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Abstract In this paper we prove a compactness theorem for sequences of harmonic
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1 Introduction

Harmonic maps are critical points of the energy functional defined on the space of maps
between Riemannian manifolds. This theory was developed by Eells and Sampson [9]
in the 1960s. The notion of harmonic maps on smooth metric measure spaces was
introduced by Lichnerowicz in [21]. Harmonic maps between singular spaces have
been studied since the early 1990s in the works of Gromov and Schoen in [16], Korevaar
and Schoen in [20] and Jost in [19]. Eells and Fuglede describe the application of the
methods of [20] to the study of maps between polyhedra [8].

A smooth metric measure space is a triple (M, g, ® dvolys), where (M, g) is an
n-dimensional Riemannian manifold, dvols denotes the corresponding Riemannian
volume element on M, and ® is a smooth positive function on M. These spaces have
been used extensively in geometric analysis and they arise as smooth collapsed mea-
sured Gromov—Hausdorff limits in the works of Cheeger and Colding [3-5], Fukaya
[11] and Gromov [15]. They have been studied recently by Morgan [24]. See also
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works of Lott [23], Qian [28], Fang et al. [10], Wei and Wylie [34], Wu [33], Su and
Zhang [31] and Munteanu and Wang [26].

In this paper, we are going to study the behavior of harmonic maps under conver-
gence. Let M(n, D) denote the set of all compact Riemannian manifolds (M, g)
such that dim(M) = n,diam(M) < D, and the sectional curvature sec, satis-
fies |sec, | < 1, equipped with the measured Gromov—Hausdorff topology. Let
(M;, gi,dvoly,) in M(n, D) be a sequence of manifolds which converges to a
smooth metric measure space (M, g, ® dvoly). Suppose f; : (M;, gi) — (N, h)
is a sequence of harmonic maps. We are interested in knowing under what circum-
stances the f; converge to a harmonic map f on the smooth metric measure space
(M, g, ®dvoly).

When a sequence of manifolds (M;, g;) in M(n, D) converges to a metric space
X, according to Fukaya [12], X is a quotient space Y /O (n), where Y is a smooth
manifold. Indeed Y is the limit point of the sequence of frame bundles, F'(M;), over
the manifolds M; and X has the structure of a Riemannian polyhedron (X, gx, ®xtig)
where 1, is the Riemannian volume element related to the metric gx on X.

We state the main result of this paper which is a compactness theorem for sequences
of harmonic maps.

Theorem 1.1 Let (M;, gi) be a sequence of smooth Riemannian manifolds in
M(n, D) which converges to a metric measure space (X, g, Pug) in the mea-
sured Gromov-Hausdorff topology. Suppose (N, h) is a compact Riemannian man-
ifold. Let f; : (M;, g) — (N,h) be a sequence of harmonic maps such that
lleg; (fi)llLe < C, where |leg; (fi)llL is the L°°-norm of the energy density of the
map f; and C is a constant independent of i. Then f; has a subsequence which con-
verges to a map f : (X, g, ®Pug) — (N, h), and this map is a harmonic map in
H' (X, @pg), N).

By H!(X, N) we mean
{(f e H'(X,RY) | f(x) € N for almost all x € M},

where H! (X, R?) is the standard Sobolev space and N is isometrically embedded in
RY. In this work we use the notations 7! and W12 interchangeably. For the notion of
convergence of maps we refer the reader to the Definition 2.11.

The rest of this paper is organized as follows. In the first section we introduce our
main notations and preliminary results needed for the rest of this paper. In the second
section, we prove Theorem 1.1. We divide the proof into three cases. In Sect. 3.1
we consider the non-collapsing case, Proposition 3.1. Moreover using the regularity
results for harmonic maps in the work of Schoen and Lin [22,30] we study Theorem
1.1 under less restrictive assumption of uniform boundedness of the energy of the
maps f; (see Propositions 3.3, 3.4). In Sect. 3.2 we consider the case of collapsing
to a Riemannian manifold, Proposition 3.5. As a preliminary step we prove the result
under some regularity assumption on the metrics g;, see Proposition 3.6. The general
case is considered in Sect. 3.3. The Appendix is devoted to the study of convergence
of the tension fields of the maps f; under the assumptions of Proposition 3.6.
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2 Background
2.1 Harmonic Maps

In this subsection, we first recall the definition of weakly harmonic maps on smooth
metric measure spaces. We then briefly review this concept on Riemannian polyhedra.
At the end we present some theorems and lemmas that we need in this paper. Let (N, k)
be a compact Riemannian manifold and / an isometric embedding / : N — RY. Since
I(N) is a smooth, compact submanifold of R, there exists a number ¥ > 0 such that
the neighborhood

Uc(N) = {y € R? : dist(y, N) < K}

has the following property: for every y in U, () there exists aunique pointzy (y) € N
such that

ly —n(p)| = dist(y, N)

The map ny : U,(N) — N defined as above is called the nearest point projection
onto N.

The Hess 7y defines an element in (T N* @ TN* @ T N1) which coincides with
the second fundamental form of / : N — R? up to a negative sign

(Hess ty (y)(X, Y), n) = —(Vyn, X)

where X and Y arein TN, y in N and n in TN+ (see §3 in Moser [25]).
Amap f : (M, g, ®dvoly) — (N, h), belonging to Hlloc((M, ® dvolys), N) is
called weakly harmonic if and only if

Al o f —=TI(f)df,df)+dIl o f(VIn(®)) =0 (D
in the weak sense. Here

I(f)(df,df) = trace Hess(my)(I o f)(dI o f,dIl o f), 2)
or in coordinates

Pny oaff arc
9z89z€ axt ax/

(H@f,dfy = 8"
For f: (M",g) — (N™,h) and n : M — R?, we define

Be(fsm) = (dl o f,dn) —(TI(f)@f,df),m). 3

We explain now what we mean by harmonic maps on Riemannian polyhedra. Follow-
ing Eells and Fuglede [8] on an admissible Riemannian polyhedron X, a continuous
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weakly harmonic map u : (X, g, ug) — (N, h) is of class Hlloc(X, N) and satisfies:
for any chart 7 : V — R” on N and any open set U C u~!(V) of compact closure in
X, the equality

/g(w,w") dugz/ AThg 0w)g(Vu®, VuP) dpg 4)
U U

holds for every k = 1,...,n and every bounded function A € H(l)(U ). Here
Ff(ﬁ denote the Christoffel symbols on N. Similarly on a polyhedron X with a

measure ®u,, a continuous weakly harmonic map is a map in Hlloc((X , ®ug), N)
which satisfies equation (4) with ®d u in place of d ;. When the target is compact a
continuous map f on an admissible Riemannian polyhedron is harmonic if and only
if it satisfies (1) weakly.

Theorem 2.1 (Moser [25], Theorem 3.1) Let f € HY (U, N)NC(U, N) be a weakly
harmonic map, where U is an open domain in R". Then f is smooth.

