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1 Introduction

Let g be a Lie algebra endowed with an endomorphism J: g —> g such that J> =
—Id. The endomorphism J is a complex structure if the integrability condition

(X, JY]|=J[JX, Y]+ J[X, JY]+[X,Y]

is satisfied for any X, Y € g; equivalently, the i-eigenspace gj0 of J ingc = g®r C
is a complex subalgebra of gc. Nilpotent Lie algebras g admitting a complex structure
were classified by Salamon [29] up to dimension 6. More recently, Andrada, Barberis
and Dotti classified in [2,3] the 6-dimensional Lie algebras g having a complex struc-
ture J of abelian type, that is, the complex subalgebra gy o is abelian, or equivalently
[JX,JY]=[X,Y]forany X, Y € g.

A related question is to determine the complex structures on a given Lie algebra g
up to isomorphism in the following sense. Two complex structures J and J' on g are
equivalent if there exists an automorphism F: g —> g of the Lie algebra such that
J = F~' o J' o F. The latter condition is equivalent to say that F, extended to gc,
satisfies F (g{’o) C glj’/o. If C(g) denotes the space of complex structures on g then
C(g)/Aut(g) parameterizes the equivalence classes of complex structures on g.

A classification of abelian complex structures in dimension 6 is given in [2,3]. Some
partial results on nilpotent Lie algebras can be found in several papers [7,20,31,32],
although to our knowledge there is no complete classification of complex structures
on 6-dimensional nilpotent Lie algebras. This is our first goal here.

The classification of complex structures on nilpotent Lie algebras provides a classi-
fication of invariant complex structures on nilmanifolds. Let M = "'\ G be a nilmani-
fold, i.e., acompact quotient of a simply-connected nilpotent Lie group G by alattice I'
of maximal rank. If J is a complex structure on the Lie algebra g of G, then it gives rise
to a left-invariant complex structure on G which descends to a complex structure on
the quotient M in a natural way. Several interesting aspects of this complex geometry
have been investigated, as for instance the Dolbeault cohomology [8,14,27], com-
plex deformations [7,9,21,28] or the existence of special Hermitian metrics [17,31].
Recently, it is proved in [5] that the canonical bundle of any complex nilmanifold is
holomorphically trivial and some applications to hypercomplex geometry are given.

As a first application of the classification of complex structures we study the behav-
ior of the Frolicher sequence [18]. Recall that the Frolicher sequence E, (M, J) of a
complex manifold (M, J) is the spectral sequence associated to the double complex
(QPI(M, J), o, 5), where d + 0 = d is the decomposition, with respect to J, of
the exterior differential d. The first term E{(M, J) is precisely the Dolbeault coho-
mology of (M, J) and after a finite number of steps the sequence converges to the de
Rham cohomology of M. The first examples of compact complex manifolds for which
E, 22 E were independently found in [10] and [22]. The examples in [10] are com-
plex nilmanifolds of complex dimension 3, which is the lowest possible dimension for
which the Frolicher sequence can be non-degenerate at E>. More recently, Rollenske
has constructed in [26] complex nilmanifolds for which the sequence {E,} can be
arbitrarily non-degenerate. The behavior of the Frolicher sequence has been studied
for some other complex manifolds [15,30], but as far as we know its general behavior
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for complex nilmanifolds has not been studied, although some partial results can be
found in [11-13]. Here we study the Frolicher spectral sequence for general invariant
complex structures on a 6-dimensional nilmanifold. A remarkable consequence of this
study is the existence of a compact complex manifold on which the d3-lemma fails
but E1 = E« and the Hodge diamond is symmetric.

As a second application of the classification of complex structures we consider
strongly Gauduchon (sG for short) metrics in the sense of Popovici [23,24]. Any
balanced Hermitian metric is sG and any sG metric is a Gauduchon metric [19]. In [25]
the relation between the degeneration of the Frolicher sequence at £ and the existence
of sG metrics is studied, showing that these two notions are unrelated. We study
the existence of sG or balanced metrics on 6-nilmanifolds in relation to the general
behavior of the Frolicher sequence. Moreover, Popovici proved in [24] that the sG
property of compact complex manifolds is open under holomorphic deformations, and
conjectured in [25] that the sG property and the balanced property of compact complex
manifolds are closed under holomorphic deformations. We construct a counterexample
to both closedness conjectures.

The paper is structured as follows. In Sect. 2 we first review some general facts about
complex structures on a 6-dimensional nilpotent Lie algebra g. By [29] such g must be
isomorphictoby, ..., b6, hgor [)3'6 (see Theorem 2.1 for a description of the Lie alge-
bras). Of special interest is h5 because it corresponds to the real Lie algebra underlying
the Iwasawa manifold, whose complex geometry is studied in [20]. For the first sixteen
classes the complex structure is necessarily of nilpotent type in the sense of [14]. We
classify the non-abelian nilpotent complex structures on 2-step and 3-step nilpotent
Lie algebras in Sects. 2.1 and 2.2, respectively. Then, using the classification of non-
nilpotent complex structures obtained in [32] as well as the classification of abelian
structures given in [2,3], we present in Tables 1 and 2 of Sect. 3 the complete classifica-
tion of complex structures on 6-dimensional nilpotent Lie algebras up to equivalence.

Since J equivalent to J/ implies that the terms in the associated Frolicher sequences
are isomorphic, as an application we study the general behavior of the Frolicher
sequence E,.(I'\G, J) in Sect. 4 (see Theorem 4.1 for details). We find that £, 2 E
if and only if the underlying Lie algebra g = b3, h14 or h5. Moreover, E| = Ey 2
E3 = E forany J when g = 13 or 4. In contrast, b5 has a rich complex geome-
try with respect to Frolicher sequence because it admits complex structures for which
Ei12E =2 E,E1 =2 E) 2 E3s=Exoreven £ 2 Ey) 2 E3 = Eo. In Exam-
ple 4.8 we give a family J; of non-equivalent complex structures on f;s along which
the Frolicher sequence has these three behaviors. We also show that a nilmanifold with
underlying Lie algebra h¢ has a complex structure with degenerate Frolicher sequence
and satisfying h?*? = h?'? forevery p, ¢ € N, which provides an answer to a question
recently posed in [4] (see Proposition 4.3).

In Sect. 5 we study the existence of sG metrics on 6-dimensional nilmanifolds
endowed with an invariant complex structure and show that the underlying Lie alge-
bra must be isomorphic to by, ..., he or b,. It is also proved that the existence of sG
metric implies the degeneration of the Frolicher sequence at E;. Using [33] we give
in Proposition 5.5 a classification of complex structures having sG metrics but not
admitting any balanced metric, as well as a classification of nilpotent complex struc-
tures admitting balanced metric (see Table 3). Based on the complex geometry of the
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Lie algebra h4, in Theorem 5.9 we show that neither the sG property nor the balanced
property of compact complex manifolds are closed under holomorphic deformation.

2 Nilpotent Complex Structures on 6-Dimensional Nilpotent Lie Algebras

Given a Lie algebra g, let g be the dual of the complexification gc of g. If /: g —> g
is an endomorphism such that J2> = —Id, then there is a natural bigraduation induced
on \* gt = @,.4 A" (g%), where the spaces A"%g*) and A*!(g*), which we
shall also denote by g'-? and g*!, are the eigenspaces of the eigenvalues +i of J as an
endomorphism of g¢., respectively. Now, if d: N* 9c — /\*Jrl g is the extension
to the complexified exterior algebra of the usual Chevalley—Eilenberg differential, then
it is well known that J is a complex structure if and only if 779 2 o d| gl = 0, where
702" /\2 9c — /\O’Z(g*) denotes the canonical projection.

We shall focus on nilpotent Lie algebras (NLA for short). Salamon has proved
in [29] the following equivalent condition for the integrability of J on a 2n-dimensional
NLA g: J is a complex structure on g if and only if g!:? has a basis {w/ }’}:1 such that

dw' =0 and
do’ € I(',..., 0’ Y), forj=2,...,n,

where Z(w', ..., /™) is the ideal in A\* g¥ generated by {w', ..., /™).
Recall that a complex structure J on a 2n-dimensional NLA g is nilpotent [14] if
there exists a basis {a)-/}’}.:1 for g0 satisfying dw' = 0 and

do’ € /\2 W, .., o' . o™, forj=2,...,n. 1)

An important special class of nilpotent complex structures is the abelian class con-
sisting of those structures J satisfying [JX, JY] = [X, Y], for all X,Y € g, or
equivalently d(g"%) c /\l’l(g*). They are also characterized by the fact that the
subalgebra g'¥ is abelian.

In six dimensions, the classification of NLAs in terms of the different types of
complex structures that they admit is as follows.

Theorem 2.1 [29,31] Let g be an NLA of dimension 6. Then, g has a complex structure
if and only if it is isomorphic to one of the following Lie algebras:

h1=(0,0,0,0,0,0), o= (0, 0,0, 12, 13, 14),
hr=(0,0, 0,0, 12, 34), 1= (0, 0,0, 12, 13, 14 + 23),
h3=(0, 0,0, 0,0, 12 + 34), h1o=(0, 0,0, 12, 13, 24),
ha=(0,0,0,0, 12, 14 + 23), h13=(0,0,0, 12, 13 + 14, 24),
hs=(0,0, 0,0, 13 + 42, 14 + 23), hia= (0,0, 0, 12, 14, 13 + 42),

he= (0,0, 0,0, 12, 13), his= (0, 0,0, 12, 13 + 42, 14 + 23),
h7=(0, 0, 0, 12, 13, 23), hie= (0, 0,0, 12, 14, 24),

hs=(0, 0,0, 0,0, 12), ho=1(0,0,0, 12,23, 14 — 35),
ho=(0, 0,0, 0, 12, 14 + 25), hie= (0,0, 12,13,23, 14 + 25).
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Moreover:

(a) Any complex structure on b4 and l)2+6 is non-nilpotent;

(b) For 1 <k < 16, any complex structure on Y is nilpotent;

(c) Any complex structure on b1, b3, hg and by is abelian;

(d) There exist both abelian and non-abelian nilpotent complex structures on
B2, ba, bs and bs;

(e) Any complex structure on b, b7, b1, b11, D12, b13, h14 and b6 is not abelian.

Remark 2.2 Here we use the usual notation, i.e., for instance hr = (0, 0, 0, 0, 12, 34)
means that there is a basis {ef}?:1 satisfying de! = de* = de’ = de* = 0,de® =
el Ae?, de® = &3 A et equivalently, the Lie bracket is given in terms of its dual basis

fej)5_; by le1, e2] = —es, [e3, ea] = —es.

Let g be a Lie algebra endowed with two complex structures J and J’. We recall
that J and J' are said to be equivalent if there is an automorphism F: g —> g of
the Lie algebra such that J' = F ~l6 Jo F,thatis, F is a linear automorphism such
that F*: g* — g* commutes with the Chevalley—Eilenberg differential d and F
commutes with the complex structures J and J'. The latter condition is equivalent to
say that F*, extended to the complexified exterior algebra, preserves the bigraduations
induced by J and J'.

Notice that if glj’o and glj’,o denote the (1, 0)-subspaces of gg- associated to J and
J', then the complex structures J and J' are equivalent if and only if there is a C-linear
isomorphism F*: glj’o — gb’,o suchthatd o F* = F*od.

