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Abstract On non-compact harmonic manifolds we prove that functions satisfying
the mean value property for two generic radii must be harmonic. Moreover, func-
tions with vanishing integrals over all spheres (or balls) of two generic radii must be
identically zero. We also prove results about the Cheeger constant and the heat kernel.
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1 Introduction

A complete Riemannian manifold (X, g) of dimension n + 1 is called harmonic if the
volume density function in normal coordinates around a point depends only on the
distance from this point. Rank one symmetric spaces are harmonic, and Lichnerowicz
conjectured that a simply connected harmonic space must be flat or rank one sym-
metric. For compact simply connected spaces this is true by a theorem of Szabo [22].
However, certain 3-step solvmanifolds, constructed by Damek and Ricci [6], provide
examples of non-compact non-symmetric homogeneous harmonic spaces. Heber [11]
proved that there exist no other simply connected homogeneous harmonic spaces.
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Recently, Knieper [14] showed for non-compact simply connected harmonic spaces
that (i) having a purely exponential volume density function, (ii) being Gromov-
hyperbolic, and (iii) having an Anosov geodesic flow, are all equivalent conditions.

Non-compact harmonic spaces have no conjugate points. Moreover, they are Ein-
stein and therefore analytic by the Kazdan—De Turck theorem. It was shown by Will-
more [26] that harmonic manifolds can also be characterized as those analytic spaces
for which all harmonic functions f satisfy the mean value property, namely, that the
average of f over any geodesic sphere equals the value of f at its center. It is well
known that in a harmonic space every function satisfying the mean value property at
all points for all radii must be harmonic. This is no longer true if a function only satis-
fies the mean value property at all points for a single radius r; > 0. A simple example
of a non-harmonic function satisfying the mean value property for the radius r; = 2
is the cosine function on the real line X = R. We will show in Theorem 4.3 that in
arbitrary non-compact harmonic spaces, the mean value property for two generically
chosen radii r, » implies harmonicity of the function. Similarly, by Theorem 4.2, the
vanishing of the integral of a function over all spheres, or over all balls, of radii ry, >
implies vanishing of the function, if and only if the pair (r1, ry) lies in the generic
subset of RT x R™ given in Proposition 4.1. In the example of the real line, this set
is the set of pairs with irrational quotient.

The paper is organized as follows. In Sect. 2, we introduce basic notions and define
convolutions in harmonic spaces following ideas of Szabo [22], and prove useful
properties of them.

In Sect. 3, we derive fundamental results for the Abel transform and the spherical
Fourier transform, in particular, that the Abel transform and its dual are topological
isomorphisms (Theorem 3.8), using finite propagation speed of the wave equation
and a D’ Alembert type formula for the Klein—Gordon equation.

In Sect. 4, we prove the above-mentioned integral geometric results for all non-
compact harmonic manifolds. The arguments there are analogous to our earlier paper
[20], where we studied two radius results for Damek—Ricci spaces. This realizes the
proposed research direction indicated in [2, Sect. 10]. A crucial step is the reduction
of the problem to a classical result of L. Schwartz [21] on mean periodic functions.
For a modern treatment of mean periodic functions in symmetric spaces, see [25].

Finally, in Sect. 5, we present some results related to the Cheeger constant (Theo-
rem 5.1) and to the heat kernel (Theorem 5.6) of non-compact harmonic manifolds.

2 Radial Eigenfunctions and Convolutions

Henceforth, (X, g) denotes a non-compact, complete, simply connected harmonic
space, 0 (r) the density function of a geodesic sphere of radius » > 0, H > 0 the mean
curvature of all horospheres, and xo € X a particular reference point. Let r(x) :=
d(xg, x). The closed ball of radius r > 0 around x € X is denoted by B, (x) C X. For
the inner product, we use the notation

(frg) = /X F)g()dx.
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Let £(X), resp., D(X) denote the vector space of smooth functions on X, resp.,
smooth functions with compact support, equipped with the topology of uniform con-
vergence of all derivatives on compact sets, see [12, Chap. II Sect. 2], for instance.

Definition 2.1 Forevery x € X, the spherical projector 7y : £(X) — £(X) is defined
by

1
(T ) = —— S owithr =d(x,y),
' Vol (S (x)) Js, )
where S, (x) denotes the geodesic sphere around x with radius r.
Let & (X,x) := m(E(X)) and Dy(X,x) := m,(D(X)). Functions in these
spaces are called radial functions about x. We simply write 7, Ey(X), Do(X) for
x> E0(X, x0), Do(X, x0). A radial function f € £ (X) is of the form

f) = f(r) = f(d(x, x0)) (1

with some even function f € &(R). We often do not distinguish between f and f in
our notation, i.e., we simply write f(x) = f(r(x)).

We now present basic properties of the spherical projector. The first property be-
low is obvious, and the second identity can be found, e.g., in [17, Lemma 2].

Lemma 2.2 For x € X, the operator m, has the following properties:

S @)
(mx fr 8) = {f, mx8). 3)

The Laplacian A = div o grad, applied to a radial function f € &y (X), can be
written as

0'(r(x)
00 () f(r). “)

It is well known that 6'(r)/6(r) is the mean curvature of a geodesic sphere S, (x),
and that 6'(r)/0(r) is a monotone decreasing function converging to H (see [16,
Cor. 2.1]).

Concerning eigenvalues, we follow the sign convention in [4], and call f € £(X)
an eigenfunction to the eigenvalue u € C if Af + uf =0.

We now prove uniqueness and existence of radial eigenfunctions of the Laplacian.
For positive eigenvalues this is shown in [22].