The energy functional is lower semi continuous, and we have

Lemma 2.2 (Xin [35]) Let S C H'(M, N) be such that the energy functional is
bounded on S and S is closed under weak limits. Then S is sequentially compact.

Now we recall some regularity results for harmonic maps from [30] and [22]. Let
M and N be compact Riemannian manifolds. Define

Fan={uecC®M,N): uisharmonic and E (1) < A}.

We have the following results.

Theorem 2.3 (Schoen [30]) Let M and N be compact Riemannian manifolds. Any
map u in the weak closure of F is smooth and harmonic outside a relatively closed
singular set of locally finite Hausdorff (n — 2)-dimensional measure.

Remark 1 (Schoen [30], Lin [22]) Let u; be a sequence in F,. Then there exists a
subsequence which converges weakly to some u in 1! (M, N). Define

Y= ﬂ [x eM, lirninfrz_”/ e(u;) > eo}
By (x)

i—00
r>0
where €y = €o(n, N) > 01is a constant independent of u; as in Theorem 2.2 in [30]. If
we consider a sequence of Radon measures j1; = |du;|*dx, without loss of generality
we may assume u; — u weakly as Radon measures. By Fatou’s lemma, we may write

nw= |du|2dx +v

for some non-negative Radon measure v. We can show that ¥ = sptv U singu« and
v is absolutely continuous with respect to H"~?|x. Therefore u; converges strongly
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in H'(M, N) to u if and only if |du;|?dx — |du|*dx weakly, if and only if v = 0,
if and only if H"~2(X) = 0, if and only if there is no smooth non-constant harmonic
map from 2-sphere S? into N, e.g., negatively curved manifolds. See Lemma 3.1 in
[22] for a complete discussion.

The following reduction theorem shows the relation between the tension fields of
equivariant harmonic maps under Riemannian submersions.

Theorem 2.4 (Xin [35], Theorem 6.4) Let my : E{y — M) and my : Ey — M»
be Riemannian submersions, Hy the mean curvature vector of the submanifold F)
in E1 and By the second fundamental form of the fiber submanifold F, in E,. Let
f 1 Ei = Ej be a horizontal equivariant map and f its induced map from My to M
with tension field T(f). Let f* be the restriction of f to the fiber F;. Then we have
the following formula

©(f) = () + Ba(fuler), fuler)) — fulHD) + ()

where {e;},t =ny +1,...,my is alocal orthonormal frame field on the fiber F\ and
T*(f) denotes the horizontal lift of T(f).

2.2 Holder Spaces on Manifolds

Let (M, g) be a Riemannian manifold and let V be the Levi—Civita connection on
M. Let V be a vector bundle on M equipped with the Euclidean metric on its fibers.
Let V be a connection on V preserving these metrics. Let CK(M) be the space of
all continuous, bounded functions f that have k continuous, bounded derivatives and
define the norm || - || on CX(M) by || flcx = ZI;-:() supy, |V f1.

Now we define the Holder space C 0. (M) for € (0, 1). The function f on M is
said to be Holder continuous with exponent «, if

Ul — 16 = 70
x#EyeM (x ’ y)

is finite. The vector space CO*"‘(M ) is the set of continuous, bounded functions on M
which are Holder continuous with exponent « and the norm C 0.2 (M) is I fllcoe =
I fllco + [f]a-

In the same way, we shall define Holder norms on spaces of sections v of a vector
bundle V over M equipped with Euclidean metrics in the fibers as above. Let §(g) =
injrad(M, g) be the injectivity radius of the metric g on M which we suppose to be
positive and set

[v(x) —v(y)l
[v]le = sup —ay (5)
x#yeM d(xa Y)
d(x,y)<8(g)

We now interpret |[v(x) — v(y)|. When x # y € M, and d(x, y) < §(g), there is
unique geodesic y of length d(x, y) joining x and y in M. Parallel translation along
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y using V identifies the fibers of V over x and y and the metrics on the fibers. With
this understanding the expression |v(x) — v(y)| is well defined.

Define CK*(M) to be the set of f in C¥ (M) for which [V f], defined by (5) exists
as a section in the vector bundle ®k T*M with its natural metric and connection. The
Holder norm on C5*(M) is || fllcka = I flck + [VF fla-

Lemma 2.5 Let Q C R” be a bounded domain. Suppose that F : Q — R? is
bounded and Holder continuous. Let Q : R? — R? be a quadratic function. Then
Qo F : Q — RP is also Holder continuous and

[Q o Flo < Asup || Fllre[ll Flirela
Q

where A is a constant.

In the above lemma by a quadratic function we mean
q —_—
Q) = > Qijyivi, Qij€C'(R).
ij=1
We have
Corollary 2.6 Let f € C*(M, N), then
(@S, df)ce = A-lldfllLe - [df]ce.

Proof Let{€2;} beanatlas of M, such thatdiam(£2;) < injrad(M) andset F; = df|q;
and Q = Hess 7ty (X, X), for an smooth vector field X. Then using the previous lemma
and an appropriate partition of unity we will have the result. O

Schauder Estimates

In this part, we give a quick review on the Schauder estimate of solutions to linear
elliptic partial differential equations. Suppose (M, g) is compact and L is an elliptic
operator, L = aiiv;v j+b;V;+c, where a is a symmetric and positive definite tensor,
bis a C% vector field on M and c is in C%% (M) such that L satisfies the conditions

lallcoe + 11Dl coe + llcllcoa < A,
MIEN? < @ (x)&E; < A|E]?, forallx € M, and £ € R™.

Consider the following problem,
Lu=f inM,

if oM = ¢ and

Lu=f inM
u=g on oM.

if 9M # (). Then we have (cf. Gilbarg and Trudinger [17])
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Theorem 2.7 (Schauder Estimate) If f € C%*(M) and u € C*(M), then u €
C22(M) and we have

lullcre < CALf iz + llullze),
lullce = CULfllcow + llullzee),

where C depends on M, A, A.

Hereafter we present an introduction to the convergence and collapsing theory.
Most of the materials in this part was gathered from the work of Rong [29].

2.3 Convergence

Gromov introduced the notion of the Gromov—Hausdorff distance between metric
spaces in [15]), based on the notion of Hausdorff distance between subsets A, B in a
metric space Z:

d%(A, B) =inf{e >0: B C T.(A) and A C T.(B)}

where Tc(A) = {x € Z: dz(x, A) < €} is a tubular neighborhood of a set A.