In dimension 6, by Theorem 2.1, if the NLA g admits complex structures then all
of them are either nilpotent or non-nilpotent. The classification of abelian complex
structures up to equivalence is obtained in [2,3], whereas the non-nilpotent complex
structures are classified in [32] (see Sect. 3 for details). Therefore, it remains to study
the equivalence classes of non-abelian nilpotent complex structures. In order to pro-
vide such classification, our starting point is the following reduction of the nilpotent
condition (1).

Proposition 2.3 [31] Let J be a nilpotent complex structure on an NLA g of dimension
6. There is a basis {a)/}iz1 for g0 satisfying

do' =0, )
do* =co'l, ) ) ) ) )
do =po'?+ (1 —-e)A'' + B2+ Co*' + (1 — €)D 0?2,

where A, B,C,D € Cande, p € {0, 1}.

Here w/* (resp. /) means the wedge product w’/ A ¥ (resp. w/ A o), where
o* indicates the complex conjugated of w*. From now on, we shall use a similar
abbreviated notation for “basic” forms of arbitrary bidegree.

Notice that in the equations (2) the complex structure is not abelian if and only if
p = 1. Next we study the 2-step and 3-step cases in Sects. 2.1 and 2.2, respectively.
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2.1 Non-Abelian Complex Structures in the 2-Step Case

Any 6-dimensional 2-step NLA g has first Betti number at least 3, and if it is equal to 3
then necessarily the coefficient € in (2) is non-zero. We consider firstly € = 0, i.e., the
Lie algebra has first Betti number > 4, and we will finish the section by considering
the remaining case € = 1.

The following proposition provides a further reduction of the equations (2) when
€ = 0 and the structure is not complex-parallelizable. Recall that J is complex-
parallelizable if [JX,Y] = J[X,Y], for all X,Y € g, or equivalently d(gl’o) C
/\2'0(9*). These structures are the natural complex structures of complex Lie algebras,
and in six dimensions they correspondto € = A = B = C = D = 0 and the possible
Lie algebras are h; (for p = 0) and h5 (for p = 1).

Proposition 2.4 Let J be a complex structure on a 2-step NLA g of dimension 6 with
first Betti number > 4. If J is not complex-parallelizable, then there is a basis {«w’ }3: I

for gb0 such that
do' =da? =0, do’ =po?+o'l +10'? + Dow?, 3)

where p € {0, 1}, A € R such that ». > 0, and D € C with Jm D > 0. Moreover, if
we denote x = Re D and y = Jm D, then:

(1) If . = p, then the Lie algebra g is isomorphic to
@1.1) bho, fory > 0;
(1.2) b3, forp =y =0and x # 0,
(1.3) ba, forp=1,y=0and x # 0;
i4) he, forp=1landx =y =0;
@1.5) bg, forp=x =y =0.
(i1) If & # p, then the Lie algebra g is isomorphic to
(i.1) by, for4y* > (p — A2)(4x + p — A?);
(ii.2) by, for 4y* = (p — A*)(4x 4 p — 1%);
(ii.3) bs, for 4y* < (p — A2)(4x + p — A2).

Pro_of In [31, Lemma 11] it is proved that under these conditions there is a basis
{U’}3~:1 for g'-? such that

do' =do? =0, do® = po? +o'l + Bo'2 4 Do?2, 4

where B, D € Cand p € {0, 1}.
If B # 0 then we can take any non-zero solution z of Z % = z, and the equations (4)

reduce to (3) with A = | B| with respect to the new basis (o' =z0', w2 =702, 0% =

212 o).
Consider now B = A with A € R=% in (4).If D # 0, then with respect to the new
basis {a)1 =-Dolo*=0'4+2r0%0*=D 03} we get (3) with D instead of D.
Finally, the second part of the proposition follows directly from [31, Proposition 13].
O
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From now on we consider p = 1. By Proposition 2.4 any two complex structures
on the Lie algebra g are equivalent. Thus, it remains to classify up to equivalence
the non-abelian structures J on b3, h4 and hs. Any such J is identified with a triple
(1, A, D) through equations (3) with p = 1,2 > 0 and Jm D > 0.

We will say that two triples (1, A, D) and (1, A/, D’) are equivalent, denoted by
(1,1, D) ~ (1,2, D), if the corresponding structures J and J’ are equivalent. So,
the problem reduces to classify triples (1, A, D) up to equivalence.

Lemma 2.5 Let us consider two triples (1, A, D) and (1, ¢, E) as above.

(i) If D =0 then, (1,¢t, E) ~ (1, A,0) ifand only ift = ) and E = 0.
(i) If D # O then, (1,t, E) ~ (1, X, D) if and only if there exist non-zero complex
numbers e, f suchthat E = De/e and

2
(ﬁ — 1) (Dé — De)* = (Lf —tf) (ADéf —tDef). 3)

e

Proof The structure equations corresponding to the triples (1, A, D) and (1, ¢, E) are

do' = do* = 0, do’ = 0'? + a)lI + Awlj + Da)zé,
do!' = do? = 0, do? =2+ o'l +106? + Eozz,

where A, ¢t > 0 and Jm D, Jm E > 0. Then (1, ¢, E) ~ (1, A, D) if and only if there
exists an automorphism of the Lie algebra preserving the complex equations, i.e., there
is (m;j) € GL(3, C) such that o’ = Z;:l mjj ' and

3
do' = Zm,-,- do’, i=1,23.
j=1

These conditions are equivalent to

3

! 2 =m31a)1+m32w2+ea),

o :aa)1+bw2, o =ca)1+fa)2, o’

and
D e=af —bc,
() e =l|a|*>+tac+ E|c|?,
(IIl) he =ab+taf + Ecf, (6)
(V) 0 = ab +t be + ECf,
(V) De=|b>+tbf +E|f|*

Notice that m13 = my3 = 0, e # 0 and the coefficients m3; and m3, are not relevant.
It is straightforward to see that coefficient f must be non-zero (otherwise A = ¢
and D = E) and so we can express a as

e+ bc
a= .

f
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First of all, let us suppose that D = 0. Replacing a in (IV) and using (V) we obtain
that b = 0 and therefore E = 0 by equation (V). Combining (I) and (IIT) we get that
M=t f . Since A and ¢ are real non-negative numbers, we conclude that . = ¢, i.e.,
(1, 1, 0) defines an equivalence class for every A > 0. This completes the proof of (i).

We suppose next that D # 0. In order to solve (6) we transform it into an equivalent
system by doing the following substitutions. Replacing a in equation (IV) and using
(V) we can express

De = Ee,
which implies in particular | D| = |E|. Notice that since D # 0 we can assume E # D
by Proposition 2.4. Now, ¢ = —b/E. Proceeding in a similar way in equation (III) we
get
P A —tf
" 1-DJE’

Finally, using the expressions of a, b, ¢ above, equation (V) is equivalent to (5). There-
fore, given e, f € C — {0} satisfying De = Ee and (5), it is always possible to find
a, b, ¢ € C such that system (6) is satisfied. O

Remark 2.6 As a consequence of Lemma 2.5 (ii), when D # 0 a necessary condition
for (1, ¢, E) to be equivalent to (1, A, D) is that |D| = |E|. Moreover, to find an
equivalent complex structure (1, ¢, E) it suffices to find t > O and e, f € C — {0}
satisfying (5), because E is necessarily given by E = De/e.

Corollary 2.7 Let E # D. If (1,1, E) ~ (1, A, D) then, t = X if and only if E = D.

Proof By hypothesis D cannot be zero, so we are in case (ii) of Lemma 2.5. Suppose
first that L = ¢ in (5), i.e.,

2
(Dé—De)Z(U%—l)=x2(f—f) (Def — Def).

The right hand side of the previous equality is a real number. If it is zero thene = | f ?
(otherwise De = De would imply E = D); thus, e is a real number and since
E = De/e we conclude that D = E. On the other hand, if it is a non-zero real

number, then @ — 1 must be a real number and then e € R and again D = E.
Conversely, let us suppose that E = D # 0. In this case e € R and by (5) we can
express it as

(L f —tf) (/\Df—th)'

— 1 f2 _
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Notice that by hypothesis D # E = D. To ensure that ¢ € R it must happen that
Af —tf)(ADf —tDf) € R or equivalently,

|fI>(A* —*)(D — D) = 0.

As f(D — D) # 0 the only possibility to solve the previous equation is A = . O

From the previous results it follows that it remains to consider the case when D # 0
and A # ¢. The next lemma provides a simplification of equation (5).

Lemma 2.8 Let us suppose that .. # t,D = x +iy # 0 and e € C — {0}. Then,
(1, A, D) ~ (1,¢, De/e) if and only if

4y — (> =) @x +12 =21 = 0. ™

Proof By Lemma 2.5 (ii), we know that (1, A, D) ~ (1, t, De/e) if and only if (5) is
satisfied. This condition reads, with respect to H = De, as

— 2 — — — - — -
(= H)* (DIfP =) = A (.f = 1f) 0 H = 17H) .
Taking real and imaginary parts in the expression above we obtain
4H (Hy — x| f ) =If 202 — 0D Hy +1f 202 + W HY
=2M(ff — f3)H — 4 tH Hy f1 /2, )
AHF(Y|f P = Ho) =20Ha [tHi(f = ) + 2t Ha fi fo = Al f P Hi ],
where H = H| +iH, and f = f] 4+ if>. Observe that H, # 0, otherwise we get a
contradiction using the first equation of (8).

Substituting the second equation of (8) in the first one and replacing H by De, we
can express the system (8) as

[ e3(t? — 12 +dyerer + €3 (12 — 12 +4x) = 0, ©

2HY(|f1? — Ho) = A[tH\(f} — f) + 2tHa fi f» — Al fI*H) ]

where e = e¢] + ies.

To solve the first equation in (9) as a second degree equation in e; we need the
discriminant to be greater than or equal to 0, i.e., 4y — (1> — A%)(4x + 1> — 12) > 0,
which is precisely condition (7).

Now, suppose that (7) holds. Then we obtain that

_ep _ p .
e]_)\’z_t27 e_e2 )\,2—t2+l ’

where B = 2y ++/4y2 — (12 — A2)(4x + t> — A2) and e; is determined by the second
equation in (9). m|
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Corollary 2.9 Let us suppose that A #= t and D = x + iy # 0. If (7) holds then

BE— 02— 2B02—1Y)
(1,x, D) (l’t’D(ﬁ2+(k2—[2)2+,32+()»2_t2)2 l)),

where B =2y 4+ /4y2 — (12 — 32)(4x + 12 — A2).

Comparing the inequalities (ii.1) and (ii.2) in Proposition 2.4 with the condition (7),
we observe that for h; and b4 it is possible to take + = 1 in the previous corollary
in order to get equivalences with the complex structures (i.1) and (i.3), respectively.
Therefore, using Corollary 2.7, we conclude:

Proposition 2.10 Let us consider the family of complex structures
do' =de* =0, do’ =0’ +0'"+0'?+ Do ImD>0. (10)

Then:

(i) Any non-abelian complex structure on by, is equivalent to one and only one struc-
ture in (10) with Jm D > 0,

(i1) Any non-abelian complex structure on b4 is equivalent to one and only one struc-
ture in (10) with D € R — {0}.

