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Abstract In this paper we propose a numerically realizable method for reconstruction
of acomplex curve with known boundary and without compact components in complex
projective space.
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1 Introduction

Let us denote by CP? the complex projective space with homogeneous coordinates
(wo : wy : wy). Let a real closed rectifiable, oriented curve y in CP? be the boundary
of a complex curve X C CP? with notation y = hX. Without restriction of generality
we suppose that the following conditions of general position hold:

0:1:0)¢ X, wol, #0.

Put C? = {w € CP?: wy # 0} with coordinates z; = o,z = F2. For almost all
& = (&,&) € (C?)* the points of intersection of X with complex line (Cé ={z e
C?: & + &121 + z2 = 0} form a finite set of points
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Explicit Reconstruction of Riemann Surface 2451

(" ®, 5 ®) = (h (o, 1), —F0 — E1h; G0, ED), J=1,..., N1(&).
By Darboux’s lemma [3,5] functions {4 ;} satisfy the equations

ohj(&o, &1)

ohj(o, &1)
981 '

= hj(o, &1) 08

j:1""7N+($)7 (1)

which are often called shock-wave equations or Riemann—Burgers equations. In this
interpretation & is the time variable and & is the space variable.

The following Cauchy-type formula from [5] plays the essential role in reconstruc-
tion of X through y:

er 1 )
Gm@o’gl)d:fﬁ/zrln(éo+§121 +22)d(Eo + E121 + 22)
v
Ny (§)
- Z h (o, 61) + Pu(50,61), m=0,1,..., )

j=1

where Ny (&) = Ny (&, &1) is the number of points of intersection (multiplicities
taken into account) of X with complex line (Cé, P, (&0, &1) is a polynomial of degree
at most m with respect to &y. In addition, Py (&g, §1) = —N_, where N_ is the number
of points of intersection of X with infinity {w € CPZ: wo = 0},

N-(¢) aréo — by

Pio s =2 " ST

3

ar = wa(qr), by = %(qk), where gr, k = 1, ..., N_, are the points of intersection

of X with infinity {w € CP?: wo = 0}. In particular, the following corollary of (2)
holds:

_ 1 fdG+&izi+z2) 3
Go(%0,61) = 7] P —— N () — N_. 4)
y

Let further £, = 0 and let 75: C> — C be the projection on the second factor:

m2(z1,22) = —2z2. We have mpy C C, C\ my = UZLZOQI, where {€2;} are the
connected components of C \ my. For every component €2; the number of points
of intersection of X with line zp = —&p, & € €2;, multiplicities taken into account,

will be denoted by u; = N4 (o, 0). Let ¢ denote the unbounded component of set
C \ my. From the definition of N1 it follows that

mo =Ny (§0,0) = N_, & € Q. (&)

Assume that complex curve X does not contain compact components, or equiva-
lently, satisfies the following condition of minimality:
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2452 A.D. Agaltsov, G. M. Henkin

For arbitrary complex curveX C CP?with condition
bX =bX = y and for almost all & € (C?)* the number of points of *)
intersection 1\~/+ &) of X with line (Cé, multiplicities taken into

account, is not less than the number N1 (&) for curve X.

Condition of minimality (*) is a condition of general position and is fulfilled for
X if, for example, every irreducible component of X is a transcendental complex
curve. Note that from theorellis of Chow [2] and Harvey, §hiffman [7] it follows that
an arbitrary complex curve X C CP? with condition »X = bX admits the unique
representation X = X UV, where X is a curve with condition of minimality (*), and
V is a compact algebraic curve, possibly with multiple components.

The main result of [4] gives a solution of the important problem of J.King [9],
when a real curve y C CP? is the boundary of a complex curve X C CP?. Let
y € C? c CP?. Then y = bX for some open connected complex curve X in CP? if
and only if on a neighborhood W+ of some point £* (C*)* one can find mutually

distinct holomorphic functions A1, ..., h, satisfying shock-wave Eq. (1) and also the
equation
32 P
@(Gl@o,a) =2 1o £0) =0, &= (50, € Wer.
2 =

In this work in development of [4,5] we obtained a numerically realizable algorithm
for reconstruction of complex curve X C CP? with known boundary and with condi-
tion of minimality. This algorithm permits, in particular, making applicable the result
of [8] about the principal possibility to reconstruct topology and conformal structure
of a two-dimensional bordered surface X in R® with constant scalar conductivity from
measurements on b X of electric current densities, being created by three potentials in
general position.

Our algorithm depends on parameter ;g = N+ (&p, 0), & € Q. It was tested
on many examples and admits simple and complete justification for uo = 0, 1, 2.
Despite a cumbersome description for ;o > 3, the algorithm shows that there are no
obstacles for its justification and numerical realization for any wg > 0. Moreover, in
Theorem 3.2 we propose a method for finding parameter pq in terms of y. This makes
the algorithm much more applicable.

The preliminary version [1] of this work appeared in HAL (http://hal.archives-ouver
tes.fr/hal-00912925) 2013, 2014.

2 Cauchy-Type Formulas and Riemann-Burgers Equations

Let us give at first a new proof of the Cauchy-type formula (2) from [5], permitting us
to obtain explicit expressions for functions Py, (§o, £1).

Theorem 2.1 Let X C CP?\ [0 : 1 : 0] be a complex curve without compact
components, y = bX C C? be a real rectifiable oriented curve. Suppose that for
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almost all € € (C?)* all the points of intersection of X with (CP; have multiplicity at
most one. Then the following equalities are fulfilled:

Gueo &) = 7 W60, 60) + PulGo, £0), € = (0.6 € (€, m = 1,
©)

where Py, (&, £1) is a polynomial of degree at most m with respect to &y of the following
form:

< “:;1( NEE f”"w1 @)

o m-— 1
ACHIED D IS S (m—k— 5 dup
x In(§owo + 1wy + wa)lg,

1o d lw1 d"”wl
_Zszl Zi1+-~+im=m dw (QV) dwl s).

where g; € X N {w € CP?: wg = 0}. In particular, if o = 0 then P, = 0.