Definition 2.8 (Gromov [15]) Let X and Y be two compact metric spaces. The
Gromov—-Hausdorff distance between X and Y is defined as

deu(X,Y)

. for all metric spaces Z and isometric embeddings
= inf {d4 (@), (V) : P £ ]

¢ X—>Z, v:Y—>Z

Let MET denote the set of all isometry classes of nonempty compact metric spaces.
Then (MET, dgy) is a complete metric space. There is an alternative definition for
Gromov—Hausdorff distance given in [15]:

Definition 2.9 (Gromov [15]) Let X and Y be two elements of ME7T. A map ¢ :
X — Y is said to be an e-Hausdorff approximation from X to Y, if the following two
conditions are satisfied

i. e-onto: Bc(¢p(X)) =Y.
ii. e-isometry: |d(¢(x), ¢ (y)) —d(x,y)| <eforallx,y e X.

The Gromov—Hausdorff distance c?G g(X,Y), between X and Y is defined to be the
infimum of the positive number € such that there exists e-Hausdorff approximation
from X to Y and form Y to X.

The distance dg g does not satisfy triangle inequality and dcu # dgpy but onecan
show that

tdon < don < 2dcn
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Because a sequence in MET converges with respect to dg y if and only if it converges
with respect to dG 1, we will not distinguish dG g fromdgy.

For the notion of equivariant Gromov—Hausdorff convergence and equivariant mea-
sured Gromov—Hausdorff convergence, we refer the reader to Definition 1.5.2 in [29]
and Definition 3.11 in [11]. Also for the notion of Lipschitz distance see Definition
3.1in [15]. Let MM denotes the class of all pairs (X, ©) of compact metric spaces X
equipped with a Borel measure p on it such that u(X) = 1. Fukaya in [11] presented
a notion of measured Gromov—Hausdorff convergence for the metric measure spaces:

Definition 2.10 (Fukaya [11]) Let (X;, u;) be a sequence in MM. We say that
(Xi, ni) converges to an element (X, 1) in MM with respect to measured Gromov—
Hausdorff topology if there exist Borel measurable e-Hausdorff approximations
fi + (Xi, ui) = (X, ) such that f;, (u;) converges to u in the weak™ topology.

When M is a Riemannian manifold with finite volume, we let s = %, where

dvoly, denotes the volume element of M and regard (M, (1)) as an element in MM.
In [14], Grove and Petersen introduced the notion of convergence of maps.

Definition 2.11 (Grove—Petersen [14]) Let (X;, pi), (X, p), (Yi, gi) and (Y, q) be
pointed metric spaces such that (X;, p;) converges to (X, p) in the pointed Gromov—
Hausdorff topology (resp. (Y;, g;) converges to (Y, q)). We say that a sequence of
maps f; : (Xi, pi) — (Yi, gi) converges to amap f : (X, p) — (Y, q) if there exists
a subsequence X;, such that if x;, € X;, and x;, converges to x (in [ [ X;, [[ X with
the admissible metric), then f;, (x;,) converges to f(x).

A family of maps f; : (X;, dx;, pi) — (¥i,dy,, q;) is called equicontinuous if for
any € > 0 there is § > 0 such that dy, (x;, y;) < & implies dy, (f; (x;), fi (yi)) < € for
all x;, y; in X; and for all i. We have

Lemma 2.12 (Grove—Petersen [14]) Let (Xi, pi), (X, p), (Yi,qi) and (Y,q) be
pointed metric spaces such that (X;, p;) converges to (X, p) in the pointed Gromov—
Hausdorff topology (resp. (Y;i, qi) converges to (Y, q)). Let f; : (Xi, pi) = (Yi, qi)
be a sequence of maps. Then

i. If fis are equicontinuous, then there is a uniformly continuous map f and a con-
vergent subsequence X;, such that f; converges to f.
ii. If fis are isometries then the limit map f : (X, p) — (Y, q) is also an isometry.

2.4 Convergence Theorems, Non-Collapsing

This subsection is devoted to the theory of convergence of manifolds in the non-
collapsing case. A sequence of n-manifolds M; converging to a metric space X is
called non-collapsing if vol(M;) > v > 0, and collapsing otherwise. For a non-
collapsing sequence of manifolds with bounded sectional curvature there is a uniform
lower bound on the injectivity radius of M;, and thus M;s are diffeomorphic for large i.
This result is due to Cheeger—Gromov (Cheeger [7], Peters [27], Greene and Wu [18])
and is formulated as follows.
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Theorem 2.13 Let (M;, g;) be a sequence of closed Riemannian n-manifolds such
that | secg, | < 1andvol(M;) > v > 0, and M; converges to a metric space X. Then X
is homeomorphic to a manifold M such that for large i, and there are diffeomorphisms
@i - M — M such that the pullback metric converges to a CY*-metric g on M in the
C%-topology.

The following smoothing result concerns the uniform approximation of Riemannian
manifolds by smooth ones.

Theorem 2.14 (Bemelmans et al. [2]) Let (M, g) be a compact Riemannian n-
manifold with | secy | < 1. For any € > 0, there is a smooth metric g on M such
that

lge —gler <€ Isecg | <1, [VERy | < Cn k) - €,
In particular

e “injrad(M, g) < injrad(M, g.) < e€injrad(M, g),
e “diam(M, g) < diam(M, g.) < e diam(M, g),
e “vol(M, g) < vol(M, g¢) < e€vol(M, g).

2.5 Convergence Theorems, Collapsing

This subsection is devoted to the theory of convergence of manifolds in the collapsing
case. We state some of the main results in this context.

Theorem 2.15 (Fibration theorem, Fukaya [13], Cheeger et al. [6]) Let M" and N™
be compact Riemannian manifolds satisfying

secym > —1, |secym | <1 (m >2), injrad(N™) > ip > 0.

Assume M" and N™ admit isometric compact Lie group G-actions. There exists a
constant €(n, ig) > 0 such that if degcy(M", G), (N™, G)) < € < €(n,ip), then
there is a C'-fibration G-invariant map, f : (M", G) — (N™, G) with connected
fibers such that

1. The diameter of any f-fibers is at most c1 - €, where c1 = c1(n, €) is such that
ci —> lase — 0.

ii. f isan almost Riemannian submersion, that is for any vector & € T M orthogonal
to a fiber,

eff(e) < |df(§)| < e‘((g)’
e

where t(¢€) — 0as e — 0.
iii. If in addition, secym < 1 then f is smooth and the second fundamental form of
any fiber satisfies |11 ;-1(z)| < c2(n), for x in N™.
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iv. The fibers are diffeomorphic to an infranilmanifold F\N, where N is a simply
connected nilpotent group, I' C N X Aut(N), such that [I', N N T'] < w(n).

An easily accessible proof of this theorem can be founded in [29] Theorems 2.1.1
and 5.7.1.

A pure nilpotent Killing structure on M" is a G-equivariant fibration N9 - M" —
N™, with fiber Ny a nilpotent manifold (equipped with a flat connection) on which
parallel fields are Killing fields and the G-action preserves affine fibrations. The under-
lying G-invariant affine bundle structure is called a pure Ny-structure and a metric for
which the Ny-structure becomes a nilpotent Killing structure is called invariant.

