S L2 and, thus, Qspin = Q:pin'

We now recall some theorems for the existence of such solutions on almost homoge-
neous manifolds (M, g), i.e., on Riemannian manifolds on which there is a relatively
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compact set U CC M such that for all x € M there is an isometry f: M — M
with f(x) € U. Note that a manifold is almost homogeneous if and only if the isom-
etry group G = Isom(M, g) acts cocompactly on M. This follows since the distance
between the orbits on M defines a metric on M /G, and the induced topology is the
quotient topology of m: M — M/G.

Theorem 10.1 [24, Theorem 13] Let (M™, g) be a Riemannian manifold of bounded
geometry with scaly; > const > 0 for a constant ¢ and Q*(M, g) < Q*(S™).
Let (M, g) be almost homogeneous. Then, there is a positive smooth solution u €

m+2
le N L>® N C? of the Euler-Lagrange equation Lu = Q”‘(M)um%2 and ||u| o = 1.

In the reference, u € C? was not explicitly stated, but follows from standard elliptic
regularity theory.

Corollary 10.2 Let (m—k—1)(m —k—2) > c2(k+ Dk, 0 <c < lorletk <m—3
and ¢ = 1. Then,

oM™k < Q* (M),

Proof For, k < m — 3 and ¢ = 1 we even have equality by Lemmas 7.1 and 7.5. For
k=0, MZ"‘O is diffeomorphic to MT’O. Thus, by Lemma 7.5 we even have equality.
Now let k > 0. Then the condition ¢ < 1 implies that M’ *is not conformally
flat. In the case m > 6 Aubin’s inequality, cp. Remark 2.4, provides Q*(Mcm’k) <
Q*(S™). For m < 6 we have Q*(M?”k) < Q*(S™) by the following theorem. Thus
Theorem 10.1 implies the existence of a solution u as above, which directly implies
the corollary. O

Theorem 10.3 [9, Corollary 1] Letm =n+k+ 1, m >3,k > 0, and c € [0, 1).
Then

O*(S" x HH! 6" + g.) < Q*(S™, 0™).

Theorem 10.4 [23, Theorem 16] Let (M™, g) be a Riemannian spin manifold of
bounded geometry withscalyy > C > 0 for a constant C and )L:n: M, g) < )L:n: S™).
Let (M, g) be almost homogeneous. Moreover, assume that the Dirac operator D on M

is invertible as an operator from L*® to L® fors = 2'" . Then, there is a positive smooth
2m

solution ¢ € Herl N L>® N C! of the Euler—Lagrange equation D¢ = )L;;m || m= l(p
and ||pll 2 = 1

In the reference, ¢ € L® was not stated explicitly, but can be seen directly from
the proof in [23] or alternatively by Lemma 4.2. Moreover, in the original version of

Theorem 10.4 it was requested that D is invertible forall s € [’3_':‘1 - +l + &] for some

e > 0. But if D is invertible for s = then it is also invertible for the conjugate

T
exponent 7 and by interpolation for all s in between, cp. [10, Appendix].

For the spemal case of manifolds that are product spaces M = N x N3 of an almost
homogeneous manifold Ny and a closed manifold N one can relax the assumption

on the positive scalar curvature in Theorem 10.4:
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Theorem 10.5 Let (M™ = N| X N3, g) be a Riemannian spin manifold that is a
product manifold of an almost homogeneous manifold N1 and a closed manifold N».
Let )‘%\/2 be the lowest eigenvalue of the square (DN2)? of the Dirac operator on N,

(M, g) < AES™), and

and let AZ + 7 Linfscaly, =: ¢ > 0. Moreover, let )" min

mln
assume that the Dirac operator D on M is invertible as an operator from LY 10 L9

for q* = Z. Then, there is a positive smooth solution ¢ € H’"“ NL®NC! of the
Euler—Lagrange equation Dy = Amln|<p|m T and ||¢|| 2m o = =1

Proof We start as in the proof of the general result in [23]—here we briefly recall
the steps that remain the same: For that let p be a radial admissible weight, see [23,
Sect. A.1], p < 1. Then, by [23, Lemma 13] we obtain for each s € [2,¢q = %) a
sequence @ € Hf* NC' with Dy, = A 0% @y 1S=2¢, and || p%¢s || s = 1 where s and
s* are conjugate, « = a(s) — Oass — ¢ and u := lim Sup,_, 4 AL < A:{lm Then by
[23, Lemmas 14 and 15] a subsequence ¢y = @q(s),s converges to a function ¢ € Hf*
in C!-topology on each compact subset, and we have Do = j|p|?2¢. It remains to
show that ||¢||zs = 1, i.e., in particular that ¢ is nonzero. Then the arguments that ¢
is a solution as desired just follow again the lines of [23, Lemma 15].