(AN(rx) = f"(r) +

Proposition 2.3 For each ) € C there is a unique smooth function @) € Eo(X) such
that
2

H
Ay, + </\2 + T)gu =0, and ¢.(x0)=1. 5)

We obviously have ¢_; = @5 and @i = ¢—igj2 = 1. Also @;(r) is holomorphic
inA.
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Proof We fix A € C and abbreviate L := —(A% + HTZ). The eigenvalue equation (5)
translates to

9/ (Qw/ )/
"Ny 2 A
@ 9 @ 9

Integrating twice we get that this is equivalent to

=Lg, and ¢u(0)=1. Q)

r 1 r
@i (r) :¢A(O)+L/ —/ 0(r)@;.(r)dridr,
o 0(r2) Jo

=1 —i—L/O q(r,r)e;, (r))dry, )

where

o,
q(r, rl)_,[l 9(r2)dr2'

By [16, Prop. 2.2] the function € > 0 increases, hence 0 < g(r,r1) <r — r1, and
the Volterra integral equation of the second kind (7) has a unique solution (see [13,
Thm. 5]). In order to obtain a power series in L for ¢, , we use (7) iteratively, starting
with the constant function 1, and obtain

o) =1+ ar(rLt
k=1

with coefficients

ax(r) =/ q(r,r1)q(ri,r2)---q(rr—1,re)dry - - - dry.
r>ry>rp>-rg >0

Since
2k
0= = [ (F = )y = r2) (it — P - dr =~
rxrizry>-rg=0 (2k)!
the power series above converges for all L € C. O

The following lemma can be found in [22, Lemma 1.1]:
Lemma 2.4 We have

TyoA=Aom,.

An immediate consequence of Lemma 2.4 is the fact that if Af + puf = 0, then
g:=my f € £(X,x) is also an eigenfunction of A with eigenvalue .

The displacement of a radial function f € £y (X, x) ata point y € X is denoted by
fy € &(X, y) and defined by

(@ = f(d,2),

with f(d(x, y)) = f(y). We have f,(2) = f2(»).
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Lemma 2.5 The displacement (), of an eigenfunction @, is again an eigenfunction
to the same eigenvalue and

7((@1)x) = @r()@s..

Proof Because of the representation (4) of the Laplacian in polar coordinates, which
is independent of the center, the displacement (¢, ), is also an eigenfunction to the
eigenvalue ;o = (A> + H?/4). From A o =7 o A (Lemma 2.4) we conclude that
7 ((¢y)y) is a radial eigenfunction about x( to the eigenvalue p and, by uniqueness,
a multiple of ¢;. We have

(7 ((@2)x)) (x0) = (@2)x (x0) = (93)x, (x) = @2.(x). O

A smooth function F : X x X — C is called a radial kernel function if there is a
function f : [0, c0) — C such that

F(x,y)= f(d(x, y)) forall x,y € X.

F is called of compact support if there is a radius R > 0 such that F(x, y) = 0 for all
d(x,y)=R.

Proposition 2.6 (See [22, Prop. 2.1]) Let F,G : X x X — C be two radial kernel
functions, one of them of compact support. Then the convolution

FxG(x,y) :=/ F(x,2)G(z, y)dy
X

is, again, a radial kernel function, i.e., F x G(x,y) depends only on the distance
d(x,y).

Radial functions f € &y (X) are in one-one correspondence with radial kernel
functions F : C*®°(X x X) via

F(y.2) = f(d(y.2),
f(x) = F(xo, x),

where f was introduced in (1). This correspondence leads to a natural convolution
f * g of radial functions f, g € £&y(X), and even to an extension of this notion if only
one of the two functions is radial:

Definition 2.7 Let f, g € £(X), one of them with compact support, and one of them
radial about xg. If f is the radial function, the convolution f x g € £(X) is defined as

fxg(y):=(fy 8 =/Xfy(z)g(z)dz.

Similarly, if g is the radial function, we define

FrgO)=(f.g)) = /X F@ey @)z,
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Remark I The convolution f * g is well defined, since if both f, g are radial, we have

/Xfy(z)g(z)dz =FxG(y,x) and /Xf(z)gy(z)dz =F*G(x0,y),

where F and G are the radial kernel functions associated with f, g. By Proposi-
tion 2.6, we have F x G(y, xo) = F % G(xg, y). Moreover, the definition immediately
implies commutativity of the convolution.

The following two lemmas are further consequences of Proposition 2.6. The
proofs are straightforward, once the statements are reformulated in terms of radial
kernel functions.

Lemma 2.8 Let f, g € Do(X). Then f * g € Do(X).
Lemma 2.9 Let f € D(X) and g, h € Do(X). Then we have
fx(gxh)=(f*g) h. ®)

Let D'(X) and £'(X) be the dual spaces of £(X) and D(X), the space of dis-
tributions and the space of distributions with compact support. For their topolo-
gies we refer, again, to [12, Chap. II Sect. 2]. Let E(/)(X ) and D(/)(X ) be the corre-
sponding subspaces of radial distributions. The spherical projector and the convolu-
tion are continuous and Dy(X) embeds canonically into 5’ (X) via f + Ty, where
(Tr,g) fX (x)g(x)dx.For T € £'(X) and f € Ey(X), T % f can be interpreted
asa functlon in £(X), i.e.,

T f(x)=(T, fx).

Since Dy(X) lies dense in 5(’) (X) (this follows by using a Dirac sequence p. € Dy(X)
and T x p — T), all the above properties for functions carry over to distributions (as,
for instance, the fact that the convolution of two radial distributions is radial, or the
associativity of the convolution of radial distributions).

Since fX &y(2) f()dz = fXg(z)(rryf)xO(z) for g € Do(X) and f € £(X), the
convolution of T € £)(X) and f € £(X) is given by

T f(3) = (T, (1y ) = f(x)dx>. ©)

1
<T, > 7/
Vol(Sr2y (V) Js,,, ()

As an example, consider the distribution 7, € £)(X), given by (T, f) = /. s, - If
f € £(X) we obtain

Tr*f(y):<Tr9Z'_> /- (10)

1 / —
VOl(Sr(Z) ) Sr) () Sr(»)

The convolution of two radial distributions S, T € 5(’) (X) lies in S(/) (X) and can be
written as follows: If f € £ (X), we have

(SxT, f)=(S,x > (T, fi)).
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For general f € £(X), we have
(SxT, f)=(S«T,nf) (=(S.x > (T, (7f)x))).
Proposition 2.10 For T € £)(X) and f € £(X) we have
a(T*f)=Tx(f).
Proof In view of (9), the claim means that

[7(T * NH]) =7[u= (T, 2 1 x ()] ()
=(T, 2> wlur (0, )y (@] ()
is equal to

[T % @] =T, (ry 7o)

for all y € X. To see this, we show that for all y, z € X we have

wu > (1 frg (D] () = [Ty 7)o | 2)-
We first show (11) if f is an eigenfunction of the Laplacian. So assume

fe&X) with Af + uf =0.