Let M™ and N™ be as in Theorem 2.15. Suppose M" and N'" satisfy the following:
for some sequence A = {Ay} of real non-negative numbers, for the Riemannian
curvature tensor on M and N we have

IVER| < Ag. (6)
We can construct an invariant metric (invariant under the left action of Ny) such that
IV . )= . DI =cn, A)-e-injrad(N)~* D, @)

where ( , ) denotes the original metric, ( , ) the invariant one, and c(n, A) is a
generic constant depending on finitely many Ay and n. For the construction of invariant
metric which satisfies inequality (7) see Proposition 4.9 in [6] and the explanation
therein. Given such a metric we have a pure nilpotent killing structure.

When a sequence of Riemannian n-manifolds with bounded curvature collapses,
the limit space can be a singular space. We have

Theorem 2.16 (Singular fibration theorem, Fukaya [12]) Let (M;, g;) be a sequence
of closed Riemannian n-manifolds with | secg, | < 1 and diam(M;) < D which con-
verges to the closed metric space (X, d) in MET. Then

i. The frame bundles equipped with canonical metrics converge, (F (M;), O(n)) —
(Y, O(n)), where Y is a manifold.

ii. There is an O (n)-invariant fibration f; - F(M;) — Y satisfying the conditions in
Theorem 2.15 which becomes for € > 0, a nilpotent Killing structure with respect
to an € C'-closed metric (with respect to C'-topology). Moreover each fiber on
M; has positive dimension.

iii. For any x € X, a fiber fi_l()E) is singular if and only if p~\(X) is a singular
O(n)-orbitinY.

_ For the proof see Theorem 4.1.3 in [29]. In the above theorem, the fibration map
fi descends to a (singular) fibration map f; : M; — X = Y/O(n) such that the
following diagram commutes

fi

FOM) Ly
Pi J{p
M, — s x
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In the following remark we collect the main points that we need from the above
theorems and explain the classification in the proof of Theorem 1.1.

Remark 2 When a sequence of Riemannian manifolds M; converges in M(n, D) to
a metric space X, the frame bundles over M; equipped with the canonical metrics
gi converge to a manifold Y and f,  (F(My), gi, O(n)) — (Y, O(n)) is an O (n)-
invariant fibration map.

To see this let g;. be the smooth metric on F(M;) as in Theorem 2.14. Then
(F(M;), gi.) converges to asmooth Riemannian manifold (Y, g¢). For asmall fixed o
and € < €, the sectional curvature on (F (M;), g;.) is uniformly bounded and we can
apply Theorem 2.15 to conclude that there exists an O (n)-invariant smooth fibration
map fig. By continuity (F(M;), gi.) is conjugate to (F (M;), gi¢,) (by being conjugate
we mean there exists C !»%-diffeomorphism as in Theorem 2.13). This implies that the
convergence of Y, to Y is the same as the convergence of a sequence of metrics on
Y¢,, and therefore (Y, O(n)) is conjugate to (Y¢,, O (n))

Jie
(F(M;), O(n) = (F(M), §igy» O(n)) = (Ye, O(m) = (¥, O(n)),

and it induces a fibration map (F(M;), g;, O (n)) ﬁ> (Y, O(n)) . For more explana-
tions see the proof of Theorem 4.1.3 in [29].

Furthermore, there exists a C!-close invariant Riemannian metric 8i. such that
(F(M;), gi., O(n)) is a pure nilpotent Killing structure and the fibration map f~, e 18
a Riemannian submersion considering the induced Riemannian metric on Y, by this
map.

2.6 Density Function

Let DM (n, D) denote the closure of M(n, D) in MM with respect to the measured

Gromov—Hausdorft topology. Then DM (n, D) is compact with respect to the mea-
dvolM[.

sured Gromov-Hausdorff topology. Let (M;, g, W) € M(n, D) be a sequence
of manifolds which converges to a manifold (M, g, ). Suppose ¥; : M; — M is the
fibration map as in Theorem 2.13. For x € M we define

_ vol(y ()

o = vol(M;) >

then there exists ® such that ® = lim;_, o, ®; and u is absolutely continuous with
respect to dvolys, u = P dvoly, (see §3 in [11]). For the general case when (X, u) €
DM(n, D), we first recall a remark on quotient spaces. Below S(B) denotes the
singular part of B.

Remark 3 (Besse [1]) Let (M, g) be a Riemannian manifold and G a closed subgroup
of isometries of M. Assume that the projection p : M — M /G is a smooth submer-
sion. Then there exists a unique Riemannian metric ¢ on B = M/G such that p is a
Riemannian submersion (see Subsection 9.12 in [1]).
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We recall that using the general theory of slices for the action of a group of isometries
on a Riemannian manifold, one can show that there always exists an open dense
submanifold U of M (the union of the principle orbits), such that the restriction
plu : U — U/G is a smooth submersion.

Considering now M /G as a Riemannian polyhedron and p, as its Riemannian
volume element, the restriction of ug on U /G is equal to dvoly g = dvolg_g(p).

Now suppose M; in M(n, D) converges to a metric space X. We may assume
that F M; with the induced O (n)-invariant metric g; converges to (Y, g, @y - dvoly)
with respect to the O (n)-measured Gromov—Hausdorff topology and g, ®y are C1-%-
regular. Moreover, since p; : F(M;) — M; is a Riemannian submersion with
totally geodesic fibers, and since the fibers are isometric to each other, it follows that
(FM;,dvolgpy,)/O(n) = (M;, dvoly,). Hence by equivariant Gromov—Hausdorff
convergence M; converges to (X,v) = (Y, Py dvoly)/O(n) (see Theorem 0.6 in
[11]), and by Remark 3

v(§(X)) =0

For all x in X we let
(Dx(x) =/ CDy(y) dVOlp—l(x),
yep~l(x)

where p : ¥ — X is the natural projection. For each open set U
U(U) = / Cbx(x) dVOlX_S(X) .
U

3 Proof of the Convergence Theorem

In this section we are going to prove Theorem 1.1. In the following M (n, D)
denotes the set of all compact Riemannian manifolds (M, g) such that dim(M) =
n,diam(M) < D and the sectional curvature satisfies |sec, | < 1, and M(n, D, v)
the set of Riemannian manifolds in M (n, D) with volume > v.

We split the proof in three cases:

Case I: Non-collapsing (M;, g;) converge to (M, g) in M(n, D, v). We first consider
the situation where M; = M and g; converges to a metric g in M (n, D, v). Then we
study the problem in the general case using Theorem 2.13.

Case II: Collapsing to a manifold (M;, g;) converge to (M, g) in M(n, D) with
g a C1%metric. We first consider the situation when (M;, g;) satisfies an additional
regularity assumption (see Assumption 1 below). Then we discuss the general case
using the fact that there is always a sequence of metrics g; (€) on M;, C'-close to the
the metric g; which satisfies Assumption 1 as explained in Remark 2.