The classification of complex structures on 5 requires a more subtle study.

Lemma 2.11 Any non-abelian complex structure on s which is not complex-
parallelizable belongs to one of the following families:

@D do' =dw* =0, do® = a)lz—}—w”:l-)»a)li—}—iywzj_, where 0 <2y < |1—A2|;
(D) do! =dw?* =0, do® =02+ o'+ x + iy) w*2, where 4y2 <1+ 4x.
Moreover,

(i) the structures in family (1) are non-equivalent;

(i) the structures in family (I1) are non-equivalent;

(iii) a structure (1, A, iy) in family (1) is equivalent to a structure in family (I1) if and
only if 222 € [0, 1) and 2y € [A%, 1 — A?).

Proof Let us consider a complex structure given by (1, A, D = x 4+ i y) on bs, i.e.,
4y < (1 =2 @x +1 =22,

according to Proposition 2.4 (ii.3). If 22 > 2x, then (1, A, D) ~ (1, /A% = 2x,i|D))
because (7) expresses simply as 4|D|?> > 0 and it trivially holds. On the other hand,
if A2 < 2x, then (1,1, D) ~ (1,0, E), where E is given in Corollary 2.9, because in
this case 4y2 + 22(4x — A2) > 0, that is, condition (7) is satisfied.

To study further equivalences, it is clear that structures in family (I) are non-
equivalent and the same holds for structures in family (IT). Now let us consider the
triples (1, A, iy) and (1, 0, E). Then, (7) expresses simply as

4y? > 24, (11
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Condition for family (I) implies that4y? < (1—A?)2, whichis equivalent to 4y> —A% <
1—222,50if 222 > 1 then (11) does not hold. Now, if 0 < 2% < 1 then the condition

for family (I) is equivalentto y < % — L; ,and therefore when 2y € [A?, 1 —2?) the triple

(1, A, iy) in family (I) is equivalent to the triple (1,0, E = —%(Az — 4y? —A%i))
in family (II). O

Proposition 2.12 Any non-abelian complex structure on b5 which is not complex-
parallelizable is equivalent to one and only one structure in the following families:

0 do' =do* =0, do®=0"+0'"+10%+ Do,

0<23dmD < A2, 0<)»2<%; or

0<2ImD <|l—2%, 1<%

(D) do' =dw? =0, dw® = w?+o'"+Dw??*, where 4(3m D)? < 1+49Re D.

where Re D = 0 and [

To finish this section, it remains to study the case of 2-step NLAs g with first Betti
number equal to 3, which corresponds to € = 1 in (2).

Proposition 2.13 Let J be a nilpotent complex structure on an NLA g given by (2)
withe =1, i.e,

do' =0, dw? :a)“, do’ = pa)lz—}—Ba)li—i—szi,

with p € {0,1} and B, C € C such that (p, B,C) # (0,0,0). Then g is 2-step
nilpotent if and only if B = p = 1 and C = 0. In such case g is isomorphic to b7 and
all the complex structures are equivalent.

Proof Let Z1, Z>, Z3 be the dual basis of a)l_, @?, . It is clear that [g, g] has dimen-
sion at least 2 and is contained in (i (Z> — Z3), Re Z3, IJm Z3). Since Re Z3, Tm Z3
are central elements and

[i(Z2 — Z2), Z11 = (p — B)i Z3 + Ci Z3,

we conclude that g is 2-step nilpotent if and only if B = p and C vanishes.
Let (p, B, C) = (1, 1, 0) and let us consider a basis {e', ..., €%} for g* given by
1 1,2, 20y, 2_ 1.3, :4 3_ 6.4 :,5 . :
w' = ﬁ(e +ie'), w” = ﬁe +ie” and w’ = e” +ie’. Now, the Lie algebra g is
isomorphic to k7. O

2.2 Nilpotent Complex Structures in the 3-Step Case

In this section we classify, up to equivalence, nilpotent complex structures on 3-step
NLAs g of dimension 6. In this case the coefficient € = 1 in the equations (2) given in
Proposition 2.3. The equivalence of complex structures in terms of the triple (o, B, C)
is given in the following lemma.

Lemma 2.14 Let g be an NLA endowed with a nilpotent complex structure (2) with
e =1and (p,B,C) # (0,0,0). Then:
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(i) If the structure is abelian, then there is a basis {w’ }3-:1 for gb0 satisfying either

do' =0, do*=0o'"", do’ = o*, (12)

or

do' =0, do® =o', do’ =w'?+co?, (13)

wherec e R, ¢ > 0.
(ii) In the non-abelian case there is a basis {w’ }§=1 for 91,0 satisfying

do' =0, do® =o', do’® =w?+Bw? +co?l, (14)

where B € C and ¢ € R such that ¢ > 0.

Moreover, for any possible choice of parameters B and c, each structure in (12), (13)
and (14) defines an equivalence class of complex structures.

Proof If the complex structure is abelian then the pair (B, C) # (0, 0) since p = 0.

If B = 0 then it is clear that one arrives at equation (12). If B # 0 then with respect

. 2 . . -
to the basis {z @', |z]> @?, % w3}, where 7 is any non-zero solution of % 7= % Z

the equations (2) reduce to the form (13).
For the proof of (ii), we observe that with respect to {z w', 12|12 0?2, z|z]? @3}, where
z # 0 satisfies 7 |C| = z C, the equations (2) reduce to (14).
Finally, the non-equivalence of the different complex structures defined in (12),
(13) and (14) follows by a similar argument to the first part of the proof of Lemma 2.5.
O

The following result provides a classification of abelian structures in the 3-step case
in a slightly more straightforward way than the one given in [2,3].

Corollary 2.15 Let J be an abelian structure on an NLA g given by (12) or (13).
Then, g is isomorphic to 15, except for ¢ = 1 in which case g = §o.

Proof For the equations (13), let us consider a basis {e!, ..., e®} for g* given by
o' = —el +ie?, 0w =2e +2iet and 03 = 260 + 2(c + 1)i 0. Then, ¢!, €2, &3
are closed, de* = ¢'2, de® = (c — 1)(e!? + ¢*?) and de® = ¢! + ¢23. Thus, if ¢ # 1
then the Lie algebra g is isomorphic to f5; otherwise, g = fo. Finally, it is easy to
check that the Lie algebra g underlying (12) is also isomorphic to 5. O

Notice that the family (14) includes the case b7 precisely forp = B =landc =0
as it is shown in Proposition 2.13. Next we determine the Lie algebras underlying the
complex equations (14) in the remaining cases. They all have first Betti number equal
to 3 and are nilpotent in step 3. Also notice that the dimension of their center is at least
2.

Proposition 2.16 Let J be a nilpotent complex structure on a 3-step NLA g given
by (14). Then g has 3-dimensional center if and only if | B| = 1, B # landc = 0. In
such case g is isomorphic to 6.
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Proof Let Z1, Z>, Z3 be the dual _ba§is of w!, a)z,_a)f. Then, Re Z3 and Im Z3 are
central elements. Let T = A1 Z1 + A1 Z1 + A2 Zy + Ay Z; be another non-zero element
in the center of g, where (A, A2) € C2 — {(0, 0)}. It follows from (14) that

0=I[T,Z1]1=rZr— MZo— (ha — BA2)Z3 — chaZ3,

which implies A1 = 0, cAy> = 0and 1r = BXs. Therefore, ¢ = 0 and |B| = 1in order
the center to be 3-dimensional, because otherwise the equation A, = B, would have
trivial solution. Moreover, B # 1 because g is nilpotent in step 3.

Finally, since | B| = 1 and B # 1, let us consider the basis {e', ..., €% for g* given

by: el +ie? =i(B-Dol,é =a)2—|—a)2,e4 = 1= meBz(a) +Bw2) e +ied =
(1 —Re B)a)3. Then, we can write the differential of »> in the form

5 (B —1 1 —*ReB 5
@ =o' @) = (PR ) 2 (e £ B0Y).

which implies that el e2, e3 are closed, de* = el?, ded = ¢ and de® = 624, i.e.,
9= bie. O

Next we establish the conditions for the coefficients B and ¢ in terms of the dimen-
sion of 92 = [g, [g, g]l.

Lemma 2.17 Let J be a complex structure on a 3-step NLA g given by (14). Then:

() Ifc=|B—1| #0, then dimg* = 1.
(i) Ifc # |B — 1|, then dim g* = 2.

Proof From (14) we have that
=[Zy—Z2,91=((1 = B)Z3+ ¢ Z3, ¢ Z3 + (1 — B)Z3).
It is clear that dim g> = 2 if and only if (1 — B)(1 — B) — ¢ # 0. o

Notice that if ¢ = |B — 1| # 0 then g is isomorphic to hig, h11 or h2. Since the
case c = 0 # |B — 1|, |B] = 1 corresponds to g = b6 by Proposition 2.16, we
conclude that for ¢ # |B — 1] and (c, |B|) # (0, 1) the Lie algebra g is isomorphic to
b13, b1 or bis.

In order to distinguish the underlying Lie algebras, we use the following argument
for g = b, 10 < k < 15. Let o(g) be the number of linearly independent elements
T in /\2(9*) such that t € d(g*) and t A T = 0. This number can be identified with
the number of linearly independent exact 2-forms which are decomposable, that is,
a(hy) =3 fork = 10,12, 13, a(hy) =2 for k = 11, 14 and a(hy) = 1 for k = 15.

If 7 is any exact element in /\2(9*) then t = udw? + fidw? + vdw’ + vdw’,
for some w, v € C, and by (14) we have

T=(u—MQn) wlI +ve'?+ (vB — vc) a)li + (ve — VB) a)21 + vwIi
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A direct calculation shows that
TAT=2 (|v|2(1 —IBP - +c (v2B + \723)) o212,
Thus, if we denote p = PRe v and ¢ = Jm v, then t A T = 0 if and only if

(1—|B|2—c2+ 2¢ Re B) P? — (4cTm B) pq + (1—|B|2—c2— 2¢ Re B) > =0.

) (15)
Observe that the trivial solution p = g = 0 corresponds to T = 2i Jm p w'!, accord-
ing to the fact that w(g) > 1.

Proposition 2.18 Letr J be a complex structure on a 3-step NLA g given by (14) with
¢ =|B — 1| #0. Then:

(1) g= by ifand only if B = 0;
(1) g=by ifandonly if B € R — {0, 1};
(iii)) g = h1a ifand only if JIm B # 0.

In particular, all the complex structures on §)1o are equivalent.

Proof Since ¢ = |B — 1| # 0, it follows from Lemma 2.17 that g is isomorphic to
B1o. h11 or hia.

Firstly, g = by if and only if the coefficients in equation (15) vanish. In fact, for
h1o we have by Theorem 2.1 that vdw® + vdw? € (e'?, '3, e!*) for any v € C
so any pair (p,q) € R? solves the equation (15), which implies the vanishing of
its coefficients. Conversely, if the coefficients 1 — |B |2 —c242¢%e B, ¢Jm B and
1— |B|2 — ¢? — 2¢Re B are all zero then necessarily B = 0 and ¢ = 1, that is,
do' = 0,dw? = o' and dew® = (wl — wl) A w?, and therefore the Lie algebra is
isomorphic to §1g.

