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Abstract We obtain certain estimates for the reproducing kernels of large weighted
Bergman spaces. Applications of these estimates to boundedness of the Bergman
projection on L” (D, wP/?), complex interpolation and duality of weighted Bergman
spaces are given.
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1 Introduction
LetD = {z € C : |z] < 1} be the unit disk in the complex plane C, dA(z) = d;ﬂ
be the normalized area measure on D, and let H (D) denote the space of all analytic
functions on D. A weight is a positive function w € LY(D, dA). When w(z) = w(|z])
for all z € D, we say that w is radial.

For 0 < p < oo, the weighted Bergman space A” (w) is the space of all functions
f € H(D) such that
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1l ap @) = ( /D @I o) dA(z))" < c0.

Our main goal is to study certain properties of the Bergman spaces A” (w) for a large
class of weights, including certain rapidly radial decreasing weights, that is, weights
that are going to decrease faster than any standard weight (1 — |z|*)%, & > 0, such as
the exponential-type weights

wq (z) = exp (m) a>0,c>0. (1.1

For the weights w considered in this paper, for each z € ID the point evaluations L, are
bounded linear functionals on A”(w). In particular, the space A%(w) is a reproducing
kernel Hilbert space: for each z € D, there are functions K, € A%(w) with ||L.|| =
| Kzl 42() such that L, f = f(2) = (f, K;)w, Where

(f 8o = /D f(2) g() w(z) dA(2),

is the natural inner product in L2(ID, wdA). The function K. has the property that
K;(§) = K¢ (2), and is called the reproducing kernel for the Bergman space A(w).
It is straightforward to see from the previous formula that the orthogonal (Bergman)
projection from L?(ID, wdA) to A2 (w) is given by

ow(z)=/ID)f($)Kz(§)w(§) dA(8). (1.2)

Some basic properties of the Bergman spaces with radial rapidly decreasing weights
are not yet well understood and have attracted some attention in recent years [1,6,7,
9,11,17]. The interest in such spaces arises from the fact that the usual techniques
for the standard Bergman spaces fail to work in this context, and therefore new tools
must be developed. For example, the natural Bergman projection P, is not necessarily
bounded on L? (D, wdA) unless p = 2 (see [5] for the exponential weights and [20]
for more examples). Another difficulty when studying these spaces arises from the
lack of an explicit expression of the reproducing kernels.

It turns out that when studying properties or operators such as the Bergman projec-
tion where the reproducing kernels are involved, the most convenient settings are the
spaces AP (wP/?) (or the weighted Lebesgue spaces L? (w?/?) := LP(D, wP/?dA)),
and our first main result is that, for the class of weights @ considered, the Bergman
projection P,, is bounded from L (w”/?) to AP(wP/?) for 1 < p < oo (see Theo-
rem 4.1). A consequence of that result will be the identification of the dual space of
AP (wP/?) with the space AP (wp// 2y under the natural integral pairing (, )., where
p’ denotes the conjugate exponent of p.

The key ingredient for obtaining the previously mentioned results is a certain
integral-type estimate involving the reproducing kernels K. This integral estimate
will be deduced from a pointwise estimate for |K,(§)| that can be of independent
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2286 H. Arroussi, J. Pau

interest (Theorem 3.1). The pointwise estimate obtained can be thought as the ana-
logue for weighted Bergman spaces of the corresponding ones obtained by Marzo and
Ortega-Cerda [13] for reproducing kernels of weighted Fock spaces.

Throughout this work, the letter C will denote an absolute constant whose value
may change at different occurrences. We also use the notation a < b to indicate that
there is a constant C > 0 with a < Cb, and the notation a < b means that a < b and
b < a.

2 Preliminaries

In this section we provide the basic tools for the proofs of the main results of the paper.
Fora € D and § > 0, we use the notation D (5t (a)) for the Euclidean disk centered
at a and radius 6t (a).

A positive function 7 on D is said to belong to the class L if it satisfies the following
two properties:

(A) There is a constant c¢; such that 7(z) < c¢; (1 — |z]) for all z € D
(B) There is a constant ¢; such that |7(z) — t(¢)| < ca|z — ¢|forall z, ¢ € D.

We also use the notation

min(1, ¢y, e5 ")
mq = fﬁ

where ¢ and c¢; are the constants appearing in the previous definition. It is easy to see
from conditions (A) and (B) (see [16, Lemma 2.1]) thatif t € £ and z € D(8t(a)),
then

%r(a)ft(z) <2t(a), 2.1

for sufficiently small § > O, that is, for § € (0, m). This fact will be used several
times in this work.

Definition 2.1 We say that a weight w is in the class £* if it is of the form w = e,
where ¢ € C%(D) with A > 0,and (Ago(z))_l/2 = 1(z), with 7(z) being a function
in the class £. Here A denotes the classical Laplace operator.

The following result is from [16, Lemma 2.2] and can be thought of as some type
of generalized sub-mean value property for | f|” w that gives the boundedness of the
point evaluation functionals on A? (w).

Lemma A Letw € L*,0 < p <ocoandletz € D. If B € R there exists M > 1 such
that

If@IPw)f < e

/ IfEIPw©)F dA®).,
D(57(2))
forall f € H(D) and all § > 0 sufficiently small.
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It can be seen from the proof given in [16] that one only needs f to be holomorphic
in a neighborhood of D(8t(z)). Another consequence of the above result is that the
Bergman space A” (w?) is a Banach space when 1 < p < oo and a complete metric
space when 0 < p < 1.

Since the norm of the point evaluation functional equals the norm of the reproducing
kernel in A%(w), the result of Lemma A also gives an upper bound for | K || A2(w)- The
next result [10] says that (at least for some class of weights) this upper bound is the
corresponding growth of the reproducing kernel.

Lemma B Let w € L£* and suppose that the associated function t(z) also satisfies
the condition

(C) there are constants b > 0 and 0 < t < 1 such that

T(x) =t(€) +1lz =&l forlz—§&|>bT(8).

Then !
2 o
”Kz ||A2(w) a)(z) ~ r(z)2 , z € D.
The result in Lemma B has also been obtained [3,16] for radial weights w € L£*
for which the associated function 7(|z]) = 7(z) decreasesto O asr = |z] — 17,

/(r) — 0asr — 1, and moreover, either there exists a constant C > 0 such that
7(r)(1 = r)~C increases for r close to 1 or lim,_ ;- /(r) log # =0.

