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Abstract Let X, ..., Xy be independent random vectors uniformly distributed on
an isotropic convex body K C R", and let Ky be the symmetric convex hull of X;’s.
We show that with high probability Lk, < C./log(2N/n), where C is an absolute
constant. This result closes the gap in known estimates in the range Cn < N <
n'*9. Furthermore, we extend our estimates to the symmetric convex hulls of vectors
y1X1,...,ywXn,where y = (y1, ..., yn) is a vector in RY, Finally, we discuss the
case of a random vector y.
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polytopes
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1 Introduction

In this paper we estimate the isotropic constant of some random polytopes (for the
definitions and notation see Sect. 2). It is known (see, e.g., [28]) that among all the
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convex bodies in R” the Euclidean ball is the one with the smallest isotropic constant,
thatis Lx > L Bl =G where c is an absolute positive constant. However, it is still
an open problem to determine whether there exists or not an absolute constant C such
that for every convex body K C R” one has Lx < C. The boundedness of Lg by
an absolute constant is equivalent to the long standing hyperplane conjecture [9]. The
best general upper bound known up to now is Lx < Cn!/* [22]. This estimate slightly
improves (by a logarithmic factor) the earlier Bourgain’s upper bound [10].

Since the remarkable result of Gluskin [ 18] random polytopes are known to provide
many examples of convex bodies (and related normed spaces) with a “pathologically
bad” behavior of various parameters of a linear and geometric nature (we refer to the
survey [27] and references therein; see also recent examples in [19] and [21]). Not
surprisingly, they were also a natural candidate for a potential counterexample for the
hyperplane conjecture. This was resolved in [23], where it was shown that the convex
hull or the symmetric convex hull of independent Gaussian random vectors in R”
with high probability has the bounded isotropic constant. Some other distributions for
vertices were also considered. In all of them the vertices had independent coordinates.

Following the ideas in [23], the problem of estimating the isotropic constant of
random polytopes was considered in [4], for independent random vectors distributed
uniformly on the sphere §”~!, and in [13], for independent random vectors uniformly
distributed on an isotropic unconditional convex body. Also in these cases the isotropic
constant of random polytopes generated by these vectors is bounded with high prob-
ability. One can check that the same method works for independent random vectors
uniformly distributed on a v, isotropic convex body as well.

In this paper we estimate the isotropic constant of a random polytope in an isotropic
convex body (see Sect. 2 for the definitions). It is known (see [6,20] or [5]) that if Ky
is a polytope in R" with N vertices then

. IN
LKNmem{ —,logN},
n

where C is an absolute constant.
In [14,15], the authors provided a lower estimate for the volume of a random

polytope Ky obtained as the convex hull of N < eV random points, namely

N
1 log 7+
[Knln > c "

Lg

(see the end of Sect. 2 for more precise formulation and details). On the other hand, the
proof of the estimate L g, < C log N in [5] passes through showing thatif X1, ..., Xy
are the vertices of K, then for any affine transformation 7" we have

Cmaxi<;<y [T X;|log N

Lk, < ;
n|TKy|n
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On the Isotropic Constant of Random Polytopes 647

Consequently, taking 7 to be the identity operator and using the concentration of
measure result proved by Paouris [30], we obtain that if K is the convex hull or the
symmetric convex hull of N independent random vectors (forn +1 < N < eV
uniformly distributed on an isotropic convex body, then with high probability

(1.1)

Notice that if N > n'*%, 8§ € (0, 1), this estimate does not exceed (C/8),/log %
However, C /4§ tends to infinity as § tends to 0. On the other hand, if N is proportional
to n the isotropic constant of Ky is bounded (by an absolute constant), while the
upper bound in (1.1) is not. The following theorem closes the gap between N < cn
and N > n!t9,

Theorem 1.1 There exist absolute positive constants ¢, C such that if n < N, and
X1, ..., Xy are independent random vectors uniformly distributed on an isotropic
convex body K, and Ky is their symmetric convex hull, then

]P’([LKN < C,/log ZTN]) > 1 —exp (—ca/n).