We prove the remaining point by contradiction, i.e., we assume that ¢ = 0: Note
that by [23, Lemma 33] for each s we have limy|— o [@s| = 0. Thus, we can fix
X5 € Njp such that f{ X% N |@s|? attains its maximum. By the almost-homogeneity of
N1 we can assume that all x; are contained in a compact subset K of M. Moreover,
then

0< AM/ 52 =/ Aw, o
{xs}x N2 {xs} X N

= 2Re / (Vi Vi @5 05) — 2 / |V g2
{xs}x N2 {xs}x N2

< 2Re/ (VN, VN @5, @5).
{xs}x N2

Using p < 1, Dg; = A?p“s|<ps|s_2<ps and (d(function) - ¥, ¥), € iR we get

Re / (D5, ¢5) < (A%)? / |26,
{xs}x N2 {xs}x N2

The square of the Dirac operator decomposes as D> = (DV1)? + (D2)? where
DN2 = dlag(DN 2 — D2 in case that both manifolds are odd dimensional and DN2 =
DM otherwise; see e.g., [10, Sect. 2.5]. The operators (DNZ)2 and (DNZ)2 have the

@ Springer



2876 B. Ammann, N. Grofe

same spectrum. Then, together with the Schrodinger—Lichnerowicz formula we obtain

~ scaly
/ DY g, + Re / (V3 Vi, g) + S / g
{xs}x Na {xs}x s 4 Jixgxn

< (19?2 / lgs |26~
{Xs}

s} X No

and, thus,

scaly _
(A%m ) / losI? < (A%)? max g, |*¢72 / AR
4 (X% N {xs}x Ny {xs}x N2

scaly )
)»2 1 22 -2 < 2(s—2)
( Nt )( ) _{xfgiﬁjvzltpsl

1
cAhH2 < 11m1nf (Az + SCZNI) A~ =2 <liminf max |@;|?¢72.

mn 574 {xs}xN2

Note that all x; are contained in a compact set. Thus, a subsequence of x; converges
to some x € M. But, ¢ = 0 means that then the right-hand side is zero which gives
the desired contradiction. O

Corollary 10.6 Let (m —k—1)* > c?(k+ Dk and Q% (M) < Q. (S™). Then,
Oepin (M) < Q% (V).

Proof This corollary follows from Theorem 10.5. Set N| = H’Lf“ and N, = §"—*-1,
Then )‘%vg = w and scaly, = —Zk(k+1). O

Remark 10.7 Note that using Theorem 10.4 would lead to the condition (m — k —
(m —k —2) > c2k(k + 1). Thus, here Theorem 10.5 gives a better result.

11 A-Invariants for k =m — 3

For applying the surgery monotonicity formulas, cf. Theorems 2.5 and 2.6, one needs
explicit positive lower bounds for A, x in dimension k < m — 3 and for ASPIZ in
dimension k < m — 2. In the case k < m—4and1nthecasek+3 =m<6
explicit positive lower bounds for A,, x were provided in [7]. Using A > Amks
cp. Corollary 6.4, Proposition 5.3 and [6, Theorem 3.1 and Corollary 3. 2] thls yields
explicit positive lower bounds for A nf’ ¢ in these cases. However, the techniques we
have developed in the previous sections also provide explicit positive lower bounds
for A* 5 for any m > 6 which is the subject of the present section.

Note that by Corollaries 9.8 and 6.4 and by Proposition 6.2 we have A
AP > A% sand Rpos = A

m,m—3

~ spin _
mm—3 —

Thus, any lower bound for A*

m,m—3" m,m—3
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Table 4 Some explicit values for L, ;,—3 1= infee[o,1] L (¢%)—a lower bound for Af 3 1~\m,m,3
spin

and Am,m73

m 7 8 9 10 11 12 13 14 15

o*(Ss™) 113.5 130.7 147.88 165.0 182.2 199.3 216.4 233.5 250.6
Liym—3 65.2 78.7 91.8 104.9 118.1 131.5 145.0 158.6 172.4