Case III: Collapsing to a singular space (M;, g;) converge to a metric space (X, d)
in M(n, D). When a sequence of manifolds (M;, g;) converges in M(n, D) to a
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metric space X, the frame bundles over M; converge to a Riemannian manifold Y,
with a C!**-metric and we have X = Y /O (n). The harmonic maps over M;, induce
harmonic maps over F'(M;) and this case reduces to the study of harmonic maps on
quotient spaces.

Hereafter we fix an isometric embedding / : N — R and we often denote the
composition [ o f simply by f, unless we need to explicitly distinguish these two
maps.

3.1 Case I: Non-collapsing

In this subsection we prove

Proposition 3.1 Let (M;, g;) be a sequence of Riemannian manifolds in M(n, D, v)
which converges to a Riemannian manifold (M, g) in the Gromov-Hausdorff
topology. Suppose (N, h) is a compact Riemannian manifold. Let f; : (M;, gi) —
(N, h) be a sequence of smooth harmonic maps such that ||eg, (fi)||L~ < C, where C
is a constant independent of i. Then f; has a subsequence which converges to a map
f (M, g) — (N, h) and this map is a smooth harmonic map.

To go through the proof in this case, we first consider the situation when a sequence
of metrics g; on a manifold M converges to a Riemannian metric g.

Lemma 3.2 Let g; be a sequence of Riemannian metrics on a smooth manifold M

and suppose (M, g;) converge to (M, g) in M(n, D, v). Suppose f; : (M, gi) - N
is a sequence of smooth harmonic maps such that

lleg; (fi)llLe < C,

where C is a constant independent of i. Then there exists a subsequence of f; which
converges to some f in the C¥-topology for any k > 0 and f is also harmonic.

Proof By Theorem 2.13, the metric g; converges to g in M(n, D, v) in the C1%-

topology. Using Schauder estimates, f;s have bounded norm in C¥(M) for every
k > 0 and hence converge to a map f € C¥(M). We have

lim Ay fi = Agf
11— 00

and
lim TI(f)(dfi. dfi) = T(F)(df. df)
The above limits lead to harmonicity of f. O

Using the above lemma we can prove Proposition 3.1.
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Proof of Proposition 3.1 Since M; converges to M in M(n, D, v), by Theorem 2.13
there is adiffeomorphism ¢; : M; — M, such that the pushforward g; = ¢;.(g;) of the
metrics g; on M; converges to a CL-B_metric g.Since themap ¢; : (M;, g;) — (M, gi)
is an isometry

eq (fi) = ez (f) ®)

where f; is the map f; o ¢>i_1. fi is harmonic and so f;. Therefore all the assumptions
of Lemma 3.2 are satisfied here and the proof of Theorem 1.1 in this case is complete.
O

In Lemma 3.2 if we replace the assumption of uniform boundedness of the energy
density [leg; (fi)llL < C with the assumption uniform bound on the energy Eg, (f;) <
C, then the limiting map is not necessarily harmonic (see Theorem 2.3 and Remark

1).

Proposition 3.3 Let (M;, g;) be a sequence of manifolds in M(n, D, v) which
converges to a Riemannian manifold (M, g) in the measured Gromov-Hausdorff
topology. Suppose (N, h) is a compact Riemannian manifold which does not carry
any harmonic 2-sphere S°. Let f; : (M, g;) — (N, h) be a sequence of harmonic
maps such that Eq (f;) < C where C is a constant independent of i. Then f; has
a subsequence which converges to amap f : (M, g) — (N, h), and this map is a
weakly harmonic map.

Proof With the same argument as in the proof of Proposition 3.1 we consider f; and
gi to be on the manifold M. When we have a sequence of Riemannian manifolds
(M, g;) which converges in M(n, d, v), the injectivity radius is bounded from below
and dvolg, converges to dvol, weakly. Therefore if Eg, (f;) < C, C independent of
i, then E,(f;) is uniformly bounded. Adapting the proof of Remark 1 for our case,
fi converges strongly in ! to a map f. Also Hess(ry) restricted to a neighborhood
of N is Lipschitz and Hess(;ry) o f; converges to Hess(zy) o f in H'-norm (see
Lemma 6.4 in Taylor’s book [32]) and so therefore IT( f;)(df;, df;) converges weakly
to IT(f)(df, df). We have the same for Af; and so f is a weakly harmonic map. O

Under the assumptions of the above theorem one can show more and prove f is
stationary harmonic. Under stronger assumptions on N or on the image of f, we can
show that the limit map f is strongly harmonic. These results are direct consequences
of some of the theorems in [30].

Proposition 3.4 Let (M;, g;) and f; be as in Proposition 3.3. Then the map f is
smooth harmonic, provided that N is a compact Riemannian manifold and we have
one of the following conditions:

i. (N, h) is a non-positively curved Riemannian manifold.
ii. There is no strictly convex bounded function on f(M).

Proof 1. See Proposition 2.1 in [30].
ii. See Corollary 2.4 in [30].
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3.2 Case II: Collapsing to a Manifold

In this subsection we prove

Proposition 3.5 Let (M;, g;) be a sequence of Riemannian manifolds in M(n, D)
which converges to a Riemannian manifold (M, g, ® dvolyy) in the measured Gromov—
Hausdorff topology with C1*-pair (g, ®). Suppose (N, h) is a compact Riemannian
manifold. Let f; : (M;j, gi) — (N, h) be a sequence of smooth harmonic maps
such that |leg, (fi)llL~ < C, where C is a constant independent of i. Then f; has a
subsequence which converges to amap f : (M, g, ® dvoly) — (N, h), and this map
is a weakly harmonic map.

Before we prove the proposition in general, we will prove the following proposition
which has an additional regularity assumption. Then at the end of this subsection, we
will apply this proposition to prove case II. Consider the following assumption,

Assumption 1 Let the Riemannian metric g; be regular on M;, i.e., there exists a
sequence C = {Cy} of positive number Cy independent of i, such that

V& Ry, | < Cr. ©

Suppose also that the Riemannian metric g; is an invariant metric with respect to the
nil-structure.

We have

Proposition 3.6 Let (M;, g;) be a convergent sequence of Riemannian manifolds in
M(n, D) (with respect to the measured Gromov—Hausdorff topology) such that g;
satisfies the Assumption 1. Let (M, g, ®) be the limit manifold. Suppose (N, h) is a
compact Riemannian manifold. Let f; : (M;, gi) — (N, h) be a sequence of smooth
harmonic maps such that ||eg, (fi)llL~ < C, where C is a constant independent of i.
Then f; has a subsequence which converges toamap f : (M, g, ®dvoly) — (N, h)
and this map is a smooth harmonic map.

Before we prove the Proposition 3.6, we first recall a few remarks from [12,13].
Then we prove Lemma 3.7 which is the main element in the proof of Proposition 3.6.

