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Abstract We show that any compact convex simple lattice polytope is the moment
polytope of a Kihler—FEinstein orbifold, unique up to orbifold covering and homothety.
We extend the Wang—Zhu Theorem (Wang and Zhu in Adv Math 188:47-103, 2004)
giving the existence of a Kéhler—Ricci soliton on any toric monotone manifold on
any compact convex simple labeled polytope satisfying the combinatoric condition
corresponding to monotonicity. We obtain that any compact convex simple polytope
P C R admits a set of inward normals, unique up to dilatation, such that there exists
a symplectic potential satisfying the Guillemin boundary condition (with respect to
these normals) and the Kihler—Einstein equation on P x R". We interpret our result
in terms of existence of singular Kidhler—Einstein metrics on toric manifolds.

Keywords Kihler—Einstein structures - Kdhler—Ricci solitons - Toric geometry

Mathematics Subject Classification Primary 32Q20 - Secondary 53C99

1 Introduction

The question of existence of Kéhler—Einstein metrics on compact complex mani-
fold has been subject of intense investigations for the last decades. This problem
makes sense on a compact complex manifold (M>", J) with a given Kihler class
Qe HL%R (M) for which there is A € R such that AQ = 2w ¢ (M). The case L < 0 is
non-obstructed and the existence of a Kdhler—Einstein metric (g, w), with v € 2 was
proved forty years ago [4,41]. The case A > 0 proved to be a more difficult question,
recently related to a certain notion of stability [10—12,37] and for which there are
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various known obstructions, notably the Futaki invariant [19]. In the toric case (the
Kihler structure is invariant by the Hamiltonian action of a real torus of dimension
n = dimg M), it follows from the Wang—Zhu Theorem [40] which has been extended
to orbifolds [35], that the only obstruction to the existence of Kéhler—Einstein metrics
on monotone symplectic toric orbifolds (in the sense that there exists A > 0 such
that Alw] = ¢1(M)) is the vanishing of the Futaki invariant. Through the toric corre-
spondence, finding such orbifolds is a combinatorial problem on labeled polytopes.
In the first part of this paper, we prove that any polytope can be labeled to satisfy
these two conditions. To give a precise statement, we now recall the main lines of the
correspondence.

Symplectic toric compact orbifolds are classified by rational labeled polytopes via
the Delzant—Lerman—Tolman correspondence [13,28]. A labeled polytope is a pair
(P, v) where P is a simple bounded convex polytope, open in a n-dimensional vector
space t*, v = {v1,..., vy} C tis a set of vectors, inward to P, such that if we
denote F, ..., Fy the facets (codimension 1 face) of P, the vector v is normal to
Fy for k = 1,...,d where d is the number of facets. The defining functions of a
labeled polytope (P, v) are the affine-linear functions L1, ..., Ly on t* such that!
P ={p et|Ly(p) > 0} and dL; = vg. A rational labeled polytope (P, v, A) is a
labeled polytope (P, v) and A a lattice in t such that v C A.

Remark 1.1 If (P, v, A) is rational, there are (uniquely determined) positive integers
mi, ..., mg such that %v,- are primitive elements of A. Then (P, m1,...,mg) is a
rational labeled polytope in the sense of Lerman—Tolman [28].

For a given symplectic toric compact orbifold (M, w, T), tis the Lie algebra of the
torus 7 =t / A and the closure P is the image of the moment map. The symplectic
properties are encoded in the data (P, v). Notably, see [14], monotone symplectic
toric orbifolds correspond to what we will call monotone labeled polytopes.

Definition 1.2 We say that (P, v) is monotone if there exists p € P suchthat L{(p) =
Lo(p) = --- = Lg(p). In that case, we call p the preferred point of (P, v).

The space of invariant Kédhler metrics on M is parameterized by a subspace of
convex functions on P, the set of symplectic potentials S(P, v), see [2,3,15], whose
definition we precisely recall in Sect. 2.3. The scalar curvature of the metric g,,
associated to u € S(P, v), is given by the Abreu formula

n 2.ij
o0“u'’
S(u) = — 1
(u) Z e ()
i,j=1
where (x1, ..., x,) are coordinates on t* and uil = (Hess u)_l, see [1,2].

The extremal affine function of (P, v), denoted A(p,,), is an affine-linear function
on t* which corresponds to the Futaki invariant [19] restricted to the (real) Lie algebra
of the torus (the symplectic counterpart of the Futaki invariant as introduced in [26]).

1 Our convention is that P is open and we denote P = {p € t*| Li(p) > 0}. P is compact.
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In particular, A(p ) is constant if and only if the Futaki invariant vanishes on t. The
extremal affine function is a useful invariant of (P, v) since it satisfies

— g, is extremal, in the sense of Calabi [8], if and only if S(u) = A(p 1)
— A(p,v) is constant, should a constant scalar curvature T -invariant compatible Kih-
ler (cscK) metric exist.

In this paper, we prove the following statement.

Theorem 1.3 Given a compact simple convex polytope P, there exists a set of normals
v, unique up to dilatation, such that (P, v) is monotone and has a constant extremal
affine function.

In dimension 2, the existence of such labeling follows from elementary considera-
tions [15].

Remark 1.4 As noticed in [16], labeled polytopes with constant extremal affine func-
tion are those for which the centers of mass of (P,dw) and (0P, do,) coincide,
where do, is the volume form on 9 P such that vy A do, = —dw on the facet Fy.
The set of normals v given by Theorem 1.3 is characterized by the fact that the pre-
ferred point of (P, v) (as a monotone labeled polytope) coincides with the center of
mass of (3 P, doy). This last characterization was proved by Mabuchi [31] and used
to classify toric complex surfaces admitting a compatible Kihler—Einstein metric:
CP2, CP! x CP! and CP?#3CP2.

We will see that the set of normals v given by Theorem 1.3 can be included in a
lattice if and only if P is a lattice polytope (i.e., whose vertices lie in a lattice) and
thus, using the Theorem of Wang—Zhu/Shi—Zhu [35,40] we get

Corollary 1.5 Every (simple convex compact) lattice polytope is the moment poly-
tope of a compact Kdihler—Einstein toric orbifold, unique up to dilatation or orbifold
covering.

The case where the set of normals v given by Theorem 1.3 is not rational motivates
us to extend the Wang—Zhu Theorem for general labeled polytopes. More precisely,
Wang and Zhu showed in [40] that any Fano toric manifold (M g T) admits a
Kéhler—Ricci soliton (g, Z), that is, a Kéhler metric g and a holomorphic vector field
Z such that

P8 —dw=Lzw 2)

where p¢ is the Ricci form of g, w the Kéhler form w = g(J-,-) and A = ﬁ Scal

with Scal = [, Scalw”/ [}, »". In that case, 2rc; (M) = Alw]. The vector field Z
is uniquely determined by the data (M, [w], T) as follows: denoting p the preferred
point of the monotone labeled polytope (P, v) associated to (M, [w], T), there is a
unique linear function on t*, a € t, such that

/P A(f — f(pdw =0 3)

forall f € Aff(P, R).If aholomorphic vector field Z satisfies (2),then Z =J X, —i X,,
see [39,40]. The case a = 0 implies that Z = 0 and the Ké&hler-Ricci soliton of Wang—
Zhu is a Kihler—Einstein metric.
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According to the work of Donaldson [14], a symplectic potential u € S(P, v)
corresponds to a Kihler—Ricci soliton with respect to A > 0 and a € tif and only if

% log det(Hess u), + Ah(x) = a(x) 4

where # is the Legendre transform of u (seen as a function on P, via the change of
variable x — (du)y € t) and the preferred point of (P, v) is the origin.

In fact, the argument of Wang—Zhu holds for any labeled polytope without any deep
modification. In order to find appropriate scope for extending their proof in the case
when (P, v) is not necessarily rational, we consider P x t with its symplectic structure
(that is, P x t C t* x t >~ T™*t) and the t-Hamiltonian action by translation on the
second factor, the moment map being the projection on the first factor. The invariant
Kéhler metric g,, for a symplectic potential u € S(P, v), is simply a t-invariant
Kihler metric on P x t with specific behavior along d P x t. As introduced in [18],
see also [14,15] and Sect. 2.1, for each vertex p of P there is an open toric symplectic
manifold (M, wp, T,) depending only on (P, v). We point out that, in the rational
case, (Mp, wp, T)) is a uniformizing chart for the orbifold and the boundary condition
on symplectic potentials corresponds to the fact that g, defines a smooth metric on
each of the manifolds (M, wp, T)), see Sect. 2.3. In Sect. 5, we notice that the test
functions appearing in the proof of Wang—Zhu, behave as functions defined on the
compact set P while the boundary condition, suitably interpreted, allows us to apply
the (local) computations of Yau [41] and Tian—Zhu [39] on each chart (M), w,, T)).
Along the way, we have to show that both Yau’s Theorem [41] and Zhu’s Theorem [42]
hold, suitably interpreted, in this extended setting.

Theorem 1.6 Let (P, v) be a monotone labeled polytope with preferred center 0 € t*
and compact closure P. There exists a solution u € S(P, v) of Eq. (4), so that g, is a
t-invariant Kdhler—Ricci soliton on P x t. This solution u is unique in S(P, v) up to
addition of an affine-linear function and g, is Kdhler-Einstein if and only if Ap v is
constant.