If a function t satisfies the condition (C), it does not necessarily hold that k7 (z)
satisfies the same condition (C) for all k¥ > 0 (an example of this phenomenon are the
standard weights (1 — |z|?)#), but this is true for the exponential-type weights given
by (1.1), and therefore these weights satisfy the following strongest condition

(D) For each m > 1, there are constants b,, > 0 and 0 < t,, < 1/m such that

T(2) < t(&) +twlz —&l, for|z =& > by T(§).

This leads us to the following definition.

Definition 2.2 A weight w is in the class € if ® € £* and its associated function t
satisfies the condition (D).

The prototype of a weight in the class £ are the exponential-type weights given
by (1.1). An example of a non-radial weight in the class £ is given by w, r(z) =
| f(2)|?P (z), where p > 0, wis aradial weightin the class £, and f is a non-vanishing
analytic function in A? (w).

In order to obtain pointwise estimates for the reproducing kernels, we will need the
classical Hormander’s theorem [8, Lemma 4.4.1] on L?-estimates for solutions of the
5—equati0n and also a variant due to Berndtsson [2, Lemma 2.2].

Theorem A (Hormander) Let ¢ € C 2(D) with A > 0 on ID. Then there exists a
solution u of the equation du = f such that

QP

—2¢(2)
e dA(z),
D Ag(z)

/ W@ e 9 dA(2) <
D
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2288 H. Arroussi, J. Pau

provided the right-hand side integral is finite.

Recall that the operators 3 and 9 are defined by

d 10 0 - 0 1o .0
d=—==-——i—) and d:=—=-—+i—),
dz 2 \ox ay dz 2 \ox ay

provided the use of the identification z = x + iy is made. Also A = 499.

Theorem B (Berndtsson) Let ¢, Y € C2(D), with Ay > 0onD. If

2
< CiAgp, with(0 < Cy <1,

Jw

and for any g one can find v such that dv = g with

() 18P sy
/ |v(z)|ze 20(2)—2¥(2) dA(z) < e 20 =2¢(2) dA(z),
D ~ Jp Ap(z)

then for the solution vy with minimal norm in L2(D, e=2%dA), one has

2
/ (@) e 2D+ g < C 8@ 2p@)t2v ) A,
D D Ap(z)

where C = 6/(1 — Cy).

3 Estimates for Reproducing Kernels

In this section we will give some pointwise estimates for the reproducing kernel,
especially far from the diagonal, as well as an integral-type estimate involving the
reproducing kernel. For weights in the class £*, and points close to the diagonal, one
has the following well-known estimate (see [11, Lemma 3.6], for example)

KO =< 1Kzl a2) - 1Kl a2y, & € D(8T(2)), (3.1

for all 6 € (0, m;) sufficiently small. Thus, the interest of the next result relies when
we are far from the diagonal.

Theorem 3.1 Let K. be the reproducing kernel of A*(w) where w is a weight in the
class £. For each M > 1, there exists a constant C > 0 (depending on M) such that
for each z, & € D one has

|KA@|§C—L~i—w&r”%xa””

(mmu@xf@»)M
T(z) T(§) ‘

lz =&l
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The proof is going to be similar to the pointwise estimate obtained by Marzo and
Ortega-Cerda in [13] for weighted Fock spaces. However, if one wants to follow the
proof given in [13] one needs the function t to satisfy the following condition: for all
z,& € D with z ¢ D(§7(§)) there is n > O sufficiently small and a constant ¢3 > 0

such that X
1O o (8)"
@~ 10 ’

and it is easy to see that this condition is never satisfied in the setting of the unit disk.
Instead of that, we will use a mixture of the arguments in [13] with the ones in [15].
Before going to the proof of Theorem 3.1, we need an auxiliary result.

Lemma 3.2 Leta € D. Fore > 0 and M > 1 there is a constant B (depending on M
and ¢) such that the function

()_ﬂl (1 M)
=BT By

satisfies
00a ()" < e Ap(2), and Ag(2) < & Ap(2).

Proof Since Agp(z) =< r(z)_2 and ¢ > 0 is arbitrary, it suffices to show that

2 3 &
994 (2)| < top ™ Ae@ = s

An easy computation gives

M z—a
a(pa(Z) = Z

B*t(@?* + 1z —al*

Therefore,

|8(p (Z)|2_(K)2 IZ_a|2
‘ 4) Br@?+lz—aP)?
Another computation yields

B* t(a)?

Ay (z) = 4309,(2) = M .
#a@) = 4000a@) = M G T+ 1 —aP?

Fix m > 2Me~ /% and let b > max(m, b,,), where b,, is the number appearing in
condition (D).
o If |z — a| < b t(a), then due to condition (B),

1 1 1
T@2 - @@+l —aD? = t@r (L + be)?’
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2290 H. Arroussi, J. Pau

where ¢; is the constant appearing in condition (B). Since clearly

5 2 _ M\? 1
| §0a(Z)| _(@) W’

we only need to choose 8 big enough satisfying

(%)2 <e _ (3.2)
48) — (1 +cb)?*’
to get
e’ <et(@72 Iz —al < br(@.

Also,

Agald) < .

B* t(a)?
Hence choosing $ big enough so that
M 1

E <e —(1 FpSyRCE (3.3)

we have
Aga(z) <et(2)™%, |z —al < bt(a).

Thus, to get both (3.2) and (3.3) we only need to choose 8 > 0 satisfying

/32 > g ! 1+ C2b)2 max (M, (%)2)

e If |z — a| > b t(a), by condition (D) we have

1 1 1 1
> > . .
1(2)2 7 (t(@) +twlz—a)? T z—al> b7+ 1,)?

Here t,, is the number appearing in condition (D). On the other hand,

el < (M) !
§0az — 4 |Z—a|2’

and

Agp,(z) < .
(pa() |z—a|2
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Thus, we only need

M (M )2 < ! (3.4)
max A — <g —, .
| T+ tn)?
to get the result. But, since 0 <, < 1/m, b > m and m > 2Me~ 12
1 1 m? my2 I
> = > (—) > Mg,
G+ b T+1/m? b 'm+1)? 2
which gives (3.4), finishing the proof. O

Proof of Theorem 3.1 Letz, & e Dandfix0 < § <m. If D(5t(2))ND@GT(§)) # 0
then

min(z(z), 7(§)) >,
lz — &l
due to (2.1), and therefore the result follows from the inequality |K;(§)| <
|| KZ ||A2(w) || Kg ||A2(w) together Wlth Lemma B.
Next suppose that D(87(z)) N D(5t(§)) = V. Let0 < x < 1 bea function in
C2°(D) supported on the disk D(87(£)) such that y = 1 in D(% 7(£)) and |8)(|2 <
. By Lemma A we obtain

X
(§)?

