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Abstract We prove several rearrangement theorems in the setting of a metric mea-
sure space. We adapt the general scheme of the argument to the Heisenberg group,
where we study Steiner and circular rearrangement for functions and sets having a
suitable symmetry.
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1 Introduction

Let X be a metric space with distance function d. We fix a Borel measure p on X
that is nondegenerate, i.e.,

0< M(Br(x)) <oo, forallx e X andr > 0. (1.1)

Here, B, (x) ={y € X : d(x, y) < r} is the ball centered at x with radius r. For any
Borel set B C X with positive and finite measure and for any function f € L' (B, )

let |
X d/l = — X d/l 1.2

denote the averaged integral of f over B.
Forl <p<ooand f € LP(X, u) we let

_ 1 e
||Vf||Lp(X,H>=hr;1¢10nf;<fX ]érmIf(X)—f(y)|pdu(y)du(x)> . 13)
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When X is R” endowed with the Euclidean metric and u = £" is the Lebesgue mea-
sure, a function f € LP(R") satisfies the condition ||V £, ®n cmy < OO if and only
if fe wlr R™), 1 < p < o0, the Sobolev space of functions with weak derivatives
in L? (R"). In this case, the limit inferior is a limit and there is a geometric constant
0 < Cy,p < 00 depending on the dimension n > 1 and p > 1 such that

1 1/p 1/p
lim—</]£ }f(x)—f(y)}”dydx> =cn,,,(/ }Vf(x)}”dx> )
r{0r nJ B, (x) R~

For these results, see [32] and [8]. When p =1, the condition ||V f1| R?.L7)
is equivalent to f € BV (R"), the space of functions with bounded variation in R".

Analogously, for any Borel set £ C X with u(E) < oo let us define the lower
perimeter of E in (X, )

<0

1
P’(E;X,u):liminf—/]L @) — x| dp()dpc),  (14)
ri0 1 JxJB, (x)

where xp(x) =1if x € E and xg(x) =0if x € X \ E is the characteristic function
of E. The condition P~ (E; R", L") < oo holds if and only if the set E C R” has
finite perimeter in the sense of De Giorgi. In this case, the limit inferior is a limit and
there exists a geometric constant 0 < C,, < oo depending on n > 1 such that

1
lim —
rior

fﬁ 1) = e ldydx = ColaE|®”),

where |0 E|(R") is the perimeter of E in R", i.e., the total variation of the character-
istic function of E. For this result, see [32] and [14]. In the sequel, we simplify the
notation and write P~ (E) = P~ (E; X, ).

Integral differential quotients as in (1.3)—(1.4) are a possible definition for the
“LP-length of the gradient” of functions and for the “area of the boundary” of sets
in metric measure spaces. Under weak assumptions, a function f in the Hajlasz
space Ml’p(X), see [23], or in the Newtonian space Nl’p(X), see [37], satisfies
V£l Xy < 00 also with limit superior in place of limit inferior. For a theory
of sets with finite perimeter in metric spaces we refer to [25].

Based on the previous observations, in this article we address the following prob-
lem. Construct transformations of functions f + f* and of sets £ — E™* such that

(1) The function f* and the set E* have some “symmetry”;
(i) f and f* are u-equimeasurable and w(E*) = u(E);
G) 1V £* 10 < IV F I, forall 1< p < o0 and P™(E*) < P™(E).

We study three situations of increasing complexity: the two-points rearrangement,
the Steiner rearrangement, and a kind of Schwarz-type rearrangement. In the last
two cases, we use the same notation with the superscript x. The existence of such
rearrangements depends on richness and structure of the isometries of X.

The two-points rearrangement, also known as polarization, relies upon the exis-
tence of an isometry o : X — X such that o o ¢ =Identity along with a partition
X=H UHUH? suchthat opH" = H~. We call the 4-tuple R ={H~, H, H™, o0}



Rearrangements in Metric Spaces and in the Heisenberg Group 1675

a reflection system of X (see Definition 2.1 and notice the key property (2.2)).
The two-points rearrangement of a function f : X — R is the function fr(x) =
max{f(x), f(ox)} for x € H" and fr(x) = min{f(x), f(ox)} for x € H™. In
Sect. 2, we prove several inequalities relating f and fr. Inequalities as (2.12) in
Theorem 2.8 are called by Baernstein [2] “master inequalities”.

In Sect. 3, we introduce the notion of Steiner system in a metric space X . Roughly
speaking, a Steiner system is a pair (R, T) where R ={H~, H, H", o} is areflection
system of X and 7 is a 1-parameter group of isometries such that X/T C H, i.e., the
quotient X/ T is identified with a subset of H; t~!x = grx for any x € X/T and
7 € T. For precise and complete statements, we refer to Definition 3.2.

If the measure p is T -invariant, then it is disintegrable along the orbits 7y = {tx €
X :teT}, x € X/T (see Example 3.10). Namely, there exist measures (., on 7, and
fon X/T such that for any Borel set E C X we have

M(E)=/ ux(ENTy)du(x).
X/T

It is then possible to rearrange the set E along the orbits 7, obtaining a new set E*
which is g-invariant and w(E*) = u(E). The construction carries over to functions,
yielding a transformation f — f*. The procedure is described at the beginning of
Sect. 3 (see Definition 3.1). In Theorems 3.6 and 3.7, we prove Pdlya-Szegd inequal-
ities of the type (iii) above. In the proof, we need several assumptions on the measure
1 and on the metric space X. In particular, X is assumed to be proper in order to have
a compactness theorem for functional spaces on X which is proved in Sect. 4.

The presentation of Sect. 3 is in fact more general as we consider Schwarz systems
(see Definition 3.3). The axioms (3.12) and (3.13) of a Schwarz system make possible
the “strict inequality argument” that is a crucial step in the theory of symmetrization
via polarization (see [3, p. 252] and Lemma 6.4 in [6]). This argument appears in
the proof of Theorem 3.6; see (3.32). Condition (3.12) requires the existence of a
reflection system separating, in a symmetric way, points in the same section. This
property automatically holds in Steiner systems. Condition (3.13) requires a certain
“metric coherence” between sections.

In the second part of the article, which has a more specific character, we prove
some rearrangement theorems in the Heisenberg group H" = C" x R. We refer to
Example 5.5 and Sect. 6 for the relevant definitions. Let B, (x) denote the Carnot—
Carathéodory ball in H” centered at x € H” and having radius » > 0. The following
facts are proved in [32]. A function f € LP(H"), 1 < p < o0, belongs to the hori-

zontal Sobolev space Wlli’p (H") if and only if

1/p
liminfl</]£ |f(x)—f(y)|pdxdy> < 00. (1.5)
"J Br(y)

rl0 r

In this case, the limit inferior is a limit and there exists a geometric constant 0 <
K, p < 0o depending on p > 1 and n > 1 such that

1 1/p
lim—</]é()|f(x)—f(y)|”dxdy> = K p | Ve f Il Lr @, (1.6)

rior
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where Vy f is the horizontal gradient of f.
Analogously, a Borel set E C H" with finite measure has finite horizontal perime-
ter if and only if

1
liminf—/ ]ﬁ |xEe(x) — x£()|dxdy < cc. (1.7)
r\LO r n Br(y)

Moreover, if E has also finite Euclidean perimeter then we have

1
lim —
ri0 r

f ]ﬁ e = x| drdy = Kol | (), (1.8)
n ry

where 0 < K, < 0o is a geometric constant depending on n > 1 and |dgE|(H")
denotes the horizontal perimeter of E, i.e., the horizontal total variation of the char-
acteristic function of E.

We first study polarization in connection with formulae (1.6) and (1.8). In the
related master inequalities there is an error produced by the lack in H” of reflection
systems satisfying (2.2). This error can be controlled assuming a suitable symmetry
(see the proof of Theorem 6.1). Then we prove inequalities for the Steiner and circular
rearrangement following the abstract scheme of Sect. 3; see Theorems 6.3 and 6.4.
We illustrate here the case of sets. Let E* denote the Steiner rearrangement of E in
the ¢-coordinate of H”, i.e.,

E*={(z, 1) eC" xR:2|t| < LI(E)}, (1.9)

where E;, ={t € R:(z,t) € E}, z€ C". Let 0 : H" — H" be the mapping o (z,t) =
(z,t), where 7 = x — iy is the complex conjugate of z =x + iy in C". A set E is
o-symmetric if E = o E. In Sect. 6, Theorem 6.4, we prove that for a o-symmetric
set E C H" of finite measure and finite horizontal perimeter, it holds that

|opE*|(H") < [og E|(H").

The theorem fails if we drop the o-symmetry (see Example 6.5). We also prove some
results on the circular rearrangement in a C component of H” = C" x R (see Theo-
rem 6.6).

These theorems seem to be the first results on symmetrization in the Heisenberg
group. The topic has a particular interest in connection with sharp functional and
geometric inequalities, such as Pansu’s conjecture on the Heisenberg isoperimetric
problem (see [29] and [33]). A theorem concerning a kind of vertical rearrangement
in H" is also proved by Serra Cassano and Vittone in [34]. The problem of rear-
ranging sets and functions in the horizontal slices of H" is more difficult. So far, the
only known result concerns the monotonicity of horizontal perimeter for the radial
nondecreasing Steiner rearrangement of sets of H” which already have a cylindrical
symmetry (see [28]).