Remark 4 In [13] Fukaya proves that with the extra regularity assumption (9) on

dvolyy. . . . .
gi, M;, gi, M) converges to a smooth Riemannian manifold, with the smooth

vol(M;)
pair (g, ). See Lemma 2.1 in [13]. By Theorem 2.15, we know that for i large
enough, there is a fibration map y; : M; — M. Since g; is an invariant metric, there
exist metrics giM on M such that the maps ¢, : (M;, gi) —> (M, gl.M ) are Riemannian

submersions and giM converges to g as in Theorem 2.13.

Remark 5 (Fukaya [12,13]) Take an arbitrary point po in M and choose p; €
wifl(po). By |secg; | < 1, at point p; on M; the conjugate radius' is greater than

! The conjugate domain at a point p in a Riemannian manifold M is the largest star shaped domain in which
d exp,, is non-singular and the conjugate radius is the radius of the largest ball in the conjugate domain at
p.
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some constant name it p. We name the pullback of the Riemannian metric g; by the
exponential map, exp,, at p;, g;. Therefore the injectivity radius at 0 is at least the
conjugate radius at p; (see Corollary 2.2.3 in [29]).

Consider the ball B = B(0, p) in T, M; with the metric g;. By virtue of the
regularity assumption on g;, g&; will converge to some g¢ in the C°°-topology. There
are local groups G; converging to a Lie group germ G such that

1. G, act by isometries on the pointed metric spaces ((B, g;), 0).

2. ((B, gi),0)/G; is isometric to a neighborhood of p; in M;.

3. G acts by isometries on the pointed metric space ((B, go), 0).

4. ((B, g0),0)/G is isometric to a neighborhood of py in M and the action of G is
free.

It follows that there is a neighborhood U of pgin M and a C*° map s : U — B such
that

i. s(po) =0.
ii. P os = Id, where P denotes the composition of the projection map and the
above mentioned isometry in 4.
iil. d(g,gy)(s(q),0) =du(q, po) holds forg € M.

Therefore there is some constant, which we again name p, independent of i such that,
M = U’}’: B % (xj, M) and B % (xj, M) satisfies the preceding conditions and we can

construct a smooth section s; j : Bp (xj, M) — M; of ;, such that
2

|G )« _

C (10)
[v]

for each v € TBp (xj, M). Here C is a constant independent of i. Hereafter we let
2

pi,j = wi_l(x ;) and by B(p; ;) we mean a ball centered at p; ; with radius p in
T,,,.’_,. M;. See section 3 in [12] and section 2 in [13].

Now we show that f;s are almost constant on the fibers of M;. The following lemma
is similar to Lemma 4.3 in [11]. In the following lemma (M;, g;) is a convergent
sequence in M (n, D) such that g; satisfies only (9) and N is a compact Riemannian
manifold.

Lemma 3.7 Let h; : M; — I(N) C R? be smooth maps which satisfy the Euler—

Lagrange equation (1). Suppose v; € T,(M;) satisfies (V;)«(v;) = 0,where v; is the
fibration map and v, v! € T,(M;) (p € Ba,/3(pi,j, M;)). Then we have

lvi - hil < Cy-€ - il - (1AR; | oo + il L), (11)
v/ - v - hi| < Co - |vj| - V]| - (1A L + llRillLe), (12)

where C1 and C, are some constants independent of i and €] is a sequence converging
to zero. Also v; - hj = dh;(v;) denotes the derivative of h; in the direction of v;.
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Proof We put ®; ; = exp, . B(pi,j) = M;, gij = ®;;,.(g)and a = CIDif}(p).
We also denote h; o ®; j by h; ;.
From the Schauder estimates for elliptic equations (see Theorem 2.7) we have

hijllcra < C"- (1A jllL> + llhi jlliL=), (13)
and hence

v} - hijllce < C"- (1AR; [ Lo + il zoe), (14)
where C’ depends on the metric g; ;. Since ®; ; is an isometry, by the composition
formula (see formula 1.4.1 in [35]), we have Ah; j(x) = Ah;(®; j(x)). Also from
(13), and the fact that g; ; converges in C*°

ITX(hi j)(dhi j, dhi ) ce < C" - (I|AhilILe + |hillL=),
where C” is a constant independent of i. By Eq. (1), we have
IAR; jlice < C" - (1Al + llhi |l o).

Using Schauder estimates for second derivative, we have

lhijllcza < C - (ARl + [|hillLe), 15)

for some C independent of i and (12) follows.

Now we prove (11) by contradiction. Assume |v;| = 1. Let olt) = expgi (tv;)
be a geodesic in the fiber containing p, F; C M, such that %|,=0cri(t) = v;. For
0 <t < £ thiscurve has alift /' (t) C B(pj,;) such that ®; ;(I'(1)) = o' (). We have

d(o;(t), p) < diam(F;) < ¢;.

By contradiction we assume that there is subsequence of /; and a positive number
A such that

[vi - hij| > A - ([Ah;|lLoo + |[Ai]lL).
We know that

Ui'/’lizvi~h,"j= — hi,joli(t).

dt|,—g
There exist § > 0 and § > 0 independent of i such that for any ¢ < §, we have
|hij ol (1) = hi j@] > B -1 - (| ARl Lo + ([l ). (16)

To explain this, let A; ; o I = gi,j(t). We know from (15) that
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d
| o i ;O] < CUIAR; || Lo + llhill o),
tli=o

so for some fixed § and 0 < ¢ < § we have
lg; ;) =g} ;)] < C" -1 (AR |2 + 1]l ).
On the other hand we have
lg; ;O] > A - (| ARl Lo + IhillLe),
so for § small enough and < § we have
lg; ;O > B - (1Al L + lhil L)
Therefore
|gi,j (1) = qi,;O)| = Ig ;) - 1] > B -1 - (ARl L + IhillLe),

from which (16) follows.
There exists b € B(p;,j), such that d(a, b) < €; and ®; ;(I; (8")) = b. For a fixed
8’ < § we have

hi j(B) = hi j(@] > B -8 - (I AR Lo + [[hi]lo°).

If we fix {Sk} o asacoordinate system at the pointa € B(p;, ;), for some b' € B(pi,j)
we have

" dh;
Z— - (1A Lo + 1l L)
k=0 %‘

and this contradicts (14). m]
Now we prove Proposition 3.6.

Proof of Proposition 3.6 As we assumed |e(f;)||L>~ < c and by the Euler—Lagrange
equation and Corollary 2.6, we have that || A o f; || L is uniformly bounded. Moreover,
[l{ o fillLe is uniformly bounded. Using (11), the maps f;s are equicontinuous. By
Lemma 2.12, there is a limit map f : M — N which is continuous.