1K, (&)Pw(€) S

T(§)?

1 2
S Ty K] 2, ywan)-

/ |K(s)Pw(s) dA(s)
D(§t(®)
3.5

By duality, || K, ||L2® oy = SUPf I{fs K2) 12D, y ) |> Where the supremum runs over all
holomorphic functions f on D(§7(£)) such that

/ |f () Pw(z)dA(z) = 1.
D(5t(§))

As fx € L*(D, w dA) one has

(f, Kz)LZ(D,Xa)) = P (fx)(2),

where P, is the Bergman projection given by (1.2), which is obviously bounded from
L%(D, wdA) to A%(w). Now we consider u = fx — Py (f x) the solution with minimal
norm in L2(D, w dA) of the equation

du=0(fx)= fox. (3.6)
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2292 H. Arroussi, J. Pau

Since x (z) = 0, we get

s K2 2, gyl = 1P (fX)(@)] = |u(2)].

Consider the subharmonic function

_ML (P
o = (14 ).

with 8 > 0 (depending on M) being the one given in Lemma 3.2, which gives
2 1 1
|9¢e (9)|” < 5 Ap(s), and Agg(s) = SA¢(s). (3.7

We will write 7, (z) if we need to stress the dependence on ¢. We consider the function
p = ¢ — @g. From (3.7), we get Ap > % Ag. Since it is clear that Agp > Ap, this
implies

7,(8) X 19(¢), ¢ eD. (3.8)
Notice that the function u is holomorphic in D(87,(z)) for some § > 0. Then, using
the notation w, = e~2p, by Lemma A and the remark following it,

1
Tp (Z)2

1
< W/D|u(s)|2a)p(s) dA(s). 3.9)

u(2)Pwp(2) S

/ |u(s)|* wp(s) dA(s)
D(t,(2)

We know that A(¢ +¢¢) > 0; then applying Hérmander’s Theorem A, one has v such
that dv = 9(f x) with

/ lu|?e™2¢ 72 dA < / ovl? e W20 A < / [ou e A,
D - A(§0+<ﬂ.§)

This together with (3.7) says that we are under the assumptions of Berndtsson’s the-

orem. Therefore, since u is the solution with minimal norm in L2(D, e~ 2#dA) of the
equation (3.6), using Theorem B we obtain

206} + 200 (s 06> 2p5)20 (s
|M(S)|2€ 2<ﬂ(5)+2§0§(é)dA(s) < e 2¢(5)+2¢5(A)dA(s).
D ~Jp Ap(s)

Putting these into (3.9), using (3.6), (3.8), and the fact that

2 < x(s)
T,(8)%’

19X ()
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we get

1 _
lu(2)Pwpz) < W / 7o ()2 1 F )2 [3x (5) | wp(s) dAGs)

/ LF ()% x(5) @, (s) dA(s).

N

'L'(p(Z)z

Clearly, the function ¢ is bounded in D(87(§)), and therefore
wp(s) = e 2P() — o= 20(5)+2¢¢ () < e200) — w(s), s € D(5T(8)).

Thus, we obtain

(@) Pwp2) S — | £ ($)I? @, (s) dA(s)

70(2)* Jp@e ey

- 2 dA
S @2 D(Sr@))lf(S)l w(s) dA(s)

1

Tga(z)z.

This gives

< COp(Z)il
L2@xop) ~ 1y(2)?

1K |12

Then, taking into account (3.5), we get

1 w,(x)7!
Ty (";:)2 Ty (Z)2
w(z)”! 1 1

N2 Y 1,(6)2 14(2)%
(1 + (/lsgr(g)) )

K (&) o) <

Thus
1 _1 @ \"
s gt (75)
K& < B T 1Q) w(E) T w() Z— |
Finally, interchanging the roles of z and £ we also get
1 L (@)
K <
KOS9 5 e e (|z—s|)
completing the proof of the theorem. O
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Lemma 3.3 Let w € € and let K. be the reproducing kernel for A*(w). Then there
exists a constant C > 0 such that

A;&@Nw@ﬁ¢MSSCw@r%
Proof For 0 < 8y < m, fixed, let
A@w=/ K.(6) 0@} dAE),
|z—£|<807(2)
and
mm:/ K.(6)| (&)} dA).
|z—=£|>6807(2)
By Lemma B and (2.1),
M@s/' 1K a2 1Ke gz 0(6)} dAGE)
|z—&1<d07(2)

_1
= 1(2) Kzl g2y < @(2) 2. (3.10)

On the other hand, by Theorem 3.1 with M = 3, we have

w(z)"2 1 mmu@xr@»)3
B(z) < dA
@ = 7(2) |z—&|>807(2) 7(§) ( |z — & ®
1 dA (&)
< 0@ 7 10) (3.11)

l—g|=60t(z) 12 — €13

To estimate the last integral, consider the covering of {§ € D : |z —&| > §pT(2)} given
by

Ri(z) = {g eD: 2%8t(z) < |z — | < 2k+1801(z)}, k=0,1,2,....

We have

dA(§) / dA(§)
/|z—s|>sor<z> lz—&P = z Re@) 12— &3

k>0
= r(z)_3 Z 23k Area(Ry(2))
k>0
= ‘L'(Z)_l ZZ_k < t(z)_l.
k>0
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Putting this into (3.11) we get
Bk S o)\

which together with (3.10) gives the desired result. O

4 Bounded Projections and the Reproducing Formula

Recall that the natural Bergman projection P, is given by

ow(Z)=/Df(§)Kz(é)w(§)dA(§)~

As was said in the Introduction, the Bergman projection is not necessarily bounded
on L?(D, wdA) unless p = 2. However, we are going to see next that P,, is bounded
on L”(wP/?) := LP(D, wP/? dA).

Theorem 4.1 Let 1 < p < oo and w € &E. The Bergman projection P,
LP(wP?) — AP (wP/?) is bounded.