A result of Donaldson [15] implies that the set of normals for which there exists a
solution of the Abreu equation is open in the set of inward normals of a fixed polytope,
see Sect. 6.1. Together with Theorems 1.3 and 1.6, it gives

Corollary 1.7 For each n-dimensional polytope P, there exists a non-empty open set
E(P) of inward normals v for which there exists an extremal toric Kihler metric g,
withu € S(P, v). Moreover, E(P) contains a codimension n subset corresponding to
cscK metrics and contains the 1-dimensional cone of toric Kdhler—Einstein metrics.
In particular, if there exists a lattice for which P is rational then there exist extremal
toric Kiihler orbifolds with moment polytope P.

A compact toric symplectic orbifold (M, w, T') associated to a rational labeled
polytope (P, v, A) is a compactification of P x T where T = t/A and P C t*.
Consequently, as a straightforward application of Theorems 1.3 and 1.6, we obtain
in Sect. 6.3, for any smooth compact toric symplectic manifold, the existence of
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a toric Kidhler—Einstein metric gx g on the open dense subset where the torus acts
freely. The singular behavior of gx g along the pre-image of the interior of a facet
Fy is conical of angle 2w a; where gy is the ratio between the normal v; and the
normal to Fj found in Theorems 1.3. Here, the complex structure and the metric
are singular while the symplectic structure is smooth. Using the standard procedure
(with Legendre transform) to complexify P x T the singularity lies along the pre-
image of the boundary and we can pass to the more usual setting in the study of
conical singularity of metrics (e.g., [17,38]) where the symplectic form and the met-
ric are singular but not the complex structure. This interpretation is valid for any
labeling 1 of P and any toric Kéhler metric, in the sense that to any u € S(P, n) cor-
responds a T-invariant Kéhler metric g, which is smooth on a open dense subset
of M and conical along the divisor corresponding to the boundary of P. There-
fore, Corollary 1.7 provides families of conical extremal Kéhler metrics of vari-
ous type (cscK or not) on each toric symplectic manifold. See Sect. 6.3 for more
details.

Theorem 1.6 provides an alternative proof of the Futaki-Ono—Wang Theorem [20].
This theorem establishes the existence of toric Sasaki—Ricci soliton on contact toric
manifolds with a (fixed) Reeb vector field satisfying the two conditions:

— the basic first Chern form of the normal bundle of the Reeb foliation is positive,
— the first Chern class of the contact bundle is trivial.

Compact contact toric manifolds with a fixed Reeb vector field are in one-to-one
correspondence with labeled polytopes whose defining functions lie in a lattice and
satisfy a certain weaker condition than the Delzant condition, see [5,25,27]. In this
correspondence as well, a compatible toric Sasaki metric is given by a symplectic
potential and the scalar curvature is given by the Abreu formula (1), up to an additive
constant depending only on the dimension. The hypothesis of the Futaki-Ono—Wang
Theorem corresponds to the fact that the associated labeled polytope is monotone,
see [20,32].

For the purpose of this paper, we need to slightly reinterpret the geometry
associated to a labeled polytope based on the approach [14,15,18]. We do that
in the next section. We prove Theorem 1.3 in Sect. 3. In Sect. 4, we intro-
duce the basic analytical tools needed to do geometric analysis in the non-
rational case (Sobolev norms, Maximum principle, cohomology, ...). With these
tools in hand, in Sect. 5, we explain why some classical theorems in Kih-
ler geometry, due Yau, Zhu and Tian—Zhu, are valid in this context. Finally,
Sect. 6 gathers the geometric applications of our results which are Corollaries 1.5
and 1.7 and the existence of conical extremal Kihler metrics on toric mani-
fold.

2 Labeled Polytopes and Toric Geometry

In what follows, polytopes always refers to simple bounded polytope where simple
means that each vertex is the intersection of no more than n facets.
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404 E. Legendre

2.1 Symplectic Toric Orbifolds as Compactifications

Let (M, w, T, o) be acompact symplectic toric orbifold, thatis, o : T < Ham(M, w)
embeds 7' as a subgroup and 2dim 7 = dim M. We denote t = Lie T. There is a
moment map

XM —t*

which is T-invariant and uniquely determined, up to addition of a constant, by the
relation d(x, a) = —w(X,, -) where X, = djgo(a) is the vector field induced by the
infinitesimal action of @ € t. The image of the moment map P = Im x is a compact
convex simple polytope.” The weights of the action of the torus on the tangent spaces
of fixed points determine a set of vectors v = {v, ..., vy} C t normal to the facets
of P and lying in A, the lattice of circle subgroups of 7', and thus makes (P, v) a
rational labeled polytope with respect to A as defined in the introduction. The Delzant—
Lerman—Tolman correspondence [13,28] states that the data (P, v, A) characterizes
(M, w, T) up to a T-equivariant symplectomorphism.

In [18], Duistermaat and Pelayo gave a way (alternative to the so-called Delzant
construction [13]) to build (M, w, T) from the data (P, v, A) in the smooth case, see
also [14]. The idea is based on the fact that M can be seen as a compactification of
P x T prescribed by the combinatorial data of P. We slightly adapt this construction
here to cover the case of orbifolds and to see where it fails in the non-rational case.

Given a labeled polytope (P, v), we denote the set of (closed) faces of P by F(P).
The facets of P are still denoted Fi, ..., F; € F(P). For F € F(P), denote I[r C
{1, ..., d}, the set of indices such that F = ﬂke]F F}.. For example, P € F(P) and
I = . For a vertex p, I,y has n elements and A, = spang{v | k € I{p}} is alattice
in t. For a face F € F,(P), Tr = spang{vk |k € IF}/Ap N spang {vy | k € Ip}isa
subtorus of T), = t/A if p € F.

Given a vertex p of P, we call F, (P) the set of faces containing p. For F' € F,(P),
we denote s, (F) the subset of F obtained by removing all the subfaces which do not
contain p, that is s,(F) = {x|x € E, p € E,E C F} where E is the interior
of the face E (in E). In particular, the interior of a vertex is the vertex itself. Thus,
UFe}‘,,(P) sp(F) = UFe]:P(P) F is an open neighborhood of p in P. Set

My =Urer,p)(sp(F) x Tp/TF) [~

where, for (x,0) € F x T,/Tr and (x",0") € F' x T),/ T, (x,0) ~ (x', 0') if

(1) x =x',and

(2) the equivalence classes of 6 and 8" in T / Trnp coincide.

Here, the first condition implies that F N F’ # (§,so FNF' € F,(P) and Tpnp’ con-

tains T and Tr as subgroups. The second condition refers to the fact that 7 / TraF
is the quotient of T,/ Tr by TrnF’ /T and the quotient of T,/ T by Trnr [ T

2 We denote P the interior of the polytope and P its closure. In this text, polytopes are always assumed to
be convex and simple with compact closure.
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Ordering the normals vy, , ..., v, (k; € I{p)), we get an identification T, >~ T" =
R" / 7" via which T}, acts on C". For an equivariant neighborhood U, of 0 € C", the
map ¢, : U, — M, defined by

1 - -
¢p(z) — [(p + §|Zi|2v;:ia (eZH\/TGI’ el eZﬂﬁ@)l))} (5)
where z = (|z1 |€2ﬂﬁ81, ey lzn |62”ﬁ9’1), is a well-defined (i.e., does not depend
on the choice of e2™¥=16 when |zi| = 0) equivariant homeomorphism. The chart

(U P @ I,) provides a (smooth) differential structure to M.

Now, the cotangent space of T}, is naturally equipped with an exact symplectic
form, the differential of the Liouville 1-form, for which the action of T}, on itself pull-
backs to a Hamiltonian action. Given an equivariant trivialization T*T, ~ t* x T,
the product P x T), inherits of the structure of Hamiltonian 7),-space whose moment
map is simply the projection on the first factor. The chart above extends this structure
to give a (non-compact) symplectic toric manifold (M, wp, T)) with moment map
x: My, — tsothatlmx = Upcr,(p) F, see [14,28].

When (P, v, A) is rational, A, C A for all vertex p and the quotient of T}, by the
finite subgroup A / A , is the torus 7' = t/ . The quotient map g, : T, — T gives a
way to glue M, to P x T providing an orbifold uniformizing chart with structure group
A / Ay Doing that on all vertices, we obtain the compact symplectic toric orbifold,
(M, w, T), associated to (P, v, A) with moment map x : M — t*.

Definition 2.1 [13] A rational labeled polytope (P, v, A) is Delzant if, for each vertex
p. Ap = A.Inparticular, (P, v, A) is Delzant if and only if the associated symplectic
toric orbifold is a manifold (all orbifold structure groups are trivial).

Remark 2.2 A bigger lattice A’ D A in t corresponds to the global quotient by the
finite subgroup A//A of T = t/A, see [3].

Remark 2.3 1f (P, v, A) is rational, we can replace A, by A in the definition of Tr
and set

M| = Urerp)(F xT/TF) /~

with the same equivalence relation as above. The topological space |M| is the under-
lying topological space of M and is a compactification of P x T. The choice of a
labeling specifies an orbifold structure on |M| but |M| does not depend on it.