Let us briefly comment on the relevant literature. The principle underlying po-
larization can be envisaged in Chap. X of Inequalities by Hardy, Littlewood, and
Pdlya [24]. The method was subsequently used by Wolontis [39, p. 598] to estimate a
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certain conformal invariant in the complex plane under circular symmetrization. Mo-
tivated by the study of subharmonicity, Baernstein and Taylor [3] used polarization in
connection with spherical rearrangement. The same ideas were employed by Beck-
ner [2] to establish several sharp functional inequalities on the sphere. Polarization
and symmetrization are also systematically studied by Dubinin [17] in the abstract
theory of capacity. We are particularly indebted to the articles [3] and [2], where the
authors develop a unified approach to symmetrization in space forms. We axiomatize
this approach in the setting of a metric measure space and we develop these ideas to
prove the results in the Heisenberg group.

Steiner rearrangement was introduced in [38] to prove the isoperimetric inequality
in the plane. Let E* be the Steiner rearrangement of E C R” w.r.t. some hyperplane.
The inequality |9 E*|(R") < [0 E|(R") for sets with finite perimeter was proved by
De Giorgi in [15] in his work on the isoperimetric inequality (see [12]). In [6, The-
orem 6.1], Brock and Solynin prove that the Steiner symmetrization in R" can be
obtained as the limit in the natural topology of a suitable sequence of polarizations.
In fact, this sequence can be chosen in a “universal” way [35]. Steiner rearrangement
also fits hypersurface measures as Minkowski content (see [22] and [11, Chap. I11.2]).
Recent progress on the isoperimetric inequality deals with its quantitative version
[19] and with the use of optimal transportation techniques to prove sharp and quanti-
tative inequalities (see, e.g., [20]).

The Schwarz rearrangement was used in the proof [36] of the isoperimetric in-
equality in R? and seems to originate in Weierstrass’s lectures. The general idea con-
sists in slicing the space in “parallel” sections and in rearranging sets and functions
section by section. This is the model for our notion of Schwarz system in Defini-
tion 3.3.

In this research, we do not address several important issues in the theory of rear-
rangement: the study of the equality case ([7] and [13]); the continuity problem in the
Sobolev setting (see [1] and [10]); rearrangement inequalities for multiple integrals
(see [9]); the connection with partial differential equations ([4, 31], and [30]).

A short overview of the paper is in order. In Sect. 2 we study polarization. Sect. 3
is devoted to Steiner and Schwarz rearrangement in the abstract setting. In Sect. 4
we prove a compactness theorem. Section 5 deals with examples, including finite-
dimensional Banach spaces and the hyperbolic space. In Sect. 6, we prove the rear-
rangement theorems in the Heisenberg group.

2 Two-Points Rearrangement in Metric Spaces

Let X be a metric space with distance function d. We say that X = H~ U H U H™ is
a partitionof X, it H—, H, H + c X are pairwise disjoint subsets of X.

Definition 2.1 (Reflection system) A reflection system R = {H~, H, H", 0} of X
is a partition X = H~ U H U H™T, with H~ and H™ open, together with a mapping
0 : X — X such that
(i) o is an isometry of X such that o> =1d, and oHt = H™; 2.1
(i) forall x, y € H U H we have d(x, y) < d(x, oy). 2.2)
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Here and henceforth, we write for brevity ox = o(x) and oE = o(E) for sets
EcCX.

Example 2.2 Let X be a length space, X = H~ U H U H™ be a partition of X such
that H=0H = 9H™", and let o : X — X be an isometry such that o> = Id and
oH" = H™ and gy =identity. Then condition (2.2) holds true.

In fact, let y be a rectifiable curve joining x € H™ to oy € H™. The curve in-
tersects H at some point z € H. We can split y = yx; + y;y, where the sum is a
concatenation of curves, yy; is the segment joining x to z and y;, is the segment
joining z to gy. The curve yy; + ¥y is continuous, because ¢ is the identity on
H, joins x to y, and has the same length as y, because o is an isometry. The claim
d(x,y) <d(x,oy) follows from the fact that X is a length space.

Example 2.3 Let (X, dx) be a metric space with a reflection system R and let (Y, dy)
be any metric space. On the product Z = X x Y we have the product metric dz =

\/ d)Z( + d%. The reflection system R of X may be extended to a reflection system of

Z in the natural way: the reflection g is extended as the identity on the Y component;
H is extended to H x Y, etc.

Next, we introduce the notion of two-points rearrangement for functions and sets.

Definition 2.4 (Two-points rearrangement) Let R = {H~, H, H™, o} be a reflection
system of X and let f : X — R be a function. The function fr : X — R defined by

min{ f (x), f(ox)} ifxeH™,
fRx) =1 f(x) ifxeH, (2.3)
max{f(x), f(ox)} ifxeHT,

is called the rwo-points rearrangement of f with respect to R.

Example 2.5 The Lipschitz constant of a function f: X — R is

o= sp MOS0 )
X, yeX,x#y (x,y)

We claim that for any reflection system R of X we have

Lip(fr) = Lip(f). 2.4

Indeed, let x, y € X be such that d(x, y) > 0. We claim that

[ fr(x) — fR(Y)I

Ay < Lip(f).

‘We have three cases:

(1) fr(x)=f(x)and fRr(y)= f();
(2) fr(x)# f(x)and fRr(y) # f(¥);
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(3) fr(x) = f(x)and fr(y)# f(y), or vice versa.
In the first case, the claim is clear. In the second one, we have:

R = fRO) _1F@0) = F@)l /@) =f@) 1o
d(x.y) dGx.y) dexon  — T

because o is an isometry. Consider the last case. We have three sub-cases:

(Ba) x,ye H ,orx,ye H™;
(3b) x e H" and y € H™, or vice versa;
(3c) xeHoryeH.

Assume that x, y € H. Then we have:
@) = frx) =max{f(x), flex)}, ie., f(x)= f(ox),
F # frRO) =max{f(y), flen}. ie. f(y) < floy).
Thus we obtain
RO = fRO) = () = fley) < f(0) = f) < | f(x) = fF)] < Lip()d(x, y),
RO — fRX) = flay) — f(x) = f(oy) — f(ex) < Lip(f)d(ox.0y)
=Lip(f)d(x, ),

and the claim is proved.
Assume that x € HT and y € H~. Because fr(y) # f(») then fr(y) = f(0y)
and letting z = oy € H™ we get, by (2.1) and (2.2),
lfRO) = RO _ [f ) = flenl _ [/ ) = f@I _ /)~ fR)
d(x,y) d(x,y) dx,ez) ~— dx,2)

The case (3c) is analogous and we leave the details to the reader.

< Lip(f).

The definition of two-points rearrangement for sets can be obtained by specializ-
ing (2.3) to the case of characteristic functions. Namely, for any E C X we can define
the set Ex via the identity xg, = (xg)R. This is equivalent with the following def-
inition.

Definition 2.6 Let R be a reflection system of X and let E C X be a set. The set
Er=(ENQENH )U(ENH)U((EUQE)NH™) (2.6)
is called the two-points rearrangement of E with respect to R.

We are interested in the monotonicity of quantities as in (1.3) and (1.4) under
rearrangement. To this end, let ¢ : [0, +00) — [0, +00) be a function such that

(a) ¢ is strictly increasing; 2.7
(b) ¢ is convex. 2.8)

In our case, we have ¢ (t) = P with p > 1. The basic inequality we need concerning
¢ is described in the following lemma.
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Lemma 2.7 Let ¢ : [0, 00) — [0, 00) be a function satisfying (2.7) and (2.8). Then
for all real numbers a, B,y,8 € R such that y <« and § < B, it holds that

¢(le = BI) +¢(ly —81) < ¢(le = 81) +o(ly — Bl). (2.9)

If, in addition, ¢ is strictly convex then the inequality in (2.9) is strict.

The proof of this lemma is an elementary exercise. When ¢ (1) = 12, inequality
(2.9) reduces to (¢ — y)(B — ) = 0.

Let u be a Borel measure on X and let 5(X) denote the set of all Borel functions
from X to R. Forany r > 0 let Q, : B(X) x B(X) — [0, co] be the functional

Q:(f. 8 =/X]£B ( )¢(|f(x) —gM|)du(y) du(x). (2.10)
We omit reference to ¢ in our notation Q.. When ¢ (t) =17, 1 < p < oo, we let
0 p(f.2) = /X ]ﬁB @ =50 ) duto) @.11)

We also let Qr,p(f) = Qr,p(fv f)
In the sequel, o : X — X is an isometry such that o> = Id. We say that a Borel

measure p on X is o-invariant if oppu = u, i.e., u(oB) = w(B) for any Borel set
B CX.

Theorem 2.8 Let R ={H ™, H, H, 0} be a reflection system of X, let |1 be a non-
degenerate, o-invariant Borel measure such that w(H) = 0, and let ¢ satisfy (2.7)
and (2.8). For any r > 0 and for all functions f, g € B(X) we have

0r(fr.8R) = Or ([, 8)- (2.12)

Moreover, if ¢ is strictly convex,

M{x eH: f(x)> f(Qx)} >0, and ,u{y eH :g(y) < g(gy)} >0, (2.13)
then the inequality (2.12) is strict, as soon as Q,(f, g) < oo.
Proof Let x, : X x X — R be the function

—M(Bi(x)) ifd(x,y) <r,

0 otherwise.

Xr(xvy)zi

As p is p-invariant, we have (B, (0x)) = n(oB,(x)) = w(Br(x)). Then, yx, has the
following properties:
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xr(0x,0y) = xr(x,y) and x.(0x,y)= xr(x,0)). (2.14)

We are using here the fact that o> = Id. We then have

0:(f.8) =/X X¢(|f(x) —gM)xr (e, A ® p,

where we may replace the integration domain X x X with
X\H)x(X\H)=H"xH"UH"xH UH xH"UH x H".