Proof We first consider the easiest case p = 1. By Fubini’s theorem and Lemma 3.3
we obtain

I Po f Il A1 112 =/D|ow(z)|a)(z)l/2dA(z)
s/D(/D|f(§)||1<z(§>|w<s)dA(é)) w()'?dA(z)
= /D If(é)lw(éf)( /D IKg(z)Iw(z)l/sz(z)) dA(E)

S/DIf(é)lw(é)‘/sz(é) = fllL1 (i)

Next, we consider the case 1 < p < oo. Let p’ denote the conjugate exponent of p.
By Holder’s inequality and Lemma 3.3,

P+l p-l1
|Pyf(2)]P < ( /D |f(s>|”|1<z(s)|w<s>sz(&))( /D 1K (&) (&) dA@))

< (/le(é)llez(E)lw(é)pZH dA(é)) w(@x) T
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This together with Fubini’s theorem and another application of Lemma 3.3 gives

1Pof 13 o) = /D |Po f ()| w(2)P? dA(z)
5/@(/D|f<s)|P|KZ(s>|w@>"?l dA(S)) w(2)'? dA(z)

Z/DIf(S)Ipw(E)% (/DlKg(Z)lw(Z)l/sz(z)) dA(€)

P

The proof is complete. O
To deal with the case p = o0, given a weight v, we introduce the growth space L (v)

that consists of those measurable functions f on ID such that

I fllLoe ) :==esssup | f(2)|v(z) < oo,
zeD

and let A% (v) be the space of all analytic functions in L°°(v).

Theorem 4.2 Let w € &. The Bergman projection P, : L®(w'/?) — A®(w'/?) is
bounded.

Proof Let f € L*®(w'/?). By Lemma 3.3, we get

0@ Py f(2)] < w(z)l/z/le(é)IIKZ(S)Iw(S)dA(S)

IA

Il ooy - @(2)'/? /D 1K, (8)| w(£)'/? dA(&)
S Il oo iy

This shows that P, is bounded. O

As a consequence of the results obtained on bounded projections, we obtain the
following result.

Corollary 4.3 Let w € E. The following are equivalent:

() f = P, f forevery f € Al(w'/?);
(ii) A%(w) is dense in Al (w'/?).

Proof By the definition of the projection P, and the properties of the reproducing
kernel, we always have f = P, f for every f € A*(w). Thus (i) is easily implied
by the density condition in (ii) and the boundedness of P, in L!(w!/?). Conversely,
suppose that (i) holds and let f € Al(a)l/z). Since L2(a)) is dense in Ll(wl/z), we
can find functions g, € L?(w) with || f — gnllL1 w2y = 0. Set f = Pugn € A% (w).
Then, by (i) and Theorem 4.1, we have

If = fallat@!2y = 1Po f = Pognllat@w2y < 1Poll - | f — &nllLt w2y = 0,
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Large Weighted Bergman Spaces 2297

proving that A%(w) is dense in A!(w!/?). The proof is complete. O

The identity f = P, f appearing in (i) is usually referred to as the reproducing
formula. If the weight w is radial, then the polynomials are dense in A' (w!/?) and thus
the reproducing formula in (i) holds. The fact that the reproducing formula also holds
for non-radial weights in the class £ is not obvious, and it is our goal to establish that
result in the next subsections.

4.1 Associated Weighted Bergman Spaces

We need to consider reproducing kernels K of the Bergman space A?(wy), where the
weight w, is of the form

w:(2) =w(@)1(2)%  acR. 4.1)

Lemma 4.4 Let w € L* and 0 < p < 0o. Then

1
If@DIP wi(2) S —/ |f (DI wx() dA(Z),
D(8t(2))

1(z)?

forall f € HD) and all 5 > 0 sufficiently small.

Proof This is an immediate consequence of Lemma A and (2.1). Indeed,

lf@IP 0@ = f@DI"P 0@ ()% T(Z)”‘_z/mS o L OIP o(¢) dAL)
1
<= [ Irore@ae.
7(2) D(87(2))
This finishes the proof. O

As in Lemma A, it suffices that f be holomorphic in a neighborhood of D (8t (z))
to get the conclusion in Lemma 4.4. As a consequence, we get the estimate
1K 12, @ (2) S @72

We also need the analogue of Theorem 3.1 for the reproducing kernels K. Since we
do not know if w, belongs to the class £, we cannot deduce the result from Theorem 3.1,
so we must repeat the proof with appropriate modifications. Before doing that, we need
to establish more estimates of the solutions of the ﬁ-equation, a result that can be of

independent interest.

Proposition 4.5 Let w € £ and consider the associated weight
0@ =w@1@" aoek

There is a solution u of the equation du = f satisfying

/ u(2)|P ws(2)P* dA(z) < C / |f ()P wi(2)P? T(2)P dA(2),
D D
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for 1 < p < 0o. Moreover, one also has the L*>-estimate

sup [u(z)| ws(2)'/? < C sup | f(2)| wx(2)/? 7 (2).

zeD zeD

Proof We follow the method used in [4]. Fix § € (0, m) sufficiently small so that
(3.1) holds, and take &g, §1 > 0 with 261 < 89 < &/5. By Oleinik’s covering lemma
[14], there is a sequence of points {a;} C ID such that the following conditions are
satisfied:

(i) aj ¢ D@ 1T(ak), Jj # k.
(i) U; D@Giv(a))) =D.
(iii) D(S1t(a;)) C D(3817(a;)), where

DGir@) = |J DGir@). j=12.....
ZED((S]'L’((JJ‘))

(iv) {D(3817(a;))} is a covering of D of finite multiplicity N.

Let {x;} be a partition of the unity subordinate to the covering {D(817(a;))}. For
each a € I, let h,(z) denote the normalized reproducing kernels in A%(w), that is,
ha(z) = Ka(2)/11Kall 42()- By (3.1), Lemma B, and Theorem 3.1, the functions A,
satisfy

@) |he(x)| < 1) w2, ze DGT(a).

) 1ha()] < 1@ w(z)-12 (W)M L eD.
—

For each j define

F ) %)

S;if(2) = ha, AL AL
1@ =ha@ [ S he, @

dA(?).