2.2 Action-Angle Coordinates

To a convex polytope P C t* one can associate a symplectic manifold (P x t, dx AdO)
where x = (x1,...,x,) : t* > R"and 0 = (0y,...,6,) : t > R" are any sets of
affine coordinates and dx A d0 = >!'_, dx; A d; is (trivially) a symplectic form.
More intrinsically, one could consider T* P, the cotangent of the polytope itself (recall
that P is open in t*), endowed with its canonical symplectic structure. The action of
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406 E. Legendre

ton P x t by translation on the second factor is Hamiltonian with moment map
x:Pxt—th

Remark 2.4 One can choose (x, 6) to be dual coordinates (or canonical coordinates)
on t* x t, defined for a given basis eq, ..., e, of tas x; = (x,¢;) and 6; = (60, e?‘)
where e, ..., e} is the dual basis. Doing so would imply that dx A d6 is a canonical
symplectic form on t x t* corresponding to the differential of the Liouville form on
T*t =t x t* = T*t*. However, this is not essential for our purpose since the obvious
change of coordinates, say from 0 to 6’, on the second factor identifies the structures
dx A dO and dx A dO'.

Given a compact symplectic toric orbifold (M, w, T, o) associated to (P, v, A),
the action-angle coordinates are local coordinates on M=x! (P) (the subset of M
where T acts freely) identifying locally (M, w)) with (P x t, dx A dB). Usually, the
existence of such coordinates is proved using a compatible toric Kédhler structure which
is known to exist by the Delzant construction, see [2,3,9]. In view of the construction
presented in Sect. 2.1, it is obvious that there is a T'-equivariant symplectomorphism
between (M , a)w) and (P x T,dx A d@). The universal cover of M, endowed with
the symplectic form induced from w| , , is symplectomorphic to (P x t, dx Ad). The

action-angle coordinates are (x, 0) but seen as local coordinates on M on which they
satisfies d6; (X]) =d 6; (didQ(ej)) = 5,‘j.

Remark 2.5 Two compact symplectic toric orbifolds (M’, o', T', 0"), (M, w, T, @)
associated to the same polytope P (assuming the Lie algebra t and t’ are identified but
not the lattices) share the same action-angle coordinates in the sense that the symplectic
manifolds (M, wl’M,) and (M, ) ,,) have a common universal cover on which ' and

o pull back as the same symplectic structure (up to a diffeomorphism).

Proposition 2.6 [1] For any strictly convex function u € C*°(P), the metric

gu= Y Gidx; ®dx; + Hj;dt; ® db;. (©6)
i

with (G;;) = Hess u and (H;j) = (G,-j)_l, is a smooth Kdhler structure on P x t
compatible with the symplectic form dx A dO. Conversely, any t-invariant compatible
Kdihler structure on (P x t, dx A dO) is of this form.

2.3 The Boundary Condition
Here again (P, v) is a labeled polytope (with P compact, convex and simple) and the
functions L1, ..., Lj are the affine-linear functions defining (P, v) as d Ly = v and

P={xetLy(x)>0,k=1,...,d}.

Definition 2.7 A symplectic potential of (P, v) is a continuous function u € C%(P)
whose restriction to P or to any face’s interior (except vertices), is smooth and strictly
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convex, and u — u, is the restriction of a smooth function defined on an open set
containing P where

d
1
Uy = E;Lklong

is the Guillemin potential. We denote by S(P, v), the set of symplectic potentials.

The Guillemin potential is a symplectic potential corresponding to the Guillemin
metric [22]. Denote Aff(P, R) the space of real valued affine-linear functions on P.

Proposition 2.8 [3,15] The set of smooth compatible toric (orbifold) Kdahler met-
rics on (M, w, T) is in one-to-one correspondence with the quotient of S(P, v) by
Aff (P, R), acting by addition. The correspondence is explicit and given by (6).

The smooth compactification of a metric is a local issue. Even though (P, v) might
not be rational (for any lattice), a symplectic potential u € S(P, v) defines, via (6), a
Kéhler metric g, on P x t which is t-invariant and thus, for any vertex p, defines a
Kéhler metric, still denoted g,, on P x T),. The boundary condition implies that g,
is the restriction to P x T}, of a smooth T),-invariant Kéhler metric on (M), w,, T)p).
Recall that (M, A / Ap) is an orbifold uniformizing chart near the pre-image of a
vertex in the rational case and that a smooth orbifold metric is defined as a metric
which, on each chart, may be lifted as smooth metric.

Apostolov—Calderbank—Gauduchon-Tgnnesen-Friedman gave the following alter-
native description of the boundary condition.

Proposition 2.9 [3] Given a labeled polytope (P, v), a strictly convex function u €
C®(P) is a symplectic potential of (P, v) if and only if, denoting H = (Hess u)™!,

e H is the restriction to P of a smooth S*t*-valued function on P,
e foreveryk =1,...,d, for every y in the interior of the facet Fy,
Hy(ve, ) =0 and dHy(vg, vi) = 2y, (7N

e the restriction of H to the interior of any face F C P is a positive definite
S2(t/tr)*-valued function.

2.4 The Curvature and the Extremal Affine Function

Fixing any Euclidean volume form dw on t*, Donaldson [16] pointed out that the
L2(P, dw)-projection of the scalar curvature S(u), given by (1), on the space of
affine linear functions, Aff(P, R), is independent of the choice of u € S(P, v). The
resulting projection Ap ) € Aff(P,R) is the extremal affine function of (P, v).
Indeed, starting from formula (1) for the scalar curvature, integrating by part twice
and using the boundary condition 7, we get

1
—/ Sw)xidw = | xidoy, =: Z;(P,v)
2Jp P

@ Springer



408 E. Legendre

where do,, when restricted to any facet Fg, is defined by vy A doy, = —dw.

Choose a basis (e1,...,e,) of tand set xog = 1,x; = (e1, ), ..., xp, = (en, ).
The extremal affine function of (P, v) is Ap,,) = Z?:o A;x; where the vector A =
(Ag, ..., Ap) € Rt is the unique solution of the linear system:

n
> Wij(P)Aj=2Zi(P.v), i=0.....n
j=0

with Wij(P)z/xixjdw and Z;(P,v) =/ x;doy. (8)
P aP

2.5 Complex Coordinates

For a Kihler structure (g, dx Ad6, J,) givenby (6) on P x t,theset{J, X1, ..., J, Xy,
X1, ..., Xy, }is a frame of real holomorphic commutative vector fields providing an
identification t & /=1t =~ T( ¢)(P x t) and local holomorphic coordinates z =
t + ~/—16 where dt; = —d°6;.

In the rational case, the complex coordinates z = ¢ + «/—16 are only local on M
and are given by the exponential map, see [14]. Actually, in this context, for a point
y € M, the tangent space T- yM ~ t@® /—1t >~ C" is naturally identified with the
universal cover of M where the covering map is the exponential

M= t®V=1t/op /T = (C)".

Asexplained in the literature (see, e.g., [9, 14]) we can write dx Ad6 in z coordinates
and we find a Kéhler potential ¢ : t > R

n

9%¢
d do = ——dt; NdO; =dd°¢. 9
0 ijz=l ondtj e ¢ ®

In the rational case, ¢ is a globally defined function on t via the identification provided
by the exponential near a point of M. Changing the base point corresponds to translate
¢ by an affine-linear function of t. The correspondence between symplectic potentials
and Kihler potentials is done via the Legendre transform:

u(x) = (x,1) — ¢(1) (10)
where ¢ is the unique point of t such that d¢, = x or inversely x is the unique point
of t* such that du, = t. The image of the differential of the Kéhler potential is the

(open) polytope P (i.e., P = Im(t — d¢y)).
A symplectic potential u € S(P, v) provides an identification

D, Pxt—>th/—1t
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viaits differential du : P — t(which is a diffeomorphism since u is strictly convex on
M) so the coordinates z = 1 ++/—16 are globally defined on P x t. In the rational case,
this identification fits with the fact that both spaces are identified with the universal
cover of M.

Remark 2.10 The common boundary behavior of symplectic potentials is equivalent
to the common asymptotic behavior of Kihler potentials via the identification du :

P 5 tor the inverse do : t S P (recall that a?,vza(’;, (t) = (H;j(x)) fordu, =t). The

Guillemin potential u,, gives du, = % ZZZI (log Ly + 1)vg. In particular, the normals
determine the rate of divergence of du, when x — 9 P.

Distinct symplectic potentials u, u, € S(P, v) lead to distinct Kdhler structures on

td /-1t
((d),;,l)*gua, wo = (0, 1)*dx A de) and ((cb;l)*gu, w = (d;)dx A de)

compatible with the same complex structure. Denoting ¢ and ¢, the Legendre trans-
form of u and u, respectively, we have ® — w, = dd®(¢ — ¢,). Going back on P x t,
using CIDM’O1 we get

($u dx A0, 1) and (@710 @) g0, (B 0 By,) dx AdB, Ty, )
(11)

The map ®,! o ®,, is a t-invariant smooth diffeomorphism of P x t fixing the
boundary, thanks to the boundary condition on u and u,. In particular, the function
x = (¢ — ¢o)(d(uy)y) is the restriction to P of a smooth function on P.

3 Proof of Theorem 1.3

The proof of Theorem 1.3 relies on the following lemma.

Lemma 3.1 Let (P, v) be a labeled polytope and let dw be a volume form on t*. The
linear map V : Aff(P, R) — tdefined as

d
Vpdw)(f) = Z (/ fdov) Vi (12)
k=1 \ Fi

does not depend on the set of normals v and ¥V (p 4 (f) = 0 as soon as f is constant.
Moreover, seen as an endomorphism of t,

\If(p,dw) = —VO](P, dw) Id (13)
Proof The first claim (no dependence on v) is straightforward. Suppose that P =

P UP" such that F = P' NP is a facet in both P’ and P”. Note that P’ and P”
induce opposite orientations on F. If we choose v € t a normal vector to F inward to
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P’ and denote do’ the form on F such that v A do’ = —dw then —v € tis inward to
P"” and —v A —do’ = —dw . Therefore,

Vpdo)(f) =Y ao) () + Y P aw)(f).