Remark 2.1 In the exceptional case, when [0 : 1 : 0] € X, the term Py, (&, &1) in (6)
need not be a polynomial with respect to &y in general.

Proof Putg = &wo+ & w; +wpand g = £ — &)+ £121 + z2. Consider differential
forms

def_,,dg Wi wo g wit dg w'
wmiz'{’ = ian(_)Z_rlnT ml-i-ldwo’ m=20,1,...
g wyg \w/) wig w

Then G, (&) = 271 - f wp,. Let us compute this integral explicitly. Denote by p;,
Jj =1, ..., N;x(§) the points of intersection of X with CP!, and by gs, s =1, ...,
o the points of intersection of X with infinity {w € CP?: wy = 0}. Denote by B;

the intersection of X with the ball of radius & in CP? centered at p; and by D{ the
intersection of X with the ball of radius € centered at ¢;. The restriction of form w,,
on X is meromorphic with poles at points p; and gy. Thus the following equality is
valid:

Ni()
Gm () = _/wm ZJ 1 2711/ ZY 1 27i

bBF bD¢

If wo = 0, then the second group of terms is absent. The integral fb pe W can be
J

calculated as a residue at the first order pole:

dg / wi dg
Wy = 7= — ——dwg = /Z T—Zﬂlhm(f)

ijf bB% bB% hB;
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2454 A.D. Agaltsov, G. M. Henkin

Let o > 0. Computation of integral |, »pe @1 Will be done in two steps. Let us calculate
first [, bDE f,—'ﬂd wo. Consider the expansion of w1 (wg) into power series in wy in the
s wo

neighborhood of point g:

dw1 d2w1 2
wi(wo) = wi(gs) + —— (@) wo + ———-(gs)wy + - -
dwg dwg

Note further that

" _ 00 d' 1w1 di'"
wi (wo) = Zk:() Zi.+m+zm—k dw (qv) dw(l) (o,

The coefficient near wy' can be presented in the form

wi di w1 d Iy
——dwy =2 - .
/ wgﬁ—l wo = 27i Z”Jr Fim=m (qS) dwé)'" (qS)
bDE
Now we can calculate the integral fb DE W —m Usmg relation dg = fod wo and

expansion of wi(wq) into power series in wo we obtain:

wi' dg 1 d*w ) "
—n = = wl(%)‘f‘ (CIS)U)O‘F (Cls)wo +- ) —=dwo
A wy & bDt wy' dwo w

“

ditw, dimw; iem A2 1
Zk O/Ds ZIH- “Fim il it @) (@s)wy dwg ?dwo

=k dw dwf)"’
m—1 d'wy dimw . dg 1
DI DO gy L gyl 28 L g
k=0 bDE i1++ip=k dw(l)l dw(l)m dwog

m—1 2mi dilwl di:nwl
- Zk=0 m—k—1) Zi1+~~+im=k dw(i)l (Gs) - ——=(4s)

dm—k—l dg 1
x lim ——
wo—0 " k= 1(dwo g)

L. . dg 1 _ dlng .
From here, taking into account the relation Two s = duy Ve obtain, finally

Al g "’”“” ()

w™ ds 1 dw'l Im dm—k
YD W
k=0 i1+ tip=k (m —k — 1) du)m_k
ng 0
x In(Gowo + E1wy + w2)lg,-
It is a polynomial of degree at most m with respect to &g. O
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Explicit Reconstruction of Riemann Surface 2455

We will also use the following result, giving the effective characterization of func-
tions {4 (&0, &1)} and { Py, (&0, 1)} satisfying Riemann—Burgers equations for {/}
and system (6) for {A;} and {P,,}. Denote by Ql(k) the infinitesimal neighborhood of
order k of the set ; in {(z1, z2): z1 € €, z2 € C}.

Theorem 2.2 Let X C CP?\ [0 : 1 : 0] be a complex curve without compact
components, y = bX C C2. Fixl € {0, ..., L}. Suppose that functions hj, j =1,
., Wi, are mutually distinct and analytic in Ql(l) and satisfy the Riemann—Burgers

equation in § € Q(l)

h =h; —f i=1,..., 1. 7
5@) (&) g(é) J i (7

Then the functions ﬁj, j =1, ... w, satisfy the system

RPN 1
Gm(g)zzj RME) + Pu(6), eV, m=1.2,..., (8)
where ﬁm, m =1, 2, ..., are some analytic functions in Ql(l), being polynomials of
degree at most m with respect to &), if and only if the functions hj, j = 1, ..., u,

satisfy the equation

2

0 Mo~
0= 852(G1(s> ijoh,-(s>), teol. ©)

Moreover, for minimal {1} with properties (7)—(9) there exists the unique set of func-
tions 71}, J =1, ..., w, satisfying the equivalent conditions (8)—(9) and the unique set
of functions Py, m =1, 2, ..., from condition (8). Furthermore, hj = hj, P, = Py,
forj=1,..., u,m=1,.., wherefunctions hj and Py, are defined in Theorem (2.1).

Proof Necessity. From (8) it follows that
m 5 1)
Gi& =2, hi©=PE, s’

Differentiating the latter equality two times with respect to &y and taking into account
that Pj is a polynomial in &y of degree at most 1 we obtain (9).

Sufficiency. Suppose that mutually distinct functions {71\]' (£)} on Ql(l), [1=0,1,...,
L, are holomorphic and satisfy the Egs. (7), (9). In particular, for any & € QI(O) we
have

h ,0) =h:(%,0 hy ,0
E(So ) =h;(&o )E@O ).