On the other hand, notice that if c = |B — 1| # 0 and (B, ¢) # (0, 1) then (15)
is a second degree equation in p or g. Since its discriminant is a positive multiple of
(Jm B)2, if Jm B # 0 then we get two independent solutions and «(g) = 3, that is,
g = h12. Finally, for Jm B = 0 the equation (15) provides one solution and «(g) = 2,
sog = hyg. O

Proposition 2.19 Let J be a complex structure on a 3-step NLA g given by (14) with
¢ # |B — 1| such that (c, |B|) # (0, 1). Then:
() g = b3 ifand only if ¢* — 2(|B|* + 1)c® + (|B|> = 1)? < 0;
(ii) g = b14 ifand only if * —2(|B|* + 1)c* + (|B|* — 1)* = 0;
(iii) g = b5 if and only if ¢* — 2(|1B)*> + Dc? + (|1B]> — 1)? > 0.

Proof Since ¢ # |B — 1| and (c, |B]) # (0, 1), it follows from Lemma 2.17 and
Proposition 2.16 that g is isomorphic to h3, b4 or hys.

Notice that the condition (c, |B|) # (0, 1) implies that the coefficients of p? and
g in equation (15) cannot be both zero, so (15) is always a second degree equation.
Let

A=c*"—2(B*+ 1)+ (IB)? — 1%
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Since the discriminant as a second degree equation in p is equal to —4¢>A and
the discriminant as a second degree equation in g equals —4p?A, the number of
independent solutions of equation (15) depends on the sign of A. Thus, for A < 0
there exist two such solutions and thus g = 013, for A = 0 there exists only one such
solution and g = b4, and finally for A > 0 there is no solution and «(g) = 1, which
implies that g = 5. O

3 Classification of Complex Structures

As a consequence of our previous study, in this section we present in Table 1 the clas-
sification of nilpotent complex structures up to equivalence on 6-dimensional NLAs.
In the table the closed (1,0)-form ' does not appear, and the coefficients c, A € RZ0
and B, D € C with Jm D > 0.

In Table 1 we have also included the classification of abelian structures J on 6-
dimensional NLAs obtained in [2,3]. In the 3-step case we use directly the equations
given in Lemma 2.14 and Corollary 2.15, but in the 2-step case we have written the
complex structure equations of any abelian J in a form that fits in our Proposition 2.4.
More precisely, in the 2-step case we consider first the following reduction of the
equations (3) of any abelian complex structure.

Corollary 3.1 If J is abelian and g is 2-step then there is a basis {wj}3:1 for g"?
satisfying one of the following equations:

(i) do' =dw® =dw® =0; )
(i) do' =dw? =0, do® = 0"+ Dw?? with D € C, |D| =1, Jm D > 0;
(iii) do' =dw?* =0, do® = " + 0'? + Dw??, with D € C, Im D > 0.

Proof Suppose p = 0 in (3). If in addition A = 0, then in terms of the basis
(V/ID] o', |D|w?, |D|w’} we obtain (i) or (ii), whereas if A # 0 then we get
equations (iii) with respect to {w!, A ®?, ). O

Next we illustrate how to rewrite the complex structure equations of any abelian J
on the Lie algebra hs in a form that fits in our Corollary 3.1. By [2,3, Theorem 3.5]
there is, up to isomorphism, one family J;, ¢ € (0, 1], of abelian structures given by

1
Jtel = 63, Jte2 = 64, Jte5 = ;6‘6,

where {el, e, e6} is the real basis of b5 in Theorem 2.1. Let us consider the basis of
(1, 0)-forms {01,02, 03} given by ol=¢l — i],e1 =el —ied, 02 =62 — iJ,62 =
2 —jetandod = 2i( — i) = 2ie + %eé. Hence, the complex structure

equations for J; are
- l’ — l' — —
do' = do? = 0, do? =o'l — ;alz — o2 522,
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Table 1 Classification of nilpotent complex structures

g Abelian structures (p = 0) Non-abelian Nilpotent structures (o = 1)

b  dw?=0,do’ =0 -

by dw? =0, do’® = wll £ Dwzj, do? =0,dw’ = 02 +oll +wli+Dw22,
JmD=1 JmD >0
by da? =0, do® = 'l + 0?22 -
by do? =0, dw3=w”+w12+%w22 do? =0, do® = 02 + o'l + 0!2 + D w22,
D e R—{0}
s do?=0,do’ =o'l + 02+ D2, do? =0, do® = 0!
D € [0, %) do? =0, do® = 0?2 + 0! + 10'2 + D 0?2,

with (&, D) satisfying one of:
) =0<JmD, 4JmD)? < 1+4ReD;
00 <22 < %, 0<JmD < %, ReD=0;
el<i2<1,0<ImD <52 ReD=0;
e:2>1,0=ImD < 25l ReD=0.

e - do? =0, do’ = 02 + o' + 02

B _ do? = o1, dw’ = w12 + o2

hs  dw? =0, do’ = ' -

bo  do? =0l do® = w!? 4 o2l _

bio - do? = o', dw’ = 02 + ?!

h11 - dew? =a)li, do? = w12+Bwl§+|Bfllo)21,
B e R—{0, 1}

hyp - dow? :wli, do’ = w12+Bwlé+|B—1|wzi,
JmB #0

bz - da)zzwﬁ, da)3:w12+Bwli+cwzi,

c#|B—1], (¢, |B])#(0,1),
A —20BP+ 1D+ (B -1% <0

by - do? =o', do’ = 02 + Bo'? + co?!,

c#|B—1], (¢, |B])#(0,1),
A —2(BF+ D2+ (B2 -1)2=0

bis  do? =o'l dod = w?l daﬂ:a)li, da)3:a)12+Ba)lé+ca)21,
do? = w1, do’ = 02 4 co?, c#|B—1], (c,|B])# O, 1),
c#1 A —20BRF+ 1D+ (Br-1)2>0
- w:wi,a):w—i-wi, =1,
h16 d 2 11 d 3 12 B 12 |B| 1
B#1

do' =0; A,c>0; B,DeC
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Table 2 Classification of non-nilpotent complex structures

g Complex structures
(s do' =0, do? =3 + 0, dw’ =+i!? - ol
hi% do! =0, do? =wl3+a)1§, dw’ =ia)11:|:i(a)1§—a)21)

Now, by [31, Lemma 11] there exists a (1,0)-basis {cof}j:1 satisfying
do' = dow* = 0, dw’ = a)li + a)li + Dwﬁ,

with D = %. Notice that D € [0, }t) because ¢ € (0, 1]. Therefore, any abelian
complex structure on fs is given, up to isomorphism, as in Table 1.

For completeness we include Table 2 with the classification of non-nilpotent com-
plex structures on 6-dimensional NLAs obtained in [32]. For any of such structures
there exists a (1, 0)-basis {w!, ?, ©3} satisfying the following structure equations:

do' =0, dw2=w13+w1§, do’® =iea)]T:l:(a)]i—wZT), (16)

where € € {0, 1}.

4 Frolicher Spectral Sequence

In this section we study the behavior of the Frolicher sequence for 6-nilmanifolds
endowed with an invariant complex structure. Recall that given a complex mani-
fold M, the Frolicher spectral sequence E/ ¢ (M) is the spectral sequence associated
to the double complex (27°9(M), 9, d), where 9 and 9 come from the well-known
decomposition d = 9 + d of the exterior differential d on M [18].

The first term E1 (M) in the sequence is precisely the Dolbeault cohomology of M,
that is, E1"?(M) = H?(M), and after a finite number of steps this sequence con-
verges to the de Rham cohomology of M. More concretely, for each » > 1 there is a
sequence of homomorphisms d,

_ _ dy dy _
oo — EPTY Ny S EPY (M) S EPTTT (M) — -

such that d, od, = 0 and Ef_fl (M) = Kerd,/Imd,. The homomorphisms d, are
induced from 8. When r = 1 the homomorphism d : Hz_f’q(M) — H;H’q (M) is
given by dy ([arp 4]) = [0 4], for [y 4] € Hép’q(M). We will also use that

{apg € Ql_”q(M) |9atp 4 = 0, z_aa,,,q = —0dpi1 g1}
{aﬂp,q—l + aVp—l,q | 8Vp—l,q =0}

)

EPI(M) =
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and the homomorphism d: EV'? (M) — E§+2"’_1(M) is given by da([ap 4]) =

[0api1,g-1], for [a)p 4] € Eé”q(M) (see for example [12] for general descriptions of
d, and EF'9).

Let M = I'\G be a nilmanifold endowed with an invariant complex structure J,
and let g be the Lie algebra of G. In dimension 6, Rollenske proved in [28, Sect. 4.2]
that if g 22 b7 then the natural inclusion

(/@) = @), d)

induces an isomorphism
v HY Y (g) — HIP(M) (17)

between the Lie-algebra Dolbeault cohomology of (g, J) and the Dolbeault cohomol-
ogy of M. Thus, an inductive argument [ 13, Theorem 4.2] implies that the natural map
1 EP9(g) — EPY(M) is also an isomorphism, and therefore E/"? (M) = EF*Y(g)
for any p, g and any r > 1, whenever g 2 h7 (see Remark 4.2 below). Using this, in
the next result we show the general behavior of the Frolicher sequence in dimension 6.

Theorem 4.1 Let M = I'\G be a 6-dimensional nilmanifold endowed with an invari-
ant complex structure J such that the underlying Lie algebra g 2 7. Then the
Frélicher spectral sequence Ef" (M, J) behaves as follows:

(@) If g = b1, b3, be, bs, ho, b1o, b1, b1z or by, then Ey = Eo for any J.
d) If g = by or by, then E1 = E if and only if J is non-abelian; moreover, any
abelian complex structure on by or by satisfies E1 2 Er» = E.
(c) If g = b5 and J is a complex structure on b5 given in Table 1, then:
(c.l) Ey 22 Ex = Ex when J is complex-parallelizable;
(c.2) Ey E E if and only if J is not complex-parallelizable and pD # 0;
moreover, Ey % Ey = Eo when pD = 0.
(d Ifg = b or h;’6, then E1 2 Er = E for any J.
(e) If g = hi3 0rhyy, then Ey = Ey 22 E3 = E forany J.
() If g = b15 and J is a complex structure on b5 given in Table 1, then:
(f.1) E1 22 Ey = Ex, whenc =0and |B — p| #0;
f2) E1=2 Ey 2 E3 = Eoo, whenp =1land |B — 1| #c¢ #0;
(f3) E1 22 Ex 2 E3 = Eoo, when p =0 and |B| # ¢ # 0.

Proof The proof is straightforward and we only give it explicitly for the case (f), that
is, g = b5, because it is the most intriguing case where different non-trivial behaviors
can be produced.

We will use the notation Elkl = @prg=k EP? . Since E‘o@ = H§R, it is clear that
dim E/*' > by = dim H¥, for all k, and the equalities hold if and only if E, = Ex..
Recall that b1 (h15) = 3, b2(h15) = 5 and b3(h15) = 6 (see [29]).