By using a triangulation, that is, n-simplices Py, ..., Py such that P = Uévzl Py and
Py N Pg =0 if o # B we get

N
Yipda)(f) = D Vi, do) (f). (14)
a=1

Consider the simplex £ = {x € R" | x; > 0, >}, x; < 1} together with the set
of normals e = {ey, ..., e,,e0 = — Z;’zl e;}. Let f € Aff(X, R), we have

‘I’(E,dxwm/\dx,,)(f):Z( [ rao— | fdo) e (15)
i=1 \Ei Eo

where for k =0, ..., n, E; denotes the facet normal to ey.
Thus, fEi do = on do = ﬁ implies that W(s: gy, a-.adx,) (f) = 0 as soon as
f is constant.

On the other hand, for eachi = 1, ..., n, the invertible affine-linear map
1//,' : Rn — Rn
n
x+— | x1,...,xi—1,1 —ij,xi+1,...,xn
j=1

reverses the orientation of R", sends E; to Ey and satisfies /ey = e;. It follows that
¥/ do|,, = —doy, and in particular on fdo = _fEi Vvi(fdo) = fEi(f oy)do.
Thus, by writing f in coordinates f(x) = fo + Z;le fixj, Eq. (15) becomes

n n
Vs dannda ()= D, i (/ xjdo —/ xjdff) ei — Zfiei/ xido
E; Eo i=1 Eo

i,j=1,j#i

n
—Zf,-e,-/ x;do.
i=1 Eo

Observe that forany i = 1, ..., n the (n — 1)-form =DFxidxy Ao A d/;l A
- -+ Adx, vanishes identically when restricted to the facets E, ..., E, and coincides
with x;do on Eq. Hence, we have
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/ xida=(—1)"+1/d(x,»dxm.--mz"x,»/\-.-/\dxn)=/dxlA.--Adxn
Eo b =

and, seen as an endomorphism of R", W(s, 4y a-Adx,) = —VOI(Z, dXx1 A+ - - Adx,)Id.
There is only one class of affinely equivalent n-simplices: for any n-simplex P, C t*
there is an affine-linear map ¢,, : t* — RR” such that ¢, (P,) = X. Hence,

VP, do) = ¢¢)xk ° \IJ(EY(q}Ojl)*dw) ° (¢71)*

—1y\*
d
=W VAT s dry A AdaId
dxy N -+ ANdxy
= —vol(P,, dw)Id. (16)
The lemma follows then from (14). O

Let P be a n-dimensional polytope in a vector space t* of dimension n and denote
by F1, ..., Fy its facets. Up to translation, one can assume that P contains the origin
and denote v the (unique) set of inward normals for which the defining functions of
(P, v) satisfies L1(0) = --- = L4(0) = 1. The following observation will be useful.

Lemma 3.2 Let P be a polytope of dimension n, there is a (n + 1)-dimensional cone
of normals v for which (P, v) is monotone. Moreover, this cone is parameterized by
R.o x P via the map

Ay Avg ]

k, S,
( p)H[Ll(m La(p)

where v is any given set of normals for P with defining function L1, ..., Lg.

To prove Theorem 1.3, we have to show that there exists only one point p € P such

that ( P, 1 ==, ..., —4— 1) has a constant extremal affine function, see Lemma 3.2.
Li(p) La(p)

Notice that any set of normals v(r) on P correspondstoar = (rq,...,rq) € R‘io
via the variation of normals:

[ ]
v(ir)=1—vi,..., —Vv4¢.

r rd

Choose a basis eq, ..., e, of t and corresponding coordinates (xi, ..., Xx;) on
t*. By considering the linear system (8), we know that, for a given set of normals
v(r), (P, v(r)) has a constant extremal affine function if and only if

Zo(P,v(r))
A = A e
=T W (P)
which happens if and only if
Wio(P)Zo(P,v(r)) = Woo(P)Zi(P,v(r)) i=1,...,n 17
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Since (dav(r))|Fk =ry (dav)|Fk, the system of Eq. (17) is linear in r and reads,

Wio(P)(Z/Fl dam)z WOO(P)Z/FZ xidoyr;  i=1,...,n. (18)
I 1

Notation Indices i and j run from 1 to n while indices k and / run from 1 to d.

Observe that, since (v, x) = —1 on Fy, the vector field X = Z?:l xia% satisfies
ixdw =do, divX =n and divx; X = (n+ 1)x;.

In particular, Wy = %Zk ka doy,, Wiy = ﬁ N ka x;do, and the system of
Eq. (17) for (P, v(r)) becomes,i = 1,...,n,

Z(n/ x,-dav/ doy, —(n+1) doU/ x,-dav) r=0. (19)
/ Fy F Fi Fy

Since we seek monotone polytopes, by Lemma 3.2, we can restrict our attention to
those r = (r1,...,r4) € R‘io such that there exists p € M with

r = (Li(p),..., La(p)).

The system of Eq. (19) becomes, i =1, ..., n,

Z (n/ x,-dcrv/ do, — (n+1) dov/ xidav) (v, py+ 1) =0. (20)
/ Fy F Fr F

Lemma 3.1 implies that ZZ:] ka doyv; = 0, thus Eq. (20) reads

Z/ xidoy (v, p) Z/ xido,. 1)
F

The left hand side is just (\I/(pydw)(e;k), p) where ¥(p 44y = —vol(P, dw)Id thanks
to Lemma 3.1. This ensures that there is a unique solution p € t* of the linear
system (21) given as

1
= d Vy oo oy d v
P= G Dvol(P dm) (ZI"/F,’“ ’ Z,:/Fx G)
n (/ d / d ) 22)
= xidoy, ..., xpdoy ) .
(n+1) [ypdo, \Jop ! aP '

This solution lies in a segment between the origin and the center of mass of (3 P, do)
and thus lies in P. In conclusion, the labeled polytope (P, v) with v; = #lp) where p
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is the barycenter of (P, dz ) is monotone and has a constant extremal affine function.
This prove Theorem 1.3.

Corollary 3.3 The labeled polytope (P, v) is monotone with preferred point p,, and
has a constant extremal affine function Ap,, if and only if

i (it [ omtm) = 2 (e
Py = ——— xido,..., | xpdo | = —— xido, ..., xpdo ).
’ fpdw(P P Jopdo \Jap T

Another simple corollary of Theorem 1.3 is that the linear space of r € R such
that A(p,y(r) is constant meets the interior of the positive quadrant of R¢ and thus:

Corollary 3.4 Given a polytope P, there is a cone of dimension d — n of inward
normals v such that the extremal affine function Ap,) is constant.

4 Analysis in the Non-rational Case
4.1 Norms and Integration

Remark 4.1 In w_hat follows, any function f, defined on P or on P, is identified with
its pull-back on P x t and is also denoted f. On suitable subsets, we even identify f
with the corresponding 7 ,-invariant function on the chart (M, wp, T)) of a vertex p.

Fixing an orientation on t*, a lattice A C t naturally provides a volume form, say
dwp, on t* since GI(A) C SI(t). With the dual volume form dw on t, given by
the dual lattice, the volume of the torus 7 = t/A is (27)". As noticed in [22], given
a rational labeled polytope (P, v, A) associated to the compact symplectic orbifold
(M, w, T) with moment map x : M — t*, Fubini’s Theorem implies that the inte-
gration of a T-invariant function on V' C M is the integration of the corresponding
function on x (V) C P times the constant (27)". Precisely, given an integrable func-
tion f on U C P, assuming x~!(U) is covered by the orbifold uniformizing chart

(Mp, AJA, wp), see Sect. 2.1, we have

" 1 1 w),
/ fdw n/ f—= n/ i
~ Qo Sy’ T IAJA] 2r) vyl twy ~ n!

1 w),
-— / 1 fL. (23)
Jr,d@} Jy arwy T !

If we consider only a labeled polytope (P, v), there is no preferred lattice but we
can arbitrarily choose a volume form deo = dx| A ... Adx,. Formula (23) still holds:
for an integrable function f defined on a neighborhood U of a vertex p of P, denoting
X : M, — t* the moment map of the chart (M, w,, T}p),

wn
/ fdw = =L 24)

X I(U) I”l'
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where ¢, = pr dw™* € R~ is a constant depending on p, on v and on dw. The
value (24) does not depend on the vertex p.

On the other hand, given u € S(P, v), the norm of any derivative |V8:V8u ... V8u
V|, is a smooth function on P as soon as ¥ is a smooth t-invariant function on P x t.
Indeed, [V« V&« ... V8uq)|, isthen a T),-invariant function on M, for each vertex p
of P and thus, a smooth function on the image of the moment map of (M, w,, Tp)
which is Up¢ Fp(P) F, see Sect. 2.1. These smooth continuations (one for each vertex)
coincide when overlapping and thus |V& V&« ... V8|, € C>®(P).