Since A, ; (z) is holomorphic on D, by the Cauchy—Pompeiu formula we have s i) =
f xj, and therefore

SF@) =D S f() = w2 /D Gz, 0) f(Q) w(0)? dA()
J

solves the equation d(Sf) = f, where the kernel G(z, ¢) is given by

_ haj(Z)Xj(g) 12 —-1/2
Gz () = ; C = @ @@
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Denoting g(¢) = f(¢) a)*(g)]/ 2 the required estimate

/D ISF(@)IP wi(2)P? dAz) < C /D | £ @IP 0x ()P T(2)” dA(2)
translates to the estimate
/D ITg(2)|” dA(z) < C /D 18(2)I7 7(2)" dA(2), (4.2)
with
Tg(z) = /D G(z.¢) g(0) dA(D).

Now we claim that the integral estimate

dA(l) _
G C, 4.3
/I @ Ol —— Q) = “4.3)

holds. Indeed, if ¢ € D(8p7(z)) N D(817(a;)), then using (2.1) we see that
lz—ajl < |lz—¢[+1¢ —ajl <dot(z) +éi17(ay)
< 4ot (a;) +d17(a;) < dt(a;).

By property (), |hq; (2)] =< 7(z) ' @(z)7!/2, and obviously we also have 1ha; (O] =<

r({)’l w({)’]/z. Therefore, for ¢ € D(807(2)),

X](g) N
~lz=¢l’

[IENIIBS Z

since there are at most N points a; with { € D(817(a;)). This gives

dA(¢) 1 dA(¢)
G = <c— <c, 4.4
/D(aor(z)) G 0l (&) — 1@ Jpeerey 12 —¢1 T )

after passing to polar coordinates. On the other hand, if ¢ ¢ D (807 (z)) we use property
(b) to get

Gz 0)| < 0:(2) 2 0 ()12 > X () (min(t(z),r(aj)))M

0@ 7() 2= llha, I\ [z —aj]
@i @) P 1@) 3 4@ (min(r<z>,r(a,-)>)M
0 ()12 -\ lz—al
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Now, for ¢ € (D\ D(807(2))) N D(817(a;)), we have
lz—¢l <lz—ajl+ ¢ —aj| < |z—aj| +d1t(aj)
= |z —aj|+é17(2) + d1(z(aj) — ()
)
<lz—ajl+ %IZ — ¢+ 2811z — ajl,
where c; is the constant appearing in condition (B) in the definition of the class L.

Since 81/89 < 1/2, we obtain |z — ¢| < C|z — aj|, which together with the fact that
7(¢) < t(aj) for ¢ € D(817(a;)) yields

min(t(z), t(a;)) - min(t(z), 7(¢))
|z —ajl ~ lz — ¢

. ¢ eD(@it(a;) \ D(@ot(2)).

Therefore, since there are at most N points a; with ¢ € D(817(a;)),

@ _q . M
Gz, )] 5 —= (mm(t(Z)’r(O)) . £ ¢ DGor().
()27 [z — ] lz = ¢|
This gives
dA(0) « / (min(z(2), 7(¢)))" dAQ)
G Ol 2 < o)
/]D)\D((Sor(z)l) %) 7(¢) = D\D@or(z)) 12— ¢IMF ()22

SC’

where the last inequality is proved in a manner similar to that in the proof of Lemma 3.3,
but in the case &« < 0 one must use that 7(¢) < 2k ¢ (2) for ¢ € Ri(z) (a consequence
of condition (B) in the definition of the class £), where Ry (z) are the same sets used
in the proof of Lemma 3.3. This together with (4.4) establishes (4.3).

Using (4.3), it is straightforward to see that the L°°-estimate

sup |Sf ()| i (2)'/? < Csup | f(2)| wi(2)/? 7(2)

zeD zeD

holds. Now, let | < p < oo. By Holder’s inequality and (4.3),

dA dA p=1
ITg()|P < (/ Gz, OIE@IP T(©)? ﬁ)(/ IG(z,C)Iﬁ)
D (%) D (%)

dA(¢)

< Gz, P p .
N/DI @ Ol 1g@I" () )

This, Fubini’s theorem, and property (a) gives
[irecrae < [eoror ([ i6eowe)ac
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lg@)I” z(@)P~! /lhaj(z)lw*(z)l/sz(z)
dA
: ;/Dwma,-)) lha; () @x(£)1/? ( D lz— ¢ ©

ha,; ()]« (2)/2dA
_ Z/ 1g(©)1” r/(zé)” / |ha; (2)|w«(2) () A,
T /DGty TE) D lz —¢|

We handle the inside integral in a similar form as done before. By property (a), for
¢ € D(817(aj)), we have

ha, (2)|ws(2)'/? 5-1
/ MdA(z) - / ﬂdA(z) < T(¢)*2.
D(Sot(a))) |z — ¢ D@or(a)) 12— ¢

The integral from outside the disk D(8p7(a;)) is estimated with the same method as
done in the proof of (4.3) using property (b), so that we obtain

ha; (2)|x(2)/2dA(2)

< oz/2.
b 2 —¢] ~ T

Putting this into the previous estimate, we finally obtain

/DITg(Z)I”dA(Z) S 2/ 1g(DIP T(§)PdA(Z) S/Dlg(é“)l”f(é)”dA(C),
J

D(é1t(a;))

since {D(817(a;))} is a covering of D of finite multiplicity. This proves (4.2), com-
pleting the proof of the proposition. O

Now we can prove the analogue of Theorem 3.1 for the reproducing kernels K.

Lemma 4.6 Let w € &£, and K} be the reproducing kernel of A%(wy), where wy is
the associated weight given by (4 1). For each M > 1, there exists a constant C > 0
(depending on M) such that for each z, & € D one has

min(z(z), f(é)))M

K@) < C—— — 00,0 o (8) ‘/2(
]

() T(§)

Proof Letz, & € Dand fix0 < § < m. Theresultis clearif D(5§t(z)) N Dt (§)) #
#, so that we assume D(57(z)) N DSt (£)) = B. Let 0 < x < 1 be a function in
C°° (D) with compact support in the disk D(87(£)) such that x = 1 in D(% 7(£)) and
axl2 < =%

~r(é)?