In fact, we are assuming w(H) = 0. By (2.14) and o3t = p, we obtain
/ o(| f ) —g|) xr(x, Y)du @
H-xH~
=/ (| f (0x) — g(@M]) xr (x, AL ® 1,
H*txH*
/ o(|f ) =g xr(x, YA @
HtxH-
=/ o(|f(x) = glon|)xr(x, 0)dp ® 1,
HtxH*
/ o(|f ) —g|) xr(x, Y)dp @
H-xH*

=/ o(| fex) — g|) xr (x, 09)d 1t @ .
HtxH*t
Summing up, we obtain

0,(f. g>=// 0. g:x. ) dp @ .
HtxHT

where we let
O(f.g:x,y)={o(|f ) —gM|) + (| flex) — gley)|) } xr (x, ¥)
+{o(|f ) — gM]) + (| f(ex) — gWM)|) } xr (x. 0¥)-

We claim that for all x, y € H* we have

O(fr,gr: %, ¥) < O(f, & x,¥). (2.15)

By (2.2), there are only three cases:

1) dx,y)=r;
(2) d(x,y) <d(x,0y) <r;
(3) d(x,y) <r <d(x,0y).
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In the first case, it also holds that d(x,py) > r, and thus Q(f, g;x,y) =
O(fr,8R; x,y) =0. In the second case, we have

1
O(f. g:x,y)= m{rﬁ(\f(x) —gM]) +¢(|fex) — gley)])
+¢(|fex)—gW|) + (| fx) — gley)]|)}
= Q0(fr,grR: X, y).

In the third and last case, inequality (2.15) is equivalent to

o(|fr(x) — grM)|) + (| fr(0x) — gr(0Y)|)
<o(|f)—gM]) +o(|fex) — glay)]). (2.16)

If f(x)= f(ox) or g(y) = g(oy), inequality (2.16) holds as equality. Equality holds
in (2.16) also in the following two cases: (a) fr(x) = f(x) and gr(y) = g(y);

(b) fR(x) = f(ox) and gr(y) = g(oy).
We are left with the following two cases:

f(x)> fox) and g(y) <g(oy); or (2.17)
fx) < flox) and g(y) > gloy). (2.18)

Possibly interchanging f and g, it is enough to consider (2.17). In this case, inequality
(2.16) reduces to

¢(le = Bl) +o(ly — 1) < p(le = 81) +o(ly — Bl), (2.19)

with @ = f(x), B=g(0y), ¥y = f(0x),and § = g(y). By (2.17) we have y < o and
8 < B, and inequality (2.19) holds by Lemma 2.7.

If ¢ is strictly convex, then the inequality (2.19) is strict. If, in addition, (2.13)
holds and Q,(f, g) < oo, on integrating (2.15) we get a strict inequality. 0

Remark 2.9 The condition (2.2) is used in the distinction of cases after (2.15). If we
drop (2.2) we have a fourth case: d(x,y) > r and d(x, 0oy) < r. This produces an
error term in the inequality (2.12), that no longer holds true. In some situations, it is
possible to control this error term. See the proof of Theorem 6.1.

Remark 2.10 When ¢ (1) = 12, there is a precise version of inequality (2.12). Let
2; ={xeH": f(x)> flox)} and X7={xeH": f(x) < flox)} (2.20)

denote the sets defined via the inequalities appearing in (2.17)—(2.18).

In the proof of Theorem 2.8, inequality (2.15) is an equality possibly but for the
case discussed in (2.17)~(2.19). When ¢ (1) = 12, we may replace inequality (2.19)
with the identity

@B+ —8>=@—8>+B—y)*+2a—y)E—p).
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Now, on integrating the resulting identity, we obtain
Qr,Z(fR’ gR) = Qr Z(f P)
+2//2 (f(x)— f(Qx))(g(y) geN) xr(x, Y)dpu ® .

><E UZ‘ ><Z‘ Jd(x,0y)>r
(2.21)

The following proposition is a simplified version of Theorem 2.8. Here, the map-
ping o does not need to be an isometry. The characterization of the strict inequality
plays an important role in the proof of Theorem 3.6.

Theorem 2.11 Let X = H~ U H U H™ be a Borel partition of the metric space X,
let 0 : X — X be a Borel map such that 0> =1d and oH = H™, and let 11 be

a o-invariant Borel measure on X such that w(H) = 0. Finally, let ¢ satisfy (2.7)
and (2.8). Then for all f, g € B(X) we have

/X¢(|fR(X) —gr()|)dp < /X¢(|f(x> —g)|)dp. (2.22)
Moreover, if ¢ is strictly convex and

,u{x eH': f(x)> f(ox)and g(x) < g(gx)} > 0, (2.23)

then the inequality (2.22) is strict, as soon as the right-hand side of (2.22) is finite.

Proof Using w(H) = 0 and the p-invariance of u, we obtain

[ #rw —swldi= [ {o(£6) =) + (170 - gten}d
It is then sufficient to establish the pointwise inequality for x € H™

o(| frx) — gr®)|) + & (| fr(0x) — gR(0X)])
<o(|f ) —g)|) +¢(] fex) — glox)]).

This is inequality (2.16), and the argument is concluded as in the final part of the
proof of Theorem 2.8. In fact, if f(x) > f(ox) and g(x) < g(ox)—or vice versa—
the inequality is strict, provided that ¢ is strictly convex. |

Theorem 2.8 has the following corollaries.
Theorem 2.12 Let R = {H™—, H, H", 0} be a reflection system of X, let i be a
non-degenerate, o-invariant Borel measure such that w(H) = 0. For any function

f € B(X) and for any 1 < p < 00, it holds that

IRILr ey = 1 leecesy and IV RN Doy IV - 224)
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Moreover, if we have ||V frll2(x,,) = IV fllp2(x, ) < 00 then

/ / (f(x) = flex)(f(y) — floy)
=5 J 27 0B()\B(ox) w(By(x))

du(y)dp(x) =0,

(2.25)
where E}" and E; are defined in (2.20).

Proof The equality of the L? norms is a consequence of the p-invariance of . By
Theorem 2.8, we have r 2 Q, ,(fr) <r ?Q; ,(f) for any r > 0. On taking the
liminf as r |, 0, we get the inequality in (2.24).

Assume that both ||V frll;2(x ) and IV fll2(x ) do exist (the limits exist), are
equal and finite. Our claim (2.25) follows from (2.21) with f = g. U

For the perimeter we have the following theorem.

Theorem 2.13 Let R ={H~, H, H, 0} be a reflection system of X, let i be a non-
degenerate, o-invariant Borel measure such that w(H) = 0. For any Borel set E C X
we have

W(ER) =p(E) and P (ER) <P (E). (2.26)
Moreover, if P(Er) = P(E) < 00, then

i 1 w((@E\ EYNH* N B,.(x)\ B-(0x)) _
im— du(x) =0,
0 r JH+nE\0E u(By(x))

I 1 w((E\@E)NH* N B.(x)\ B, (QX)) _
im — du(x)=0.
ri0 ¥ JH+MoE\E u(Br(x))

(2.27)

Proof We shortly discuss the equality case. When f = xg, we have

SI=HTNE\E and X;=H'NQE\E.
Because of the identity |xg(x) — xe(¥)| = |xg(x) — xe()%, we may use (2.21)
with f = g = xg. The claim (2.27) follows. O

We may try to extend the definition of reflection system taking into account some
symmetry of the metric space, of the functions and sets (see Example 5.5 for a moti-
vation).

We say that {H—, H, H", 0,0} is a reflection system with symmetry o of X, if
X =H UHUBHT is a partition, with H~ and H™ open, and g,0 : X — X are
mappings such that

(i) o is an isometry such that Q =Idand oHT = H; (2.28)
(ii) o and 0 commute, oo = 0 Q; (2.29)
(iii) H™ is o-invariant, i.e., c H = HT; (2.30)

@iv) forall x,ye HU H™ we have d(x, y) <d(x, 00y). (2.31)
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Notice, however, that the condition (2.31) fails to hold in the situations discussed in
Example 5.5.

Theorem 2.8 holds also in the setting of a reflection system with a symmetry o,
provided that the functions and sets involved are o -symmetric. The theory developed
in Sect. 3 can be extended to this framework, as well.

3 Steiner and Schwarz Type Rearrangements

Let S(X, u) denote the set of all Borel functions f : X — R such that f > 0 and
u{f >t} < oo for any t > 0. Here and henceforth, let {f >t} ={x e X : f(x) >t}
denote the 7-superlevel set of f. The function ¥ ¢ : (0, 00) — [0, 00), Y ¢ (2) = u{f >
t}, t > 0, is called the distribution function of f. A function g € S(X, ) is said to be
a rearrangement of f € S(X, 1), and we write g ~ f, if ¥, = /7. Clearly, ~ is an
equivalence relation on S(X, u). The distribution function ¥ ¢ is non-increasing and
lower semicontinuous. Indeed, for any s > 0 we have

tim (1) = lim ul f > 1) = M(U{f > r}) =ulf >s}=vs6). G

1>s

For any f € S(X, ) we have the representation formula
o0
fx)= / Xif=nx)dt, xeX, (3.2)
0

where x4 denotes the characteristic function of A C X. A nonnegative function f €
LP(X, ) isin S(X, n) and, for any 1 < p < oo, we have the identity

/f(x)pduzfoo,u{f>tl/p}dt. (3.3)
X 0

Moreover, if g € S(X, ) is a rearrangement of f, g ~ f, then g € LP (X, n) and
lgllLrx. = Il fllLrx, > by (3.3).

Let 7 : X — X be a projection, i.e., 7 is the identity on 7 (X). The relation x ~ y
if and only if w(x) = w(y) is an equivalence relation on X that we denote by I".
The quotient X/I" can be identified with 7 (X) and the equivalence class of x €
X/TI is denoted by I'y = 7! (x). We call I" a foliation of X. In fact, we have X =
Uxex/r I'x- Foraset E C X, let

E,=ENT

denote the section of E with I.