For the calculation of the first term Ej, that is, the Dolbeault cohomology,
by the Serre duality it suffices to study the spaces Ef’q = H(;f’q for (p,q) =
(1,0), (0, 1), (2,0), (1, 1), (0,2), (3,0) and (2, 1).
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Let J be a complex structure on 15 given in Table 1. If J is abelian then (B, ¢) =
(0, 1) or (1, ¢) with ¢ # 1, therefore

H = ('), HY'=(0"],5P), H = (),

HY' = ([0", [0?], [o ), CHY? = (0], [0, [0?), )
Hél 1 — ((1 88) 12] [(,()13] (SC[(,()ZI] [Ba)22+c_o3l],88[w_32]),

Hgl < [(1)121] [(1)122] [(1)123] [Ba)132 ca)231],68[a)133]),

where & is equal to 0 if ¢ # 0, and equals 1 if ¢ = 0. Since dim Ell1| =4>3=
b1(h15) we get that Ey 22 E, for any abelian J.
When J is not abelian, i.e., p = 1, the Dolbeault cohomology groups are

([, sBaf[w D HY = (0280, HYO = ('),
a (@[], H}? = ([0P] [0?).
{
=5

19)

[ 121] [w122] [Ca)123 +w132] [B(,()123+(1)231] 86[w133+w232]>

d

8

where 55 has a similar definition as for §j above. Notice that the coefficient Bc + 85
is non-zero except for B # 0 and ¢ = 0. Thus, dim Ell2| > 6 > 5 = by(h5) and so
E1 22 E also for any non-abelian J.

In order to prove (f.1) we need to study independently the abelian and the non-
abelian complex structures with ¢ = 0 and B # p on h5. We start with the abelian
ones. In this case, by Table 1 we can suppose B = 1 and from (18) it follows that the

: : 12 13
dimensions of E|" and E|" are

2] 13

dimE" =9 > 5 = ba(h15), dim E;" =12 > 6 = b3(h15).

. . d
For the following d;-homomorphisms E(l)’l L E 11 14, E%l LN Ef’l,the classes
[03], [0"3], [03?], [0'33] have linearly independent images. On the other hand, for
d d d . 33 33 33
E?’z BN Ell’2 =4 Elz’2 N E13’2, the images of the classes [03], [0323], [0®B +

313] and [w'3?3] are also independent. Counting dimensions for E‘Zk| we get that

, [

dim E)'! < dim E"' =1 =3 = by (15), dim EY! < dim EI”' —4 = 5 = by (),
dim £y < dim E}’! — 6 = 6 = by (h15). dim EY'| < dim E"l —4 = 5 = ba(bys),
dim £} < dim EP' = 1 = 3 = bs(hy5).

This implies that E» = E, because necessarily dim E‘Zk‘ = by (h1s) for all k.
If p = 1and ¢ = 0, then B # 1 and by (19) we have dim E}'' = by (h15) + 58. So

E/" = EL! when B # 0. For B = 0, since di ([0*]) # 0 and d; ([0>12]) # 0, we
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conclude that dim E}'' < dim E'' =1 = 3 = b1 (h15) and dim EJ!

3 = by(hy5), and therefore, £y = EWX if k = 1 ork = 5.
Now, for B # 1 we have that dim E”' = 8+ 68 > 5 = by (1), dim E[’' = 12 >

6 = b3(h15), dim E‘f” =8+ 863 > 5 = bg(h15). In order to conclude that E; = Eo
it suffices to observe that for the following homomorphisms

<dimEP' -1 =

d
Ell,l 1

d
E12’1 1

d d
Ef’l, E?’2 1 E11,2 1 E%,Z

the classes [w'3 + @], [032], [0'3 + 0?3?], [0?3], [0323] and [Bw?® 4+ 313] have
linearly independent images.

For case (f.2), we consider p = 1and [B—1| # ¢ # 0. Asdim E!'' = 3 = b, (),
we get that Ell1| = ECLL'. Now, for the map Eg’z & E%’l we have dz([a)ig]) =
[8 (a)23 + % a)32)] = w [a)122] # 0, because w!?? * 5;82,0 + dyy 1 for

any 32,0 and any d-closed v1,1. Hence,
by(his) < dim EY' < dim EX' — 1 < dim EP = 1 =6 — 1 = 5 = ba(y5)

and we conclude that E(Lzol = E|32| 2 E|22\ = E|12|_

Similarly, d5 : Ezl’2 — Eg’l is non-zero (for instance, dz([a)3I§ + szjﬁ]) #0).
Thus,

b3(h1s) < dim EY' < dim EJ! =2 < dim EP! =2 =8 -2 =6 = b3(h15)

and we conclude that Eclgil = E|33| 2 E‘;l =F |13‘. By the same argument

ba(his) < dim EYN < dim B} — 1 <dim E[' =1 =6 — 1 =5 = bs(h15)

and therefore Eclél = E|34‘ 2 E‘;” = FE ‘14‘. Summing up all the information, we
conclude that £y = E; 2 E3 = Eo in case (f.2).

For the last case (f.3), we first observe that d; ([w3]) = —_c[a)n]—é[a)z_l]. Since this
class is zero if and only if ¢ o2+ Bo?! € 5(/\1’0) = (0'!, Bo2 +cw?!),ie., |B| =

¢, the map d; : E(l)’l — Ell’l is non-zero. Therefore, dim E|21| < dim Ell1| —1=3,

i.e., E‘l1| % E‘zl‘ = Eyol. Moreover, since dz([a)ig]) # 0, we deduce that

ba(his) < dim EYN < dim EP' — 1 <dim E' =2 =7 -2 =5 = bhy(h5),
SO Ecl,%l = E|32| % E|22| # E‘lz‘. Analogously, dz([a)313 + szié]) # 0, which implies
b3(his) < dim EY' < dim EP' — 2 < dim EP' =2 =8 —2 = 6 = b3(I1s),
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and we conclude that E|3| = |3| 2z E‘3| = |3‘ . We also have
ba(hs) < dim ES < dim EY' — 1 < dim B/ —2 =7 -2 =5 = by(is),

and therefore Ec‘,i‘ = E|34| % E‘;H o E|14|. Consequently, E1 2 E, 22 E3 = E in
case (f.3). O

Remark 4.2 Let (M = T'\G, J) be a 6-dimensional nilmanifold endowed with an
invariant complex structure J and suppose that g = b7. In [28, Theorem 4.4] it is
proved that there is a dense subset of the space of all invariant complex structures for
which the complex nilmanifold admits the structure of principal holomorphic bundle
of elliptic curves over a Kodaira surface, but this is not true for all complex structures.
In fact, the invariant complex structure J may not be compatible with the lattice I
(see [28, Example 1.14]), so one cannot ensure the existence of the isomorphism (17),
and hence of a canonical isomorphism between EP (g, J) and EP9(M, J), for any
invariant J on the nilmanifold M. However, notice that up to equivalence there is only
one complex structure on k7 and it can be proved that it satisfies that the sequence
degenerates at the first step, i.e., E1(h7) = Ex(H7).

In [4] the authors posed the following problem: to construct a compact complex
manifold such that £y = E, and hg 1= hg’p for every p, g € N but for which the

d9-lemma does not hold. Since nilmanifolds do not satisfy the 99-lemma, unless they
are complex tori, the following result provides a solution.

Proposition 4.3 Let J be any invariant complex structure on a nilmanifold M with
underlying Lie algebra isomorphic to Y. Then E\(M) = E(M) and the Hodge
numbers satisfy

hOO(M)_l
h;O(M)—z h‘”(M)—z
th(M)_z h“(M)_S h“(M)_z
h3°(M)_1 h“(M)_s 12(M)_s h“(M)_l
h31(M)_2 h“(M)_s 13(M)_z
h32(M)_2 h23(M)_2
33(M)_1

Proof Any complex structure J on g is equivalent to the complex structure given in
Table 1, that is, p = % = 1 and D = 0. Its Dolbeault cohomology groups Hj"? for
(p.q)=(1,0),(0,1),(2,0),(,1),(0,2),(3,0) and (2, 1) are

Ha = ([0'], [?]), H§° (0], 03], HY = ('),
(, = (@' [),  H? = ("] [P),
@ ([ 12], [wZI]Z[wZZ]’_[wIS_FfOﬁ],[a_)31 +w%2]), )
a ( 122]’ [w131], [0)123 —‘1-(0231], [w123 _w232]’ [a)132]>‘
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By Serre duality we get the above Hodge diamond which is symmetric. Moreover,
dim E"" =4 = by(he), dim EP =9 =by(he), dim E' = 12 = b3(be),

so the Frolicher spectral sequence degenerates at the first step. O

The following result shows that there are many complex nilmanifolds for which
the Frolicher spectral sequence is stable under small deformations of the complex
structure.

Proposition 4.4 Let M = T'\G be a 6-dimensional nilmanifold endowed with

an invariant complex structure J, and let g be the Lie algebra of G. If g =

b1, b3. be. bs. bo, b1o. bi1, bi2. B13, b4, e, bl or b3g, then dim EF (M, J) is sta-
ble under small deformations of J for any p, q and any r > 1.

Proof By [27, Theorem 2.6], all small deformations of the complex structure J are
again invariant complex structures. Proceeding as in the proof of Theorem 4.1, it can
be proved that if g 2 b2, ha, b5 or b5, then dim EP4(M) does not depend on the
invariant complex structure on M for any p, ¢ and any r > 1, so it is stable under
small deformations of J. O

Remark 4.5 The 6-dimensional nilmanifolds with underlying Lie algebra isomorphic
to b2, ba, b5 or b5 are the only ones that have both abelian and non-abelian complex
structures (see Table 1).More generally, let M be a 2n-dimensional nilmanifold, g the
underlying Lie algebra, J an abelian complex structure and J' a non-abelian invariant
complex structure on M. It is well known that J is abelian if and only if there is a
basis {a)l, ..., "} of invariant forms of type (1,0) satisfying dw’ =0forl < j<n;
therefore, by [8] one has that hg’ ! (M, J) = nbecause (17) holds for abelian structures.

However, for J’ we have dim Hg) 1 (g, J') < n and, if an isomorphism like (17) holds,
then the Hodge number satisfies hg'l (M, J) < n.Thus, the existence of J and J’ on a

nilmanifold M might lead to the non-stability of dim E ?’1 under small deformations. A
natural question arises in this context: is the Frolicher spectral sequence stable under
small deformations if and only if the nilmanifold does not admit both abelian and
non-abelian complex structures? Proposition 4.4 above gives an affirmative answer
forn = 3.

Next we provide some examples of explicit families of complex structures on nil-
manifolds corresponding to hs and 15 along which the Frolicher sequence varies. In
Corollaries 5.11 and 5.12 below, further properties of the Frolicher spectral sequence
on nilmanifolds are shown.

Example 4.6 Let J be a non complex-parallelizable and non-abelian complex struc-
ture on fhs given in Table 1 with non-degenerate Frolicher sequence, i.e., E] 22 E
for J. We will construct a family of complex structures J; by deforming the previous
one, i.e., Jo = J, such that the Frolicher spectral sequence degenerates at the first step
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for any ¢ # 0. According to Theorem 4.1, J has complex structure equations of the
form

do' = do? = 0, do’ = 02 + a)lI + )»a)li,

for some non-negative A 7%~ 1, where {wl, w?, w3} is a (1, 0)-basis for J. With respect
to the real basis {e!, ..., €%} given by

1

el+i62=a), (e —e)+ (e +e4)—a) e5+i66=w‘,

1+ A

the complex structure J expresses as

1_ _ 2 3__ 2 2 14x 4 5_ _ 6
Je' = —e°, Je’ = =5 € 1_Ae,Je—e,
Je?=el, Jet = ——H%A el + —};i e, Jeb =e.