(11)

Then Amy, f + pum, f =0and w, f € £(X, u) is radial. Choose A € C such that u =

A% + H?/4. By the uniqueness of the radial eigenfunctions we get
(7Tu fxg = f(u)(((/)k)u)x() = fWes.
Therefore,

mlu T x@]0) =7[ur fWe.(2)]()
= @D f1) = e (2)@a(¥) f (x0)
and

[(ry 7 )xe] @ = [(7y[f 0)¢2]) ] @) = f (x0) 02 ()92 (2).

In order to show (11) for arbitrary functions f, note that for fixed y, z € X the values
of both sides of (11) depend on the restriction of f to a compact subset K C X
only. Let K’ be a compact subset of X with smooth boundary containing K in its
interior. Since f is smooth, we find linear combinations of Dirichlet eigenfunctions
of the Laplacian on K’ approximating f uniformly on K. Since both sides of (11)
are continuous in f with respect to uniform convergence, this establishes (11) for all

functions f.

O



Integral Geometric Properties of Non-compact Harmonic Spaces 129

3 Abel and Spherical Fourier Transformation

We first introduce some fundamental notions. Let SX be the unit tangent bundle of
(X, g). The Busemann function associated with a unit tangent vector vy € Sy, X is
defined by

b(x) = by, (x) :== Sl_i)rrolo(d(c(s), x)—s),

where ¢ : R — X is the geodesic with ¢(0) = x¢, ¢/(0) = vo. Ab = H implies that b
is an analytic function. The level sets of b are smooth hypersurfaces and are called
horospheres. They are denoted by

H, :=b"L(s).

These horospheres foliate X and we have xo € Ho. We also need the smooth unit
vector field

N(x) = —grad b(x),
orthogonal to the horospheres H; and satisfying N (xo) = vg. We choose an orienta-
tion of Ho and orientations of H; such that the diffeomorphisms

Wy Ho— Hy,  Ws(x) :=exp, (—sN(x)),

are orientation preserving. Since H N is the mean curvature vector of the horospheres
and thus the variation field of the area functional we have

Proposition 3.1

(W) *ws = M .

We combine the diffeomorphisms ¥ : Hy — H; to construct a global diffeomor-
phism
U:RxHo— X, W(s, x):=W(x).
We have Dlll(%) =—N.
We choose an orientation on R x Hj such that every oriented base vy, ..., v, of
‘Ho induces an oriented base aa_s’ v, ..., v, on R x Hy. This yields also an orientation

on X by requiring that ¥ is orientation preserving. An immediate consequence of
Proposition 3.1 is

Corollary 3.2 Let w denote the volume form of the harmonic space (X, g). Then we
have
o =eMds A wyp.

Next, we fix a unit vector vg € Sy, X, and denote the associated Busemann function
by, by b, for simplicity. We first consider the following important transform:
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Definition 3.3 Let j : &(R) — £(X) be defined as

. _H
GHx) =e 7P (b(x)).
The transformation a : Ey(R) — &y(X) is then defined as
a=moj.

The Abel transform A : Eé(X ) — ES(R) is defined as the dual of a, i.e., we have for
all T e £y(X) and f € EH(R):

(AT, fir =(T,af)x

The functions ¥ (s) = 4 (e + e~'*%) = cos(As) are the radial eigenfunctions of
the Laplacian Af = f” on the real line.

Lemma 3.4 We have
ay; = @;.

Proof We first observe that, under the diffeomorphism ¥ : R x Hy — X, the Lapla-
cian has the form

92 9
A= FPR +Ha + Ay, (12)

where Ay is a differential operator with derivatives tangent to . Consequently, the
functions f, = e~*” are eigenfunctions of A with

Afo=—a(H —a) fo.

Choosing o = % 4 i), we obtain

H2
Afa =—<A2+ T)fa,

and, by uniqueness, 7 f, must be a multiple of ¢,. Since f,(xo) = 1, we conclude
that g =7 f,. Let oy = % £ i). Then one easily checks that

1
J¥i = 5 (eia_b + efmrb),
and, consequently,
1
H¢A=—(ﬂ.fa,+ﬂfa+)=(ﬂx- O

. k
Let ¥,k (s) = d,\k C () = 5 (%™ + (—i)ke=i*) and gy = dd?go,\. Lemma 3.4
implies that we also have

ayi k = Pa.ks (13)
forall k > 1.
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Proposition 3.5 The Abel transform of a function f € Do(X) C E)(X) is Af €
Do(R) C &y(R) given by

oz

(Af)(s) =e" “/ f(z)ws(z)=e%‘/ F (¥ (2)wo(2). (14)
Hs Ho

Proof Let f € Dy(X) and
gls)=e" 2 / @y ().
H,

Since f has compact support, there is 7 > 0 such that H;Nsupp f =@ forall |s| > T,
i.e., g also has compact support. Moreover, by Proposition 3.1, we obtain

gls) =7 / f@os@) =7 f F(@) (% ws) @)
s (Ho) Ho
=e%f F(¥s(2)wo(2).
Ho
Next, we show (g, h) = (f, ah) for all h € Ey(R):

<g,h>=/ g(S)h(S)ds=f e_g‘h(S)/H f@Dws(z)ds

= / N F@e 2POn(b(2))ws ()ds = / F@e TP On(b(2))dz
—0o0 s X
= (f, jh) = (xf, jh) = (f,ah).