We consider the following maps on M,

fi=D Bj-Uof)osij. (17)
where f; is an arbitrary C* partition of unity associated to Bp (x;, M), s; ; is the
2

section associated to 1; as mentioned in Remark 5. Along a subsequence, which we
again denote by f;, we have
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lim fi(s; j(x)) = f(x) forx € Bp(xj, M),
[—00 2

and also
lim fi(x) =1To f(x) forx e Bp(xj, M).
11— 00 2

Since the energy density of f; is bounded and also s; ; satisfies (10), we have
lle( fi) Lo is uniformly bounded. By the same argument as above, || f, lc1 is bounded
and f; converge uniformly to / o f. Moreover ¥; has bounded second fundamental
form (see Theorem 2.6 in [6]) and the same is true for s; ;. So fl has bounded C%-norm
and there is a subsequence of fi which converges to / o f in the C'-topology.

Choose a local orthonormal frame {e;};"_, on (M, glM ). Denote its horizontal lift
on (M;, gi) by {ex}j—,. Suppose {e;};_,, . is a local orthonormal frame field of the
fiber F; in M; such that {ey, e¢;} form a local orthonormal frame field in M; (note that
we omit the index i for the orthonormal frame fields on (M;, g;) and (M, glM )). Our
aim is to show that f is also weakly harmonic. O

Lemma 3.8 We have
lim [(d1 o fi.dmi)(p) = (d fi. dm) (i ()] =0,

wheren : M — RY, is a C*°-map n; = n o ¥, and p in M;.
Proof By inequality (11),

I o fi,dni)(p) — Z(di o filex), dni(e)(p)l = Ci - €

k=1

for i large enough where C; is a constant independent of i. Let F; denote the fiber
containing p and choose a point ¢ in F;. By (12), and since diam(F;) < ¢;

ldI o fi(er)(p) —dl o fi(er) (@) = C2 - €,
and so
ldI o fi(er)(p) —dlI o fi(ex)(si,j o Yi(p))| = Ca- €.
Because ¥; os;,j = Id, for x € M we have
Vi (ex (s, () = sij, (@ (x))) = 0.
By inequality (10), we have
lex (si, j (X)) — sij, (ex (X)) < C3,

for some constant C3 and therefore by (11),
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ldI o fi(ex)(p) —d(I o fi) osij,(e)(Yi(p))] < Cy4 - €.
From the convergence of f; o s; j to f, we have
lim | > dp; - (Io fi)osij— D dpj- (o f)l =0,
So
lim [dfi = j-d((T o fi) osi ) = 0.
Since > ; Bj = 1 we finally have

lim (d1 o fi, dni)(p) = (d i dn) (Wi (p)] = 0.

Lemma 3.9 We have
Jim [T(f)(p)@l o fi.dl o fi) = () (Wi (p)(d fi. d fi)| =0
Proof By the proof of the above lemma, we have
lim dfi(p) = d Ji(¥i(p)] = 0.
By the same argument as in Lemma 3.8 we can conclude
NPl o fi.dl o fi) = () Wi(p))(dfi.d fi)
C - |dfi(p) = dfi(i(p))]|-

[}

The map f, (M, glM, dvol M) — R converges in C! to the map 7 o f, and ®;

converges to ® inthe C °°-t0p010gy Also (M, g; M convergesto (M, g)in M(n, D, v).
Therefore we have

SCGM

‘/ E n (1, fi) @i dvolu —/ E(, f) ®dvol,
M / M
where E (-, -) is defined by (3). By Lemma 3.8 and 3.9, we have
- dvol dvol
Jim '/ Bgi iy i) VOVI(ZA},\Z) —/ Egm (n, ﬁ)l/fz*(vovl(zl‘z )’ =0.
It follows that
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dvol M;

lim [ Eg i ) sorats = / E,(n, f) ®dvoly . (18)
M; M

i—00

Therefore f is weakly harmonic and since it is continuous, it is also a smooth harmonic
map. O
Now we prove Case II without considering Assumption 1.

Proof of Proposition 3.5 By Remark 2 we can obtain a C'-close metric g;(¢) to g
which satisfies (9) and such that the map ¥; : (M;, gi(€)) — (M, ¥, (gi(€))) is a
Riemannian submersion.

For small €, let M(e) be the Gromov—Hausdorff limit of a subsequence of
(M;, gi(e)). By Lemma2.3in[12], (M;, gi (¢)) and (M (¢), g(€)) converge to (M;, g;)
and (M, g) in M(n, D, v) respectively.

The map f; : (M;, gi) — (N, h) is harmonic and since g; (¢€) is C'-close to g, we
have

[Eg; (fisni) — Egie)(fi-mi)| < C - €.

By (18), we have
- dvol(a; g; (e)) -
11m '/ B o) (fi ﬁi)m — /M(E) Eee)(fim) - P(e)dvolye)| =0,

and finally since g () converges to g in the C!**-topology, we have the desired result.
O

3.3 Case III: Collapsing to a Singular Space

Now we are going to investigate the general case when the sequence converges to a
singular space. This means that (M;, g;) in M(n, D) converges to some metric space
(X, d). First we recall the following remark from [11].

Remark 6 (Fukaya [11], §7) Let Y be a Riemannian manifold on which O (n) acts
by isometry, and let 6 : ¥ — [0, o) be an O(n)-invariant smooth function. Put
X =Y/O(n).Let p : Y — X be the natural projection, § : X — [0, 0o) the function
induced from 6, and S(X) the set of all singular points of X. The set S(X) C X has a
well defined normal bundle on the codimension 2 strata (X = Y /O (n) is aRiemannian
polyhedron and S(X) is a subset of the (n — 2)-skeleton of X). Set

Lip(X, S(X)) = {u# € Lip(X) | v - u = 0 if v is perpendicular to S(X)}.
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Define Q1 : Lip(Y) x Lip(Y) — [0, o0) and Q> : Lip(X, S(X)) x Lip(X, S(X)) —
[0, 1) by

Qi(k, h) = / 6 - (Vk, Vh) dvoly,
Y

Oa(k, h) = / 0 - (Vk, Vh) du,.
X

It is easy to see that f o p € Lip(Y) for each f contained in Lip(X, S(X)). Define
p* : Lip(X, S(X)) — Lip(Y) by p*(f) = f o p. Let Lipg, (Y) be the set of all
O (n)-invariant elements of Lip(Y). Then, we can easily prove the following

Lemma 3.10 p* is a bijection between Lip(X, S(X)) and Lip g, (Y). For elements
f and k of Lip(X, S(X)), we have

01(f. k) = Q2(p™(f), p*(K)), (19)

and
/YQ'P*(f)P*(k) dvoly =/X9_~fk dpig. (20)

Now we prove the main theorem of this paper.