The values are rounded—Q™* (S™) is rounded to the nearest multiple of 1/10 and L, ,,,—3 is always rounded
down

is also a lower bound for the other three invariants. In Sect. 2.6 we pointed out that
Aspin _ Aspin,*

m,m—=3 — “*m,m-—3"

As afirst step we estimate Q.: It was derived in [7, Theorem 4.1] for all ¢ € (0, 1)

that

>(@_ Ak + Dk (@_ 2(mmk1)))
Q= 0, A=A m—k—Dm—-k—2+k+k\o, € Q1
(14)

where we defined Q. = Q*(M'Z”k). On the other hand it follows for m > 6 and
k = m — 3 from [7, Sect. 4.1 (iv)] that

ma

m

W Q*(SHm = Q.

0> — — Q*(S"?)
24 ((m — 3)am—3)"m

Inequality (14) reads fork =m — 3 > 3 as

Qo Cz(m —2)(m = 3) Qo 4/m
Qe = (E T =2+ m—2)m —3) (E e )) o
_ (1=A200 + " (m — 2)(m —3) Q4
- (1 =¢c2)24c2(m —2)(m —3)

=: Ly (c?).

Since Qo and Q| = Q*(S™) are known explicitly one can compute the infimum
of L,,(c*) numerically for fixed m; see Table 4 for some explicit values.
For general m we can still estimate the infimum of L,, (c?):

4, gy = 2200+ A +2/m)s " =2 = 3) 0,
ds " 24 5((m—2)(m—3)—2)
(1 =200 + 52" an = 2)0m — 3) Q1) [(m —2)(m — 3) = 2]

2+ s((m —2)(m — 3) —2))2
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The condition %L(s) = 0 is equivalent to

_ @+s(m—-2)(m-3)-2)>d

2 2
—L(s) =sn ' Ag+smA] + Ay =0
(m —2)(m — 3) g5 LW = Aok st Ar

fs):

where Ag = 2 Q1 ((m —2)(m —3) —2), A; = 2(2 +1)Qy, and Ay = —2Qy. There
is at least one zero in the interval (0, 1) since f(0) < 0 and f(1) > O (since Ag > 0
and Q1 > Qo). Let F(u) = f(u™) = u™ 2 Ao + u?A; + As, and let ug € (0, 1) be
a zero of F. Then

F(u)
U — ug

= um+1Ao +u"Agug + - + MA()MB” +uA| + A()I/tgl_H + Ajug.

But for positive u the last polynomial is always positive. Thus, there is only one
zero of f in the interval (0, 1).

Moreover, f(s) > S%Al + Aj. Thus, f(c%) > 0 where ¢, = (;\—‘Lllz)7 =

m

m Qg 2
(m) . Hence,

Afy 3= inf Q¢ > inf Ly(c?)

cel0,1] c€l0,c7]
s O 200 + "2 (m — 2)(m — 3) Q4
mn .
~ cel0,00] 2+ c5((m —2)(m —3) —2)

—~ 4
Since (1 — ¢»)20¢ + ¢*™*2(m — 2)(m — 3)Q; attains its minimum for cy =
2m Qg

(m+2)(m—2)(m—3)0 we obtain
C L 1=3200 +¢"m —2)m =301
m,m—3 = 2+c§((m —2Y(m—=3)=2)

Together with the explicit positive lower bounds A} ; = 0*(S?) = 6-2213743 =
43.823233.. ., AI,I > 38.9 [6, Example 4.7], and A;z > 45.1 [6, Example 4.10] we
obtain explicit positive lower bounds for all A;, M3
These methods obviously also yield explicit positive lower bounds for all

éspin (Hm_2 X CSZ)-

12 Bordism Arguments

Proof of Proposition 3.2 By a theorem of Stolz, [37, Theorem B], M is spin-bordant
to the total space My of an HPZ-bundle over a base Q for which the structure group
is PSp(3). In particular, in dimension m = 5, 6, 7 this implies that 0 = &. Each
manifold M in dimension m = 5, 6, 7 is a spin boundary.
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Moreover, by the extended Stolz theorem [6, Proposition 6.5] we can assume that
Q is connected if m > 9 and that Q is simply connected if m > 11. Thus, in dimension
m > 11 also My can be chosen to be connected and simply connected. In case that
0 = @, set M| := S™ otherwise M| := M.