By Cauchy—Kowalewski’s theorem in a neighborhood of arbitrary £* € Ql(l) there exist
unique holomorphic functions {/;(§o, 1)}, satisfying the Riemann-Burgers equa-
tion (7) and such that 4 ; lom = hj.

1
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2456 A.D. Agaltsov, G. M. Henkin

From here and from Proposition 3.3.3 of [5] we obtain existence and uniqueness
of holomorphic functions {ﬁm (&)}, being polynomials of degree at most m in &, such
that {1 (£)} and {P,,(£)} satisfy the system (8) form = 1,2, ..., j = 1, ..., uy,
geal.

Existence and uniqueness. Existence of functions {ﬁ } and {}A’ } with necessary
properties follows from Theorem 2.1. More precisely, i j=hjand Pm =Py, j=1,
..., 1, m > 1. Uniqueness of functions {h } for minimal {u;} W1th properties (8)—(9)
follows from Theorem II of [5] and from Theorem 3 of [8]. Uniqueness of polynomi-
als {ﬁm } for minimal {;} with properties (8)—(9) follows from the proof of sufficiency.

O

3 Reconstruction Algorithm

Consider now the reconstruction algorithm of complex curve X € CP? with given
boundary »X and with condition of minimality (*). Let us consider the cases ug = 0,
1,2.

The reconstruction algorithm is based on formulas (6) with polynomials P,,,m = 0,
1, .... The next theorem permits calculating these polynomials. If 7, j, k, [ are non-
negative integers we will use the notation

1 i J k_l
el = %/(Zﬁzé dzy + 2425 dz). (10)
14

Theorem 3.1 Let X C CP? be a complex curve without algebraic subdomains,
y C C? be its boundary. Let mutually distinct holomorphic in & € Ql“), =01, ..,
L, functions {h ;(§)} and holomorphic in & € Ql(]), 1 =0, ..., L, functions P, (&, &1),
being polynomials of degree at most m in &, satisfy the system (1), (6) for & € Ql(l),
Jj =1, ..., Ny (&) with minimal N4 (&) (existence and uniqueness of such functions
follow from Theorem 2.2). Then the following statements are valid:
1. If wo = O, then P, (&y,0) = 0 for all m. Besides, G1(&py, &) = O, if |&| >
const(X)(1 + |&1]).
2. If uo = 1, then P1(&p,0) = c11 + c12€0, where constants c11 and c1; satisfy the
identity in &y € Q-

oG
ci E(EO’ 0) + 12(50?@0, 0) + G1 (%o, 0))

—G1($o,0) g ~(§.0) — é (&, 0). (1)

3. If wo =2, then P1(&0, 0) = c11 + c1280, P2(§0,0) = c21 + 2280 + 6‘235;‘3, where
constants c11, €12, C21, €22, €23 satisfy the identity in &y € Q-

G 3G1
&0(cl, + c23) = 08 3_51(G1 —c11 — c1260) + Gi(ca2 + 2¢2360)
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Explicit Reconstruction of Riemann Surface 2457

IG1 2 )
+3—§0 ((G1 = c11 — c12é0)” — G2 + c21 + enéo + ¢238))

+(GT = 211Gy — 2¢12G1£0 — Ga) - (—c12). (12)
where all the functions are evaluated at point (£, 0).

Proof By Theorem 2.2 functions P,, from the condition of this theorem are defined
in Theorem 2.1.

1. By Theorem 2.1 P, = 0, if uo = 0.

2. Foré € Q" we have equality P (%, £1) = C11(&1) + C12(61)&. We need to find
constants c1; = C11(0) and cjp = C12(0).
Differentiate equation (6) with respect to &y, &1 and restrict this equation and its
differentiated versions to & € Ql(o):

hi(o,0) = G1(80,0) — c11 — c1260,

oh G . .
L&, 0) = L&, 0) — €11(0) — Cr2(0)&,

981 981
oh G
N 70 = 70 - B
ago(%’0 ) T (60,0) —c12

where &y € Q. By (1) for & € ¢ function h(&p, 0) satisfies the equality
?;LE:(EO, 0) = h1(&, 0)%(50, 0). If we substitute in this equality the expressions

for 1 (&, 0), %(go, 0) and %(50, 0), we will obtain the equation

G . .
2 (5. 0) — €11(0) — Cra(0)&o
&1

G
= (Gl(éo, 0) —ci1 — 612%“0) (8_50@0’ 0) — 6‘12)- (13)

This equation is yalid for & € Q¢. Let us divide it into &y and tend &y — oo. We
obtain equality C12(0) = —c%z. Taking into account this equality, we can rewrite
the Eq. (13) in the form

0G| .
—(&p,0) — Cq1(0
o5, (0, 0) 11(0)

G
= (61@0, 0) — ¢y — clzso)@l(so,m - (Gl(so, 0) — C11)012~ (14)

Taking into account that Eo%(éo, 0) — 0 as & — oo and passing &y — o0

in (14), we obtain the equality C 11(0) = —c11c12. Dueto the just-obtained equality,
Eq. (14) takes the desired form.
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2458 A.D. Agaltsov, G. M. Henkin

3. By (1) functions A1 (€) and hy (&) satisfy the Riemann—Burgers equation for & €
Ql(l). So, the following equalities are valid:

o(hihy) 0hy ohy o(hy + ho)
=hi— 4+ —hy = hih) ——, 15
T T e L T ()
A(h*>+h oh oh d(hi +h
g_zh _1+2h2_2=2M_ (16)
) 980 9% 081