Proof of Theorem 1.1 We denote by (Y, g, ®y dvoly) the limit space of the frame
bundles over M;, and by (X, d, v) the limit space of M; with respect to the measured
Gromov—Hausdorff topology. We know (X, v) = (Y, ®y dvoly)/O(n) (see Section
2.6). The projection p; : (F(M;), g) — (M;, g;) is a Riemannian submersion with
totally geodesic fibers. So using the reduction formula the map f; = f; o p; is harmonic
on F(M;) and it is invariant under the action of O(n). Furthermore |eg, ( Fi)lloo is
bounded (p; is a Riemannian submersion). Using Case II, f; converge to some map
f on (Y, g, ®y dvoly). The map f satisfies

/ E¢(f.m) @y dvoly =0,
Y

where 7 is a test function. The map f is also O (n) invariant and continuous. Consider
a quotient map f such that f = p*(f). First we show that f is in H!((X, v), N).
By the argument in Case II, f is in H!'((Y, @y dvoly), N) and so by Eq. (19), f has
finite energy. Now we show that f is weakly harmonic on (X, v). By Eq. (19), for n
in Lip(X, S(X))

/(VI o f,Vp*(n)) ®ydvoly = / (VIo f,Vn) ®xdug.
Y X
Furthermore
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/Y (TP (VEL o ), VE(L o ). p* () @y dvoly

= /X<1'I(f)(V(1 0 f). Vo f)).n) ®xdjig,

and since ®y = p*(Py)

/Y E¢(f. p* () ®y dvoly =/X E(fin) Pxdu,,

which shows that f : X — N is a weakly harmonic map. O
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Appendix: Convergence of Tension Field

In this section we study convergence of the tension fields of the maps f;, 7(f;), under
the assumptions of Proposition 3.6.

Assume (M;, gi), fi, N tobeasin Proposition 3.6. Moreover consider the following
assumption

Assumption 2 The section s; ; is almost harmonic,
[t(si )l < C-¢€f, 2D
and also
|Vgdsi j(X)| < C €, (22)

where X is a smooth vector field on M and X is its horizontal lift and €/ is a sequence
which converges to zero.

Using Assumption 1 and by Theorem 2.4 we have

T(f)) = (Veudf)er + (Ve,df)er (23)
= (Ve dfi)ex + Vi, (o) fis(er)
— fix(Vee)™ = fi (Vo)
= (Ve dfex — fi(H) +1(fi)

where {ey, ¢;} and & are as in the proof of Proposition 3.6, f; denotes the restriction
of f; to the fibers F;, and H; is the mean curvature vector of the submanifold F;.
We investigate how each term of the equation above behaves as f; converges to f.
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Lemma 3.11 We have

lim |d1(Vedfe(p) = (A i = U@L D) ipp| = 0. @4

Proof By the discussion in the proof of Proposition 3.6, we know that fi converges
to f in the C'-topology. Using the composition formula we have

dI(Bfi(X1, X2)) = Bl o fi)(X1, X2) — B(nn)(d( o fi)(X1),d(I o f)(X2)),

andsofork=1,...,n,

dlI((Vedfier) = (Ve d(I o fi))er — B(mwn)(d( o fi)(er), d(I o fi)(ek)).
First we show that
llggo Ve, d(I o fi)ex(p) — Ag;wﬁ(llfi(p))l =0.
By definition of f, s

(Vad fidex = Y (dBj (@) - dfi(sij, (@)
+Bj - (Ve d(fi o sij)ex + ABj - fi osij).

and again by the composition formula

t(fi 05i,j) = By, ; (@).si @0 Ji T dfi(T(si, ;). (25)
Since f; o s; j converges in Cltof

llggo | 2_dBj(er) - dfi(si,j, (€)= 0,

_lim ZA.Bj - fi os,-,j(x) = ZA,BJ' - fx)=0.

11— 00
Also, i (er — si,j,(ex)) = 0 and so ex — s;,;, (er) is vertical. On the other hand

lex — sij,(er)] < €.

By inequality (11) and almost harmonicity of s; ; (21), the second term on the right
hand side of (25) converges to zero. Again by inequality (12) and (22), we have

lim;— o0 (Ve dfi)(ex — si j, (ex))] =0,
lim; 00 [(Viee—s; ;, @ d fi)ek| = 0.

Finally

Jim |(Ved(I o fi)ex(p) = (Vad f)ex(Wp))| = 0.
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We have the same for the second term

Jim T/ (p)(@fi, dfi) = D) Wi(p)(d i, d f)| = 0.

dvoly,
By the above lemma and wi*(%) = ®; dvoly,, we have

dvol M;

lim ' | @ ede.n s

—/M<Agz“ﬁ- — ()i d ). n) @ dvolyu| =0,

and we conclude

dvol M;

ll_l)fgo S, @I (Ve dfder) mi) sorars
= [y [df, dn) + (df (VIn ®) — TI(f)(df, df), n)] ©dvoly . (26)
Here n is a test map on M and n; = n o ;. Now we will consider the second and third
terms in the decomposition of 7( f;).

Lemma 3.12 With the same assumptions as above
A dvoly,
i tim fy (dfi D). ) o = = Jytdf (VIn @), ) @ dvolyy.
i. lim [[z(fiH] =0.
1—> 00
Here H; denotes the mean curvature vector of the fibers F;' = wi_l (x).

Before we prove Lemma 3.12, we prove the following lemma which we need for
the proof of part i.

Lemma 3.13 We have

dvol M;

vol(M;)* (27)

/ndlnd>(X)d>dvolM:—lim (X, H;)
M

i—00 M;

Proof Suppose X is a smooth vector field on M and X; its horizontal lift on M;. The
flow 6, of X; sends fibers to fibers diffeomorphically. By the first variation formula

S e vt == [ oxim) dvol (28)
dt t:0 1 F‘ix !
Also
vol(y; ™! (x))
i (%) = 1) -
and by (28),
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X dVO]F;(
do;(X)(x) = —/FX(XivHﬂ AR

For an arbitrary n in C°° (M), we prove

dvoly,

%;nd¢KX)dwﬂgfz-—[;nMXhPL)qmmﬁ- (29)

If we consider (U, , hy ) as a local trivialization of the fibration v;, then

M dvolFx
/MXUydd>i(X) dvoldi = /U /X xu, (Xi, H}) ) Yoty dvol M
Y

and so

dvoly,

g,'M i
/M)(Uydq)i(x) dvoly, = — . )(Xi,Hi) YOI(M,) *
i Y

where XU, denotes the characteristic function on U,, and so we have (29). The functions

®; goes to ® in C* and also dvol&’" goes to dvolys as i goes to infinity. Letting i go
to oo on the both sides of (29) and by the definition of weak derivatives

dvol M;

/ ndIn ®(X) ®dvoly; = — lim n(X, H;) AR

i—00 M[

Proof of Lemma 3.12 Part i follows directly from Lemma 3.13.
To prove part ii consider

T(fit) = Vi e fisler) = fix(Veen).
From (11) and (12)

Ve fislen] < C - €,
14 (Ve e < € €]1(Ve,en",

where C is a constant independent of i. It follows that

lim [z(f; 5l =0.
1—> 00
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