Finally, we show that g is an even function: Using (g, h) = (f, ah) and Lemma 3.4,
we derive

0 .
/ g(®)e™ds = (f.q1),
—00
which implies that
o .
/ e (g(s) — g(—9))ds =0,
—00

for all A € C. This yields g(s) = g(—s), i.e., g is an even function. This finishes the
proof of the proposition. g

Lemma 3.6 For f € £)(X), we have

d> H?
A(Af) = <m - T)Af'
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Proof Let u € & (R). Since ju € £(X) is constant on the horospheres, from (12) we

compute
[ d*> H?
(e
s=b(x) ds2 4

(AAS), u) = (Af,au) = (f, Amju) = (f, T Aju)
[ d* H? d*> H?
=(ri( =5 o= (ol = 5 )1)
d* H? d*> H?
“(r (G- =G T o

The next result will be used in the proof of Theorem 3.8 below; namely, to estab-
lish the local injectivity of a : Ey(R) — Ey(X).

2

[Ajul(x) = (aa—z + Haa ) —SH/Zy (5)

hence,

Lemma 3.7 Let g € D(R). Then the Klein—-Gordon equation

2 2 H2
o7 2v(t §) = ” 2v(t s) — Tv(t,s) (15)
v(0,s)=g(s) and %v(O, s)=0 (16)

has a solution of the form

— s+t
U(t,S)Zg(s l)+g(S+t)+/ W(t,s—s’)g(s/)ds/, (17)
s—t

2

with W € E(R?). This solution is unique in the sense that if ¥ is another solution of
(15) and (16) and so that for all t the function v;: s — v(t, s) has compact support,
then v = v.

Proof The function W is explicitly given by

k+1 ,.2
(t? —sHk

HZ
W= ’Z( ) K+ DY (1%

but we will only need that W is smooth. A straightforward computation shows that
(17) actually solves (15) and (16). The function W is even in the second argument s,
and solves the equations

H? H?
Wit t)=——t, Wi = Wsg — —W.
(z,1) 6 n=Wes——
Uniqueness of the solution follows from conservation of energy as, for instance, in
[23, p. 145]. To see this, assume that v is another solution of (15) and (16). Then the
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difference w = v — v solves (15) and (16) with g replaced by 0. We now look at the
energy

[ee) H2
R 2 2 2
E, (1) -—/ ws(t, )" +w(t,s) +Tw(t’s) ds,

—00

and compute, integrating by parts,

d oo H2
—E, () = 2/ Ws Wyt + Wy + —wrds
dt —oo 4

00 H2
2/ —wssWs + wsrwr + Ta)wlds

—00

2/ (—wss + wi + —w)w,ds =0,
-0 4

because w satisfies (15). Since E,,(0) =0 we have E,,(t) = 0 for all ¢, which forces
w=0. O

Theorem 3.8 The maps a : &(R) — Ey(X) and A = a’ are topological isomor-
phisms.

Proof We first show local injectivity of a. For all R > 0 the map a induces a well-
defined map

a®: &([-R. R1) — & (Br(x0)).

i.e., for x € X the value of au(x) depends only on the restriction of u to [—r(x), r(x)].
Local injectivity now is the fact that for all R > 0, the maps a® are injective. Thus
for u € &y(R) we have

au|3R(xO)=0 — u|[_R,R]=0.

The proof is based on the fact that A: 5(’) (X)) —> 5(’) (R) transforms the fundamental
solution of the radial wave equation to the fundamental solution of the Klein—Gordon
equation. Since we need .4 on compactly supported distributions, finite propagation
speed of the solution of the wave equation is essential here.

For all € > 0 we choose a function g, € £y(X) so that

ge(x) =0 ifr(x)>e and /Qe=1.
X

Letw € &R x X), w = w(t, r(x)) = w,(r(x)), be the solution of the wave equation
starting with ¢, i.e.,

32 32 o' d
—2w(t, r(x)) = A wy (r(x)) = mw(r, r(x)) + g(r(x))gw(t, r(x)),

at
w(0,7) =qe(r),

0 0,r)=0
—w(0,r)=0.
ot
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By the finite propagation speed of the wave equation, the support of w; is compact
(in fact, contained in B¢4+(0)).
Let v € £(R?) be so that v; := Auwy, i.e.,

v(t,s):e_SH/z/ w(t, r(x))dawg(x).
,HS

Then by Lemma 3.6

92 92 92 32 2
= g = Agpun = Al = (ﬁ - T)

It follows that v solves the Klein—Gordon equation (15) with initial conditions (in
place of (16))

ad
Vo = ge := Ag, and 51)(0’ s)=0.

If |s| > € then v(0, 5) = g<(s) = 0. Also

/ eSH/zge(S)dS=/ / qé(r(x))da)stZ/ ge = 1.
—00 —00 HA‘ X

Now, to prove local injectivity of a, let R > 0 and u € & (R) with au|p,(x,) = 0.
Forall t € [—(R — €), R — €] we then have from (17)

0 = (wy, au) = (Awy, u) = (v;, u)

00 _ 00 s+t
:/ 8els ”ergf““)u(s)dwr/ f W(t,s —5)ge(s')ds u(s)ds.
oo —oo Js—1

Since W, u and g, are smooth, we can take the limit € — 0 here to get the identity

_ t
M =— | W Du@)ds.
—t

Since u and W are even (in s), we can write this as a fixed-point equation,

t
u(t) = —2/ W(t, s)u(s)ds.
0

Since 7 f (xg) = f(xp) for all f € £(X) we have u(0) =0. Let

M = max |W(t,s)|.
1€[0,R],s€[0,7]

Hence, if uljp,g] # O there is some T € [0, R] with the following properties:
D) u(T)#0and (i) T < ﬁ or u|[0 o= 0. Now for all ¢ € [0, T'] we estimate
’ M
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t
lu@)| < 2/0 (W, 5)||uls)|ds

! 1
52/ |W(t,9)|[u(s)|ds <= sup |u(t)],
max{0,1— 717} 2 yefo,1)

contradicting our assumption about 7" and u(7") # 0.