Furthermore, we study a natural more general family of perturbations of random
polytopes. Namely, for any X1, ..., Xy € R” and y € RV, we define

Kn,y = COIIV{ +yXq,..., ﬂ:yNXN}.

As it turns out Theorem 1.1 is valid for this family as well. To describe this result
we need more notation.

Foravectory = (y1,...,YnN) € RN, let {yf, e, yj;,} be the sequence of decreas-
ing rearrangement of {|y;|};. For 1 <k < N andn <m < N denote

k
||y||k,z:=(z y,-*z)
i=1

Our main result is the following theorem.

172

S

m
and oy :=( H y,*) >y

i=m—n+1

Theorem 1.2 There exist absolute positive constants ¢ and C such that the following
holds. Let n < N and let X1, ..., XN be independent random vectors uniformly
distributed on an isotropic convex body K. Then for every y € RN the event

log 2N
Liy, < € 122 iana—l L0BCN/M 1 < < N]

=0 T ogmm
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648 D. Alonso-Gutiérrez et al.

occurs with probability greater than 1 — e~V Moreover, the event

~1 [logN/n)
sup Ly, < Coty’,ln0 —

”y”n,Zfl

where mg = N(1 — ¢/ log N), occurs with probability greater than 1 — e=V",

Remark 1 Note thatif n < N < Cn then Lg < C for any symmetric polytope K
generated by N vectors [6].

Remark 2 Clearly Theorem 1.2 applied to the vector y = (1, ..., 1) implies Theo-
rem 1.1.

Finally, we apply Theorem 1.2 to the case when the vector describing the perturba-
tion is also random. Such a setting has been recently considered in [7]. In Theorem 4.1
we show that for the Gaussian vector G = (g1, ..., gn) in RY with high probability

we have
2N
LKN,G < C IOg 7

2 Preliminaries

In this paper the letters ¢, C, c1, C1, ... will always denote absolute positive constants,
whose values may change from line to line. Given two functions f and g we say that
they are equivalent and write f ~ gifc1f < g <c2f.

By | - | and (-, -) we denote the canonical Euclidean norm and the canonical inner
product on R". The (unit) Euclidean ball and sphere are denoted by Bj and S n=1 Let
K be a symmetric convex body in R" and let || - || ¢ be its associated norm

Ixlx =inf{k ~0:xe AK}.

The support function of K is hg (y) = mal)(((x, y) and it is the norm associated with
X€
the polar body of K,

KOZ{)’ER" : (X,y)fl‘v’xel(}.

Given convex body K we denote by |K| its volume. We also denote by |E| the
cardinality of a finite set E. For E C {1, ..., N} the coordinate projection on RE s
denoted by Pg.

We say that a convex body K C R”" is isotropic if it has volume |K| = 1, its center
of mass is at 0 (i.e., fK xdx = 0) and for every 6 € $"~! one has

/K(x, 0)2dx = L%,
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On the Isotropic Constant of Random Polytopes 649

where L is a constant independent of 6. L is called the isotropic constant of K.

Itis known that every convex body has a unique (up to an orthogonal transformation)
affine image that is isotropic. This allows to define the isotropic constant of any convex
body as the isotropic constant of its isotropic image. It is also known (see, e.g., [28])
that

1
nL? :inf[—l+2/ Ix?’dx : T € GL(n),a e R" }. (2.1
|TK|' tn Ja+TK

We need two more results on the distribution of Euclidean norms of random vectors
and their sums. Let X;, i < N, be independent random vectors uniformly distributed
in an isotropic convex body K C R". Let A be arandom n x N matrix, whose columns
are the X;’s. For m < N denote

Aw=sup {14yl | v e BY, lsuppy| = m]

(supp denotes the support of y). Theorem 3.13 in [1] (note the different normalization)
implies the following estimate.

Theorem 2.1 There is an absolute positive constant C such that for every y > 1 and
everym < N

2N 2N
P ([ Ay > CLgy+/mlog — 4+ 6 max |Xi|]) < exp (—y«/mlog —) .
m I m

The following theorem is a combination of Paouris’s theorem ([30], see also [3] for
a short proof) with the union bound (cf. Lemma 3.1 in [1]).