The above comments provide a scope for extending standard norms on functional
spaces on P. Namely, given u € S(P, v) and dw, we take the pointwise norms of
the derivatives on P x t (or on M, if applicable) with respect to the Kihler metric
gu while we integrate over P using the volume form dz . Therefore, we define L?-
norms, C¥-norms, Holder norms on suitable spaces of functions on P giving rise to
the definition of L”-space, CX-space and Sobolev spaces. These spaces do not depend
on dw and coincide respectively with their (7 -invariant) namesake on toric Kihler
orbifolds in the rational case. Moreover, even when (P, v) is non-rational, they behave
as if they were defined on a Kihler compact manifold: Sobolev inequalities, Holder
inequalities, Schauder estimates (for smooth operators on F), Kondrakov Theorem
hold as well, see [23]. Because (24) is (23) in the rational case, a lot of proofs are
formally the same.

Remark 4.2 The boundary condition on symplectic potentials recalled in Sect. 2.3,
implies that H = (Hess u) ! is the restriction of a smooth S2t*-valued function on P.
Thus, as an example of what has been said above, for f € C*®(P), g, (V8 f, V8« f) =
Z?,j:l Hijfif;e€ C*(P) (with notation (6)).

4.2 Maximum Principle

The Laplace operator of g, when restricted to the space of t-invariant functions on
P xtis

n 2

0 J0H;; 0
Al = E Hijj——— L . 25
! Y ijax,- + 8x]' 8x,' ( )

i,j=1
Thanks to the boundary behavior of H, A{* is a smooth operator on C % (P) satisfying
n
/ hA" fdo = / Z Hijf.ih jdo =: (df,dh),.
P P
Moreover, A¥ is a symmetric operator on C2(P) whose kernel consists in constant
functions. It is elliptic on P (but not uniformly elliptic). Let see why the Maximum
Principle holds in this context as well. If L1, ..., L denote the defining affine-linear

functions of P, the operator A" is uniformly elliptic on

Po={xet'|Li(x)>e k=1,...,d)
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for any € > 0. The classical Maximum Principle tells us that a function f € C*(P)
satisfying —A” f > 0 on P, attains a maximum on the boundary of P.. Passing to
the limit, we get that f must reach a maximum at a point, say p, of 9 P whenever
—A"f > 0 on P. Butif g is a vertex of the face in which lies p (or is p itself if
p is a vertex) then f € C*(M,)" and reaches a maximum at a point in M, while
—A" f > 0 as a function on M. But A" is the Laplacian for the Kahler metric g, on
M, . Then, f is constant. In sum, we have the following lemma.

Lemma 4.3 Let f € C?(P) if there existsu € S(P, v) such that A" f < 0 on P then
f is constant.

Remark 4.4 Of course the same principle holds for any symmetric operator which is
elliptic on P and corresponds to an elliptic operator on each chart M ,.

Remark 4.5 Whenever (P, v) is rational, tou € S(P, v) is associated a toric compact
Kaihler manifold (M, w, g,T), A" is self-adjoint on the Hilbert space where it is
defined, that is W1 (M). Now the subset W1 (M)T of T-invariant functions is a
closed Hilbert subspace and thus, the restriction of A" is still self-adjoint. This means
that the operator Alu, as written in (25), is self-adjoint on WULL(P). There is no reason
for that to fail in the non-rational case.

4.3 A Cohomology Group

A classical approach adopted in Kihler geometry of compact manifolds, is to fix a
complex structure J on a compact manifold M and a Kihler class Q € H Loy, R)
and study the space of compatible Kihler structures (g, w, J) with w € . (This is
equivalent to fix w instead, by Moser’s Theorem.) This approach makes sense in our
setting as well even though the cohomology of P x tis trivial because of the following
important fact, explained in [3], due to the combination of a result of Schwarz [34]
and the Slice theorem.

Lemma 4.6 Let (M, w, g,J,T) be a compact toric Kdihler orbifold with moment
polytope P and moment map x : M — P. Then each T-invariant C* function on M
is the pull-back by x of a C* function on P. In particular, x defines a isomorphism
COM)T ~ Cc>(P).

As a consequence of Lemma 4.6, we get a way to define the Dolbeaut (1, 1) coho-

mology group.

Lemma 4.7 Let (M, w, g, J, T) be a compact toric Kdhler orbifold. Two real closed
(1, 1)-forms B, B’ on M corresponding respectively to potentials f, h € C°°(P_) (i.e.,
B=dd°f,B =dd°f' on M) are cohomologous if and only if f — h € C*®(P).

For a given symplectic potential u € S(P, v), the potential of the Ricci form

associated to g, has been computed in [6], to be

1
R,(x) = Elog det (Hess u),. (26)
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Remark 4.8 Thus, using Lemma 4.7, (M, w) is monotone with constant A > 0 if
and only if for any symplectic potential u € S(P,v), R, — A € C®(P) where
(]3(x) = ¢((du,),). This condition makes sense in the non-rational case as well and is
equivalent to the fact that (P, v) is monotone in the sense of Definition 1.2, see [14].

4.4 Compactifiable Forms

In the rational case, the 1-forms dx, . .., dx, are well-defined on the compact orbifold
M and thus a k-form ¢ € QF(P) is pulled-back to give a basic k-form on M. Here
basic should be understood as t-basic, meaning that the contraction of i and dv by
any element X, with v € t both vanish identically. However, not every t-invariant
k-form on P x t corresponds to a form that is the restriction of a smooth form on M.
This is the case for ¢ € QF (F x t)if, forany k € {1, ..., d}, the contraction of ¢ with
LLkX v 18 smooth on P. To see this, we consider a chart M p for a vertex p € Fy and

observe that the 1-forms |z; |2d6i are smooth. We call these forms, those who behave
as if they were defined on a compact orbifold, compactifiable forms. Let ¥ be such a
t-invariant (2n — 1)-form. Thanks to invariance dyy = 37, 3%1&,- dx A dO and

/wm =/ d(Z(—l)"“widxlA~--A@Adxn):/ 7
P P\iZ aP

1

where ¢ = S (=D ydxy A A dx; Adx,. The right hand side is zero since
the condition that the contraction of ¥ with leX v 18 smooth on P U Fj implies that

fﬁ\ vanishes on d P. Hence, the integration of an exact compactifiable 2n-form is zero
supporting the evidence that compactifiable forms behave as forms living on a compact
manifold.

5 Some Classical Theorems
5.1 Yau’s Theorem

Theorem 5.1 ([7,41]) Given a compact complex manifold (M, J) of Kdhler type and
a Kdhler class Q, for each (1, 1)-form p € 2mwc1(M) there exists a unique Kdhler
form w € Q such that p is the Ricci form of the Kdihler structure (w, J).

Since the Ricci form only depends on the volume form, Yau’s Theorem reads as:
given a smooth function F € C*(M), satisfying [}, efoll = | v @, there exists a
unique ¥ € C*° (M) such that fM Yo" =0,w,+dd¢y > 0and

(wo +ddY)" = eF . 27)

0

In terms of potentials, Eq. (27) furnishes a Monge—Ampere type equation. In [7], Calabi
showed the uniqueness of solution of this pde and suggested a continuity method to
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prove the existence. He proved the openness of the set of solutions of (27) while
Yau [41] produced a priori estimates. Good references for this proof are also [23,33].

Let (P, v) be a labeled polytope with P C t*. We fix a symplectic potential u, €
S(P, v), thus the Kihler structure (g,, w,, J) on t ® it (J denote the endomorphism
of the tangent bundle induced by i), we denote p, its Ricci form and ¢, the Legendre
transform of u,. Thanks to Lemma 4.7 and (26), Yau’s Theorem reads:

Theorem 5.2 Given R € C*(P) such that R — R, € C>®(P), there exists u €
S(P, v) such that R = %log det (Hess u)y and this solution is unique up to addition
by an affine-linear function.

The uniqueness follows from a simple use of the Maximum Principle. To see why
this argument holds in our setting, we recall the explanation given in [21]. Denote W
the Hermitian endomorphism of the tangent defined by w (X, W(Y)) = dd“¢¥ (X, Y)
and A, ..., A, its real eigenvalues. Equation (27) is

n
[T +a) =14+ 01G1 e h) + - ouhe e hg) = €
i=1

where o; is the i-th symmetric elementary function. In particular, w, + ddy¢ > 0 if
and only if 1 + X; > O for each i. Now, since

" Ny
(E““"’) < DA+ = 1+ 01(h, )

i=1

and that o1 = —A82r. We get
F
Afof <n(l —en). (28)

We conclude, using Sect. 4.2, that in our generalized setting as well if there is a solution
of Eq. (27) this solution is unique.

With the discussion of Sect. 4, we should be convinced that the proofs of Calabi
and Yau are still valid for non-rational labeled polytopes, but we check the details
a little bit more. We pass to the complex side of the picture in order to rely on the
existing literature on this topic. We consider the path of equations obtained by taking

F _ et _ .
et = —% T T am where Vg = fM dw . The set S of r € [0, 1] such that there exists

a solution of Eq. (27) with F = F; is non-empty, since, at ¢ = 0, ¥ = 0 is a solution.
The linearization of Eq. (27) is
F > A“F

as explained in [21,23,33]. Hence, the fact that S is open follows the fact that the
Laplacian defines an isomorphism of Cgf’g(M) ={f eCc®M)| [, fdw, = 0}.
The space of invariant functions
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Coo (M) = [f e c®(m)T | /M fdw, = 0] = C§% (P)

is closed under this isomorphism and the Laplacian, when acting on C(‘)’?g T,
reduced the smooth elliptic operator (25). Thus, the argument is valid on non-rational
polytopes as well, see Sect. 4.