Now we prove surjectivity of a: Let f € £ (X) and R > 0 be fixed. Choose a func-
tion ¢ € Dy(X) with ¢ =1 on Br(x0),0<¢ <1 on X, and ¢ =0 on X\ Br11(x0)-
We will first show that ¢ f| g (xo) 15 in @(Eo(R)) | Bx (xg)-

Let ¢ be an orthonormal basis of Dirichlet eigenfunctions of the Laplacian
on Bryi(xg) C X with corresponding eigenvalues 0 < ui /" 0o. We have myg; =

@i (x0)@s, with A € C such that p; = k,% + HTZ. Let

¢f = arpk

k=0

be the Fourier expansion of ¢ f. Therefore,

Of =1 (D) =Y akpr(x0) @i

k=0

Our first goal is to show that the series

grR($) =) argr(x0) cos(xs)
k=0

converges uniformly with all its derivatives to a smooth function gg € &y ([—R, R]).
Then we have a®(gg) = @f | Br(xy)> Dy the continuity of a. We prove this by showing
that

o0

ai ||or (xo)||Ak|™ < oo forall m € N. (19)
> lac| o)
k=0

By the Sobolev imbedding theorem, there is a constant Cp such that for all u €
C(BR+1(xp)) we have

ltllos < Co(llullz + A" ul,),

where || - || denotes the supremum norm and || - || denotes the L2-norm, and n + 1
is the dimension of X. This implies that

|0k (x0)| < llgklloo < Co(1 + ).

By Weyl’s law, the eigenvalues p; grow with an exponent 2/(n + 1), which implies
that there is a ko € N and a C; > O such that, for all k > kq:

ok (x0)| < llgrlloo < C1k>. (20)
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The Fourier expansion of AV(¢f) is given by
o
AY@Bf) =) acex,
k=0

and, since A”(¢f) € L?>(Bg41(x0)), we have

e¢]

2 2
D larPlurl? < oo,
k=1

which implies that
o0
D lar Pl < oo, 1)
k=1

for every v € N. We have

e’} (20) [e’s)
> lallec o)™ S Cr Y lail K [al™

k=0 k=0
o
= C1 ) (lal & ™) I ™!
k=0
50 12 / 5 1/2
< C <Z Jax|*k* |xk|2’"+21) (Z |xk|2’)
k=0 k=0

Wevl ) 172 / 5o 1/2

ey _

< Q(Z lax | |Ak|2(’"+l+2"+2>> (Dm 2’) :
k=0

k=0

The required finiteness (19) now follows from (21) and Weyl’s law, for the choice
l=n+1.

Hence gg defines a smooth function with a® gr = f on Bgr(xp). Now for a given
f € &(X) and each N € N, construct a function gy € E([—N, N]) as above. We
will have aN(gN) = flBy(xy)- By local injectivity of a, gn+1l(—n,n] = &N, and the
functions gy patch together to define a function g € & (R) with a(g) = f.

This shows that a is a bijective linear continuous map. By the open mapping the-
orem [24, Thm. 17.1], a is a topological isomorphism. Using the corollary of Propo-
sition 19.5 in [24], we conclude that its dual A : £)(X) — £)(R) is also a topological
isomorphism. 0

Definition 3.9 The spherical Fourier transformation FT of a radial distribution
T € £y(X) is the function T : C — C with

FT(A) =(T,q,) forallAeC.
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Next, we will see that there is a close relationship between the Abel trans-
form A and the spherical Fourier transform F. By the classical Paley—Wiener the-
orem for distributions (see, e.g., [8 p- 211] and [9, Thm. 5.19]), the Euclidean
Fourier transform 5/ R)> S+~ S, with § (X)) := (S, ¢¥) is a topological isomor-
phism &)(R) — E, where Ej is the space of all even entire functions f : C — C
of exponential type which are polynomially bounded on R, endowed with a suitable

topology.
Proposition 3.10 We have
AT = FT.
Proof We have for A € C,
AT (W) = (AT, y) = (T.ay) = (T. @) = FT(%). O]
Proposition 3.11 For S, T € £)(X) we have
AS*T)=AS x AT.

Proof Note that AS, AT, A(S * T) € E)(R). It was shown in [24, formula (30.1)]
that we have, for these distributions on the real line,

AS . AT = AS + AT.
We now show that A(S # 7) = AS - AT:
AS*TYN) = [AS*T), ¥) = (S* T, ¢3)
= (S.x = (T, (@)} = (S, 2 = (T, 7 ((02)1))
= (S, x> (T, 02(0)¢)) = (S, (T, p20))
= (S, ayu (T, ayn) = (AS, ¥) - (AT, ¥5.)
= AS(\) - AT (0).
Putting both results together, we conclude that
A(S*T)=AS « AT.

Since the Euclidean Fourier transform £j(R) — E(, T T.isa topological isomor-
phism, we finally obtain

AS*T)=AS x AT,
finishing the proof. d

An immediate consequence of Paley—Wiener for radial distributions in Euclidean
space, Theorem 3.8, and Propositions 3.10 and 3.11 is the following:
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Theorem 3.12 (Paley—Wiener for radial distributions) The spherical Fourier trans-
form

FT() = (T, o)
defines a topological isomorphism

F:Ey(X) — E;,.
Furthermore, for radial distributions S, T € Eé(X ), we have

FS«T)=FS-FT.
Proposition 3.13 The following diagram commutes:
EH(X) x E0(X) — &(X)
le,fl l‘fl (22)

ENR) x E(R) —— E(R)

Proof Since a : &(R) — &(X) and A : £)(X) — &j(R) are topological isomor-
phisms, in view of Proposition 3.11, it only remains to show that a(AT *gr f) =
T xx af: For g, h € Dy(X) we obtain

(g*af, h) = ((g*af)xh)(xo) = ((af *g) xh)(x0)
= (af * (g% h))(x0) = (af, g xh) = (f, Ag x Ah)
= (f * (Ag * Ah))(x0) = ((Ag * f) x Ah)(x0)
= (Ag * f, Ah) =(a(Ag * f), h).