Theorem 2.2 There exists an absolute positive constant C such that for any N <
exp(/n) and for every . > 1 one has

P (’ma}\)}( |X;| > Ci/n Lg }) < exp (—A\/a .
i<
Finally we need the estimate on the volume of the random polytope
Ky = conv{xXy, ..., XN},
where X;,i < N, are independent random vectors uniformly distributed in an isotropic
convex body K C R". The estimates of the following theorem were observed in [14]

(see Fact 3.2, the remarks following it, and Fact 3.3 there; see also [32] and Chapter 11
of [11], where the assumption N > Cn was reduced to N > n).

Theorem 2.3 There are absolute positive constants cy, c2 such thatforn < N < eﬁ,

]P’([|KN|1/n > cl,/w LK]) > 1 — exp(—caV/N).
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650 D. Alonso-Gutiérrez et al.

In fact this theorem is a combination of three results. The first says that K contains
the centroid body. Recall that for p > 1 the p-centroid body Z,(K) was introduced
in [26] (with a different normalization) as the convex body, whose support function is

ha, k) (0) = (/K |(x,0)|'”dx)p : 2.2)

In [15] (Theorem 1.1) the authors proved that for every parameters 8 € (0, 1/2) and
y > 1 one has the inclusion Ky D ¢1Z,(K) for p = c2810g(2N/n) and N > c3yn
with the probability greater than

1 — exp(—caN'=Pnfy — P ({||A|| > yLKﬁ}) :

where A is the random matrix whose columns are X1, ..., X . The probability that
norm of A (note ||A| = Ay) is large was estimated in [1] (combine Theorems 2.1
and 2.2 above). Finally, from results of [24] and [30] the bound

|Zp(KOIV" ~ /p/n Lk (2.3)

follows provided that p < \/n (it improves the bound provided in [25]).
In the Sect. 4 we will use the following standard estimate. For the sake of com-
pleteness we provide a proof (cf. Example 10 in [16]).

Lemma 2.4 There exists an absolute positive constant C such that for Cm < N and
independent standard Gaussian random variables g1, ..., gn one has

vmN
10,/log (<)

P({gf; < W}) <exp|-—

Proof Denote « = \/log(eN/m). Note, g < « in particular means that there exists
o C {l,..., N} of cardinality £ := N — m such that |g;| < « for every i € o.
Therefore,

N
p=P({g; <a}) < (Z) ® (1] < )"

Using that

2 2
2 [ s e~ /2 e~ /2
Pllal<an=1- /2 [T Paxc1-S— cep(-S=).
. T Ja V2o P V2
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On the Isotropic Constant of Random Polytopes 651

a = /log(eN/m) and (}) = () < (eN/m)™ we obtain

m_
eN

27 log (£Y)

p <exp|mlog(eN/m)—¢

As £ = N — m, this implies the result. O

3 Proofs

In this section we prove Theorem 1.2. The proof consists of two propositions.

Proposition 3.1 Letn < N < eV and X 1, ..., Xn are independent random vectors
distributed uniformly on an isotropic convex body K. Then the event

1 2 I , 52N
sup [xI%dx | Iylln2 <1, yy >0p <C— Ly log” —
[|KN,y| Kn.y ! " n K n

occurs with probability greater than 1 —exp(—+/n 1log(2N /n)), where C is an absolute
constant.

To prove this proposition we need the following lemma.

Lemma3.2 Let 1 < n < N be integers and P = conv{Py, ..., Py} be a non-
degenerated symmetric polytope in R". Then

2

e

1 2 1 2
— x|"dx < ————  su Pl +
|P|/p| e sk Pl £

ieE

where the supremum is taken over all subsets E C {1, ..., N} of cardinality n.