To prove that S is a closed subset of [0, 1], one needs a priori estimates on solutions
of the Monge—Ampere Eq. (27). The estimates were found by Yau in [41]. This is a
great piece of work that inspired a lot of subsequent studies. In particular, in [39], Tian
and Zhu used and adapted Yau’s ideas to a more complicated equation corresponding
to Kdhler—Ricci solitons. In Sect. 5.3, we discuss how their study carries in our setting.
The uniform bound (the C° estimate) follows a boot strapping method as explained
in [23] and uses only Stokes’s Theorem, Sobolev embedding Theorem, ...that hold in
our setting as explained in Sect. 4.

5.2 Zhu’s Theorem

In [42], Zhu considered the following problem: on a compact Fano manifold (M, J),
given a Kihler form t € 27 ¢ (M) and a holomorphic vector field Z on M, does there
exist a Kéhler metric (w, g) such that

pS—1=Lzw (29)

and, if it exists, is it unique ? Zhu proved unicity of solution (up to automorphism) and
exhibited necessary and sufficient conditions on the vector field Z for a solution to
exist. In the toric case, for a T -invariant form 7, these conditions are fulfilled whenever
Z = JX, —iX, for some a € t. Moreover, in this case, the solution is 7 -invariant.
Via Lemma 4.7, with the same notation as before (picking a reference metric w,, . . .)
Zhu’s result reads as follows

Theorem 5.3 Given a convex function R € C*°(P) such that R—R,, € C*® (P) and
a € t, there exists u € S(P, v) such that R, — R = a and this solution is unique up
to addition by an affine-linear function.

In terms of potentials, a solution ¥ of Eq. (29), corresponding to wy = w, +dd°y,
satisfies

det(gyy + Yny) = /27777 V det(gyj).  gij+ Y5 > 0 (30)

where 07, f, € C®(P) satisfies Lzw, = dd°67 and p, — T = dd€ f,. He observed
that Z .1 needs to be a real-valued function. In our case, working with t-invariant func-
tions and holomorphic vector field induced from t @it this condition is satisfied. Then
using a continuity method Zhu proved uniqueness and existence of solutions assuming
that 7 is positive definite (1, 1)-form. The path of equations he considered starts at
the pde corresponding to Yau’s result. So we get the non-emptyness thanks to Yau’s
Theorem (which holds in our context by the last section). The proof of openness and
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uniqueness use standard arguments and facts on compact manifold (Stokes, integration
by parts, Maximum Principle, ...). A key ingredient for estimates leading to the close-
ness part of Zhu’s proof is an a priori bound on |Z.1| on compact Kihler manifolds
as soon as (Im Z).¢y = 0 and w, + dd¢y > 0. The proof of Zhu use classification of
complex surfaces and cannot be directly adapted to our generalized setting. However,
we only need a weaker result: since ¥ (¢) = ¢(¢t) — ¢o(t) and Z = J X, — i X, for
some a € t, with respect to the coordinates ¢ + i6, we have

an ( 3¢ a¢o)
ai\ — —
P at; ot;

< max{(a, x) | x € P} — min{{(a, x,) | x, € P)}. (31)

(ZA)| = ldy (T Xa —iXa)i| =

= l{a, x) = (a, x,)|

This gives the desired bound. For the rest of the estimates, Zhu adapts Yau’s argument
and we will see a more complicated version in the next section.

5.3 The Theorem of Wang and Zhu

Theorem 5.4 ([40]) Given a compact Fano toric manifold (M, J, T) and Z, the
Kdihler-Ricci vector field (where a € tis defined by (3)). For any A > 0, there exists a
unique T -invariant Kdhler form w € 2mwic1 (M) such that (g, w, J) is a Kdhler—Ricci
soliton with respect to Z,,.

Let (P, v) be a monotone labeled polytope with preferred point p € P anda € t
be defined by (3). Again, we fix a symplectic potential u, € S(P, v) and use the same
notation as before.

If (g, w, J) is a Kédhler—Ricci soliton with respect to Z = J X, — i X, in the sense
that it satisfies (2) with A > 0, one can write

n
— dd®log Z— — dd°(O7 — o+ + Z.). (32)

o

Indeed, this is Eq. (2) with p — p, = —dd® log Z}LZ and ni [, dw = [, do,. Wang
and Zhu used a continuity method on the modified equation

(o + dd )" = elo=02=5V =2V gt (33)

for a parameter s € [0, 1]. The normalization imposed is

/ef”a)2=/ !, /eez+z.w n:/ ef"_wa)zz/ ol (34)
M M M M M

For s = 0, the existence of a unique solution is due to Zhu’s result [42], which holds
in our context see Sect. 5.2. Again the proof of Wang and Zhu to prove uniqueness of
solution and existence under small variation use standard stuff on compact manifold
(Stokes, integration by parts, Maximum Principle, ...) that hold in our setting as
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explained in Sect. 4. The uniform estimate follows from some nice arguments of
convexity on the potentials which do not rely on the geometry of M, it is clearly
explained in [40, §3] and [14, §3.4]. The next lemma, stated and proved in [39] is
crucial to get the higher estimates of Wang and Zhu. It is still valid in our generalized
setting as we explain below.

Lemma 5.5 Fix0 <s < 1. If Y = ¢ — ¢, € C*°(t) is a solution of
(o + dd )" = elo=02=SV =2V g (35)

where ¢, ¢, are the Legendre transforms of u, u, € S(P, v) and ¢, is a potential for
w, then a C° bound on  provides C? and C3 bounds on .

Remark 5.6 Note that the normalization (34) only affects 1 up to an additive constant,
so the condition Im(¢ +— (d¢);) = Im(t — (d¢,);) = P is not over determined.

Proof of Lemma 5.5 Equation (35) is (27) with F replaced by f, — 0z — sy — Z. .
The proof of Tian and Zhu is an adaptation of Yau’s approach. Recall that Zhu gave
an a priori bound on |Z.y| that still hold in our context Sect. 5.2. Apart from this
fact, the arguments of Tian—Zhu are essentially local, using the compactness of the
manifold only to get bounds on various continuous functions (depending on (w,, gu,))
appearing in the equations. Applying the principle explained in Sect. 4.1 is then enough
to claim that the estimates hold in our setting.
We present below the details for getting the second order estimate.

As a first step, a local computation shows that, for solutions of (27), a priori bounds
on |F| and |A | give a priori bounds on |dd Y|, , see [23, Proposition 5.3.4].
Hence, for solutions of (35), it is sufficient to bound |A82y/| and |sv + Z.v|. A bound
on |Z.yr| follows from (31). It remains to find a bound on |A8y|. We only have to
find an upper bound to A2 since

0 < try, (wp +ddY) = n + ASeys

where tr,,, is the trace with respect to w,. Tian and Zhu computed that

AR ((n + Ay) exp(—cy)) Z exp(—c)(e + inf Ryp)(n + AY) (; rlwu)
+exp(—cy) ((A(fo — 07 — My — Z) —n? 1112 Ryyp) —cen(n + AW)) (36)

at any point p, where A = Aé$, Rz, 7 are components of the curvature tensor of
the metric g, with respect to holomorphic coordinates, say z, chosen at p so that
(80)1j = 01y and Y3 = &1y Y (this convention is used in local computation mentioned
above).

Note that each function appearing in the right hand side of (36) is smooth on P.
In particular, as a consequence of the boundary condition on symplectic potential
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(see Proposition 2.9), the function x — Ry;;(y) is smooth on P. Indeed, changing
the variables from 7 to x, one gets

= -

32(80)11 + zgpq a(go)pi 9(80)ig
07707y Iy C ay az;

0 0 H;; JdH;; 0H;;
= — Hiy,— | H + Hyy————. 37
; Is axS ( Ir axr ) ; rs axS aXr ( )

Now, let p € P beapoint where the function exp(—cy)(n+ Av) attains its maximum.
Then, using (31) and the compactness of P, we can show, as Tian and Zhu did, that at
this point p, there exist C1, C2 > 0 such that

A=fo+0z +r0+ Z) < Cp+ Co(n+ AY). (38)

Inserting this into (36) and using some local formulas (following [41]), there are
constants C3, Cy4, Cs independent of ¢ such that

A8 ((n + AY) exp(—cy))) = —exp(—c)(Cs + Ca(n + Ay))
+Csexp(—cyr + ﬁwxn + Ay =D (39

Then, Yau applied the Maximum Principle: the left hand side of (39) is the Laplacian of
a function at its maximum so it must be negative. This argument holds if the maximum
is not attained on the boundary of a manifold (which was obviously the case in Yau
and Tian—Zhu setting). Actually, it works in our setting as well: if p € F C 9 P where
F is a face containing a vertex, say ¢, then the left hand side of (39) is the Laplacian
(of a smooth metric g,) of a function defined on M, (see Sect. 2.3) which attains a
local maximum at p so it must be negative. Hence, we get the Tian—Zhu estimate in
our generalized setting:

(n 4+ Avrg) < C(1 +exp(—s i?f Ys)) exp(—c(¥s + i?f Ys)) (40)

for constants ¢, C independent of .
Following the same argument, the C3-estimate of Tian and Zhu holds as well. O

6 Applications
6.1 Extremal Kdhler Equation

Consider the extremal Kihler equation
Su) = Acp,v) (41)
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foru € S(P, v) where S(u) is the scalar curvature of g,,, given by Abreu’s formula (1).
If u is solution of (41), then g, is an extremal K&hler metric in the sense of Calabi [8].
In [15], Donaldson proved? that the cokernel of the linearization of the map u > S (i)
in C*°(P) is the set of affine linear functions on P. In particular, denoting N(P) the
cone of normals inward to P, the linearization of the extension of the scalar curvature
map

s: |J SP.v)— c>(P)
veN(P)

ur—> S(u) (42)

is surjective on {A(p ) | v € N(P)} @ (C*(P) / Aff(P, R)). Thus, together with the
fact that |_|U€N( P) S(P,v) is path connected, the set E(P) of inward normals v for
which there exists an extremal Kihler metric g, with u € S(P, v) is open in N(P).
Gathering this with Theorems 1.3, 1.6 and Corollary 3.4, we get Corollary 1.7.