Since Dy(X) is dense in 86 (X) and a, A are continuous, we conclude the required
identity. g

4 Spectral Analysis/Synthesis and Two Radius Theorems

In this section, we discuss the proofs of the integral geometric results mentioned
in the Introduction. Since the proofs are very similar to the ones given in [20] for
Damek—Ricci spaces, we give the ideas and outlines of the proofs, and refer to that
paper for more details.

The following proposition is a consequence of the holomorphicity of the map
A+ @y (r), and guarantees that the integral geometric results hold for two generic
radii, as claimed in the Introduction.
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Proposition 4.1 For each ri > 0 there is an at most countable set of rp > 0 such that
there exists ). € C with ¢, (r1) = @, (r2) = 0. In particular, the set

{(r1,r2) e RY x RT | VA € C: g (r1) # 0 or ¢ (r2) # 0}
is generic.

Proof Let r1 > 0. By Proposition 2.3, the set S, = {A € C| ¢, (r1) = 0} is at most
countable. The zero set ¢, 10) of ©y., 1s also at most countable because ¢, satisfies

the differential equation (6) ¢} = —\ 4+ HTz)m - %’m, the solution of which is
determined by the values of ¢, (rp) and gog (ro) for any rg > 0. Thus ¢, cannot have a
limit point of zeros. It follows that the set

{r2>0131eC:0u(r) =a(r2) =0} = U ‘P{l(o)
)LeSr]

is an at most countable union of at most countable sets, hence itself at most count-
able. O

The same reasoning applies to the function ¢; — 1 (we must exclude here A =
+i % since then ¢, = 1), and the function @, given by

B, (r) = fo 0(0) 1 (p)dp (23)

where 6 denotes the volume density function.

Analogously to [20], we have spectral analysis and spectral synthesis in Ey(X).
Let us briefly explain this.

A variety V C E)(X) is a closed subspace satisfying Eé(X) %V C V, which is
proper (V # £y (X)) and contains a non-zero function.

It follows from Propositions 3.13 and 3.11, together with the isomorphism The-
orem 3.8, that the transformation a maps varieties of & (R) to varieties of Ey(X),
and that every variety in £y(X) is of the form a(W) with a variety W C & (R). By
Schwartz’s theorem on varieties in £y (R) (see Thm. 2.4 in [20]), we have

W = span{y x € W},

that is, each variety is the closure of the span of its spectrum, where the spectrum of
a variety is the set of all those v, x contained in V. Because of (13) this carries over
to X, i.e., we have for any variety V C &y(X) that

V =span{¢, x € V}.

This property is called spectral synthesis. For varieties V C &y(X), it was shown in
[20, Lemma 4.2] that ¢, x € V implies ¢, ; € V, for all 0 <[ < k. There X was
a Damek-Ricci space, but the arguments carry over verbatim for general harmonic
manifolds. Therefore, spectral synthesis implies that every variety V C & (X) con-
tains a radial eigenfunction ¢, . This latter property is called spectral analysis.
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As an immediate application, we can prove the analogues of the Two-Radius the-
orems in [20] for general non-compact harmonic spaces.

Theorem 4.2 Let (X, g) be a simply connected, non-compact harmonic manifold.
Then we have the following facts.
(1) Letry,ry > 0 be such that the equations
en(rj) =0, j=12,
have no common solution A € C. Suppose f € C(X) and
f=0
Sr(x)
forr=ry,rpandall x € X. Then f =0.
(2) For A € C, let ®;, be given by (23). Let ry, ry > 0 be such that the equations
&, (rj)=0, j=1,2,

have no common solution ) € C. Suppose f € C(X) and

o
Br(x)

forr=ri,rpandall x € X. Then f =0.

Proof Let us start with the proof of the first assertion. Let g € C(X) be a non-zero
function, satisfying |, 5. (1) &= 0 for all x € X and i =1, 2. We choose our reference

point xg € X such that g(xg) # 0. Consider the distributions 7, € 86(X ), given by
T f = fsr(xO) f. First recall (10), namely, fS,(x) f = (T x f)(x). This implies that
we have T,, x g = T,, * g = 0. Using the extension of Proposition 2.10 to continuous
functions f € C(X), we conclude that gy := m g also satisfies T, * go = T, * go = 0.
Without loss of generality, we can assume that gg is a smooth radial function, since
every continuous radial function go can be approximated, uniformly on compact sets,
by functions gg = g0 * pe € En(X) (via a Dirac sequence pe € Dy(X)), such that we
still have T;, * gj = T, * gy = 0. Therefore, we can now assume that go € & (X).
Then

V={fe50(X)MS ()f:O:/S ()fforallxeX}
rq X ry (X

={fe&X) | T xf=0=T,* f}
contains go and is a variety in £y(X), since for all T € 5(’)(X Yandall f e V:
T, x(T*f)=Tx* T, f)=0, withi=1,2,

by commutativity and associativity of the convolution for radial distributions. By
spectral analysis, V must contain a ¢,. But T (@) = vol(S, (x0))¢, (r), hence we
have @, (r1) = 0= ¢, (r2).
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For the second assertion we work with the distributions 7, € £)(X) given by
T . f = fBr(xo) f. As before, T, * f(x) = fB,(x) f for all x € X. Now, the proof pro-
ceeds as above, with the variety

{feé’o(X)‘/ =/ fforallxeX}
Brl(x Brz(x)
={feoX) T *xf=0=T,x*f}.

Again, we conclude the existence of a ¢, satisfying
i
0= / n(x)dx = wy f ©.(P)0(p)dp = @, P (ri),
B,. (x) 0

where dim(X) = n + 1 and w,, is the volume of the standard unit sphere of dimension
n. As before, this contradicts the choice of the r;. O

Also, harmonicity of a function follows from the mean value property for two
suitably chosen radii:

Theorem 4.3 Let ry, r > 0 be such that the equations

en(rj)=1, j=12,

have no common solution ) € C\{%i H/2}.
Then f € C*(X) is harmonic if and only if

1

VoIS, Js 0 =

forr=ri,rpandall x € X.