Proof We can decompose P as a disjoint union of simplices (up to sets of measure 0),
say P = Ule C;, where each C; is of the form conv{0, P;,, ..., P;, } for some choice
of P; 5 ’s. For every such C;, denote F; := conv{P;, ..., P; }. Then for any integrable
function f we have

1 1
/ Fdx= / / P F )y v () [dydr =d 0, F) / / =1 fry)dydr,
C; F; JO F; JO

where v(y) is the outer normal vector to P at the point y and d(0, F;) is the distance
from the origin to the affine subspace spanned by F;. Thus, as in [23], for everyi < £
one has

_ d(0, Fy)
|Ci| =n~1|F;|d(0, F;)  and /|x|2=—’ /|y|2dy.
C; n+2 Jg
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652 D. Alonso-Gutiérrez et al.

In particular,

12 14

Pl =) ICi| = % > IFild(0, Fy).

i=1 i=1

Therefore,
1 1 d 0, F;
—/|x|2dx= ( )/||
[Pl Jp |Pl = n+2
1 d(0, F)|F; 1
_ L dO IR _/ s Pdy
|P| P n+2 1<i<e | Fil JF
< 2d
_n+2 |F|/|y| Vs
where the supremum is taken over all F = conv{PF;, ..., P; }. Note that any such F
can be presented as F' = TA" ! where A"~ ! = conv{ey, ..., e, } denotes the regular

n — 1 dimensional simplex in R” and 7 is the matrix whose columns are the vectors
P;;. Since

1+61J
|An- 1|/ Wiy = Ly

where §;; is the Kronecker delta, for every F' = conv{P;, ..., P;, } we obtain

2
n

|F|/|y| y——( Y Z| +>. P,

j=1
This implies the desire estimate. O

Proof of Proposition 3.1. Note that if y* > 0 then the cardinality of the support of
y is at least n, so Ky, is not degenerated with probability one. Therefore, with
probability one K, is non-degenerated for any countable dense set in By := {y €
RY || Yln2 <1, ¥ > 0}. Clearly, the supremum under question is the same over
y € By and over such a dense set.

Now, by Lemma 3.2 we have that sup IKN,yI_l/ |x|2dx is bounded from
yEBy Kn.y

above by

1 2
———————sup sup | > [nXil’+
(n+ D0 +2) yepygj=n \ 557

Zinl

ieE
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On the Isotropic Constant of Random Polytopes 653

(formally, we should additionally take supremum over ¢; = =£1 and to have y;&; X;
in the formula under suprema, but, since By is unconditional, the supremum over &;’s
can be omitted).

Note that
2 2 2
2 Xl < Iyl max ||
icE
and
> viXi| = |APEy| < Ay [1¥ln.2-
icE
where A is the matrix whose columns are X1, ..., Xy. Therefore, applying Theo-

rems 2.1 and 2.2 (with m = n and A = 210og(2N /n)) we obtain that

2
2N
sup sup Z lyiXil* + Zini < CnL% log> —
yeBy |E|=n icE icE n
with probability greater than 1 — exp(—+/n log(2N/n)). O

Proposition 3.3 There exist absolute positive constants cy, ¢y such that ifn < N <
eV and X1, ..., Xy are independent random vectors distributed uniformly on an
isotropic convex body K, then for every y € RN,

Tog(2
]P’(i‘v’m >ni |Kyylt > clay,mLK,/MD > 1 — exp (—can/n).
n

Moreover, the event

N log(2
Vm>N-— = VyeRY |Ky,li> Cray L 2EE/ ™)
log N ’ n

occurs with probability greater than 1 — exp (—ca+/N).

The probability estimates in Proposition 3.3 are based on an estimate of corre-
sponding probability for a fixed y and the union bound. We start with the following
lemma.

Lemma 3.4 There exist absolute positive constants cy, ¢y such that the following
holds. Letn < m < N < eV and X 1, ..., XN are independent random vectors
distributed uniformly on an isotropic convex body K. Then for every y € RN with
v > 0 there exists v = v(y) € RY having 0/1 coordinates with exactly m ones such
that

|KN,y| Za;,m|KN,v|
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654 D. Alonso-Gutiérrez et al.

and

P([lKN,vljl > ¢ Lk, w}) > 1 —exp (—ca/m).