6.2 Lattice Polytopes and Kihler—Einstein Orbifolds

Lemma 6.1 Let (P, v) be amonotone labeled polytope with a constant extremal affine
Sfunction. Then, spany{v} is a lattice if and only if P is a lattice polytope.

Proof One direction is straightforward: if v spans a lattice A there is a toric Kéhler—
Einstein orbifold with moment polytope P and the general theory tells us that P is a
lattice polytope.

Conversely, first observe that the assumption implies that there is a lattice containing
both the set of vertices of P and the preferred point p,. To see this, one can use
Corollary 3.3 once t* identified with R" and the lattice spanned by the vertices with
Z". Denote by A* C t* the lattice spanned by p, and the vertices of P. Use a
translation to set p, = 0 (the vertices are still in A*) and, up to a dilatation of v,
assume that L; = (v;,-) + 1,1 =1, ..., d. Since the origin lies in the interior of the
polytope, each facet contains a set of vertices of P which is a (real) linear basis of t*.
Such a basis lies in A* by assumption and, thus, is a rational linear basis of A* ® Q.

This implies that (v;, ¢) is a rational number for eachg € A*and/ = 1,...,d. In
particular, there exists m € IN such that the set mvy, ..., myy is included in the dual
lattice of A*. m|

Corollary 6.2 If P is a polytope with vertices in A*, and v is a set of normals given by
Theorem 1.3 then there exists a real number s > 0 such that spanz{sv} is a sublattice
of A, the dual lattice of N*.

3 The argument is stated for n = 2 but holds in general.
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6.3 Singular Kéhler—Einstein Metrics

Consider a Delzant labeled polytope (P, n, A), see Definition 2.1. The associated
compact symplectic toric orbifold (M, w, T) is a smooth manifold (all the orbifold
structure groups are trivial). Denote the moment map x : M — t* and recall that
T =t/A.

The construction of (M, w, T) of Duistermaat—Pelayo [18], recalled in Sect. 2,
allows us to see M as a smooth compactification of P x T'. There is an equivariant
symplectomorphism between the open subset of M where the torus acts freely, say
M=x"'(P),and P x T.

Consider another set v of normals inward to P and a symplectic potential u €
S(P, v). The Kidhler metric g, defined by (6) is a t-invariant smooth K#hler metric on
P x tand, thus, defines a smooth Kéhler metric, still denoted g,,, on P x T, compatible
with the symplectic form dx A d6. Hence, via the equivariant symplectic embedding

(PxT,dxAd0, T)=M, o, T)C (M, 0T,

gu is a smooth Kihler metric on M compatible with the symplectic form w) .. This
metric g, is not the restriction of a smooth metric on M unless v = 7.

Remark 6.3 If v spans a sub-lattice of A, the Kéhler structure (g, W] Jy) compact-
ifies smoothly (in the orbifold sense) on the orbifold associated to (P, v, A’).

We now describe the singular behavior of g, along the toric submanifolds corre-
sponding to the pre-image of the interior of the facets of P. For each facet Fy, there
is a real number a; > O such that

AxVk = Nk. (43)

The type of the singularity along x ! (Fr) only depends on a; and to understand
which types of singularity may occur we only need to study the possibilities on a
sphere. To see this, we can use the alternative definition of S(P, v) of [3], recalled in
Sect. 2.3.

Let P = (0,2) ¢ Rand v; = %m where 71 is the generator of SL. Thus,
(P, {n1, —n1}) is the labeled polytope of the sphere S of volume 4. Let a neighbor-
hood of the origin U C RR? be a S!-equivariant chart around the south pole x~!(0).
With respect to polar coordinates (r, §) on U (with the period 27 given by 11 as in
(5)), we have x = %rz and 6 = 6. On (0,2) x S! the metric g, is

dx @ dx

=2 " 42 0(x2))do ® db. 44
2ax+0(x2)+(ax+ (x7)do ® (44)

8u

The change of coordinates in the metric (44) gives

r2dr @ dr

o et es 4
2@+ 002) + O0@Fr")do @ d (45)

1
gu=— (dr Qdr + a’r’do ® d@) —
a
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as computed in [3]. The last two terms are smooth and vanish at » = 0. Therefore

ifa < 1, g, has a singularity of conical type and angle 2a,
ifa =1, g, is smooth,

ifa > 1, g, has a singularity characterized by a large angle 2anm > 2m. (46)

Consequently, we obtain

Proposition 6.4 Let (M, w, T) be a smooth compact symplectic toric manifold asso-
ciated to the Delzant labeled polytope (P, 1, A). For any set v of normals inward to P,
the symplectic potentials in S(P, v) define T -invariant, compatible, Kdihler metrics
on the open dense subset where the torus acts freely via formula (6). The behavior of
these metrics along the pre-image of the interior of the facet Fy only depends on the
real number ay > 0, defined by axvy = ny, as in (46).

Proposition 6.5 Let (M, w, T) be a smooth compact symplectic toric manifold asso-
ciated to the Delzant labeled polytope (P, n, A). Fix v, a set of inward normals such
that (P, v) is monotone and has a constant extremal affine function equals to 2n.

For any A > 0, there exists a T-invariant Kdhler—Einstein metric g, smooth on
the open dense subset where the torus acts freely, compatible with @ and with scalar
curvature equals to 2ni. The type of singularity of g, along the pre-image of the
interior of the facet Fy is one of the 3 cases of (46) with ay defined by layvy = ny.
In particular, for A small enough, the singularity along the pre-image of the interior
of any facet is of conical type.

Remark 6.6 Proposition 6.4 gives a way to construct plenty of singular metrics. For
instance, a dilatation of the set of normals, sv with s > 0, corresponds in multiplying
the volume (with respect to g, € S(P, sv)) of the orbits of 7 in M by a factor s2.

Now, we interpret the Kihler metric g, has a singular Kéhler metric in the usual
sense (smooth complex structure and singular symplectic form). Indeed, the singularity
of d>;1 o®d,, : P xt— P xt(seenotation (11)in Sect. 2.5) when u € S(P, v) and
u, € S(P,n) lies along the boundary d P and only depends on the ratio of  and v.
That is,

(@' 0 By gu, (D, 0 B,,,) dx A d6, )

is a smooth Kihler metric on P x t = M compatible with J,, and the complex
structure J,,, admits a smooth compactification on M. We take back the local setting:
U c R? a S'-equivariant chart around the south pole x~!(0) as above, with the
polar coordinates (r, ) and singular Kéhler structure (g, J,,) given by (47) for some
a > 0. For our purpose (which is analyzing the local singularity), the smooth Kéhler
structure (gy,, dx AdO, J,,) can be identified to the standard one on R? ~ C, namely
(a?r2 +r2do%, w = rdr A do, i), and the smooth part of g, can be forgotten. We
put g, = 1 (dr ® dr + a’r’df ® df). Moreover, we don’t need to find explicitly
@, ! o @, butonly a diffeomorphism of U\{0} which takes g, to a metric which is

u
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Kihler with respect to the standard complex structure on U\ {0}. Consider z = r!/¢¢i?

as in [17] to see that

a|z)?“ Vdz @ dz =

Q|-

(dr ®dr +a*rdo ® de) —idx AdO =gy —iw. (47)

Up to the multiplicative factor a, the (1, 1)-form
wg = alz]?@ Vidz A dz
is either:

singular of conical type and angle 2amw, whena < 1
smooth and positive definite, whena = 1

smooth but not positive definite, whena > 1. (48)

6.4 Singular Kéhler—Einstein Metrics on the First Hirzebruch Surface

Let P be the convex hull of the points (1, 0), (1, 1), (2,2), (2,0) in R2. Consider the
two sets of inward normals:

Q) ) - Q- ()
u<C)=[vl=cg((1)),V2=c%(‘01),1)3=c(?),m=c(_11)].

One can check that (P, n) satisfies the Delzant condition and corresponds to the
first Hirzebruch surface P(O + O(—1)). On the other hand, (P, v(C)) is monotone
and has constant extremal affine function. Actually, see [24], we explicitly know the
form of the Kéhler—Einstein metric on quadrilaterals in terms of the inverse of the
Hessian of the potential: using notation (6), it reads

(Hip) = = ( A(x1) + B(x2/x1) (x2/x1)A(x1) +X1B(X2/x1))
YU = xp \(2/x1)A(x1) + x1B(x2/x1) (x2/x1)?A(x1) + x7 B(x2/x1)
(49)
with
-2C
Alx) = 7 (x—D(x—2)2+ 3x),
B(y) = =2Cy(y — D). (50)

Remark 6.7 The case C = 1 gives a singularity of angle 275/7 along the section
at infinity of P(O 4+ O(—1)) which is precisely the angle of singularity obtained by
Székelyhidi [36] in the limit case of a construction (using Calabi ansatz) of metrics
on P(O 4 O(-1)) satisfying Ric(w) > gw, see also [29,30].