. By Lemma 4.4 we obtain

1
KX ©P0:©) S 55 1K 120, 0,00 45)
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By duality, ||K;||L2(D oy = SUDf [{f, Kz*>L2(]D),Xw*dA)|’ where the supremum runs
over all holomorphic functions f on D(67(§)) such that

/ |f @1 0x(2)dA(D) = 1. (4.6)
D(3t(§)

As fx € L*>(D, w, dA) one has (f, K2) 12, ywedny = Po, (f X)(2), where P, is the
orthogonal Bergman projection, which is obviously bounded from L?(ID, w, dA) to

A2 (w,). Now we consider u = fy — P, (f x) the solution with minimal norm in
L*(D, w, dA) of the equation

u=03(fx)= fox. 4.7

Since x(2) = 0, we get (£, K¥) 12, yon)| = [Pur, (FX)(@)] = |u(z)|. For a given
0 < & < 1/2, consider the subharmonic function from Lemma 3.2 given by

ML (8P
=7 °g< +ﬂ2r(s)2)’

with 8 > 0 (depending on M and ¢) taken big enough so that
[0pe()* < e Ap(s), and Age(s) <& Ap(s). .8)

Thus Ap < A(p+¢:) < 2A¢ and % Ap < A(p — ¢:) < Ag. Next, we are going to
apply the method used in the proof of Berndtsson’s theorem. Since u is the solution
with minimal norm in L2(ID, w, dA) of the equation (4.7), it satisfies (u, h)w, = 0 for
any square integrable holomorphic function /4 in . This clearly implies that

/ uohws e 2% dA = 0
D

forany such 4, wi_th uo=1u €2%:_Thus u is the minimal solution in L2 (D, wy e 2% dA)
of the equation dv = 9(u ¢*%) := g. By Proposition 4.5 applied with the weight
wg = we 2% we can find a solution v of the equation dv = g satisfying

/ 0|2 wy e 2% dA < C/ 181> wy e T2 dA.
D D
Hence the same estimate is true for the minimal solution u¢, which implies

/ [u)? w, e*dA < c/ |§u+u§(pg|2a}*ez¢75 72 dA
D D

< C/ |§u|2w*ez‘”g ‘Esz—i-C/ |u§g05|2w*e2‘ps 72 dA.
D D
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Now use (4.8) with ¢ > 0 taken so that Ce < 1/2, and absorb the last member of the
right-hand side in the left-hand side. The result is

/ 1) w, €29 dA < C/ |9u|” w. 2% 72 dA. (4.9)
D D
Arguing as in the proof of Lemma 4.4, then applying (4.9), we obtain

(D) Pws(z) 2% < ——

/ ()1 w4 (5) €2 dA(s)

T(z)2

S—— / PP X G)P 0a(5) €259 1(s5)2 dAGs)
7(2)

= L2/ £ ()P wi(s) €24 dA(s).
©(2)* Jpee e

Since the function ¢ is bounded in D(87(§)), this and (4.6) yields
u(@) P z) %1 (2)* < C.

Thus, taking into account (4.5), we get

1 @ \"
KXOIS BY — —— 0.) P o(0)”? (—)
(é) @ o |z — &1
Finally, interchanging the roles of z and & we obtain the desired result. O

Corollary 4.7 Let w € &, and K be the reproducing kernel for A2 (wy), where wy, is
the associated weight given by (4.1). For B € R, there exists a constant C > 0 such
that

/D IKX(E)| e (§)? 1(6)P dA®E) < C () P 2(2)P.

Proof Apart from the extra factor 7 (z)?, this is almost the analogue of Lemma 3.3. For
the proof, just use the same method applying Lemma 4.6 with M taken big enough,
but in the case 8 — 1 > 0, use that 7(§) < 2kz(2) for z € Re(2). O

Arguing in the same way as in the proof of the boundedness of the Bergman projec-
tion, using Corollary 4.7 with 8 = 0, we can prove that P,,,_is bounded on L” (! / 2)
but in order to obtain the reproducing formula, what is really needed is the following

result.

[l

Lemmad4.8 Letw € £, 1 < p < 00 and let w, be the associated weight given by
(4.1). Then P,,, : LP(wP/?) — AP(wP/?) is bounded.

Proof This is proved with the same method used in the proof of Theorem 4.1, but using
Corollary 4.7 instead of Lemma 3.3. We leave the details to the interested reader. O
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4.2 The Reproducing Formula

With all the machinery developed in the previous subsection, we can prove the fol-
lowing key result, from which the reproducing formula will follow.

Lemma4.9 Letw € Eand f € AY(w!'/?). Then one can find functions f, € A%(w)
with || fall a1 w12y S If 1l a1 w12y such that f, — f uniformly on compact subsets of
D.

Proof Our proof has its roots in an argument used by Lindholm [12] in the setting of
weighted Fock spaces. Let r, :== 1 — 1/n, and consider a sequence of C* functions
X With compact support on ID such that x,(z) = 1 for |z < 1 —1/n, and |3, < n.
For each n, consider the analytic functions

Ju = Po, (f xn)-

where w; is the associated weight given by
04(2) = 0(2) T(2)%.

Since the functions fx, € L?(w) and P, is bounded on L?(w?/?), 1 < p < oo,
then f, € A*(w), and

I fnllat w2y = 11 Po, (f Xl at @12y S W xnllLt@wizy < 1 a1 w1r2)-

Therefore, it remains to show that f, — f uniformly on compact subsets of D. Since

|f — ful <1f — fxnl +1fxn — ful, and, clearly, f x, — f uniformly on compact
subsets of D, it is enough to show that u,, — 0 uniformly on compact subsets of D,

with u, = fxn — Po, (f Xn)-

Fix 0 < R < 1 and let z € D with |z] < R. For n big enough, the function u,
is analytic in a neighborhood of the disk D(§pt(z)), with 69 € (0, m,). Hence, by
Lemma A,

1(@)* lun ()P 0(z2) < () / lun (O @ (£)dA ()
D(Spt(2))

5/ lun () 1? 0(8) T(§)* dA(S)
D(50p7(2))

< /D ()2 04 () dA(). (4.10)

Since u,, is the solution of the d-equation dv = £y, with minimal L?(w,) norm,
by Proposition 4.5, we have

/lunlzw*dA§C/ | FOxn|? ws T2 dA.
D D
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Since 3 x,, is supported on r,, < |z| < 1 with |3 x,| < n, we get
/ lun]® wx dA < Cn2/ 1FOP 0@ T dAR).
D [¢]>rn

Since t(¢) < (1 —|¢|) < 1/n for |¢| > r,, using the pointwise estimate (a conse-
quence of Lemma A)

£ OIo@?T(@)* SN fllarwir).

we obtain
/D|un|2w*dA < c/| IF (O o(¢) T(¢)*dA(z)
¢l>ry

< Cl gt / @) 0@ dAG),

[S1>ry

and this goes to zero as n — oo since f € Al(w!'/?). Bearing in mind (4.10), this
implies that u,, — 0 uniformly on compact subsets of I, finishing the proof. O

Now we are ready to show that, for weights @ € &, the reproducing formula
f = P, f holds for any f € Al(w'/?). In view of Corollary 4.3 this would give the
density of A%(w) in A (w!/?).