We say that the Borel measure w is disintegrable along I' if there are Borel mea-
sures [y on Iy, x € X/I', and a Borel measure & on X/I" such that for any Borel
set E C X we have:

(i) The function x — u, (Ey) is Borel measurable from X/I" to [0, 00];  (3.4)

(ii) We have u(E) =/ e (E)di(x). (3.5)
Xx/r
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The existence of a disintegration satisfying (3.4)—(3.5) holds under general as-
sumptions. It is provided by some Fubini—Tonelli type theorem—as in R”—or by the
disintegration theorem of measures. We discuss this issue at the end of the section.

Let n be disintegrable along I". With abuse of notation, for any x € X/I" we
define the function p (s) = @y (Bs(x) N Iy) of the real variable s > 0. In general, we
have s € [0, so(x)), where so(x) > 0 is the minimum number, possibly 4+oc0, such that
the sets B, (x) N Iy are stable for r > so(x). We say that the triple (I, (tx)xex/r, i)
is a rearrangement system of (X, ) if the function s — . (s) is strictly increasing
and continuous on [0, so(x)) for fi-a.e. x € X/I'.

Fix a rearrangement system of (X, n) and let E C X be a Borel set such that
W(E) < oo. Then we have u,(Ey) < oo for i-a.e. x € X/I'. We let EY = Bs(x) N
Iy, where s € [0, so(x)] is such that p, (Bs(x) N I'y) = x(Ey). Such an s exists and
is unique for ji-a.e. x € X/I". We possibly let E} = for a ji-null set of x € X/I".

Definition 3.1 (Rearrangement) Let (I", (ix)xex/r, i) be a rearrangement system
of (X, ).
(i) For any Borel set E C X such that u(E) < oo we let

e=J E. (3.6)

xeX/I’

We call E* the rearrangement of E in (I', (ux)xex/r» V).
(i1) For any f € S(X, w), the function f : X — [0, o]

Fro= /0 Xy @)dt, x €X, 3.7)

is called the rearrangement of f in (I', (x)xex/r, it)-

Finally, we say that the rearrangement system is regular if E* is a Borel set for any
Borel set E C X.

The problem of determining whether the rearrangement system is regular or not is
in general rather subtle. In most relevant examples, the system is indeed regular.

Let R={H~, H, H", 0} be a reflection system of X and let T be a 1-parameter
group of isometries of X. We fix on T the natural topology. Let w : X — X /T be
the natural projection. As soon as we identify X /T with a subset of X, we have a
foliation X = (J,cy/r Tx, Where Ty = {tx € X : T € T} is the orbit of x.

Definition 3.2 (Steiner system) We say that the pair (R, T) is a Steiner system of the
metric space X if we have:

(1) X/T C Handrm : X — X/T is continuous; (3.8)

(i) 7 'x =ptrx foranyx € X/T and T € T} 3.9

(iii) for x, y e X/T and z, w € Ty, d(x, 2) <d(x, w) implies d(y, z) <d(y, w).
(3.10)
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By X/T C H we mean that the quotient is identified with a subset of H. Condi-
tion (3.9) with v = Id implies ox = x for all x € X/T. The reflection system R can
be translated along 7. Namely, for all x € X/T and z, w € Ty there exists a reflec-
tion system R = {H—, H, H*, 5} of X such that pz = w and ¢ : Ty, — T, for any
y € X/T. See Example 3.4 below. Motivated by this fact, we propose the following
general definition.

Definition 3.3 (Schwarz system) We say that a foliation I" of the metric space X
induced by the projection 7 : X — X is a Schwarz system if we have:

(i) m: X — n(X)= X/TI is continuous; (3.11)
(ii) for all x € X/I" and z, w € Iy there exists a reflection system

R={H ,H,H* o} suchthatoz=wandg: Iy — I'y forany y € X/I';
(3.12)

(iii) forx,y € X/I' and z, w € Iy, d(x, z) <d(x, w) implies d(y,z) <d(y, w).
(3.13)

We can polarize the function f* constructed starting from the foliation I” using
the reflection system given by (3.12). Condition (3.13) guarantees then the stability
f7 = [* (see the final part of the proof of Theorem 3.6). When X /I” consists of one
element, condition (3.13) is trivially satisfied. The Steiner system is a special case of
Schwarz system. In the following example, we comment further on (3.12).

Example 3.4 Let (R, T) be a Steiner system and let G be a group of isometries of X.
We denote by I the group generated by T and G, and we identify the quotient X /I”
with a subset of X and in fact of H, the “reflection hyperplane” of R. Assume that
yx =x for any y € G and x € X/I" and that for any x € X/I" the orbits have the
following representation:

In={ytxeX: I'eG,teT}. (3.14)

We claim that (3.12) holds true.
In fact, if z4,z_ € I, there are y_,y; € G and 17—, 74 € T such that z_ =
y—7_x and z4 = y414x. Moreover, there exist T € T and y € G such that ytx =

r__ly__ly+r+x.
Let +/T € T be such that T = \/7/7. Such a /7 exists, because T is a 1-parameter
group. Let us define t = y_t_y /T € I', and let
H=H, H =H , H"=(HT, é:LQL_l.

We claim that pz4+ = z_. Indeed, by (3.9) we have

024 = - yVToVTX = - yJTST x=y_tyx=y_tx=z_.
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Finally, we prove that R = {{-_I -, I-_I_, H™, 0} is a reflection system of X. Clearly,
0 is an isometry, o> =Id and g H+ = H~. Moreover, for x, y € H' we have

d(x,0y) = d(t_lx, Qt_ly) > d(L_lx, L_ly) =d(x,y).

The axioms (2.1)—(2.2) are satisfied. Finally, the reflection ¢ preserves the orbits
because it is the composition of orbits preserving isometries.

We study some qualitative properties of the rearrangement f*.

Lemma 3.5 Let (I', (x)xex/r, L) be a regular rearrangement system of (X, ).
Forany f € S(X, ), the rearrangement f* of f enjoys the following properties:

(i){f*>t}={f>t}*,t>0; (3.15)
(i) ,ux{f* > t}x = ux{f >t} for i-a.e. x € X/I" and, in particular, f* ~ f;
(3.16)

(i) f*(y) < f* () if y,z € I'y for some x € X/T and d(y,x) >d(z,x); (3.17)
V) f* ()= @) ify,z € Iy for some x € X/T" and d(y,x) =d(z,x). (3.18)

Proof (i) We prove that { f* >t} C {f > t}* for any ¢t > 0. Notice that the family of
sets ({ f > t}*);>0 is non-increasing in ¢. For any x € { f* > ¢t} we have

f< 70 = /0 Xirospe () ds,

and thus x € { f > s}* for 0 < s < and the claim follows.
We preliminarily claim that

(f=0r=Jir=s" (3.19)

s>t
One inclusion is a consequence of the elementary implications
s>t = {f>s}c{f>t} = {f>srC{f>t"

We check the converse inclusion C in (3.19). If z € { f > ¢}* then for some x € X/I”
and r > 0 we have z € {f > t}* N I’y = B,(x) N I'y. Thus there exists 0 < 7 < r such
that z € B7(x) N I'y. For the function r — uy (B, (x) N I'y) is strictly increasing for
r > 0 and, as in (3.1), it holds that

h?tl//«x({f >S}*ﬁ1—'x) :hiltl//‘x({f >S}0Fx)

=u({f >N ) =pe({f > 1" NTY),  (3.20)

we deduce that there exists s > ¢ such that Bz (x) N I'y C {f > s}* N Iy and the claim
(3.19) follows.
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We prove the converse inclusion {f > t}* C {f* >¢t}. If z € {f > t}* then z €
{f > s}* for some s > ¢ and thus

(@ Z/() X(f>s1(@)ds =5 >1.

Statement (ii) follows from (i). Statement (iii) is a consequence of the inequality

o0 o
| rma@ds = [ xgenas
0 0
for y, z € I'y with d(y, x) <d(z, x). Statement (iv) follows from (iii). O

Let us introduce some more terminology. Recall that a Borel measure © on X
is nondegenerate if (1.1) holds. We say that the measure w is diffuse if spheres are
n-negligible, i.e.,

pnlyeX:d(x,y)=r}=0, forallxe X andr>0. (3.21)

We say that p has the Lebesgue property if for any Borel set A C X we have for
u-ae. x €A
n(AN By (x))
im——— =1
r0 (B (x))
Finally, we say that u is isometric if y;u = p for any isometry y : X — X and
w(H) = 0 for any reflection system R = {H~, H, H™, o} of X.

(3.22)

Theorem 3.6 Let X be a proper metric space, let u be a nondegenerate, diffuse,
isometric Borel measure on X with the Lebesgue property. Let (I', (itx)xex/r, i)
be a regular rearrangement system of (X, u) related to the Schwarz system I'. Then
the rearrangement f* in (I', (1x)xex,/r it) of any nonnegative, compactly supported
function f € L?(X, ), 1 < p < o0, satisfies

1 o sy = W Nr iy and [V F*] oy S IV oy (3:23)

Proof The identity || f*|lLrx:) = | fllzr(x;u) follows from (3.3) and (3.16) in
Lemma 3.5.