Note that h1hy = §(hy + h2)2 — 3 (h% + h3). Therefore the system (15)—(16) is
equivalent to the system

ah h2 ah2 h3) ahy +h
(hy + h2) ( + (/’l1+/’l2 h2+h2)) (h1 + 2)’ (17)

08 0&o
2
a(h +h D _ ot +hy) s
&0 0&;

We substitute into this system h% + h% and hy + hy from Eq. (6), using the notation
Pi(50, &1) = Cr1(&1) + C1a(ED&o, P2(80, £1) = Ca1(61) + Caa(E1)é0 + Caz(1)ES.
Equation (18) restricted to QI(O) takes the form

G .
T(SO, 0) — 22 —2c2360 = Z(T(So, 0) — C11(0) — Clz(o)%'o)- (19)

Divide this equation into &y and tend £y — oo. We obtain the equality C 12(0) = ¢23.
Taking this equality into account and passing £y — oo in (19) we obtain the equality
C11(0) = e

Now substitute the expressions for h% + h% and hy + h into (17) and restrict the
obtained formula to QI(O). We obtain the equality

0G
2(G1—ci — 61250)(— —C1(0) — C12(0)§0)

0§
8G
5 ; +C21(0) + C(0)E0 + Co3(0)E]
0
= ((Gl —ci = 01250)2 — Gy + a1 +enbo + 62353) (g - 012) (20)

Divide this equation into Eg and pass &y — oo. This leads to the equality

2¢12C12(0) 4 C23(0) = —(C%z + c3)cr2.
Using the latter equality, divide (20) into &y and pass £y — oo to obtain the equality

2¢11C12(0) + 2¢12C11(0) + C22(0) = —(2¢c11¢12 + c22) o
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Explicit Reconstruction of Riemann Surface 2459

Taking into account the obtained equalities one can rewrite (20) in the form

G . .
2(Gi—ci1 — 01250)—] —2G1(C11(0) + C12(0)&)

981
. G .
+2¢11C11(0) — =22 + €21 (0)
981
G
= ((Gl —ci1— 61250)2 — Gy + o1 +c2éo + 623§§)¥01
+((G1 —C11)2—2G101250—G2+621)(—012)~ (21)

Pass &y — oo in this equality and note that the following relations are valid:

. 0G| ) 1 z1dzy 1 1
limg, - o0 éoa—gl = limgy— o0 &0 —_—= /11 dzi = (by, —Z%)=0,

2mi &+ 22 T 2mi dri
% %
. . 1 z1dz 1 00
lim G| =Ilim — = dzy = &30,
1Mg)— 0o ‘i:O 1 1Mgy— 0o EO i E() T+ i 214z 10
% %
. 0G . 1 21dz2 1 /
lim 2—— = —lim e — | ——— = dzy = —=f).
Q=00 80 5 008007 | Gota? | 2mi) 1O 10
% %

We obtain
—2290C12(0) +2¢11C11(0) + C21(0) = —(cf, +c23)@lg — (cf) —2c1220) +ca1)c1a.

Express constants C; ;(0) through ¢;; in the obtained equations:

C11(0) = %622,

C12(0) = e23,

C23(0) = —ci, — 3eraens, (22)
C22(0) = —2(c11¢t, + c12c22 + c11623),

: 2 2
C21(0) = & (cf, + c23) — c1a(cfy + e21) — crienn.
Substituting these constants into (21), we obtain the third statement of Theorem 3.1.

Complement 3.1 Statement of Theorem 3.1 admits a development for the case g >
3. In this case

Pi(&0,&1) = Cr1(81) + Cra(ENéo + - - + Crap1 ENDES, k=1,..., no.
Define C;j(0) = 522 (0) and cij = C;j(0) fori = 1, ... pgand j = 1, ....i + 1.
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2460 A.D. Agaltsov, G. M. Henkin

Let us indicate the following general procedure for finding constants ¢;;. Due to
the Riemann—Burgers equations (1) the following identities in &y € €2¢ hold for
k=1,...,u0—1:

G .
— K (5. 0) + Ch1(0) + Cra(0)E0 + - - + Crps1 (0)EF

91
_ ko 3Gy
k41 9Eo

(60,0) +crr1,2 + 2cky13850 + -+ (K + 1)Ck+1,k+25(]§) .

de+1

Taking into account that aG" (0,0) — 0 and
obtain the equalities

(£0,0) — 0 as & — +oo we

m
k+lck+l‘m+]’ k=1,...,u00—1, m=1,...,k+1.

Cem(0) =
Due to the Riemann—Burgers equations (1) the following identity in &) € €2 holds:

dep

€1

(%0.0) = 6u0(§0,0) 05 Pl (&, 0), (23)

where functions ey are given by the following formulas:

kew(Eo. 60 = > (~ 1 e i(Eo. £0pitEo. &) + (DM puco. £0).
pr(€0. &1) = Gi (€0, &1) — Cr1(€1) — CraE)Eo — -+ — Crar1 (D).

(24)

where k =1, ..., uo.

Equality (23) allows us to represent constants {C 10,7 (0)} as functions of constants
{ci;}. Finally, substituting the obtained expressions for constants {C;; (0)} via constants
{cij}into Eq. (23) we obtain the identity in &y € 2o for computation of constants {c;; }.