Proof Fix y € RV with yi > 0 (.e., [suppy| > m). Let iy, ..., i, be the indices
such that y;; = y}‘.‘ and let v = v(y) € RY be the vector with vy = 1if k = ijand 0
otherwise. Decompose the polytope K , into a disjoint union of simplices (up to a
set of zero measure)

4
KN,U = U Ck’
k=1
where Cy = conv{0, ex, Xi,, ..., &k, Xk, } for some &k; = +1 and some vectors in,

given by the simplicial decomposition of the facets of K ,. Denote

Cr,y = COHV{O, iy |k | Xkys - o s €k | VK |an} C Kn.y.

Clearly, Cy,,’s are also disjoint up to a set of zero measure and

|Ck| = | det (&5, Xk, -, €1, X, ) | lconv{0, €1, ..., e,
1
< a"_| det (ei, | Yk, 1 Xkys - - - s €k [ Vhy | Xk, ) [lcODVAO, €1, ..., en ).
y.m
This implies

¢ ¢
Knol=D Ce <ayn > Cry <aynl|Kn,yl.
k=1 k=1

This proves the first estimate. The second one follows by Theorem 2.3, since K , is a
symmetric random polytope in an isotropic convex body generated by m > n random
points. O

Proof of Proposition 3.3. Without loss of generality we only consider y’s satisfying

vy > 0 (otherwise estimates are trivial).
The first estimate follows from Lemma 3.4 and the union bound, since

D eV < g (3.1

m>n

for an absolute positive constant cg.
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On the Isotropic Constant of Random Polytopes 655

To prove the second bound note that the set {v(y)}yeRN (v(y) is from Lemma 3.4)
has cardinality (Z ) and that denotingk = N —m

(Z) exp (—cav/m) < exp(—cav/m + klog(eN/k)) < exp (—c2v/m/2),

provided that k < ¢+/N/log N. Lemma 3.4 and the union bound imply

log(2
]P’(I‘v’y eRV: |KN,UI% > cloym LK"M]) > 1 —exp (—c2v/m/2).

The result follows by the union bound and (3.1). O

Proof of Theorem 1.2. Forn < N < e‘/ﬁ Propositions 3.1 and 3.3 imply the result,
since, by (2.1),

1
2 2
”LKN_), < — o / |x|“dx.
IKn yl' i Ky

For N > eV the theorem follows from the general estimate Lx < Cn'/* for any
n-dimensional convex body [22]. m]

4 Random Perturbations of Random Polytopes
In this section G = (g1, . .., gn) denotes a standard Gaussian random vector in RY,
independent of any other random variables. In the following theorem, which is a

consequence of Theorem 1.2 and Lemma 2.4, we estimate Lk, .

Theorem 4.1 Letn < N. Let X1, ..., Xy be independent copies of a random vector
uniformly distributed on an isotropic convex body. Then

2N
PG x,.... Xy (ILKN,G < c1/log 7}) > 1 —exp (—c2+/n),

where c1 and c> are absolute positive constants.
Proof Without loss of generality we assume that N > Cn for a sufficiently large

absolute constant (see Remark 1 following Theorem 1.2). It is well-known (and can
be directly calculated) that for the Gaussian vector G = (gy, ..., gn) one has

N
E|Glln2 ~ y/n log —.
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656 D. Alonso-Gutiérrez et al.

Using concentration (see, e.g., Theorem 1.5 in [31]), we observe that for some absolute
constant C; > 0,

N
Pg (IIGIIn,z > Cyq/n log ;) < exp (—nlog(N/n)).

By Lemma 2.4 withm = ’V«/nN—‘ we have

N34, 174
/ N
10_/log (e\/;)

Since @G, > g, Theorem 1.2 withm = {«/nN—‘ in the infimum implies

P([gi;s 1og(\/N/n)]) <exp| -

G log(2N N
Leyy = o MGlha 1 logC@N/m) _

o log —.
B N log2m/n) — ’ £ n

with probability atleast 1 —exp (—c+/n) —exp(—n)—exp (—c/ &”ll/\j). This implies
log &+

the desired result. O

5 Concluding Remarks

In this section we show that under additional (strong) assumption that random vectors
are Y vectors, the polytope Ky ¢ contains Z, for an appropriate p (recall that G is
a standard Gaussian random vector in RY and the Z » body was defined in (2.2)).