By assumption, the projection 7 : X — X/I" is continuous. For the set supp f =
{x € X : f(x) # 0} is compact, the set 7w (supp f) is compact. With the choice

R =1+ diam(supp f U (supp f)) < oo,

the set
K= U Br(x)N T,
x€em(suppf)

is bounded and thus contained in a compact set and moreover supp f C K. Because
Uil f >t}y < ux(Br(x)NTIY), we also have supp f* C K.
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Let us recall our notation
Qr.p(f) = / ]L |f ) = fD[Pdp(y) du(x).
XV By (x)

Let A(f) be the family of all nonnegative functions g € L”(X; i) such that

() ux{g > t}y = ux{f >t} for ft-a.e. x € X/I" and for all t > 0; (3.24)
(i1) g(x) =0 for pu-ae. x € X \ K; (3.25)
(iii) Qr p(g) < O p(f) forall0 <r <1. (3.26)

The set A(f) is nonempty, because f € A(f). We apply to A(f) the compactness
Theorem 4.2, which is proved in Sect. 4. Here, we need the assumption on X to be
proper and the assumption (3.21) on u.

By (3.3), (3.5), and (3.24), we have for any g € A(f)

/ gx)Pdu= /oou{g >1'P}dp = /oou{f >1'/P}dp =/ f)Pdp.
X 0 0 X

Thus A(f) is uniformly bounded in L”(X, ). The uniform bound (4.6) holds
by (3.26). In fact, we may assume that ||V f ||Z,,(X;M) < 00, otherwise there is nothing
to prove. By Theorem 4.2, A( f) is then precompact in L”(X; ). A(f) is also closed
in LP(X; u). Let g; € A(f), j € N, be a sequence such that g; — g as j — oo in
L?(X; i) and p-almost everywhere. Then g satisfies (3.25) and also (3.26), by Fa-
tou’s Lemma.

We check (3.24). We may assume that for ji-a.e. x € X/I" we have g;(y) — g(3)
as j — oo for uy-a.e. y € I'y. Then for ji-a.e. x € X/I" and for all r > 0 we have:

jlglgoux({g >t} N{gj <t}y) = lim Xigj<t), Wi ()

J=>00 J{g>1)y

= / lim X(g; <, dpx(y) =0. (3.27)
{g

>thy Jj—o0

Notice that for a function g € L?(X, ), the set of all £ > 0 such that u{g =1t} > 0 is
at most countable. Then we also have for all but a countable set of 7 > 0:

lim py({gj >t} N{g <t}) = lim u,({g; > t}x N{g <1}x) =0.
Jj—00 Jj— 00

This implies u,({g; > t}xA{g > t}x) — 0 as j — 00, and (3.24) follows for all but
a countable set of r > 0. By right continuity as in (3.1), (3.24) holds for all # > 0.
The functional J : A(f) — [0, 00)

J(g) =f lg — f*|"au,
X

is continuous in L7 (X, u). By Weierstrass’s theorem, there exists f € A(f) such
that

J(f)=min{J(g) €[0,00) : g € A()}. (3.28)
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There are two cases: (1) J(f) =0;2) J(f) > (. In the first case, we have f = f7,
and hence, forany 0 <r <1,

0rp(f*) = Qrp()

Dividing this inequality by r” and taking the liminf as r |, 0, we get ||V f* ||Zp(x,m <
||Vf||z,,(xw and we are finished.
The case J(f) > 0 may not occur. In this case, we have by (3.2) and (3.5)

a 1/p
0= (fx |76 = f*(x>|”du(x>>
> p 1/p
- (/x ./0 (X( o0y (06 = X >0y (1)) dt du(x))

00 1/p
5/0 (/X|X{f>t}(x)_X{f*>f}(x)|pd'u(X)) a

=/oo,u,({f>t}A{f* > t})l/pdt.
0

Then, there exists ¢ > 0 such that, letting A = {f > ¢} and B = {f* > 1}, we have
w(AAB) > 0.As f and f* are both rearrangements of f, it holds that j.(A) = u(B).
Hence, we have u(A \ B) = u(B\ A) > 0. By (3.22), u-a.e. z € A\ B is a point of
density of A \ B, i.e.,

u(Br(z) NA\ B)
m——==1
r0 - u(Br(2)

The same holds for B \ A.
Let us define the sets

(3.29)

Apng = {x € X/ I : there exists z € I'y N A\ B point of density of A \ B},
Ap\a = {x € X/TI : there exists z € I N B\ A point of density of B\ A}.

We claim that L(Aa\p N Ap\a) > 0. In fact, we have py(Ax \ Bx) = px(Bx \ Ax)
for p-a.e. x € X/I'. This follows from the fact that both f and f* satisfy (3.24).
Hence,

/ :ux(Bx\Ax)dl_L(x)Z/ mx(Ax \ By)dp(x) =u(A\ B) >0,
Ap\B AA\B

and thus there exists a set A C A4\ p such that £ A > 0 and 1, (Bx \ Ax) > 0O for all
x € A. Then, there exist x € X/I", z_ € Iy N A\ B point of density of A \ B, and
z+ € I'y N B\ A point of density of B \ A.

Let R={H ™, H,H", o} be the reflection system related to z =z and w = z_
given by (3.12). In particular, we may assume z, € H™ and z_ € H™. By (3.29)
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there exists a number 1 > 0 such that

1 1
n(By(z-)NA\ B) > E/L(Bn(z_)), w(By(z) N B\ A) > EM(Bn(m).
(3.30)
Possibly choosing a smaller  we may also assume that B, (z+) C H' (and hence
also B,(z_) CH™).
From (3.30) we deduce that w(HT™ N (B\ ANg(A\ B))) > 0.Inview of B\ AN
0(A\ B)=B\oBNpA\ A, we eventually obtain

pfxe H': f(x) < f(ox) and f*(x) > f*(ox)} > 0. (3.31)

This is assumption (2.23) in Theorem 2.11.

We claim that the two-points rearrangement f5 satisfies f5 = f*. From
f*(z4) >t > f*(z—) we deduce by Lemma 3.5 that d(z+,x) < d(x_,x). As
7_ = 07+, this implies that x € HT U H, by (2.2). Now let z,w € Iy, y € X/T,
be such that z € H™ and w = pz. Again by (2.2), we have d(x, z) < d(x, w) and
thus, by (3.13), d(y, z) < d(y, w). This yields f*(z) > f*(w), by Lemma 3.5, and
the claim is proved.

As ¢(t) =tP with p > 1 is strictly convex, by the statement concerning the strict
inequality in Theorem 2.11 we have

/ Ifn—f*\”du=/ !fn—f;g}”du</ 7= | du. (3.32)
X X X

This contradicts the minimality (3.28) of f, provided that fr € A(f). We check
(3.24)—(3.25) for g = fr.

We start with (3.24). For a Borel set B C X/I" let h denote the function f re-
stricted to 77 ~'(B). For u o-invariant we have u{h > t} = uf{hr > t}, t > 0. As
o: Iy — Iy for any y € X/I", the function g is also supported in 71 (B), and
thus

/Bux{f'>r}xdﬁ(x)=f3ux{fn>t}xdmx)

for a generic B. This implies the claim (3.24).

Next, we prove that the function fR issupportedin K.Letz, w € Iy, y € X/I",be
such that w = oz with z € H+. Because x € HT U H, it holds that d (x, z) < d(x, w),
by (2.2), and so d(y, z) <d(y, w), by (3.13). Now, if f(w) > 0 then w € K. By the
previous observation, this implies that also z € K. This ensures that fz is supported
in K.

Finally, (3.26) holds by Theorem 2.8. O

We have an analogous theorem for the rearrangement of sets.

Theorem 3.7 Let X be a proper metric space, let u be a nondegenerate, diffuse,
isometric Borel measure on X with the Lebesgue property. Let (I', (fix)xex/r, i)
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be a regular rearrangement system of (X, ) related to the Schwarz system I'. The
Schwarz rearrangement E* in (I', (ux)xex/r, 1) of any bounded Borel set E C X
satisfies

w(E*)=u(E) and P~ (E*) <P (E). (3.33)

Proof The proof is analogous to the one of Theorem 3.6 and we only sketch it. First,
we fix a suitable compact set K C X, as in the above proof. Then we introduce the
set A(E) of all Borel subsets F of X such that (3.24)—(3.26) hold with ¢ = xr and
f = xE and p =2 (or equivalently p = 1). The functional J(F) = u(FAE™) attains
the minimum on A(E) at some F. The compactness Theorem 4.2 does apply to this
situation. As in the proof above, it must be F = E* and the proof is finished. g

When X /I" consists of one point, the set E* is a ball. Theorem 3.7 states in this
case that metric balls are isoperimetric sets, within the class of bounded sets, in the
metric measure space (X, u). This is the case of space forms (Euclidean and hyper-
bolic space, sphere).

In the final part of this section, we address the problem of the existence of a dis-
integration of w along I', an isometry group of X. When X/I" = {x} consists of
one element there exists a trivial disintegration. In fact, we may choose u, = u and
it = Dirac mass on X/I". In this case, (I, ;x, i) is a rearrangement system of (X, )
as soon as the function s — (B (x)) is continuous and strictly increasing in its nat-
ural domain.

Let us recall the disintegration theorem for probability measures. A proof can be
found in [16], II1.70-73. By definition, a Borel measure p on the metric spaces X is
regular if u(E) =sup{(K): K C E compact} for any Borel set E C X.

Theorem 3.8 Let X, Y be separable metric spaces, let w : X — Y be a Borel map, let
1 be a regular Borel probability measure on X, and let i = myu be the push-forward
measure of u on Y. Then there exist Borel probability measures , supported in
77 Y(y), y € Y, such that the function y Wy (E) is Borel measurable and

n(E) = / ty(E)dji(y),
Y
for any Borel set E.
We apply Theorem 3.8 to our setting in a couple of examples.

Example 3.9 Let X be a compact metric space and let I” be a Schwarz system of X.
Then any finite, regular Borel measure on X is disintegrable along I". This follows
from Theorem 3.8 with X and Y = X/I" = n(X). In fact, Y is compact because the
projection is continuous.