For any ¢ € [0, %), consider the complex structure J; given by

_ 52 a2 201_
J,el _ 4(71(12 ) €] 1= ez _ 2d(12A) 63 + 8d (13 1) 64,
o o a a’

52 52
Jie? = 120 o1 4 MU0 o4

e’ = (12%2 el - (1—122%4) e’ = (IJ;A)Z e,

Jiet = —H=R 1y %ez + <1;x>2 &3 4"%5*) o,
Jie = 1%\2 e — —4di;r1(i;§)2) ’ e,

Jie® = 1_“765 — 13’12 0,

where o = /(1 — A2)2 — 442, and

t, if A =0,
12%/4, if A% € (0, 1/2),
t(1—22)/4, ifa%2e[1/2,1),
—t(1 —A%)/4, if A2 > 1.

i, \) =

Notice that Jy = J. Now, the forms

w}: +2d(1A)4+le

. 2
wf:u(e— 1)_2d(1 M€4+li—l(2dl+e+(1“ )
wd=e5 — 2d6+l 0,
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satisfy Jla)f = ia)f fork =1,2,3,1.e., {w}, a)tz, wf’} is a basis of type (1, 0) for J;.

Furthermore, with respect to this basis the complex structure equations are
da),1 = da)t2 =0, da)? = a),]2 + a)t” —i—)»a)tlz + Da),zz,

with D =i d(t, A). According to Theorem 4.1, the Frolicher spectral sequence degen-
erates if and only if D # 0, i.e., if and only if # > 0. In conclusion, J can be deformed
into a non-abelian complex structure with £ = E.

Corollary 4.7 Let M = T'\G be the nilmanifold underlying the Iwasawa manifold,
i.e., g = bs. Let J be a non complex-parallelizable and non-abelian complex structure
on M given in Table 1 with E1 2 E~. Then, J can be deformed into an invariant
complex structure with degenerate Frolicher spectral sequence.

The Lie algebra hi5 has a rich complex geometry with respect to the Frolicher
sequence and in the next example we construct a family J; along which the three cases
in (f) of Theorem 4.1 are realized.

Example 4.8 On b5, let us consider the real basis {e!, ..., ¢} given in Theorem 2.1
and the following family of complex structures

1 3(3 —sint)(7 + 3sint) ,
Jieo = — - - e
(5 +sint)(11 —sint)

3 3(3 —sint)(11 —sint) 4
Jiew = - - e
(54 sint)(7 + 3sint)

5 (I1 —sint)(7 4+ 3sint) 4
Jiew = — - - e
3(3 —sint)(5 + sint)

where t € R. Let

4wl =/(11 =sint)(5 +sint) e! +i/3(3 —sinr)(7 + 3sint) €2,
8 w? = (5+sint)(7+3sint) e’ —i \/3(5+sin1)(3—sinz)(11—sin7)(7 + 3sint) e*,

and

128w’ = (5 +sint)(7 + 3sint) |3(3 — sint)y/(11 — sint)(5 + sint)
t

+i (11 —sinr)/33 —sin1)(7 + 3sin1) e6] .

Then, {a)tl, wtz, 0)13} is a (1, 0)-basis for J; satisfying

I —sint |,

) o! +2w12+1+sint o1

1 2 _ 11 3 _
do, =0, do; =0w,", do; = . R
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If sint = 1, the coefficient of a)tl2 vanishes and therefore J; is an abelian com-
plex structure that is equivalent to the one given by (p, B;,c;) = (0,1, }T) (see
Lemma 2.14). If sinz # 1, then we can normalize the coefficient of w)> and the
complex structure equations can be written in form (14) as

i 4 5 I +sint i
do} =0, do? =o', do} =w*+ —— o>+ ——— ?,
1 —sint 2(1 —sint)

4 1+sin ¢
* 1—sint’ 2(1—sint)

cerning the Frolicher spectral sequence for the family {J;};cr, by Theorem 4.1 (f) we
get

i.e., they are determined by the triple (p, By, ¢;) = (1 ) Now, con-

e Ifsint = 1, then (p;, B;, ¢c;) = (0, 1, }1) and therefore £y 2 E» 2 E3 = Exo.
e Ifsint = —1, then (p;, By, ¢c;) = (1,2,0) and E| 22 E3 = Eo.
o If sint| #1,E| = Ey %2 E3 = Eq.

As a consequence of this example, in the following result we show that for r > 2 the
dimension of the term E*?(J;) in general is neither upper nor lower semi-continuous
function of ¢. This is in deep contrast with the case r = 1, as it is well known the
upper semicontinuity of the Hodge numbers dim Hg’ “1(J;) with respect to ¢ along a
deformation.

Corollary 4.9 Let M be a nilmanifold with underlying Lie algebra b5 endowed with
the invariant complex structures J; given in Example 4.8. Then,

dim ES*Z(J%) =3>2=dimEY*(J,), dim E;’](J%) =2 <3=dimEy'(J),
and

dim ES'Z(J%) =2> 1 =dimEy*(J,), dim E;’](J%) =2 <3=dimEy"(J),

foranyt € (%, 37”). Therefore, the dimensions of the terms E;’l (Jy) and E;’] (J;) are
not upper semi-continuous functions of t, and the dimensions of the terms Eg’z(J,)
and Eg ’2(1,) are not lower semi-continuous functions of t.

Proof 1t follows directly from the proof of Theorem 4.1 taking into account that for

t = 7% the complex structure lies in case (f.3) and for any 7 € (%, 37”) the structures

J; lie in case (f.2). O

5 Strongly Gauduchon and Balanced Hermitian Metrics

Let (M, J) be a complex manifold of complex dimension n. A Hermitian metric g
on (M, J) can be described by means of a positive definite smooth form €2 on M of
bidegree (1, 1) with respect to J. We will use this approach in what follows and we
will refer to €2 as a Hermitian structure or as a Hermitian metric indistinctly.
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A Hermitian structure 2 is strongly Gauduchon (sG for short) if Q" is -
exact [23,24]. In particular, any balanced Hermitian structure (i.e., dQ"! = 0)is
sG, and any sG metric is a Gauduchon metric [19], that is, Q"1 is 99-closed or
equivalently the Lee form is co-closed.

Next we suppose that (M = I'\G, J) is a nilmanifold endowed with an invariant
complex structure. It is proved in [16] that (M = T'\G, J) has a balanced metric if
and only if it has an invariant one. Moreover, by using the symmetrization process
given in [6] (see also [16,31] and [33, Proposition 3.2]) one easily arrives at:

Proposition 5.1 (M = I'\G, J) has an sG metric if and only if it has an invariant
one.

Therefore, the existence of sG metrics on (M = I'\ G, J) isreduced to the existence
at the Lie algebra level g of G.

Corollary 5.2 Let Q2 be an invariant Hermitian structure on (M = U\G, J). If J is
abelian, then Q is sG if and only if it is balanced.

Proof Let g be the Lie algebra of G. First we prove that 9( /\"’k(g*)) = 0 for every
1 <k < n. Let us consider a decomposable form o € /\"’k(g*) givenbya = B Ay,
where 8 € /\"’O(g*) andy € /\O’k(g*). Since g is nilpotent and J is abelian, one has
thatdB = 0and dy € /\]’k(g*), so in particular 8 and y are d-closed. Hence,

do = (@B Ay + (=1)"B A @y) =0.

Now, the statement in the corollary follows directly from Proposition 5.1 and from the
previous property for k = n — 2, i.e., d(A"™" " (g*)) = 0. i

From now on we consider n = 3.

Proposition 5.3 Let M = I'\G be a 6-dimensional nilmanifold endowed with an
invariant complex structure J. There exists an sG metric on (M = I'\G, J) if and
only if the Lie algebra g of G is isomorphic to by, ..., be or b,.

Proof By Proposition 5.1 it suffices to study the invariant case. By [31], the funda-
mental 2-form of any J-Hermitian metric is given by

20 =i (o' +5202 +120%%) +ue'? — o + v — 502+ 203 — 7031, (20)

where coefficients 12, sz, #% are non-zero real numbers and u, v, z € Csatisfy r2s? >
lu|?, 5212 > |v|2, r2t? > |z|? and r2s2t% + 29Re (iivz) > t2|u|* + r2|v|® + s2|z)>.
Let us start with the non-nilpotent case. From (16)

20Q = (iev Fi)w 2 Five'? + u—i — e )0 + (s> £ 1) +
vwl33 + (iS2 F 12)(,()231
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and therefore
492 A @ = (i€ = o) & (Pu + 2 + ivE — i07)) 0212

+ (uv — iszz) o' B3,

Direct computations show that d( /\3’1 (%) = (wnaié). If the Hermitian structure
(J, ) is sG then

Fie(s’? — v|?) = 2 (u + 1) + ivi — ivz.

Since the left-hand side is purely imaginary and the right-hand side is real, we get that
€ = 0 and therefore g = bh,.

For the nilpotent case, let us consider the general complex equations (2). Now,
the fundamental 2-form of any J-Hermitian metric is given also by (20). Using [31,
Lemma 17 and Proposition 25], we get

40QAQ = ((1 — A2 — [v)?) + B(ir?u + 92) — C(ir%i — v3)

+ 1 —e)D2 - |z|2)) W!2B12 _ (2% — |v|2)w12313.

It is straightforward to verify that 9( /\3”1 (@) = (pw'?12), and therefore, if the
Hermitian structure (J, 2) is sGthene = 0,1.e.,g = b; fori =1, ..., 6. Moreover,
if in addition p = 1, then any J-Hermitian structure is sG.

In conclusion, if there exists an sG metric then g = by, .. ., hg or h19. The converse
follows directly from [31, Theorem 26] because these Lie algebras admit balanced
Hermitian metrics. O

Remark 5.4 From the proof of the previous proposition it follows that on b, b4, hs and
be, if J is a non-abelian nilpotent complex structure then any invariant J-Hermitian
metric is sG. This is in contrast with by, where for any complex structure the space of
balanced metrics is strictly contained in the space of sG metrics, and moreover there
are Hermitian metrics which are not sG. For instance, consider a Hermitian metric on

b1 given by

i 7 5 3 U 5 7
Q:Ea)“+(u2+z2+1)iw22+(u2+22+1)iw33+§(w12—w21)
2,13 31
+2(w ™),
that is, in (20) we take r = 1, v = 0, u and z real and s2 = 12 = 2(u? + 22 + 1):

e if u = z = 0 then the metric is balanced;
e if u = 0 and z # 0 then the metric is sG but not balanced;
e if u # 0 then the metric is not sG.
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Notice that this indicates a contrast between the sG and SKT geometries, since by [17]
the existence of an SKT structure on a 6-dimensional nilpotent Lie algebra depends
only on the complex structure.

There exist compact complex manifolds having sG metrics but not admitting any
balanced metric [25, Theorem 1.8]. Next we show the general situation for nilmanifolds
in dimension 6.