We first recall the definition of 1/, norm. For a real random variable z and @ € [1, 2]
we define the v, -norm by

Izlly, = inf {C >0 | Eexp(¥|/C)* <2}.

It is well known (see, e.g., [12]) that the condition ||z||y, < c1 is equivalent to the
condition X
Vp>1: (Blz”)? <cap®Elzl. (5.1)

Let X be a centered random vector in R” and o > 0. We say that X is ¥, or a ¥,
vector, if
1 XIlyy == sup [ (X, y)Ily, < oo. (5.2)
yGS”’l
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On the Isotropic Constant of Random Polytopes 657

We also denote

Yp = (E|g1|p)l/p ~ /P

Proposition 5.1 There are absolute positive constants C, c| and ¢y such that the fol-
lowing holds. Let B > 2and N > C(log B)2n log(3n)/(loglog(3n)). Let X1, ..., XN
be independent copies of a random vector uniformly distributed on an isotropic convex

body K C R". Assume that || X1l|ly, < B Lk,/log % Then

N
PG x\,..xy ([KN,G 2 c1y/log . Zlog(N/n)(K)}) >1-aq,

where o = exp (—cav/N) for N > (n) 10g(3>n))2 and a = (N /n)~2N/" otherwise.

Remark 1 We would like to note that for N > n? this Proposition (with slightly
worse probability) was proved in [7] (see Lemma 4 there) without any assumptions
on Yrp-norm.

Remark 2 Proposition 5.1 together with Proposition 3.1 and volume estimate (2.3)
can be used to obtain the estimate of Theorem 4.1 (under additional v, assumption).

Our proof is very similar to the one given in [7]. We provide it for the sake of
completeness. The main new ingredient is the following lemma, which is needed to
estimate the norm of matrix A in the proof of Proposition 5.1.

Lemma 5.2 Let g be a standard Gaussian random variable. Let X be uniformly
distributed on an isotropic convex body K C R"™. Assume that X is a yry random
vector and that || X ||y, = ¥ Lk. Then for every p > 1,

1
(EIgX|")""" < CLk (Vpr+ p¥).
where C is an absolute positive constant.

Proof We use the following form of Paouris’s theorem, which may be deduced directly
from Paouris’s work [30] (as formulated here it first appeared as Theorem 2 in [2], a
short proof was given in [3])

(E1x|P)"7 < C(EIXI + sup (BI(X. y>|”)””).
yesSn—

Thus, using assumptions of X, we obtain

(ElgX[")'? <y, C(Lxv/n+pLk V),

which implies the result. O
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658 D. Alonso-Gutiérrez et al.

Proof of Proposition 5.1. First note that g; X;, i < N, have ¥; norm bounded by
c1 B Lk /1og(N/n). Indeed, for any p > 1 and 6 € $"=1 one has

1 1 N
(El(gi X, 0)I7) " — vp (EI(X;, 0)17) P < C2P,3LK\/]0g;E|<Xi»9>|~

Denote by A the n x N random matrix whose columns are the vectors g; X;. By
Theorem 3.13 in [1] (cf. Theorem 2.1),

N
PG Xy.... Xy ({ IAll = e3BL |/ N log — + 6 max |gl~xl~|}) < exp (-2V).
1=

Now we estimate max;<y |g; X;|. If N > (n/ In(3n))? we choose p = 4/N, other-
wise p = 4(N/n)In(N/n). In both cases,

max {m, p\/ln(N/n)} < 4/NIn(N/n).

Then by Lemma 5.2 and the Chebyshev inequality we have for every i < N,

X Elgi Xi|” —p
P({ls:Xil = 8¢ Cp Lk VNINN/m) ) = oL T =

Union bound implies,

P ([ma}g; |gi Xil = 8¢C B Lk /N 1n<N/n)]) <Ne? <e PP
1=

due to conditions on N and n. This implies

N
PG .x,... Xy ({ Al = ¢sBLk |/ N log ;}) < ap, (5.3)

where a9 = eV for N > (n/ In(3n))? and g = exp(—(N/n) In(N/n)) otherwise.
On the other hand, for every o C {I,...,N},g > land 9 € sn=1 by the Paley—
Zygmund inequality,