Though restrictive, the compact case is actually sufficient for our purposes. In fact,
in Theorem 3.6 the functions are supposed to have compact support. Then we could
localize the rearrangement in some compact set and restrict the measure to this set.
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In the case of a Steiner system, the measure u is assumed to be invariant with respect
to a 1-parameter group of isometries. This makes possible a disintegration also in the
noncompact case.

Example 3.10 Let X be a o -compact metric space and let (R, T) be a Steiner system
of X with R={H~,H,H", 0} and T = {t,},er such that H* = J,_, =/ (H), with
disjoint union. Then any locally finite, T -invariant and regular Borel measure p on
X is disintegrable along T . By definition, the measure p is T -invariant if (7;)spt = p
forall t e R.

By assumption, we have H = X /T and the projection w : X — X/T is contin-
uous. Then H is o-compact and w.l.g. we may assume that H is compact. For any
keZlet

Xe= |J w.

telk,k+1)

Then we have X = | ., Xk, with disjoint union. With the natural assumption that
the mapping (x,?) — t:(x) is continuous from H x R to X, the Borel set Xy is
bounded. The measure wr = ul_ X, the restriction of u to Xy, is then finite and
moreover the measure [t = s/ is independent of k € Z, because  is T invariant.
By Theorem 3.8, there are probability measures li];7 x € X/T, supported in T, N Xy
such that

u(E) = / WA (E N To)d (),
X/T

for any Borel set E C Xi. Letting ux =) 4oz ,uﬁ we obtain a disintegration of u
along T'. The measures u, are locally finite.

We investigate whether (T, (4x)xex/T, () is a rearrangement system of (X, u),
i.e., whether for ji-a.e. x € X/ T the function s — p,(Bs(x) N Ty) is strictly increas-
ing and continuous for s > 0

Let E C X/T be a Borel set and for —oo <r <s <oolet E,y =, _,_, w(E).
Since p is T-invariant we have w(E, ) = w(Ey 4 5+¢) for all ¢ € R. The disintegra-
tion formula (3.5) implies that

/ e (Epy 0 T R(X) = f By g0 O TOdf().
E E

Because E is arbitrary, we deduce that, for fixed r,s, ¢, it holds that u,(E,;) =
My (Erys s4¢) for i-a.e. x € X/T. Finally, this implies that there exists a set N C
X/ T with ;i(N) = 0 such that

Mx(Ers) = i (Ergs s+1) (3.34)

for all x € (X/T)\ N and for all r,s,t € Q with r < s. We deduce that u, is
nonatomic, i.e., u,{z} = 0 for all z € Ty. In fact, if u,{z} =& > 0 for some z € T
then, by (3.34), this holds for all z € Ty and p, is not locally finite. The same argu-
ment proves that if u, (E,s NTy) =0, x € E, for some r < s then p, =0.
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We proved that for fi-a.e. x € X/T the function s — uyx (U, 7(H) N Ty) is
either identically zero or continuous and strictly increasing. This is sufficient to set
up a Steiner-type rearrangement, as in Definition 3.1.

The function s — w, (B (x) N Ty) is strictly increasing. This follows from the dis-
cussion above. If the orbit Ty, x € X/ T, meets the spheres {y € X : d(x,y) = s} at
isolated points, the function is also continuous and (7', (f4x)xex/T, i) is a rearrange-
ment system of (X, u) in the sense defined before Definition 3.1.

4 Compactness

We prove the compactness theorem in L” (X, ) used in Sect. 3, Theorem 3.6. We re-
call that a family of functions F C Llloc(X , W) is said to be locally uniformly bounded
if for any compact set K C X we have

sup/ | fldu < +o0. “.1)
feFJK

The family F is said to be locally uniformly absolutely continuous in LIIOC(X , w) if
for any compact set K C X and for any & > O there is a § > 0 such that for any Borel
set B C K, it holds that

w(B)y<sé = sup/|f|du<8. “4.2)
feFJB

A metric space is proper if closed balls are compact.

Lemma 4.1 Ler X be a proper metric space with a Borel measure (1 satisfying (1.1)
and (3.21). Let F C Llloc(X, W) be a family of functions which is locally uniformly
bounded and locally uniformly absolutely continuous. Then the family of functions

F={f, € C(X): f € F}, where
Jr(x) :]L F»du(y), (4.3)
By (x)

is locally uniformly bounded in C (X) and locally uniformly continuous.

Proof Because the balls B,(x) are precompact, the functions f, in (4.3) are well
defined. Because u({y € X : d(x, y) =r}) = 0, the characteristic function of B, (x)
converges (-a.e. to the characteristic function of B, (xp), as x — xo, for any xo € X.
By the theorem of dominated convergence, we then have

lim fMdu(y) = / fduy).

¥ JB,(x) By (x0)

In particular, x — w(B,(x)) is continuous (and positive). It follows that f, € C(X).
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Let K C X be a compact set and let K, = {x € X : dist(x, K) <r}. The set K, is
also compact. Letting
1

Ci =max ——,
' XK (B, (x))

C> = sup / | fO)|dr(y) < oo,
feFJK,

we have | f(x)| < C{C», for any x € K and f € F. Thus F, is locally uniformly
bounded.
On the other hand, for any x, xg € K

1 1
s d
11(B, (x)) M(Br<xo>>}/3,<m3,<xo>|f W dro)
|4(Br (x)) — By (x0)))
w(Br (X)) (Br(x0))  JB,(x)NB:(x0)

§C1/ | fD)|dr(y)
B, (x)AB, (x0)

+ C1Ca | (Br(x)) — p(By (x0))

where B, (x)AB,(xg) = B,(x) \ B(xg) U B,(xg) \ B(x) denotes the symmetric dif-
ference of sets.

The function m : X x X — [0, 00), m(x, xg) = u(B,(x)AB,(x0)) is continuous
and thus uniformly continuous on K x K. Moreover, m(xg, xo) = 0. Thus, for any
8 > 0 there is an n > 0 such that d(x, x9) < n implies m(x, xg) < 8. By (4.2), for any
given ¢ > 0 we have

|fr(x) - fr(x0)| = max{

| F )| di@y)

, 4.4)

sup f | fO)|duy) <e (4.5)
feF J B (x)AB(x9)

as soon as d(x, xp) < n and n > 0 is small enough. By (4.5) and (4.4), F; is uniformly

continuous on compact sets. O

Let us recall our notation, with f € L?(X, u) and r > 0,

Qr,p(f)=fX]L ( )|f(X)—f(y)|pdu(y)du(X)~

Theorem 4.2 (Compactness) Let (X, i) be a proper metric measure space satisfying
(1.1) and (3.21). Let 1 < p < oo and let F C Lf:)C(X, W) be a set of functions such
that

(i) F is uniformly bounded in Ll'z)c (X, w); moreover, if p = 1 assume that F is uni-
formly absolutely continuous;
(ii) there exists a function g € LP(X, ) such that liminf, jor =7 Q, ,(g) < 0o and

forall 0 <r < 1 it holds that
sup Oy p(f) < Q1 p(8). (4.6)
feF

Then F is precompact in Ll’z)c(X, w.
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Proof Let K C X be a compact set. The assumptions in Lemma 4.1 are satisfied.
The set F, = {f € C(K) : f € F} is then equibounded and equicontinuous, and by
Arzela—Ascoli’s theorem, F; is totally bounded with respect to the max norm and
then with respect to the L” (K, 1) norm.

We claim that

liminf sup || f — fllLr(k,) =0. 4.7
0 feF

This follows from (ii):
4
/Ifr—fl”du=/ ‘]L (fO) = f@))du(y)| du(x)
K K VB, (x)
< / ][ 7G) = £ dpy) dp(o)
K J By (x)

< / ]ﬁ 180 — 8|7 du(y) dp(o),
XJ By (x)

the inequality holding for any 0 < r < 1. This implies (4.7).
Finally, by a standard argument from (4.7) it follows that F is totally bounded in
LP(K, p). O

5 Examples
We describe some examples of reflection, Steiner, and Schwarz systems.
5.1 Banach Spaces

Let X = Z @& V be a real vector space, where V is a 1-dimensional subspace of X.
We may then decompose x € X as x =z + v foruniqueze Zandv e V.On V we
fix a total ordering. Let o : X — X be the map o(x) =0(z+v) =z —v,and let || - |
be a norm on X such that

lox|| = |lx]] forallx e X. .1

Letusdefinethesets H=Z, H ={xeX:x=z+v,z€Z,v<0},and H" =
(xeX:x=z+v,z€Z,v>0}). Weclaimthat R={H~, H, H', o} is areflection
system of X with the distance induced by the norm || - ||.

Let v € V and z € Z. The function 9 (¢) = ||z + tv|| is nondecreasing for ¢ > 0. In
fact, for 0 <t < s we have

—1
=0z — 1)+ (1 — o)z +sv), Withc;:S? (0, 1),
S

and therefore, also using (5.1), we have
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@) =lz+r| =ollz—tv|+ A —o)llz+sv| =00 (1) + (1 —0)P(s),

which implies 9 (1) < 9 (s).

We can now prove (2.2) and, namely, that ||[x — y|| < ||x — oy| for all x,y €
HUHT. Lletx=z1+tvandy=2zy+nrvbein HY UH,i.e., t1, 1 > 0. From the
previous observation along with the trivial inequality |t; — 2| < #; + #; and (5.1), it
follows that

lx =yl =|zi =22+ |t = 2lv| < ||z1 =22+ (11 + )v| = lx — oyl

We specialize to the following situation. Let us factorize R" = R™ x R"~", for
some 1 <m <n. When m = n we agree that R"~" = {0}. Let G = O(m) C O(n) be
the group of orthogonal transformations of R” fixing the R"~™ factor. Let || - || be a
norm in R” such that ||y x| = ||x|| for all x € R" and y € G. We endow R”" with the
metric space structure induced by this norm.