Proof We now use the distributions 7, f = m( /. S, (x0) f) — f(xo) and assume,
as above, the existence of a function g € &(X) with T, xg =T, xg =0and Ag #0
(i.e., g not harmonic). As in the proof of Theorem 1.3 of [20], we consider the va-
riety Vog ={Txg|TEe Sé(X )} C Ep(X), and show that the only non-zero functions
Ork € Vog are ¢+;y/2 = 1. Therefore, Vog consists only of constant functions, contra-
dicting that g € Vj§ and Ag # 0. O

5 Cheeger Constant and Heat Kernel

The Cheeger constant h(X) of a non-compact, complete n-dimensional Riemannian
manifold (X, g) is defined as

. area(aK)
h(X) = KcX vol(K) @4
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where K ranges over all connected, open submanifolds of X with compact closure
and smooth boundary. The volume growth exponent of X is defined by

1(X) = lim sup 2&¥Br (1)

r—>00

(25)

One easily checks that u(X) does not depend on the choice x € X. The following re-
sult states that several fundamental constants of non-compact harmonic spaces agree.

Theorem 5.1 Let (X, g) be a non-compact, simply connected harmonic space and
H > 0 be the mean curvature of its horospheres. Then we have the equalities

hX) = H = u(X) = Tim 128¥Br ()

r—>00 r
Proof Our first goal is to prove h(X) > H. The proof is very similar to the proof
of Theorem 3 in [19]. We refer the reader to this reference for more details. Let ¥ :
R x Ho — X be the diffeomorphism introduced in Sect. 3. We work in the space X' =
R x Ho with the induced Riemannian metric g’ = ¥*g. We know from Corollary 3.2
that the volume element on X' is given by e*# dt A wy.

Without loss of generality, we can assume H > 0, for otherwise there is nothing
to prove. Let P : X’ — Hj be the canonical projection and K C X’ be an admissible
set of (24). Let U be the projection of K without the critical points of P|yg. By
Sard’s theorem, U has full measure in P(K). For x € U, let f*(x) be the maximum,
resp., minimum of the set {t e R | (¢, x) € K}. Let K= {x,)|xeU, frx)<t<
f1(x)}. Then

~ 1 _
vol(K) <vol(K) = E/ (ef+(x)H —ef (X)H)a)o(x).
U

Now we introduce the sets dK* := {(u, fi(u)) | u € U}. Obviously, we have
area(dK) > area(dK ) + area(d K ~) and, analogously as in [19], we obtain the es-
timate

area(aKi)z/ e/ OH 0 (x).
U

This yields the desired estimate

area(dK) - area(d K ) + area(0K ™) -
vol(K) — vol(K) -

H.

Let f(r) =logvol(B,(x)). Then, for all » > 0,

area(S,
f/(r) — M > h(X).
vol(B;(x))
It was shown in [16] that A(r) := area(S, (x)) is strictly increasing in r and that %’ is
monotone decreasing with limit H > 0. Applying I’Hopital’s rule twice, we conclude
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that
- 1—i>n§of/(l”)= lim LZ im A )

G B
1m m =
00 Vol(B, (x)) 00 A(r)

r—-oo r

Thus we have

h(X) < p(X) = H = lim -28YB-0)
r

Both estimates together prove the theorem. g

Remark 2 C. Connell proved in [5] that the Cheeger constant and the exponential
volume growth of simply connected strictly negatively curved homogeneous spaces
agree. This fails without the curvature condition: horospheres H with barycentric nor-
mal directions in higher rank symmetric spaces of non-compact type are unimodular
solvable groups with h(H) = 0 and u(H) > 0 (see [18]). The simplest example of
this type is Solv(3), the diagonal horosphere in the product of two hyperbolic planes.
Note that our Theorem 5.1 does not contain any curvature condition.

Applying Cheeger’s inequality and Brooks’s result Ag™® < u(X )2 /4 (see [3]), we
obtain

Corollary 5.2 Let (X, g) be a non-compact, simply connected harmonic space and
H > 0 be the mean curvature of its horospheres. Then the bottom of the spectrum and
of the essential spectrum agree, and

" H?
r(X) = XS“(X) = T

Applying [14, Prop. 2.4], we obtain

Corollary 5.3 Let (X, g) be a non-compact, simply connected harmonic space of
dimension n. If X has vanishing Cheeger constant, then X is isometric to the flat
Euclidean space R".

Finally, we consider the Abel transform of the heat kernel on non-compact har-
monic manifolds. We first state a useful lemma.

Lemma 5.4 Let H C X be a horosphere and x € H. Then there is C > 0 so that
voly (Br(x) N'H) < Ce"

forallr > 0.

Proof Without loss of generality, we can assume that x = xo and Hy = H. We use

the diffeomorphisms ¥ : H — Hj, introduced earlier.
Let R > 0 be fixed. Let A, = B,(xo) N'H and

Grr= |J @@,

se[—R,R]
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We compute

R
vol(Gg,r) = / voly, (lps(Ar))dS
~R

R 2sinh(RH
- / M voly (A,)ds = %vomm,).
—R

By the triangle inequality, G , C B,1g(xp), and, since
VOI(BH_R(X())) < C/eC/(r+R)
with some constant C’ > 0, by Bishop’s volume comparison theorem, we have

Hvol(Gr.r) _ HC'eCU+R — [gCeCR
2sinh(RH) — 2sinh(RH) _ 2sinh(RH)¢ O

voly (A;) =

It is a well-known fact that a general complete Riemannian manifold (X, g) with
Ricci curvature bounded from below has a unique heat kernel p,x (x,y) (see, e.g.,
[4, Thm. VIIL.3]). In the case that (X, g) is harmonic, the heat kernel is a radial
kernel function (see, e.g., [22, Thm. 1.1]), and is therefore uniquely determined by the
function ktX x):= p,X (x0, x), where xo € X is a fixed reference point. Our main result
states that the Abel transform of the heat kernel on a non-compact harmonic space

agrees, up to the factor e =¥ 2/ 4, with the Euclidean heat kernel klR (s) = p]tR ©,s) =

ﬁe‘sz/ (1) Since the heat kernel of a non-compact harmonic manifold does not
have compact support, one has to guarantee that its Abel transform (centered at xg),
evaluated via the integral (14) over the horospheres H; = W;(Hy), is well defined.