1 1 1
PG x,..xy ([r}lea}yXI(giXi, o) =3 (Elgi19) 7 (E[(X1,0)]9)7 ])

(E|<X1,e>|q)5])

( (l)q)2 EleEX 1, 0192\
<{l—-{1—-{= .
2) ) EigiME(X;,0)P

Q=

1
= HPG,Xl,...,XN ([|(giXi, 0) < 3 (Elg117)
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On the Isotropic Constant of Random Polytopes 659

Since y, ~ ,/p, and from Borell’s lemma ([8], see also Appendix III in [29]),
2
E|(X1,0)* <l (BI(X1.0)]7)",

the quantity above is bounded by

X 1 lo] - lo|
-— expl —— ).
aca) =P\ Tacq

Set m = [N/n]. Let o1, ..., 0, be a partition of {1,..., N} with m < |o;| for
every i and || - ||o be the norm

n
lullo = %Zr]negyuﬂ.
i=1
Note that || - [|op < n’]/2| - |. Since for all 1 <i < n and every z € R”
hgy(2) = 1rfnjanN|<ngj,Z)I > rjnf},’f“ngf’Z)"
then for every z € R”
hiy () = 1A zllo,
where A’ is the transpose of A.

1
Clearly, if z € R" verifies ||A’z|lp < ;llyq (E|{X1,z)|9)4, then there exists a set
I C{1,...,n} with [I| > 7 such that

1 1
max [(g; X, z)| < 3% (El{X1, 2)9)7

J€oi
forevery i € I. Thus, for every z € R”,
‘ 1 e
PG xy...xy {1114 zllo < g (El(X1,2)|7)7

1 1
< Z PG x,,...xy ([Vie[ : _GE(lT).(ngXj,ZH < Eyq (IE|(X1,Z>I‘1)‘1})

J

11=T41
1 1
< > [IP6xi..xy ({ggxugjx,-,znsiyq (E|<xl,z>|‘f)q])
[|=[41 i€l !
< Z Hex _leil <2"ex (—ﬂ)<2"ex N
=S P\73ca ) =7 “P\T4ca) == 9P\ "gca
:’7’ i€
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< m
=P\ "

provided that g := (1/2)log(N/n) and N > 125n.
Now, let

1 1
S = [zeR” | Ey" (E|(X1,z)|‘1)q =1]

and let U C S be a §-net (in metric defined by S) with cardinality |U| < (%)n, ie.,
1
for every z € S there is u € U such that %yq (E|(X1,z —u)|9)4 < 6. Then

1 3
P([Elu eU : ||Aullp < 5]) <exp (nlogg —an/l6).

1
By isotropicity we have that (E|(Xy, z)|9)4 > Lg|z| (because we have chosen ¢ =
(1/2)1og(N/n) > 2). Thus, assuming || A’|| < ¢csBLg./N log % we have

1 N N N 1
1A zllo < —=|A"z| < esBLg | — /log — |z] < ¢sBy/ —+/2q (E|(X1, 2)|7)*
Jn n n n

N 1
< cop Vq\/; (EI(Xl,qu)‘; :

1
Therefore, if u € U approximates z € S, that is if %yq (E|{X1,z—u)|9)7 <4, then

u also satisfies
t t N
A ullo < 1A zllo + 78 ;8-

Choosing § = /n/(4Bc7+/N) and denoting the event

N
Qo = [llAll <csBLky/ N log ;]

we obtain

A
~
Q

>

;><

=
~—
e,
S

m
&
[}

LU

S

m
c
=
=
S
IA
N =
—
~—"
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12 v N
< exp nlog% —+/Nn/16 ) <exp (—VNn/ZO),
n

provided N > C(log 8)%n for a big enough absolute constant C. Since & Kng(2) =
A" z|loo > I|A’z]lo, this together with (5.3) and the definition (2.2), implies that with

probability at least 1 — «p — exp (—\/ Nn /20),
1 N
Ky, 2 3V Z,(K) 2 c,/log w Ziog(N/n)(K).
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