For example, in the case (o = 3 the identity (23) in & € Qo for finding constants
cij takes the form

C31(0) + C32(0)Eo + C33(0)53 + C(0)E3
G ap2 ap3 1 api

9G3 3
= 4= e 22 (p3 3 +2p3) =,
35 (P1 P2) 9% p1 9% 2( 1 pP1p2 P3) 3%

where all functions are evaluated at pqint (60, 0), the functions pi are defined in
formula (24) and the constants C31(0), C32(0), C33(0), C34(0) are given by formulas

C31(0) = —3810(3611612 + 3ci2e22 + 3cr1623 + 2¢33)

I 3
= 5@ (el +3ci2e2 + 2634) = Jwgo (¢ + 023)

1, 3 3, 3
— =C11C12 — ZC11C12€21 — —C1C22 — —C21C22 — C12C€3] — C11C32
PR 2 41 4 ’
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Explicit Reconstruction of Riemann Surface 2461

. 3 3
00(,3 ) 2
C32(0) = &) (cq, + 3c12023 + 2¢34) — F€11C12 — ¢1c — 3ciicien

2
3 3 3
- ZC%Z - 56%1623 — 521623~ 2c12¢32 — 2c11€33,

. 30, 9, 9 9
C33(0) = —=cr1€]p — €022 — =C11€C12€23 — —C€22C23 — 3C12€33 — 3C11C34

2 4 2 4
. 1 3
C34(0) = —56?2 —3ctye3 — 50%3 —4caca,

where ae(l)g, ae(l)(l) and ae(l)? are defined in formula (10).

The next theorem permits us to find g through y.

Theorem 3.2 Let X C CP?\ [0 : 1 : 0] be a complex curve without algebraic
subdomains, y = bX C C? be the boundary of X. Let functions G (£o, £1), m > 1,
be defined by formula (2) and number g defined by formula (5). Then the following
statements are valid:

1. If G1(&0, &1) = 0 for |&o| > const(X)(1 + |&11]), then o = 0.

2. If there exist such complex constants ci11, c12 that for any & € Q(()l) the following
equality is valid:
G aG G aG
cii———@&)+ 012(%‘0—(5) + Gl(%')) =Gi@E)——E ———©&), (25
980 980 %0 981

then po < 1.
3. Ifthere exist such complex constants c11, C12, C21, €22, 23 that the following identity

in& = (5. 1) € Q" is valid:

G 0G
&(cl, +c23) = 06 23_%_1(G1 —c11 — c1260) + Gi(c22 + 2¢2380)
3G, 2 2
+8—€0 ((G1 = c11 — e2d0)” — Ga + ca1 + o + €23))
+(G1 = 2c11G1 — 2c12G 1§ — G2) - (—c12), (26)

where all functions are evaluated at point &, then (1o < 2.

Complement 3.2 The statement of Theorem 3.2 for o > 3 in the spirit of cases
no < 2 will be developed in a separate paper together with statement of Theorem 3.1
for po > 3, indicated in Complement 3.1.

Proof 1. Equality G1(&y, &1) = 0 for |&g| > const(X)(1 + |&1]) implies according
to [5] the moment condition

/z’flz’;z dz; =0 forallkj ky € N.
14
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From here according to [10] and [6] it follows that for an appropriate choice of
orientation y is the boundary of a complex curve in C?. Hence either 1o = 0 or
X is a domain on an algebraic curve in CP2. But X cannot be a domain on an
algebraic curve in CP? because X does not contain algebraic subdomains.

2. Let the conditions of general position be fulfilled. Put

h(&o, &1) = G150, 1) — C11(61) — Cr2(61)éo,
C11(81) = c11 — cr1c12é1, 7

Cia(&1) = c1a — chél,

1
where & = (0, £1) € 2.
Taking into account (27), we can rewrite equality (25) in the form

h
3, €0 8) = héo, "31)?(50 £), &= (5, &) e (28)

From definition (27) we obtain the following equality:

2

o0 — (G160, 61) — h(60. 61)) =0, & = (50.61) € 2. (29)
0

From equalities (28), (29) due to Theorems 2.1, 2.2 and Theorem 3 from [8] we
obtain

X N{z2 = =&} = {(h0.0), =)}, &0 € Qo. (30)

From here it follows that pg < 1.
3. Let the conditions of general position be fulfilled. Let us define functions 4 and
h» by the following relations:

hi1(&o, &1) + ha(60, &1) = G180, &1) — Cr1(§1) — Cr2(81éo,

(
hi (€0, &) + h3 (60, £1) = Ga(80. &1) — Ca1(€1) — Ca(EDdo — Co3 (€D
Cij(&1) = cij +Cij(0)§1, i=1,j=12andi =2,j=1,2,3, (32)

31)

where & = (&, &) € Q(()]) and constants C‘,- j(0) are defined by formulas (22).
Taking into account definitions (32), identity (26) is equivalent to identity (20),
where £ = (£, &1) € Q).
Taking into account definitions (31), identity (20) for £ = (o, &1) € Qél) is equiv-
alent to identity (17) for & € Q).

By Lemma 3.2.1 from paper [4] for § = (&g, &1) € Q(()l) the following equality is
valid:

—2 33
é (Eo &) é (So &1). (33)

From definitions (31), (32) and from equality (33) we obtain equality (18) for
(1)
§eQy’.
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Equalities (17), (18) mean that functions &1 and h; satisfy the Riemann—Burgers
equations:

J o, 1) = h 6o 1) 2 (60, £1), & = (o, &) € @) (34)
a1 AR ’ 0

Further, because of definition (31) the following equality is valid:

82

8—&)(G1(€o,$1)—hl(ifo,él)—hz(%'o,él)) =0. (35)
From equalities (34), (35) and using Theorems 2.1, 2.2 and Theorem 3 of the

paper [8] we obtain:

X N {z2 = =&} = {(hj (5, 0), =) | j = 1,2}, & € Q.

From here it follows that pg < 2. O

Let us describe the algorithm of reconstruction of a complex curve X in C P? without
compact components (satisfying minimality condition (*)). As above, y = bX is a
compact real curve.