Theorem 4.10 Let w € €. Then f = P, f for each f € A (w'/?).

Proof Let f € Al(w'/?). By Lemma 4.9 one can find functions f;,, € A%(w) with
| full 411/ < | £1l 41(1/2) such that f, — f uniformly on compact subsets of D.
Then

1f (@) = Pof(@| = |f(2) = ful@)| + | fu(2) = P f(2)I.

Clearly, the first term goes to zero as n — oo. For the second term, since f;, € Az(a)),
one has the reproducing formula f,, = P, f,;, and therefore

|/n(2) = Po f (D] = |Po(fu — (] = /D |/n(8) = FEK-(E)| w(§) dA(E).

Fix 0 < 8 < m, and split the previous integral into two parts: one integrating over the
disk D(6t(z)), and the other over D \ D(§7(z)). We have

/ |fa(&) = FENIK(E) (&) dA(E)
D(81(z))

< ”Kz||A2(w)

/ | (&) — F(E) | w(©)/?dA®),
7(2) D(7(2))
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and this goes to zero as n — oo since D(6t(z)) C D and f, — f uniformly on
compact subsets of D. On the other hand, if £ ¢ D(§t(z)), then we apply the estimate
for the reproducing kernel obtained in Theorem 3.1 with M = 3 to get

K5I

1Kzl 42w (min(r(zm(s)))’” o KDz (6)?
w(®)12 () 2 -l Y@ @

Therefore, we obtain

/ |/n(8) — FOINNK(E)|w(§) dA(E)
D\D($7(2))

Kell a2
< Ml )/ 2 )= F@ o) 7€) dAE) = hn + Do,
7(2) D
with
Kl a2
Iin= ””#/ 12 ®) = f©)| €)' 2(5)* dAE)
1@ Jei=r
and
K
2= ””#/ [fa &) = F©) @) 2(6)* dAE).
7(2) R<|t|<1

By Lemma A and || fu [l g1 (o172 S I1f [l a1 (e1/2y it follows that

| f2®) — FE10@* 1@ SN fllar @12y
and therefore

1K ||A2(w)

. <
2,71 ~ 'L'(Z)3

1f Lt / dAE).
R<|§|<1

By taking 0 < R < 1 enough close to 1 we can make the last expression as small
as desired. Once R is taken, then /1, — O since f, converges to f uniformly on
compact subsets of ID. This shows that f(z) = P, f(2). O

5 Complex Interpolation

An elementary introduction to the basic theory of complex interpolation, including
the complex interpolation of L spaces, can be found in Chapter 2 of the book [21].
We assume in this section that the reader is familiar with that theory. First of all, we
recall the following well-known interpolation theorem of Stein and Weiss [19].
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Theorem C Suppose that w, wo, and w1 are weight functions onD. If 1 < py < p1 <
ocoand () <6 <1, then

[LP(D, wodA), LP' (D, w1dA)], = LP (D, wdA),
with equal norms, where

S
1_1—94_&7 0P = w" o'

p po P

With this and the result on bounded projections we can obtain the following result
on complex interpolation of large weighted Bergman spaces.

Theorem 5.1 Let w be a weight in the class £. If 1 < pg < p1 <ococand(0 <6 <1,
then

[APO(wpoﬂ)’Am (wl’l/z)] — AP(wP/Z)’

where

I 1-0 6
— + —.
p pPo D1

Proof The inclusion [APO (wP0/2), AP (wpl/z)] C AP(wP/?) is a consequence of the
definition of complex interpolation, the fact that each AP* (wP*/?) is a closed subspace
of LPk(wPk/?), and [LP0(wP/?), LP' (wP1/?)], = LP(wP/?). This last assertion fol-
lows from Theorem C.

On the other hand, if f € AP (wP/?) C LP(w?/?), it follows from Theorem C that

[LPO(wPO/Z)’ L”‘(a)”‘/z)]e — Lp(wpﬂ)_

Thus, there exists a function F;(z) (z € D and 0 < Re¢ < 1) and a positive constant
C such that:

(@) Fy(z) = f(z) forall z € D.
(b) I F; I Lrororzy = C forallRe¢ = 0.
(C) ”Fg' ”Ll’l (wpl/2) < C for all Re C = 1.

Define a function G; by G (z) = P, F;(z). Due to the reproducing formula in The-

orem 4.10, and the boundedness of the Bergman projection, see Theorem 4.1, we
have:

(@) Gg(z) = f(z) forall z € D.
() 1G¢ |l Lro(ror2y < C forallReg = 0.
©) 11Gelpm (@P1/2) = CforallRe¢ = 1.

Since each function G is analytic on D, we conclude that f belongs to [A”° (wP0/?),
AP!(wP1/2)]. This completes the proof of the theorem. O
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6 Duality

As in the case of the standard Bergman spaces, one can use the result just proved on
the boundedness of the Bergman projection P, in L? (w?/?) to identify the dual space
of AP(wP/?). As usual, if X is a normed space, we denote its dual by X*. For a given
weight v, we introduce the space Ao (v) consisting of those functions f € A% (v) with
lim;_,1- v(z)| f(z)| = 0. Clearly, Ag(v) is a closed subspace of A% (v).

Lemma 6.1 Letw € £ and z € D. Then K. € Ag(w'/?).

Proof Let s € (0, my). If |&]| is close enough to 1, then & ¢ D(8t(z)), and it follows
from the pointwise estimate in Theorem 3.1 (taking M = 2) that

0@k &) < ||Kz||Az<w>% -0

as |&] — 17 since t(§) < (1 — |€]). This finishes the proof. m|

In particular, since Ap(@'?) c A®(w'/?) ¢ AP(wP/?), it follows that K, €
AP (wP/?) for any p. Now we are ready to state and prove the corresponding duality
results.

Theorem 6.2 Let w € £ and 1 < p < oo. The dual space of AP(wP/?) can be
identified (with equivalent norms) with AP (w?/ 2) under the integral pairing

(f. 8o = /D FTD 0 dAR).