Let v € R™ x {0}, v # 0, and denote by H the hyperplane orthogonal to v. We
have a natural partition R” = H~ U H U H™ and a natural reflection ¢ with respect
to H. As noted above, R = {H—, H, H™, o} is a reflection system. Let 7, : R” — R”
be the translation 7,x =x +tv,t € Rand x € R". T = {t;};cRr is a 1-parameter group
of isometries. We have R"/T = H and R"/I" = {0} x R*™  where I" = I'(T, G),
the group generated by T and G.

We claim that the projection 7 : R* — R”/I" induces a Schwarz system of R”"
with the norm || - ||. It is elementary to check that the representation (3.14) for the
orbits holds. As a consequence, condition (3.12) also holds. We check (3.13). Let
x,yeR"/I'={0} x R"™ and z, w € I, =R™ x {y} be such that z = y +tyv and
w=y+sév,t,seRand y,£& € G.If |x — z|| < ||x — w] then by (5.1) we have

ly—x+tvll=lly —x+ryvll <lly —x +sévl=Ily —x +sv],
which implies || < |s|. This in turn implies
Iz =yl =llzyvll = lzllvll < Isllivll = lls§vll = [lw — ylI.

The Fubini-Tonelli theorem provides a disintegration along I" of the Lebesgue
measure £" in R” and a regular rearrangement system. Theorems 3.6 and 3.7 apply
to the metric measure space (R”, | - ||, £™"). Within this setting, integral differential
quotients as in (1.3) are studied in [32].

5.2 Hyperbolic Space

Let H" = {x € R" : |x| < 1} be the n-dimensional hyperbolic space, n > 2, given in
the ball model. In the sequel, | - | and - denote the standard norm and inner product
in R". The metric d is defined via the identity

2lx —y?
(I=1xPHA =y’

coshd(x,y) =1+ x,y € H". 5.2)
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In the coordinates x = (x1, ..., x,), let

H_={er":x1<0}, H={x€H”:x1=0},

HT = {er" : X >0}.
The mapping ¢ : H* — H", o(x) = (—x1, x2, ..., X,) is an isometry such that Q2 =
Id and oH" = H~. By formula (5.2), condition (2.2) holds. This also follows from

the remark in Example 2.2. Then R ={H ", H, H *, 0} is a reflection system.
For any b € H", the mapping 7, : H" — H"

1 —|b? Ix|2+2x-b+1
X
|b2|x|2 +2x - b+ 1 |bI2|x]24+2x-b+1

Tp(x) =
is a hyperbolic isometry, called translation by b. With e; = (1,0, ..., 0), we also let

1—12 N |x|2+2tx1+lt el 53
X e, —1,1). .
12|x|% + 2tx; + 1 2P+ +1

T (x) =

Then T = {t;};e(—1,1) is a 1-parameter group of isometries

s+t
1+ st
The quotient is H" /T = {x € H" : x; = 0} = H. We claim that (R, T') is a Steiner

system. Trivially, for any 7 € T and x € H"/T we have t~'x = p7x. This is (3.9).
We check (3.10). For x, y e H" /T let ¢ : (—1, 1) — [0, 00) be the function

T =Ty, Withu= ands,t € (—1,1). 5.4

ix =y 202y PP + =y
(I = lzxH(1 = [y (=)A= xHA = [y»
The second identity can be checked by a short computation based on (5.3). It holds
that ' (¢) > 0 for t € (0, 1) and, by (5.2), this implies (3.10).
The hyperbolic measure on H” is, up to a positive multiplicative constant,
. 1
A=y

v(t) =

n
’

n
where L£" is the Lebesgue measure on R”. A disintegration of u along T is provided
by the construction given in Example 3.10. We describe explicitly the disintegration
in dimension n = 2. Let f : H?> — (—1, 1) be the function

2x2
1—|x|?

f(x)=h( ) x = (x1,x) € H?,
where h : R — (—1, 1) is the function A(s) = s/(1 4+ +/1 4 52). The level sets of f
are the orbits of 7. Namely, for any x = (0, x3) € H it holds that f(7;x) = x, for all

t € (—1,1). For any Borel set E C HZ, by the standard coarea formula we have

1 1 |
D= awm ™= dH'(x)do, (5.5
e /E(l—|x|2>2 ' —/—1/{f—o}ﬂE A= Pyv oo W de O
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where H! is the standard length measure and |V f (x)| is the standard length of the
gradient of f. By an elementary computation, we have |V f(x)| = | f(x)/x2]|. Using
this piece of information and integrating along orbits in the set of parameters ¢ €
(—1, 1), we finally obtain the disintegration

1 2
l+o 1
E)= dtdo, 5.6
n(E) _1(1_02)2/&71_# (5.6)
where E; = {t € (—1,1) : 7,(0,0) € E} denotes the section of E with the orbit, at
the parameters level. The measure dju, = ]j—tzd t on the orbit is in fact independent

of o: it is the Haar measure of (—1, 1) with the group law (5.4).

We describe now examples of Schwarz system. The arguments rely upon elemen-
tary facts of hyperbolic geometry. Let 1 <m <n and for x € {0} x H"™, 0 € H",
let Iy = 7, (H™ x {0}), 0 € H"™*, be the translation by x of the copy of H™ sitting
inside H". We have a foliation I" of H": H"/I" = {0} x H"™" and

H" = U I,

xeHnr/r

The foliation is obviously given by a continuous projection 7 : H" — {0} x H" ™.
We claim that I” is a Schwarz system of H".

Let x,y € {0} x H"™™ and z, w € I'y be such that d(z, x) < d(w, x). We claim
that d(z, y) <d(w,y). As 7_, maps {0} x H"™" into itself, we can without loss of
generality assume that y = 0. The claim then follows from the equivalence

lz —x|? lw —x]?
I=1xPA =1z =~ A =[x = [w?)

<zl = 1wl

that holds for all z, w € H” x {0} and x € {0} x H"~™. This proves (3.13).

The proof of (3.12) is elementary. Given z, w € H", z # w, let H be the “hy-
perplane” through O orthogonal to rz_lw € H". Let o be the reflection with re-
spect to H. We have rz_lw = tv for some v € R?, |v] =1, and ¢ € (0, 1). Let
s € (0, 1) be such that 1322 =t. Then the conjugation of H and o with t,7s,, namely
H= T, T H ‘L';}l rz_l andp =T, rsvgtsj)l rz_l, provides the required reflection system.
Then Theorems 3.6 and 3.7 apply to the hyperbolic space with its measure.

We describe the disintegration of the hyperbolic measure p along I" in the case
n =2 and m = 1. This configuration represents a kind of “Steiner rearrangement”

dual to the one discussed above. Let f : R> — R be the function f(x) = IXZIZ%’

x = (x1, x2) € R%. For any s € (—1, 1), we have

{er2:f(x): }:rs({O}x(—l,l)).

s
1+ 52
Starting from the formula (5.5), by the change of variable o = 25/(s> 4 1) we obtain

1 1 _SZ
W(E) = 2/ /
1 1452 Jipoas 24 0ne (L= 1xD2V f(x0)]

dH' (x)ds.
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We compute |V f(x)| and we express the inner integral in parametric form along the
curve t — 74(0, t). The details are omitted. We obtain the formula

| 1+1¢2
E) = dtds,
w(E) /_ll—sZ/Es A

where E; = {t € (—1, 1) : 75(0, t) € E}. This is the formula dual to (5.6).

5.3 Sphere

The standard sphere " = {x € R"*! : |x| = 1} is also rich in reflection, Steiner, and
Schwarz systems. This example is well known and motivated the general theory on
polarization (see [3] and [5]).

5.4 Grushin Plane
Consider the vector fields in R?

X 9 d X |x1] 9
=— an = |x1|—.
! 0x1 2 ! dx2

A Lipschitz curve y : [0, 1] — R? is admissible if y =h1X1(y)+h2X,(y) for func-
tions A1, ho € L'(0, 1). We define the length of an admissible curve y as

1
L(y):/o (o) dr.

where h = (h1, hy). We can then define a distance d on letting, for x, y € Rz,
d(x,y) =inf{L(y) : y € Lip([0, 1]; R?) admissible, y (0) = x, y (1) = y)}.

Then (R?, d) is a metric space known as the Grushin plane and the mapping o is an
isometry. In fact, if y is an admissible curve joining x to y, then g o y is an admissible
curve joining px to oy and moreover L(y) = L(pooy).

Let H- ={xeR?:x, <0}, H  ={x e R? : x» > 0}, and H = {x € R? : xo, = 0}.
Then R = {H~, H, H", o} is a reflection system of (RZ, d). Condition (2.2) holds
by the remark in Example 2.2.

Now let T = {t;};er be the l-parameter group of vertical translations 7,x =
(x1,x+1), x € RZ. We may identify RZ/T = H and the orbits T, x € H, are
vertical lines. We claim that (R, T') is a Steiner system of (R?%, d). We check (3.13).
If d(x,z) <d(x,w) for some z, w € Ty and x, y € H, then we have |z2| < |wz|. This
in turn implies that d(y, z) < d(y, w) The proof of these facts is an easy exercise.

The standard reflection with respect to the x;-axis also defines a reflection sys-
tem of (R2, d). In this case, however, there is no 1-parameter group of translations
compatible with the reflection system, i.e., yielding a Steiner system. For this reason,
P6lya—Szeg6 inequalities for the xj-rearrangement of functions and sets are more
difficult. See [26] and [27] for some results in this direction.
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5.5 Sub-Riemannian Heisenberg Group

The following examples are of particular interest. In spite of the fact that condition
(2.2) is violated, a substantial part of our rearrangement theory can be carried out in
these cases, for functions and sets enjoying a suitable symmetry. This point of view
is developed in Sect. 6.