Proposition 5.5 Let M = T'\G be a 6-dimensional nilmanifold with an invariant
complex structure J such that (M = T'\G, J) does not admit balanced metrics. If
(M = T'\G, J) has sG metric, then J is non-abelian nilpotent and g is isomorphic
to B2, ba or bs. Moreover, according to the classification in Table 1, such a J is given
by: Re D + (JmD)? > 1 on bp; ReD > % on by and » = 0,ImD # 0 or
A=dJmD =0,ReD > 0onbs.

Proof Any complex structure on fjg or b admits balanced metrics. From [33] we have
that only h3 and b5 have abelian complex structures J admitting balanced metric. In
fact, any such J on h5 admits balanced Hermitian metrics, whereas for h3 the complex
structure must be equivalent to the choice of (—)-sign in Table 1. From Corollary 5.2,
it remains to study the non-abelian nilpotent complex structures J on b7, b4 and bs.
Since any such J admits sG metrics by Remark 5.4, next we show which of them do
not admit balanced metrics.
In the three cases the complex equations are of the form

do' = do’ =0, do’ =a)12—|—a)1i —I—)\wlj—i—Da)zé. 21

A similar argument as in the proof of [33, Proposition 2.3] shows that, up to equiva-
lence, the fundamental 2-form of any J-Hermitian metric is given by

20 =i +5202 +20) tuw'? — o,

where s2 > |u|? and 2 > 0.
If D=x+iyandu = u; + iuy, the balanced condition is

s2+x+iy=ugk+iulk. (22)

We distinguish several cases depending on the values of A.
If & # 0 then  is balanced if and only if u1 = y/A and u» = (s> + x)/A. The
condition s > |u|? is equivalent to s* + (2x — A%)s? + x2 + y? < 0 and it is easy to

see that a non-zero s satisfying this condition exists if and only if the discriminant of
the previous equation as a second degree equation in s is positive, i.e.,

A —4xa? —4y? > 0. (23)

According to Table 1, non-abelian complex structures on h, have A = 1. In this
case (23) reads as x 4+ y? < 1/4, which means that any J such that x + v > % has
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no balanced metrics. Similarly, for 4 any J such that x > % does not admit balanced
metric.

For h5 and A # 0 we have that x = 0 by Table 1. Thus, there is no balanced metrics
if and only if A< 4y2. Since y > 0, this is equivalent to A2 < 2y. However, none of
the three cases detailed in Table 1 verifies that A2 < 2y, and therefore any complex
structure on h5 with A # 0 admits balanced metrics.

Finally, in the case A = 0 on h5 we get that the balanced condition (22) reduces to
y =0and s2 = —x > 0. From Table 1 we have that 0 < 1 +4x, i.e., x € (—l, 00).
Therefore, if y 72 0 or y = 0, x > 0 then there are no balanced metrics. O

As pointed out by Popovici [25], the degeneration of the Frolicher sequence at E
and the existence of sG metrics are unrelated. From the study of the sG geometry
above and from Theorem 4.1 we get:

Theorem 5.6 Let M = I'\G be a 6-dimensional nilmanifold endowed with an invari-
ant complex structure J. If there exists an sG metric then the Frolicher spectral
sequence degenerates at the second level, i.e., E;(M) = Exo(M). Moreover; if there
exists an sG metric and g 2 bs, then E1(M) = Exo(M).

Proof By Proposition 5.3, the Lie algebra g underlying M = I'\ G must be isomorphic
tobhy, ..., beorbhjg,so Theorem 4.1 implies that the Frolicher sequence degenerates at
the second level. The last assertion follows directly by taking into account Corollary 5.2
and Table 3 below. O

It is interesting whether this result holds in general, that is:

Question 5.7 Does the Frolicher spectral sequence degenerate at the second step for
any compact complex manifold M of complex dimension 3 admitting an sG metric?

In the following table we show the complex structures J, up to equivalence, on
b1, ..., be that admit balanced Hermitian metrics. The classification follows from the
proof of Proposition 5.5.

Motivated by [25, Theorem 1.9] next we study the relation between the degeneration
of the Frolicher spectral sequence and the existence of sG or balanced metrics. The
possibilities are well illustrated in the following deformations of the complex structure
corresponding to A = x = y = 0 on a nilmanifold with underlying Lie algebra bs.

Example 5.8 Let us consider the Lie algebra hs with the real basis {e!, ..., ¢}
described in Theorem 2.1. Let us consider the complex structure Jy o given by
Jo.0 el = —92, Jo.o e = —2¢% — e4, Jo.0 e = —e6,
Jo,o 2 =el, Jo.o et = —2¢! 4 &3, Jo,oe6 =é.

With respect to the (1, 0)-basis “)16,0 = k=1 _ Jo,oezk’l, for k = 1,2, 3, the
complex structure equations are given by (3) where (o, A, D) = (1, 0, 0). Therefore,
there are sG metrics (according to Remark 5.4 because p = 1), there do not exist
balanced metrics (see Table 3) and E1 2 E; = Eo (by Theorem 4.1 (c.2) since
pD = 0).
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We consider the following deformation of Jp o:

J3.0 el = —¢2, J3.0 e? = el,
Hoed =752+ (1+1eh), Hoe* = 52" + (1 =1 ed),
Jioed = —eb, Jr0e® = e,

where A2 € [0, 3). The (1, 0)-basis o} = e*~1 — i J ge*~!, for k = 1,2.3,
satisfies (3) where (p, A, D) = (1, 1,0). If Y= (0, %), then there are balanced
metrics by Table 3 and E| 2 Ey = E by Theorem 4.1 (c.2).

Finally, let us consider this other deformation of Jy o:

Jo.x €' 1+4 [(4x — 1)e? +2xe ] Joxe? =T+4xe + ‘/&?43
Jox@ =—VTHax Qe +eh),  Joaet =-2/T+dxe! + 2o,
Jox & = —/T+4xeb, Joxe® = e,

V1+4x

where x € (—}‘, o0). The (1, 0)-basis “)(]),x =i(e? — iJo,xez), a)é’x =

1 3
V1+4x (e
iJoxed), wp , = e —ilyye® satisfies (3) with (p, A, D) = (1,0, x). Using Theo-
rem 4.1, Remark 5.4 and Table 3 we get:

o Ifx € (—l, 0) then there are balanced metrics and E| = E.
e If x € (0, o0) then there are sG metrics, there do not exist balanced metrics and
E| = Eq

Table 3 Classification of nilpotent complex structures admitting balanced metrics

g Abelian structures Non-Abelian Nilpotent structures
b dw? =0, dw® =0 -
by - do? =0, do? =2w‘2]+w” + 02+ (x +iy) 0?2,
y>0, x+y" <z
b3 dw? =0, do® = ol — 22 -
by - dw? =0, da)3:wlz—o—wli-i-colj—o—xa@2
x < %, x#0
Bs dw? =0, do? =0, do’ = 02
do® = a)lT —t—a)]i +xw22, do? =0, dod = w'z—t-wﬁ-i-)»wli-i-(x-i-iy) a)22
0<x< % with (A, x, y) satisfying one of:
oy 1 .
c)L_y—O,xe(—Z,O),
2
00<A2<%, O§y<)‘7, x=0;

2
0%5A2<1,0§y<1_T)‘,x=0;
ok2>l,()§y<}”271,x:0.

b6 - do? =0, do® = 0" + 0!l + 0!?
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Next we address some problems on deformation openness or closedness of several
properties. Let A be an open disc around the origin in C. Following [25, Definition
1.12], a given property P of a compact complex manifold is said to be open under holo-
morphic deformations if for every holomorphic family of compact complex manifolds
(M, J;)aen and for every ag € A the following implication holds:

(M, Jgq,) has property? = (M, J,) has property P for all a € A sufficiently

close to ag.

A given property P of a compact complex manifold is said to be closed under holo-
morphic deformations if for every holomorphic family of compact complex manifolds
(M, J;)aen and for every ag € A the following implication holds:

(M, Jg) has property P for all a € A\{ap} = (M, J4,) has property P.

Alessandrini and Bassanelli proved in [1] (see also [16]) that the balanced property
of compact complex manifolds is not deformation open. In contrast, Popovici has
shown in [24] that the sG property is open under holomorphic deformations, and
conjectured in [25, Conjectures 1.21 and 1.23] that both the sG and the balanced
properties of compact complex manifolds are closed under holomorphic deformation.

The following result provides a counterexample to both conjectures. For that, we
start with a nilmanifold M with underlying Lie algebra isomorphic to h4, endowed with
its abelian complex structure, which we will denote by Jy. We know from Corollary 5.2
and Table 3 that the complex nilmanifold (M, Jy) does not admit sG metrics. The idea
is to deform holomorphically Jy in an open disc A = {a € C | |a| < 1} around the
origin so that J, admits balanced metric for any a # 0. To find such a deformation we
will use a result by Maclaughlin, Pedersen, Poon and Salamon [21] that describes the
Kuranishi space of the abelian complex structure Jy in terms of invariant forms. We
will combine this result with our existence result of balanced metrics (see Table 3).

Theorem 5.9 There is a holomorphic family (M, J,)aen of compact complex man-
ifolds, where A = {a € C | |a| < 1}, such that (M, J;) has balanced metrics for
each a € A\{0}, but (M, Jy) does not admit any strongly Gauduchon metric. In par-
ticular, the sG property and the balanced property are not closed under holomorphic
deformations.

Proof Let M be a nilmanifold with underlying Lie algebra b4 and let Jp be its abelian
complex structure. Recall (see Table 1) that there is a (1,0)-basis {w!, w?, w3} for Jy
satisfying do' = dw? = 0 and do’ = o'' + !> + %wzz. However, instead of
using these structure equations for Jy, we will consider another (1,0)-basis given by
' = 20" + 02, n? = 4i ' +iw?, n? = 2i »} which satisfies

N B I T
dn' = dn? =0, and = Lt Loz oot
n Ui n 2’7 +2'7 +277

The reason for using these complex structure equations for Jy instead of the previous
ones is that the latter are better adapted to the deformation parameter space of Jyp
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found by Maclaughlin, Pedersen, Poon and Salamon in [21]. In fact, using Kuranishi’s
method, it is proved in [21, Example 8] (see also [20]) that Jy has a locally complete
family of deformations consisting entirely of invariant complex structures and obtained
the deformation parameter space in terms of the invariant forms n', %, n, n', n?, 3.
Indeed, any complex structure sufficiently close to Jy has a basis {ué,, /J“%D’ ,ufp} of
(1, 0)-forms such that

M<11>—771+q) n! +©2n :

M—n +<I>n+<1>2n, (24)

I’LCI)_ + CD?, 77 ’

where the coefficients @i are sufficiently small and satisfy the condition i(1 +
CDg)CD; = (1- CD%)(CIJ} — CD%). Therefore, the Kuranishi space has dimension 4.
Moreover, the complex structures remain abelian if and only if ®} = 0 and &} = ®3.

Next we will find a particular holomorphic deformation for Jy which is not abelian
and having balanced metrics. Let A = {a € C | |a| < 1}. For each a € A, we
consider the basis {), 12, 13} of complex 1-forms given by

1 1 I . 2 2 2 3
wy=n"+an' —ian®, pi=n* pl=n.