Here p' denotes the conjugate exponent of p, that is, p' = p/(p — 1). O

Proof Given a function g € AP (oP'/?), Holder’s inequality implies that the linear
functional A, : AP (wP/?) — C given by

Ag(f) = /D F(2) 3@ w(2) dAR)

is bounded with [|Ag |l < llgll 4 (@' 12" Conversely, let A € (Ap(a)p/2))*. By Hahn—

Banach, we can extend A to an element A € (LP (wP/?))* with ||K|| = ||A|. By the
L? Riesz representation theorem there exists H € L? (wP/?) with | H]|| LY (@rl?) =

IA]l = | A such that
Af) = / P HD 0@ dAG),
D

for every f € AP (wP/?). Consider the function h(z) = H(z) w(z)?/*>~!. Then h €
L (wP/%) with

”h”Lp’(wp’/Z) = ”H”Lp’(wpﬂ) - ||A||,
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and
A(f) = A(f) =/Df<z)mw<z)dA(z), f e AP(wP?).

Let g = P,h. By Theorem 4.1, g € A” (w”'/?) with

”g”Al’,(w/’,/z) = ”Pwh”Ap’(wp’/Z) S ”h”Lp’(wp’/Z) = [|A]l.

From Fubini’s theorem it is easy to see that P, is self-adjoint. By Theorem 4.10, the
reproducing formula f = P, f holds for every f € AP (wP/?) c A'(w'/?). Then,
one has

A = /D F@h(@) () dAR) = (Pof, Mo

= (f, Puh)y = /D FTD 0 dAE) = Ag(f).

Finally, the function g is unique. Indeed, if there is another function g € A? (w?'/?)
with A(f) = Ag(f) = Ag(f) for f € AP (wP/?), then by testing the previous
identity on the reproducing kernels K, for each a € D, and using the reproducing
formula, we obtain

ga) = Ag(Ko) = Ag(Ko) =8(@), a€D.

Thus, any bounded linear functional A on A” (a)P/ 2) is of the form A = A, for some
unique g € AP (a)l’// 2y and, furthermore,

IA =gl g’ (o' 2y
The proof is complete. O

Theorem 6.3 Letw € E. The dual space of A' (w'/?) can be identified (with equivalent
norms) with A% (w'/?) under the integral pairing { f, g)e.

Proof If g € A®(w'/?), clearly the linear functional Ag : Al(@'?) > C given by
Ag(f) = ([, &)w is bounded with [[Agll < [Igl 400 (5112

Conversely, let A € (A] (a)l/ 2))*. In particular, A is a bounded linear functional
in A%(w), and hence, there exists a unique function g € A%(w) with A( H={f 8o
whenever f isin A%(w). Then g(z) = (g, K;)» = A(K;), and by Lemma 3.3 we get

18| = [AK)I < Al 1K N g1 12y S A 0(2) 72,

which shows that g actually belongs to A®(w'/?). Finally, by Theorem 4.10 and
Corollary 4.3, A%(w) is dense in A! (w'/?), and therefore we have A (f) = (f, g)e for
all functions f in Al(w!/?). O
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Corollary 6.4 Let w € E. The set E of finite linear combinations of reproducing
kernels is dense in AP (wP/?), 1 < p < 0.

Proof Since E is a linear subspace of A”(w”/?), by standard functional analysis and
the duality results in Theorems 6.2 and 6.3, it is enough to prove that g = 0if g €
AP (a)p// 2) satisfies ( f, g)e = Oforeach f in E (with p’ being the conjugate exponent
of p,and g € A®(w'/?) if p = 1). But, taking f = K, for each z € I and using the
reproducing formula in Theorem 4.10, we get g(z) = P,g(z) = (g, K)o, = 0, for
each z € . This finishes the proof. O

The next result identifies the predual of Al(w!/?).

Theorem 6.5 Let w € E. Under the integral pairing (f, g)w, the dual space of
Ao(@'/?) can be identified (with equivalent norms) with Al(@'/?).

Proof If g € Al (w!/?), clearly A ¢(f) = ([, g)w defines a bounded linear functional
in Ag(w'/?) with [ Agll < gl a1(wis2)- Conversely, assume that A € (Ao(a)l/2))*.
Consider the space X that consists of functions of the form & = fw!/?> with f €
Ao(w'/?). Clearly X is a subspace of Co(ID) (the space of all continuous functions
vanishing at the boundary) and T'(h) = A(w~'/?h) = A(f) defines a bounded
linear functional on X with ||T|| = ||Al|. By Hahn—-Banach, T has an extension
T e (Co (D))* with || f|| = ||T||. Hence, by the Riesz representation theorem, there is

a measure 4 € M(D) (the Banach space of all complex Borel measures u equipped
with the variation norm |||l ) with |||l ., = [IT|| such that

T =T = [ e due).  hex.
or
Af) = /D FOo@®)'du@),  f e Ag@').
Consider the function g defined on the unit disk by
8@ = /D Ko@) du), zeD.
Clearly g is analytic on D and, by Fubini’s theorem and Lemma 3.3, we have

lglat i) s/D(/D|Kz<c>|w<c>”2d|m<;>) () 2dA ()

=/D(/D|K;(z)|w(z)‘/2dA(z>) w2 d|p|(©)

S ulD) = Nl e = IAd,
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proving that g belongs to Al(w!/?). Now, since Ag(w'/?) C A%(w), the reproducing
formula f(¢) = (f, K¢)e holds for all f € Ag(w'/?). This and Fubini’s theorem
yields

Ag(f) = <f,g>w=/Df(z> (/H)Kz(;“)w(;)‘/zdu(;)) w(2) dA(z)
= /D ( /D @ K;(z)w(z)dA(z)) oV dp()
=/Df<c)w(c>1/2du<c>=z\<f>.

By Lemma 6.1 and the reproducing formula in Theorem 4.10, the function g is uniquely
determined by the identity g(z) = A(K;). This completes the proof. O

For the case of normal weights, the analogues of Theorems 6.3 and 6.5 were obtained
by Shields and Williams in [18]. They also asked what happens with the exponential
weights, a problem that is solved in the present paper.

7 Concluding Remarks

There is still plenty of work to do for a better understanding of the theory of large
weighted Bergman spaces, and several natural problems are waiting for further study
or a complete solution: atomic decomposition, coefficient multipliers, zero sets, etc.
We hope that the methods developed here will be of some help in attacking these
problems.
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