The algorithm for reconstruction of curve X permits us to find a curve coinciding
with the original curve in the given finite number of points and obtained by interpolation
in other points. Let {E(’)‘ }]1(\/: I f(])‘ € C be an arbitrary grid on C, 56 * E({ ,I # j,and
Eé‘ ¢ my,k =1, ..., N. Complex curve X intersects complex line {zo = —E(])‘} in
N4 (Sé‘, 0) points. The algorithm allows us to find these points.

The algorithm takes as input points {E(])‘ } ,’?’:1 and a curve y (for example, represented
as a finite number of points belonging to y). On the output of the algorithm we obtain
a set of points (hs(éé‘, 0), —Sg), k=1,...,N;s=1, ..., N+(§(])‘, 0), belonging to the
complex curve X.

3.1 The Case of g =0

1. Calculation of ;. By formula (4) for every domain €2;,/ = 1, ..., L, the number
(i is equal to the winding number of curve o)y with respect to point &y € €2;:

= N6, 0) = 1 / dzz 1 dz f0 €9
pr=R4850. 0 =5 +& 2w z—& 0 o
¥ Ty

2. Computation of power sums. If po = 0 then for every point 5(”)‘ e, l=1,..,
L, by Theorem 3.1 we have equalities Py, (S(I)‘ ,0) = 0. By formula (6) we have the
following formulas for the power sums:

1 [ z'dz

- ———, m=1,pu.
2mi ZZ"FEO
v

smE) =W ES0) + -+ 1 (&5, 0) =
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By Theorem 2.1 the points (i, (€5, 0), —£8),s = 1, ..., Ny 5, 00k =1, ..., N,
are the desired points of X.

3. Computation of symmetric functions. For every point E(])‘ e Q,l=1,...,L,the
Newton identities

k .
kow(€y) =D (=D lorniE)si6). k=1, No(&.0).
allow us to reconstruct the elementary symmetric functions:

hi(EE0) + -+ hyy (BF,0),

o1 (&)

0 (S = (gl 0) x - x hy, (EE, 0).

4. Desymmetrization. For every point E(])‘ € € using Vieta formulas one can find
complex numbers hl(ég, 0), ..., hy, (‘56‘, 0). The points (hs(é(’)‘, 0), —Sé‘), s =1,
ce N4 (E(])‘, 0); k=1, ..., N, are the required points of complex curve X.

3.2 The Cases of g =1, 2

These cases are reduced to the case g = 0 in the following way. Since my C Cis a
compact real curve, there exists such R > 0, such that the set B3 (0) = {z € C | |z] >
R} belongs to 2. Without restriction of generality, one can suppose that |§(])‘| < R for
allk =1, ..., N. Otherwise one can increase R.

Let us define the auxiliary complex curve Xg = {(z1,22) € X | |z2] < R}. Its
boundary yr consists of two disjoint parts (possibly, multiconnected): the first partis y
and the second is a real curve obtained by lifting the circle Sg = {z € C | |z] = R} on
surface X by inversion of projection 7, : X — C. Complex curve X g does not intersect
infinity and, as a consequence o(Xg) = 0. Moreover, every point (zl(éé‘), —Sé‘),
k =1, ..., N, belongs to X if and only if it belongs to Xg. Therefore, in order to
reconstruct the complex curve X it is sufficient to reconstruct the real curve obtained
by lifting Sk on X and to solve the reconstruction problem for surface X g, being in
the conditions of the case of iy = 0. Finally, we come to the following algorithm:

1. New boundary. Choose a sufficiently large constant R, so that the exterior of the
disk of radius R centered at origin belongs to 2¢ and all é(’)‘ belong to this disk.
Denote the boundary of this disk by Sg. In the case of g = 1 by virtue of
formulas (6) the points &y € Sg satisfy the equality

1 z1dz2

h ,0) = —

150, 0) i) g
%

— P15, 0).
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In the case of ;o = 2 we have two equalities:

1 z1dzn
1 (80, 0) + ha (£, 0) = —— — Pi(%,0),
10,0+ oo, 0 = 5 [ =~ Piceo, 0)
Y
12 (. 0) + h3(& 0)—i/ 442 p 60
1150, 280 =oni ) e 20T
Y

where the polynomials can be found using Theorem 3.1. In the case of pg =
1 by lifting the curve Sg on X we obtain at once the real curve of the form
{(h1(&0,0), —&0) | &0 € Sgr}. In the case of g = 2 we have to apply Newton
identities and Vieta formulas in order to obtain /| and /4, from functions & + A2
and h% + h%

2. Reduction. In order to find the complex curve X g with boundary bXg = yr we
apply the algorithm of reconstruction for the case of ng = 0. The discussion before
the description of the algorithm shows that we will obtain the desired points.

4 Visualization

Let us describe in a few words the algorithm of visualization of complex curves that we
have used in our examples. Denote by 771 : C?> — C the projection into the first factor:
m1(21,22) = z1. Suppose that X is a complex curve in C? such that the covering
my: X \ {ramification points} — C has multiplicity L. Consider, for simplicity, a
rectangular grid A in C:

A ={z{: Rez} =¥ Imz{ ==,i,j=0,...,N},

where N is a natural number. Suppose now that we are given the set X5 = 7, 'aynx
and we need to visualize the part of X lying above the rectangle 0 < Rez; < 1,
0<Imz; <1.

Letusintroduce some terminology. We defineapathin A asamapy: {1,..., M} —
A such that |y(k + 1) — y (k)| = % for all admissible k, where M is some natural
number.

Lety:{l,...,M} - Abeapathin A andleti: {l,..., M} — [1, M] be the
inclusion map. Define the function i,y : [1, M] — C such that i,y (k) = y (k) for
integer k and i,y |[x k+1] is linear for all admissible k. It is clear that i, is a continuous
function and hence it can be lifted to X by the map .