Note that this corresponds to take <I>% =a, <I>% = —ia and <I>% = QJ% = Cbg =0
in the parameter space (24). Notice also that this basis defines implicitly an invariant
complex structure J, on M just by declaring that the forms /L}l, MZ, ,ug are of type (1,0)
with respect to J,. Moreover, a direct calculation shows that the complex structure
equations for J,, with respect to this basis, are

dub =dp2 =0, 201 —laPydpd = 2apl? +iplt+ pl? + 2 —ilaPu?,

(25)

foreacha € A.

Recall that by Corollary 5.2 and Table 3, if a = 0 then the complex nilmanifold
(M, Jp) does not admit sG metrics because Jy is abelian.

For each a € A\{0} the complex structure is nilpotent but not abelian. In this case
we can normalize the coefficient of 112 by taking 1= ‘“'
suppose that the complex structure equations are

4L 113 instead of 1), so we can

i -
dul =du? =0, du3=u},2+2_ +—(Ma + 2y — S
Moreover, with respect to the (1,0)-basis given by {r! = ul —in2, 2 =

—2ai p.(%, ra?’ = —2ai Mg}, the structure equations for J, become

[ -0, dz3 12 1 I 5 1- |“|2 22
dt, =dt; = T, +1 -7 — 1 .
a a a a 4|a|2 a
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Now, according to Proposition 2.4 we can suppose that the coefficient of IJZ is equal
to 1/|a| (in fact, any complex structure given by (p, B, D) is equivalent to (p, | B|, D)
where B € C).

In conclusion, for each a € A\{0} there exists a (1,0)-basis for which the complex

equations are of the form (21) with A = \zlz_l and D = litll‘lzzlz. Taking x = Re D =
1—|a|?

4lal?
Proposition 5.5, since A # 0 the complex structure J, admits a balanced metric if and

only if (23) is satisfied. But the latter condition reads

and y = JmD = 0, one has A2 — 4x = 1. Now, following the proof of

1
A2 —4x) = ke 0,
a

so there exists a balanced Hermitian metric for each a € C such that0 < |a| < 1. O

Remark 5.10 Ttis worth giving a closer look at the failure of the sG property ata = 0.
Let J, be the family of complex structures given by (25) foranya € A = {a € C |
la| < 1}, and let us consider the real 2-form €2 of bidegree (1,1) for J, given by

2Q = irt plt +is? u2 +it? 1,

where r, s, ¢t € R. Since

)
it .
AQANAQL = ———— (5% — |a|2rP)(ul2123 — 12312y
2(1 _ |a|2) (S |a| r )(I/La I’La )

the 4-form Q2 is closed if and only if s = |a|?r2, i.e., if and only if €2 is given by

2Q = ir? ult +ilalPr? u2 + i pd.

This defines a balanced J,-Hermitian metric for any r, t > 0 and forany 0 < |a| < 1.
However, in the central limit, a = 0 and the form €2 becomes degenerate, i.e., Q3 =0,
therefore it does not define a Jp-Hermitian metric because the fundamental form of
any Hermitian structure is always non degenerate.

It is well known that the property of “the Frolicher spectral sequence degenerating
at E1” is open under holomorphic deformations. In [15, Theorem 5.4] it is proved
that this property is not closed under holomorphic deformations. As a consequence of
Theorems 4.1 and 5.9 we obtain another example based on the complex geometry of

ba.

Corollary 5.11 Let (M, Jo) be a nilmanifold with underlying Lie algebra b4 endowed
with abelian complex structure Jy. There is a holomorphic family of compact complex
manifolds (M, Jg)aen, where A = {a € C | |la] < 1}, such that E{(M, J,) =
Esw(M, J,) for each a € A\{0}, but E1(M, Jo) 2 Exoc(M, Jp).
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The upper semicontinuity of the Hodge numbers is crucial in the proof of the
openness of the property “E] = E;”. Since we proved in Corollary 4.9 that the upper
semicontinuity fails for Eéj “_ the following result is not so unexpected.

Corollary 5.12 The property of “the Frolicher spectral sequence degenerating at E5”
is not open.

Proof The family J; given in Example 4.8 satisfies Eo(J %) = EOO(J_%), because
J,% is in case (f.1) of Theorem 4.1, but E»(J;) 2 Exo(Jy) fort € (=7, 7). O

This result is relevant in relation to Question 5.7 since the existence of sG metric
is an open property. Notice that there is no contradiction because the Lie algebra in
Example 4.8 is 15 which does not admit any sG metric.

Acknowledgments We would like to thank D. Popovici for very useful comments concerning deformation
stability of the sG and the balanced properties. At the time of writing the version of June 2012 including
Theorem 5.9, we learned that M. Verbitsky may also have found independently a counterexample to the
closedness conjecture for the sG property. This work has been partially supported through Projects MICINN
(Spain) MTM2008-06540-C02-02, MTM2010-19336 and MTM2011-28326-C02-01. Raquel Villacampa
would like to thank the IMUS (Instituto de Matemadticas de la Universidad de Sevilla Antonio de Castro
Brzezicki) for having awarded her with a post-doctoral stay in Seville. Finally, we also thank the referee
for many useful comments and suggestions that have helped us to improve the final version of the paper.

References

1. Alessandrini, L., Bassanelli, G.: Small deformations of a class of compact non-Kéhler manifolds. Proc.
Am. Math. Soc. 109, 1059-1062 (1990)

2. Andrada, A., Barberis, M.L., Dotti, I.G.: Classification of abelian complex structures on 6-dimensional
Lie algebras. J. Lond. Math. Soc. 83, 232-255 (2011)

3. Andrada, A., Barberis, M.L., Dotti, 1.G.: Corrigendum. J. Lond. Math. Soc. 87, 319-320 (2013)

4. Angella, D., Tomassini, A.: On the 99-Lemma and Bott—Chern cohomology. Invent. Math. 192, 71-81
(2013)

5. Barberis, M.L., Dotti, I., Verbitsky, M.: Canonical bundles of complex nilmanifolds, with applications
to hypercomplex geometry. Math. Res. Lett. 16, 331-347 (2009)

6. Belgun, F.A.: On the metric structure of non-Kéhler complex surfaces. Math. Ann. 317, 1-40 (2000)

7. Cleyton, R., Poon, Y.S.: Differential Gerstenhaber algebras associated to nilpotent algebras. Asian J.
Math. 12, 225-249 (2008)

8. Console, S., Fino, A.: Dolbeault cohomology of compact nilmanifolds. Transform. Groups 6, 111-124
(2001)

9. Console, S., Fino, A., Poon, Y.S.: Stability of abelian complex structures. Int. J. Math. 17, 401-416
(2006)

10. Cordero, L.A., Fernandez, M., Gray, A.: The Frolicher spectral sequence and complex compact nil-
manifolds. C.R. Acad. Sci. Paris Sér. I Math. 305, 753-756 (1987)

11. Cordero, L.A., Ferndandez, M., Gray, A.: The Frolicher spectral sequence for compact nilmanifolds.
111. J. Math. 35, 56-67 (1991)

12. Cordero, L.A., Fernandez, M., Gray, A., Ugarte, L.: A general description of the terms in the Frolicher
spectral sequence. Differ. Geom. Appl. 7, 75-84 (1997)

13. Cordero, L.A., Ferndndez, M., Gray, A., Ugarte, L.: Frolicher spectral sequence of compact nilmani-
folds with nilpotent complex structure. New Developments in Differential Geometry, Budapest 1996,
vol. 77102. Kluwer Academic, Dordrecht (1999)

14. Cordero, L.A., Ferndndez, M., Gray, A., Ugarte, L.: Compact nilmanifolds with nilpotent complex
structure: Dolbeault cohomology. Trans. Am. Math. Soc. 352, 5405-5433 (2000)

15. Eastwood, M.G., Singer, M.A.: The Frolicher spectral sequence on a twistor space. J. Differ. Geom.
38, 653-669 (1993)

@ Springer



286 M. Ceballos et al.

16. Fino, A., Grantcharov, G.: Properties of manifolds with skew-symmetric torsion and special holonomy.
Adv. Math. 189, 439-450 (2004)

17. Fino, A., Parton, M., Salamon, S.: Families of strong KT structures in six dimensions. Comment. Math.
Helv. 79, 317-340 (2004)

18. Frolicher, A.: Relations between the cohomology groups of Dolbeault and topological invariants. Proc.
Natl. Acad. Sci. USA 41, 641-644 (1955)

19. Gauduchon, P.: La 1-forme de torsion d’une variété hermitienne compacte. Math. Ann. 267, 495-518
(1984)

20. Ketsetzis, G., Salamon, S.: Complex structures on the Iwasawa manifold. Adv. Geom. 4, 165-179
(2004)

21. Maclaughlin, C., Pedersen, H., Poon, Y.S., Salamon, S.: Deformation of 2-step nilmanifolds with
abelian complex structures. J. Lond. Math. Soc. 73, 173-193 (2006)

22. Pittie, H.V.: The nondegeneration of the Hodge-de Rham spectral sequence. Bull. Am. Math. Soc. 20,
19-22 (1989)

23. Popovici, D.: Deformation limits of projective manifolds: Hodge numbers and strongly Gauduchon
metrics. Invent. Math. 194, 515-534 (2013)

24. Popovici, D.: Stability of strongly Gauduchon manifolds under modifications. J. Geom. Anal. 23,
653-659 (2013)

25. Popovici, D.: Deformation openness and closedness of various classes of compact complex manifolds;
examples. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 341, 255-305 (2014)

26. Rollenske, S.: The Frolicher spectral sequence can be arbitrarily non-degenerate. Math. Ann. 341,
623-628 (2008)

27. Rollenske, S.: Lie-algebra Dolbeault-cohomology and small deformations of nilmanifolds. J. Lond.
Math. Soc. 79, 346-362 (2009)

28. Rollenske, S.: Geometry of nilmanifolds with left-invariant complex structure and deformations in the
large. Proc. Lond. Math. Soc. 99, 425-460 (2009)

29. Salamon, S.: Complex structures on nilpotent Lie algebras. J. Pure Appl. Algebr. 157,311-333 (2001)

30. Tanré, D.: Modele de Dolbeault et fibré holomorphe. J. Pure Appl. Algebr. 91, 333-345 (1994)

31. Ugarte, L.: Hermitian structures on six dimensional nilmanifolds. Transform. Groups 12, 175-202
(2007)

32. Ugarte, L., Villacampa, R.: Non-nilpotent complex geometry of nilmanifolds and heterotic supersym-
metry. Asian J. Math. 18, 229-246 (2014)

33. Ugarte, L., Villacampa, R.: Balanced Hermitian geometry on 6-dimensional nilmanifolds. Forum Math.
(to appear)

@ Springer



	Invariant Complex Structures on 6-Nilmanifolds: Classification, Frölicher Spectral Sequence and Special Hermitian Metrics
	Abstract
	1 Introduction
	2 Nilpotent Complex Structures on 6-Dimensional Nilpotent Lie Algebras
	2.1 Non-Abelian Complex Structures in the 2-Step Case
	2.2 Nilpotent Complex Structures in the 3-Step Case

	3 Classification of Complex Structures
	4 Frölicher Spectral Sequence
	5 Strongly Gauduchon and Balanced Hermitian Metrics
	Acknowledgments
	References