This follows from the following result.

Lemma 5.5 Let t > 0 be fixed, xo € Ho, and ¥y : Hy — H; be the diffeomorphisms
introduced earlier. Let x; = W (xo) € Hy. For all € > 0, there exists an ro > 0 such
that we have for all s € R:

0< f kX (x)dws(x) <e. (26)
Hx\B\xHro(xx)

Proof Since the Ricci curvature of the non-compact harmonic manifold (X, g) is
bounded below, there exist constants C;, oy > 0 such that

0<kX(x)<Cre™® ™’ forall x € X, 27)

by a classical result of Li and Yau [15]. Using Lemma 5.4, we derive for arbitrary
r=ro+|s|>0:
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o
/ kX (0)dwg(x) =Y / kX (x)dws (x)
Hs\ B (xs) j=0 ( smBr+j+l(xs))\Br+j(x.r)

o0
< Y Vol (Hy 0 By 1 (1)) Cre e+ —10D?
j=0

oo
<cq, Zec<r+j+1>—at<r+j—|s\)2
j=0

[e¢)
= CC[ Z ec(r0+‘s‘+j+1)—at(r0+j)2

Jj=0

oo
<cCcG, Z oCroHs+j+D =0 (rg+j%)
j=0

o

<CC, (Z eCj—a,jz)eC(|S|+l)eCro—a,r§.
j=0

Since «; is positive, the sum over j converges. By choosing r¢ sufficiently large, we

can make the rightmost factor and thus the whole expression as small as we wish. [J

Theorem 5.6 Let (X, g) be a non-compact, simply connected harmonic space and
H > 0 be the mean curvature of its horospheres. Then the Abel transform .Ak,X of the
heat kernel ktx (x) = p,X (x0, x) is

1
(AktX)(s) _ e—H2t/4_e—s2/4t.
4t

Proof In the case H =0, (X, g) is the Euclidean space and there is nothing to prove.

So we can assume that H > 0.
Since AkX : R — R is an even function, we have

/ AKX (s)ds =2 f e 7 / kX (2)dws (2)ds
—00 0 Hs
<2 / f kX (z2)dws (z)ds
0 Hs
< 2f kX (x)dx =2,
X

by the heat conservation property fX kX(x)dx =1 for all t > 0 (see, e.g., [4,
Thm. 8.5]). This shows that AkX € L' (R). Next, we show that Ak is continuous.
Let 5o € R and € > 0 be given. We conclude from Lemma 5.5 that there is an ry > 0
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such that

H

e 2¢ / kX (x)dws(x) < €/3,
H \B2s+r0 (xs)
forall s € (so — 1, so + 1). Since the map

_H X
st F(s):=e 2 / k; (x)dwg(x)
HsN By 1215 (xs)

is obviously continuous, we can find 0 < § < 1 such that
|F(s) — F(s0)| < €/3.
for all s € (so — 8, so + &). This implies that
| AKX () — AKX (s0) |

_Hg X
e 2 / k (x)dws(x)| + |e
Ha‘\BZ.errO (xs5)

+|F(s) — F(s0)| <e.

kX (x)dwy, (x)

=

0 /
Hso \BZSO +rg (xso )

for all s € (so — 8, s + &). This shows that AkX € C(R) N L'(R).

For the proof of the theorem, it only remains to show that the Fourier transforms
of the L'-functions .AktX and e~ H’1/ 4k}R agree. To show this, we need some growth
information of kX and ¢; and their derivatives.

Let us first consider ¢, for A € R. An immediate consequence of ) = ay; is

g2 (r)| < Ce ",

with a suitable constant C > 0. Moreover, ¢” + %(p’ = Lo with L = —(A2 + H?/4)
implies that

[Ver(r) | < |L|/ ‘9( )‘|¢x(t)|dt

<1

which shows that ||Vg; || grows also at most exponentially in the radius.

Next, we derive superexponential decay of the derivatives 3 kX and ||VkX II. Since
the Ricci curvature of (X, g) is bounded from below and all balls of the same radius
have the same volume, we conclude from [10, Prop. 1.1] that

e X1 if > 1,

x,x,t)<C
P ) {z—”/z, ifr <1,

with a suitable constant C > 0. Since we have Ao(X) = H2/4 > (, we can find an-
other constant C’ > 0 such that

/

C
plx,x,t) < 2
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for all x € X and ¢ > 0. Then we are in Case 1 of [7], and Theorems 2 and 6 in [7]
imply that, for any fixed time ¢ > 0, the above heat kernel derivatives decay at the
rate g(r)e™" 24 , with a suitable polynomial ¢.

To finish the proof, let 1 € R. We need to show that

F@) = AKX () = (AKX, ) = (k¥ avs) = fx pX (x0, ©)g2. ()dx

and
SR _H 5y
gt):=e Tk (M) =e e
agree.
Obviously, both functions satisfy lim,_,¢ f(f) = lim;_.g g(#) = 1. So it only re-
mains to show that we have f’(¢) = g’(¢) for all t > 0. Now,

d 0
7 XPtX(XO,x)W(X)dx=/X<5th(XO,X)>W(X)dx

/};(Axptx(xo, x))@x(X)dx
=~ [ 19K @) Ve ax

= / P (x0, x) Ags (x)dx
X

2 H2 /
= —<A + T)(ﬂx(Xo) =g (1).

All steps in this calculation are justified by the growth properties derived above. [l

The result corresponding to Theorem 5.6 in the special case of Damek—Ricci
spaces can be found, e.g., in [1, (5.6)].
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