First,letm = 5,6, 7orm > 11. As M is simply connected M can be obtained from
M by a sequence of surgeries of dimensions £ where 2 < £ < m — 3; see [7, Propo-

sition 5.1]. Using Theorem 2.5 this implies that 0. (M) > min{o . (M}), ASPi"}

spin spin

Inthe casem = 5, 6,7 and inthe casem > 8and Q = @ we use A;‘l)l}? = ASlDln * <

spln(S’”) for k < m — 2, see Theorem 3.1, and obtain aspm(M) > A,Sﬁm. Form > 11
and Q # @, ie., Mo = M, we use the conformal Hijazi inequality for M| and
o* (M) > Q*(HP? x R"8) for m > 8, see [38], where HPZ x R™~8 carries the
product metric of the standard metrics of both factors. Then we obtain

02 (M) = min [Ai,?‘“, 0*(HP? x R’”*S)} .

In dimension m = 8 and Q # @, M is a disjoint sum of copies of HP?2, possibly
with reversed orientation. Using O-dimensional surgeries M is spin bordant to the
connected and simply connected manifold M, := HP?#...#HP?, possibly with
reversed orientation. Thus, o5 (M2) > o (M1) = Spm(HPz) > Q*(HP?). As
above M can then be obtained from M, by surgeries of dimensions £ Where 2<t<

m—3. Again using Theorem 2.5 this implies that 0. (M) > min{AP™, o*. (M)} >

min{A;}", O (FIP2).
Now letm =9, 10 and Q # @. Then, M can be obtained from M; by surgeries of
dimensions £ where 1 < ¢ < m — 3. Using Theorem 2.5 this implies that .. (M) >

spin spm
m, 1° Am

spin spm

spin

min{A (M1)}. Similar to above we get

spm

(M) > mm{ASpin AP OfHP? x R 8)}

spln m,1°
The analogous statement for non-simply connected manifolds mentioned after
Proposition 3.2 is proven analogously.

Proof of Proposition 3.3 Let (W, F) be the spin bordism from (M, cy) to (N, f).
First, we use 0-dimensional surgery in order to make W connected. We will abuse
the notation and also denote the bordism after surgery (W, F). Note that I" is always
finitely presented. Then, again by O-dimensional surgery, we change W and F such
that F induces a surjection on 1. Next, we use 1-dimensional surgery such that the
resulting F induces an injection on 7.

As a consequence, the resulting map F' induces a bijection on ;. Next, we use
2-dimensional surgeries to kill 72 (W, M), cp. [27, Proof of Proposition 2.1.1]. This
can always be achieved as every element of w2 (W, M) then comes from an element
in 772 (W) and thus can be represented by an embedded S2. The condition that W is
spin implies that this embedded S? has trivial normal bundle. Then, the embedding
M — W is2-connected and N < W is 1-connected. Thus, we can obtain N from M

@ Springer



2880 B. Ammann, N. Grofe

by attaching handles of dimensions £ with2 < £ < m — 2. Together with Theorem 2.5
we then obtain the claim.

Appendix: Weak Partial Differential Inequalities

In this Appendix, we recall the connection between viscosity solutions and distribu-
tional solutions of weak partial differential inequalities. All functions in this Appendix
are real-valued.

Let A = d*d be the geometric Laplacian on functions on a Riemannian manifold
(M, g). Assume that P is an operator of the form P = aA + V where a is a positive
smooth function and V is a continuous function. Let f be a continuous function.

We say that

Pu<f

holds in the distributional sense if for all compactly supported smooth nonnegative
functions v on M

/qudvolgf/ Sfvdvolg.
M M

We say that
Pu<f

holds in the viscosity sense if u is continuous and for every p € M and ¢ > O thereisa
neighborhood U, of p and a C2-function A, : U, — R such that he(p) =u(p), he <
uin Ug and Phe(p) < f(p).

Theorem 12.1 [30, Theorems 1 and 2] A continuous function u fulfills Pu < f inthe
distributional sense if and only if it also fulfills the inequality in the viscosity sense.

Actually, in the reference [30, Theorems 1 and 2] the statement is proven for a wide
class of second-order operators on R". But since this class includes the representation
of aA s in a chart of geodesic coordinates the above theorem follows.

Corollary 12.2 Let f be a nonnegative continuous function. Let u > 0 be a continu-
ous function such that Pu < f in the classical sense whenever u is positive. Then, u
fulfills Pu < f in the distributional sense.

Proof We see that Pu < f in the viscosity sense by taking 47, = u whenever u is
positive and 4, = 0 otherwise. Then, Theorem 12.1 implies the corollary. O
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