We define a pathin X5 asamapI": {1,..., M} — X, suchthaty = 7 o[ is
apathin A and I' = i*L(i,y), where i* is the pullback map with respect to i and
L(iyy) is some lift of i,y to X by 71, i.e., L(i,y) is a continuous map from [1, M] to
X such that w1 o L(i,y) = i,y. We also say that I is obtained by lifting y.

We will call subsets of A and X s path-connected if every two points of these sets
can be connected by a path in A and X 5, respectively.
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Let us describe the practical way to lift paths in A to paths in X 5. Suppose that
N is sufficiently large. Let y: {l1,...,M} — A be a path in A and let I'(1) €
rrl_l (y (1)) N X be an arbitrary point. We select I' (k) € nl_l (y(k)) N X in such a way
that

IT(k) =Tk — )| =min{|z =Tk — 1)]: z € N e2(3)) NX}, k=2,....M.

Then I' is a path in X 5 obtained by lifting y. All possible lifts of ¥ may be obtained
by varying I"(1). Note that if y is closed, i.e., y (1) = y (M), I' need not to be closed.

Finding Ramification Points and Making Branch Cuts. The first step in the visualiza-
tion procedure consists in finding ramification points of X with respect to projection
1. Since we have only a finite number of points on X we can find ramification points
only approximately. More precisely, we will localize them in small circles.

Without restriction of generality we suppose that all ramification points are pro-
jected by 71 into interior points of A. Take any interior point z; € A and select a small
closed path y: {1,..., M} — A around z; so that there is at most one ramification
point inside the polygon y (1) ...y (M). For example, one can take as y the following
path:

41 41t 44 1o +
— — —_— — = . _— —,
daT Ny T ATy ATy TN T ATy

where i is the imaginary unit.

Now consider different lifts of y to X . If at least one lift is not closed, mark
z1 as a possible ramification point (meaning that it is situated near the projection of
some ramification point of X). Now vary z; and mark all possible ramification points.
The resulting set will consist of several path-connected components each of which
localizes the position of one ramification point of X with respect to 7.

Now connect each of the obtained connected components of possible ramification
points by path with boundary of the grid A in such a way that different paths do not
intersect. Denote the union of the set of possible ramification points with images of
these paths by A.. An important observation is that every closed pathin A \ A, always
lifts to a closed path in X, since it does not contain r{-projections of ramification
points inside.

Visualization. Now denote A\ A, = Ule Ay, where A are different path-connected
components. Take any z} € A and 25 € 711_1 (z}) N X. Now take other z; € Ay and
connect zj with z; by some path y. Then y lifts to a path I" with I"(1) = (z{, z3) and
I'(2) = (z1, zp) for some z;, € rr]_l (z1) N X and z5 does not depend on y. Varying z;
we thus obtain the map X (z], z5): Ay — X which allows us to visualize the part of
X.

Varying z3 € m| ! (z]) N X (the latter is the finite set, namely, it consists of L
elements) we obtain the other maps X (z{, z3) which allow us to visualize other parts
of X. Clearly, the set of obtained maps does not depend on the choice of z{ € A,. Hence
we can denote the obtained maps by Eé, [ =1, ..., L.Itis clear that UZL:1 Eé (Ay) =
77 (Ay) N X. Now vary s to visualize
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real z,
real z,

imag z, imag z,

real z,
realz,

Fig. 1 Riemann surface of function f(z) = ,/exp (g) ++v/z2 4+ 1, |z] < 2, obtained by the visualization
algorithm. Red and green curves represent two connected components of the surface boundary, colored
small balls represent ramification points (Color figure online)

real z,

real z,

; 2 :
imag z, real z, imag z,

Fig. 2 Riemann surfaces of functions f(z) = +/sin(z), |z| < 2 (left) and f(z) = Vz* + 1, |z < 2 (right)
obtained by the visualization algorithm

US_ U Sha) =77 MU A N X = X \ 77 (Ap).

The part 7~ ' (A.) N X A consists of cuts and preimages of possible ramification points.
The cuts can be visualized as the already-visualized part of the surface. The only
problem is the visualization of r1-preimages of possible ramification points. But the
latter take a little part of the surface when N is large and one can just forget about
their visualization. On the other hand, in our examples they were visualized using a
low-level graphics approach.

Examples of application of this algorithm are given in Figs. 1 and 2. The visualiza-
tion algorithm can be easily generalized to the case of general grids. For instance, in
our examples we have used a modification with periodic grid.
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real z
imagz, 4060 €z

Fig. 3 Boundary y; = bX of the surface X

5 Examples
5.1 The Case of g = 1

Consider an example of reconstruction of a Riemann surface with given boundary.
The simplest case is the case of pp = 0 but it follows from the discussion of the
reconstruction algorithm that this case is directly included in any other case. Therefore,
we begin with the next simplest case, namely, the case of o = 1.

Let us reconstruct the surface

X| = {(21,22) eC | (21 — Dz = exp(@d), 21l < 2} .

We suppose that the boundary y; = b X is given in the form of a discrete number of
points (see further Fig. 3).