@ Springer



426 E. Legendre

Acknowledgments The author is grateful to Professor Vestislav Apostolov for bringing her attention
to this problem and for his numerous advice. This project ended during a stay at the MIT, the author
thanks Professor Victor Guillemin for his interest in this problem. She also thanks Yanir Rubinstein for
his explanations of some subtleties concerning singular Kéhler metrics. Finally, she thanks the referees for
pointing to her a mistake in a previous version of this work and giving her ideas to complete a proof.

References

—_

. Abreu, M.: Kéhler geometry of toric varieties and extremal metrics. Int. J. Math. 9, 641-651 (1998)

2. Abreu, M.: Kihler metrics on toric orbifolds. J. Differ. Geom. 58, 151-187 (2001)

3. Apostolov, V., Calderbank, D.M.J., Gauduchon, P., Tgnnesen-Friedman, C.: Hamiltonian 2-forms in
Kihler geometry. II. Global classification. J. Differ. Geom. 68, 277-345 (2004)

4. Aubin, T.: Equations de type Monge-Ampere sur les variétés kdhlériennes compactes. C. R. Acad. Sci.
Paris 283, 119-121 (1976)

5. Boyer, C.P., Galicki, K.: Sasakian Geometry, Oxford Mathematical Monographs. Oxford University
Press, Oxford (2008)

6. Burns, D., Guillemin, V.: Potential functions and action of tori on Kéhler manifold. Commun. Anal.
Geom. 12(1), 281-303 (2004)

7. Calabi, E.: The space of Kéhler metrics. In: Proceedings of the International Congress of Mathemati-
cians, vol. 2, pp. 206-207. Amsterdam (1954)

8. Calabi, E.: Extremal Kéhler metrics. II. In: Chavel, I., Farkas, H.M. (eds.) Differential Geometry and
Complex Analysis, pp. 95-114. Springer, Berlin (1985)

9. Calderbank, D.M.J., David, L., Gauduchon, P.: The Guillemin formula and Kihler metrics on toric
symplectic manifolds. J. Symp. Geom. 1, 767-784 (2003)

10. Chen, X.-X., Donaldson, S.K., Sun, S.: Kihler—Einstein Metrics on Fano Manifolds, I: Approximation
of Metrics with Cone Singularities. arXiv/math.DG:1211.4566

11. Chen, X.-X., Donaldson, S.K., Sun, S.: Kihler—Einstein Metrics on Fano Manifolds, II: Limits with
Cone Angle Less Than 2. arXiv/math.DG:1212.4714

12. Chen, X.-X., Donaldson, S.K., Sun, S.: Kihler—Einstein Metrics on Fano Manifolds, III: Limits as
Cone Angle Approaches 27t and Completion of the Main Proof. arXiv/math.DG:1302.0282

13. Delzant, T.: Hamiltoniens périodiques et images convexes de 1’application moment. Bull. Soc. Math.
Fr. 116, 315-339 (1988)

14. Donaldson, S.K.: Kéhler geometry on toric manifolds, and some other manifolds with large symmetry.
In: Handbook of Geometric Analysis. No. 1, Advanced Lectures in Mathematics (ALM), vol. 7, pp.
29-75. Int. Press, Somerville, MA (2008)

15. Donaldson, S.K.: Extremal metrics on toric surfaces: a continuity method. J. Differ. Geom. 79, 389-432
(2008)

16. Donaldson, S.K.: Constant scalar curvature metrics on toric surfaces. Geom. Funct. Anal. 19, 83-136
(2009)

17. Donaldson, S.K.: Kdhler metrics with cone singularities along a divisor. In: Pardalos, P.M., Rassias,
T.M. (eds.) Essays in Mathematics and Its Applications, pp. 49—79. Springer, Heidelberg (2012)

18. Duistermaat, J.J., Pelayo, A.: Reduced phase space and toric variety coordinatizations of Delzant
spaces. Math. Proc. Camb. Philos. Soc. 146(3), 695-718 (2009)

19. Futaki, A.: An obstruction to the existence of Einstein Kihler metrics. Invent. Math. 73(3), 437-443
(1983)

20. Futaki, A., Ono, H., Wang, G.: Transverse Kihler geometry of Sasaki manifolds and toric Sasaki—
Einstein manifolds. J. Differ. Geom. 83, 585-636 (2009)

21. Gauduchon, P.: Extremal Kihler Metrics: An Elementary Introduction (in preparation)

22. Guillemin, V.: Kihler structures on toric varieties. J. Differ. Geom. 40, 285-309 (1994)

23. Joyce, D.D.: Compact Manifolds with Special Holonomy. Oxford science publication, Oxford (2000)

24. Legendre, E.: Toric geometry of convex quadrilaterals. J. Symplectic Geom. 9, 343-385 (2011)

25. Legendre, E.: Existence and non uniqueness of constant scalar curvature toric Sasaki metrics. Compos.
Math. 147, 1613-1634 (2011)

26. Lejmi, M.: Extremal almost-Kahler metrics. Int. J. Math. 21(12), 1639-1662 (2010)

27. Lerman, E.: Toric contact manifolds. J. Symplectic Geom. 1, 785-828 (2003)

28. Lerman, E., Tolman, S.: Hamiltonian torus actions on symplectic orbifolds and toric varieties. Trans.

Am. Math. Soc. 349, 4201-4230 (1997)

@ Springer


http://arxiv.org/abs/1211.4566
http://arxiv.org/abs/1212.4714
http://arxiv.org/abs/1302.0282

Toric Kéhler—Einstein Metrics and Convex Compact Polytopes 427

29.

30.

31

32.

33.

34.

35.
36.

37.
38.

39.
40.

41.

42.

Li, C.: Greatest lower bounds on Ricci curvature for toric Fano manifolds. Adv. Math. 226(6), 4921-
4932 (2011)

Li, C.: On the limit behavior of metrics in continuity method to Kéhler—Einstein problem in toric Fano
case. Compos. Math. 148(6), 1985-2003 (2012)

Mabuchi, T.: Einstein—Kahler forms, Futaki invariants and convex geometry on toric Fano varieties.
Osaka J. Math. 24, 705-737 (1987)

Martelli, D., Sparks, J., Yau, S.-T.: The geometric dual of a—maximisation for toric Sasaki—Einstein
manifolds. Commun. Math. Phys. 268, 39-65 (2006)

Palaiseau, S.: Premiere classe de chern et courbure de Ricci positive: preuve de la conjecture de Calabi.
Astérisque 58, 100 (1978)

Schwarz, G.W.: Smooth functions invariant under the action of a compact Lie group. Topology 14,
63-68 (1975)

Shi, Y., Zhu, X.H.: Kdhler—Ricci Solitons on Toric Fano Orbifolds, preprint. arXiv:math.DG/1102.2764
Székelyhidi, G.: Greatest lower bounds on the Ricci curvature of Fano manifolds. Compos. Math. 147,
319-331 (2011)

Tian, G.: K-stability and Kéhler—Einstein Metrics. arXiv:math.DG/1211.4669

Tian, G.: Kédhler—Einstein metrics on algebraic manifolds. In: Transcendental Methods in Algebraic
Geometry (Cetraro 1994). Lecture Notes in Mathematics, vol. 1646, pp. 143—185 (1994)

Tian, G., Zhu, X.H.: Uniqueness of Kéhler-Ricci solitons. Acta Math. 184, 271-305 (2000)

Wang, X.-J., Zhu, X.H.: Kéhler—Ricci solitons on toric manifolds with positive first Chern class. Adv.
Math. 188, 47-103 (2004)

Yau, S.T.: On the Ricci curvature of a compact Kihler manifold and the complex Monge—Ampere
equation I. Commun. Pure Appl. Math. 31, 339411 (1978)

Zhu, X.H.: Kéhler—Ricci soliton typed equation on compact complex manifolds with ¢; (M) 0.J. Geom.
Anal. 10, 759-774 (2000)

@ Springer


http://arxiv.org/abs/1102.2764
http://arxiv.org/abs/1211.4669

	Toric Kähler--Einstein Metrics and Convex Compact Polytopes
	Abstract
	1 Introduction
	2 Labeled Polytopes and Toric Geometry
	2.1 Symplectic Toric Orbifolds as Compactifications
	2.2 Action-Angle Coordinates
	2.3 The Boundary Condition
	2.4 The Curvature and the Extremal Affine Function
	2.5 Complex Coordinates

	3 Proof of Theorem 1.3
	4 Analysis in the Non-rational Case
	4.1 Norms and Integration
	4.2 Maximum Principle
	4.3 A Cohomology Group
	4.4 Compactifiable Forms

	5 Some Classical Theorems
	5.1 Yau's Theorem
	5.2 Zhu's Theorem
	5.3 The Theorem of Wang and Zhu

	6 Applications
	6.1 Extremal Kähler Equation
	6.2 Lattice Polytopes and Kähler--Einstein Orbifolds
	6.3 Singular Kähler--Einstein Metrics
	6.4 Singular Kähler--Einstein Metrics on the First Hirzebruch Surface

	Acknowledgments
	References