Note that if point (z1, z2) € X is such that z; approaches 1, then z, approaches
infinity. Choose R large enough, e.g., R = 60, and reconstruct the real curve I' =
{(z1,22) € X1 | |z2] = R}. At first, compute for two different points 501, 53, |f§(§| =
|E§| = R, the values of functions

1 z1dz2
G 70 = )
150, 0) omi | >tk
i
3G 1 22dzy
0.0 =~ [ —
& 2ri ) (22 + o)
Y1

0G1 1 21dzy 3dz
—(0,0) = =— - 3
0&; 27i 2+& (22+%)

Y1

and find from the linear system for ¢1 and ¢
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-100

50 )
2 -100 100 imag z,

Fig. 4 The contour of surface X (black), boundary y; of X1 (blue), reconstructed curve I', belonging to
X1 (red) (Color figure online)

9G G
e 6.0+ C12(§(§¥01(5(}v 0)+ G (. O))
Gy

_ 1 0 1 _3G1 1

= G160, 05,6, 0 = 556, 0)

G G
cn—l@é,O)+cn(soa—l(s§,o>+cl(s§,0>)

& o
G G
= G1(&, mgj@é, 0) — El(eé, 0)

values c;; = 1, c¢j2 = 0. Now calculate the values of functions G (&g, 0) on the circle
€| = R and find function /1 (&y, 0) = G1(&p, 0) —c11 — c12&0, |€0| = R. This allows
us to reconstruct the real curve I' = {(h1(&p, 0), —&o) | |€0] = R} C X (see Fig. 4).

We apply further the reconstruction algorithm for the case of g = 0 to the surface
Xf = {z € X1 | |z2] < 60} with boundary bX® = y; + I'. We can compute the
values of function

1 dzn

oo(§0) = 2_711 o+ 50.

yi+I

The value of function o((&p) at point & is equal to the number N4 (&p, 0) of points of
surface X f projected onto the point &y under projection (z1, z2) — —z2. Further, for
every point with N4 (£p, 0) > 0 we compute functions

1 kdz
sp(&o0) = i ot &
y1+I"

k=1,...,Ni(&,O0).

From functions si (&p) we can find functions o (&g) using Newton identities:

korE) = > (Do i EsiGo). k=1..... Ny (Eo.0).

After, we find roots i1 (£p, 0), ..., hay(g) (50, 0) of polynomial
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100

imag z, 100 -100 real z,

Fig. 5 The contour of surface X (black), boundary y; of X1 (blue), reconstructed curve I', belonging to
X1 (red), colored domains represent the reconstructed leaves of surface X (Color figure online)

1V — gy (G M g ()M oy, (.0, (60) = 0.

The points {(hr(£0,0), —&p) | k = 1, ..., N+ (&, 0)} represent the set of all points
of X f projected onto &y by projection (z1, z2) — —z». Visualization of the obtained
set of points {(hx(&o, 0), —&0)} corresponding to varying &y can be realized by the
visualization algorithm described in the previous section. The reconstructed surface
is represented in Fig. 5.

5.2 The Case of o =2

Consider an example of the reconstruction of the Riemann surface for the case of
no = 2. We are going to reconstruct the surface

&zkmamCﬂm@—nzmmmﬂ|m<4

given its boundary y» represented as an array of a finite number of equidistributed
points on y» (see Fig. 6).

Choose R large enough, e.g., R = 60, and consider the circle Cg of radius R in
the z2-plane centered at the origin. Compute for &y € Cg the values of functions

1 z71dz2
G )= [ —,
150, 0) 2ﬂl/zz+§o
v
1 Zdz
G ) =— [ ——,
2(50,0) 27 ) @+ &
%)
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Fig. 6 Boundary y, of the surface X,

|| error |

Fig. 7 Graph of function || ferror || L2(CR) (c11, ¢21) in a neighborhood of the point of global minimum

G 1 z21dz2

——G.0=—"5= | ——

9&o 2ri ) (22 + o)
Y2

3G 1 71dzy 22dzy
—(£0,0) = — / 1

A€, 2mi 2+& (22+&)?
2

3G, &.0) 1 3dz z3dz

e S0, = A -

€] 2mi J,\z2+& (22 +60)?

and the value of constant ae(l)g = ﬁ fyz z1dz2, for example, using the method of

rectangles.

In order to find constants c11, c12, 21, €22, 23 We solve numerically the problem
of minimization of the L%(Cg)-norm of function

0G> G
Jerror(§0) = —— —2———(G1 — c11 — c1260) + G122 + 2¢2380)
981 981
3G 2 2
+8_$0 ((G1 = c11 — c120)” — Ga + c21 + o + c23§))
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-100Q T T T =
. 0100 50 0 -50 -100
imag z,

real zZ,

Fig.8 The contour of surface X7 (black), boundary y; of X7 (blue), reconstructed curves I'1 5, belonging
to X» (red) (Color figure online)

100

-50

imag z,

-100 -100

Fig.9 The contour of surface X, (black), boundary y; of X7 (blue), reconstructed curves I'y 5, belonging
to X» (red), reconstructed leaves of the surface are represented by dark-blue, orange, red and blue domains
(Color figure online)

+(GT = 2¢11G — 2¢12G1£0 — G2) - (—c12) — &) (cT, + €23),

in variables c11, ¢12, €21, €22, ¢23. As a result of solving of this minimization problem
we find c11 =0, c12 =0, ¢21 = 2, ¢220 =0, ¢23 = 0 (see Fig. 7).

Then we compute the power sums s1 = G| —c11 — ¢1280, 52 = G2 —¢21 — 2280 —
23 &g and symmetric functions o1, o3 on the circle C g. Further, we desymmetrize func-
tions o1, 07 to obtain functions 41 (&p, 0) and s, (&g, 0) on the circle Cg, which perform
lifting of the circle Cg to the surface X». Denote by I'1 » = {(h1,2(z2,0), —22) | 22 €
Cr} the curves, obtained by the corresponding lifting of Cg to X» (see Fig. 8).
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Now we consider the curve y» +I'1 +1"> as anew initial curve and we reconstruct the

surface X§ ={z e Xy | |z2] < R}, bX§ = y» +I'1 + I'y. Further, our considerations
are similar to those for the case of ;o = 1. At first, we compute functions si. Then, we
find symmetric functions oy. Further, we solve the algebraic equation (numerically)
and find functions A (§9, 0), k = 1, ..., N+ (o, 0). The reconstructed surface is given
by Fig. 9.
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