Let H* = C" x R be endowed with the group law

(2.0 % (. 1)=(z+ ¢t +7+2Im(z- 1)),

where we let z - E = zlgzz + -4z g:n. H" with this group law is known as the
Heisenberg group. Let z = x 4 iy, with x, y € R". The vector fields

d d d d .
Xj=_+2yj5a Yj ——ZXJ‘E, ]:1,...,}’1,

3)6]' - ax]'
span a 2n-dimensional left invariant distribution H, called horizontal distribution.
A Lipschitz curve y : [0, 1] — H" is horizontal if y(s) € H(y (s)) for a.e. s € [0, 1].
Fix on H the left invariant metric that makes X, ..., X,, Y1, ..., Y, orthonormal,
and let |y | denote the length of y in this metric. The length of y is then by definition

1
L(y)= / |y ()| ds.
0
The distance between the points (z, 1), (¢, 7) € H" is

d((z.0), (¢, 1)
=inf{L(y) : ¥ € Lip([0, 1]; H") horizontal, y (0) = (z, 1), y (1) = (¢, 7)}.

Then d is a metric on H", called the Carnot—Carathéodory metric.

Let us introduce two different types of what we may call “reflection system with
symmetry”: the horizontal reflection system and the vertical reflection system with
symmetry.

We start with the horizontal reflection system. Let H, H~, H™ be the following
subsets of H":

H={(z,)eH":t=0} and H*={(z,1) eH":£r >0}, (5.7)

and let o : H" — H" denote the mapping
0(z,1) =(z, —1), (5.8)
where 7 = x + iy = x — iy, with x, y € R”. The mapping o is an isometry of (H", d)
that maps H* to H~ and such that o> = Id. This follows from the following ob-

servation: a curve y is horizontal if and only if o o y is horizontal, and moreover
L(y) = L(ooy). The isometry o, however, does not satisfy condition (2.2).
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A first attempt to overcome this problem is to consider the mapping ¢ o o, where
o :H" — H" is the “symmetry” defined by

o(z,t)=(z,1), (z,1)eH". (5.9)

The mapping o is not an isometry of H” and, moreover, o o ¢ does not satisfy
condition (2.2), either. In fact, we have d((z,1), (¢, 1)) <d((z,1), (¢, —1)) for all
(z,1), (¢, 7) € HT such that 7z = a¢ for some o € R. If z and ¢ are not collinear,
however, the inequality needs not hold.

In particular, R = {H~, H, H", 0 o ¢} is not a reflection system of H” with the
Carnot—Carathéodory metric. However, it is a reflection system of H” with the Eu-
clidean metric. This makes possible a rearrangement argument for sets and functions
that are o-invariant (see Sect. 6). We call R = {H~, H, H", 0, o} a horizontal re-
flection system of H" with symmetry o .

Now we pass to vertical reflection systems with symmetry. In this case, we let

H={(z,t)eH":Im(z)) =0},  H*={(z,1) eH":£Im(z)) > 0}.
The isometry g is the one in (5.8). The symmetry o : H* — H" is in this case
oz, )= (21,22, -2 Zn, —1), (z,1) eH". (5.10)

The same considerations as above apply to this situation. Wecall R={H~, H, H +,
0, 0} avertical reflection system of H" with symmetry o .

6 Rearrangements in the Heisenberg Group

In this section, we consider the Heisenberg group H" with the Carnot—Carathéodory
metric introduced in Example 5.5. The notions of horizontal and vertical reflection
system with symmetry ¢ are introduced in the same example. The results proved in
this section hold in the following more general framework: the horizontal or verti-
cal reflection system with symmetry is conjugated by some isometry of H”. Precise
statements can be easily deduced from the basic results.

The horizontal Sobolev space WI]{’p (H"), 1 < p < 00, is the set of all functions
f € LP(H") such that the distributional derivatives X1 f, ..., X, f, Y1 f,..., Y, f are
in L? (H"). Moreover, we let

Vaf ()| dzdt = X;f@ )+ f .0 P dzdr.
H)l | \ HVL
j=1

For any locally integrable function f : H" — R let

|V fI(H")

=Sup{/EfZ{X ¢ +Y;y;}dzdt 1 ¢, ;€ CL(H") Z¢.+1//]251
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The space BVg(H") = {f € L'(H") : |Vrf|(H") < oo} is the space of functions
with finite horizontal variation.

When f = xg is the characteristic function of a measurable set £ C H"?, we let
[ogE|(H") = |Vaxe|(H"). If [0gE|(H") < oo we say that E has finite horizontal
perimeter in H”.

The characterizations (1.6) and (1.8) of Sobolev and BV norms with infinitesimal
integral difference quotients are proved in [32]. For R ={H ", H, H", o, o'} vertical
or horizontal reflection system with symmetry o, the two-points rearrangement of a
function f : H" — R is defined in (2.3). The function f is o-symmetricif f = foo.
For o -symmetric functions, the two-points rearrangement reads as follows. When R
is the horizontal reflection system we have

max{f(z,1), f(z,—t)} ift>0,

fRG. 1) = {min{f(z,t), fz, -0} ifr<0.

When R is the vertical reflection system we have

max{f(z,1), f(Z1.22, ..., 20, 1)} ifIm(z)) =0,

fR(Z9t) = {min{f(z, t), f(217z27 ey Zns t)} lfIm(Zl) < 0.

6.1 Two-Points Rearrangement

Theorem 6.1 Let R be either a horizontal or a vertical reflection system of H" with
symmetry o and let 1 < p < co. For any o-symmetric function f € C Ll (H") we have

fr € W}ll’p (H™) and moreover
/ \Vﬂfn(z,zw’dzdzg/ |Va £z, 0)|" dzdt. (6.1)
H" H"
Proof With abuse of notation, we denote points of H” by x, y. Forany 0 <r < 1 let

0, (f) = / 100 = £O) 7 Cx y) dx .
H" xH"

where

ifd(x,y) <r,

1
Xr(x,y) = { .

otherwise.

Here, d stands for the Carnot—Carathéodory metric and B,(x) denote Carnot—
Carathéodory balls. Notice that £2"+1 (B, (x)) = r>"t2£>"*1(B;(0)) is independent
of x.

Let L denote the Lipschitz constant of f with respect to the Euclidean metric:

L= Lip(f) = sup LR =IO

(6.2)
#y |)C - y|
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Let

K ={(z,t) eH":|Re(z})| < R,

Im(zj)| <R, [t| <R, i=1,....,n}  (6.3)

be a compact cube centered at 0 and with axes parallel to the coordinate axes and
such that

distg (H" \ K, supp(f)) = 1. (6.4)

Here, distg stands for the Carnot—Carathéodory distance. Condition (6.4) holds if
R > 0 is large enough. By a well-known estimate, there exists a constant Cx > 0
such that

|lx —y| <Ckd(x,y) forallx,y€K. (6.5)

Let H be the reflection hyperplane of R = {H~, H, H, 0,0} and let (H N K),
denote the C r-neighborhood in the Euclidean metric of H N K in H?, and namely:

(HNK), ={x eH" :dist(x, HN K) <rCg}.

Here and hereafter, dist stands for the Euclidean distance. We claim that for any
0 <r <1 we have

Q1 p(fR) < Q. p(f) +2LPCErP L2V (H N K),. (6.6)

Because
lim £t (H N K), =0,
rl0
the claim (6.1) follows from (6.6), by formula (1.6) (which also holds for p =1 for

smooth enough functions).
We prove (6.6). As in the proof of Theorem 2.8, we have

Qr,p<f>=// (£ — FOI + £ @x) = Fo) | 1xr(r. y) dx dy
HtxHTt

+/fH+ H+{|f(x)—f(9y)|”+|f(9x)—f(y)l”}xr(x,é?y)dxdy-

In the latter integral we perform the change of variable y = o z. Using the symmetries
f(eay) = f(ey) and f(oy) = f(y) we obtain

0 p(f) = / / O(f:x. y)dxdy,
HtxHT

where we let
O(fix, ) ={|f @)= fO|" +|flex) — flen)| }xr(x, )
+{| £ @) = flen|” +]|fex) = fFD| }xr(x, 00y).

Let x, y € HT. We have the following four cases:
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(1) d(x,y) >randd(x,00y) >r;
(2) d(x,y) <randd(x,o0y) <r;
(3) d(x,y) <r <d(x,00Y);
(4) d(x,00y) <r <d(x,y).

In the proof of Theorem 2.8, we had no case (4). In the cases (1), (2), and (3) we have
Q(frR:x, ¥) = Q(f:x,y). (6.7)
The proof is the same as in Theorem 2.8. We study case (4). Let
E, = {(x, yeHYx HY :d(x,00y) <r <d(x, y)}.

If (x,y) € E,, we have

O(f;x, ) ={|fx) = flen|” +|fx) — FO|"}xr(x, 00y).

The function fr is o-symmetric. Moreover, fr is the Euclidean two-points re-
arrangement of f with respect to the hyperplane H. By (2.4), we have Lip(fr) <
Lip(f) = L. In particular, we have fr € Wlli"" (H™), trivially. By (6.5), we have

| R = frey)| = |fR(X) — frl0oy)|
<Llx —goy| < LCkd(x,00y) < LCkr,
and analogously | fr (0x) — fr(¥)| < LCkr.
By (6.4) we may assume that x, y € K. In fact, if x e H" \ K (or y e H" \ K) and

d(x,00y) <r <1, we have

fx)=flox)= floy)= f(y) =0,

and thus Q(fr; x, y) = 0. On the other hand, if d(x,00y) <randx,ye Ht NK,
we have

dist(ox, H N K) =dist(x, HNK) < |[x —opy| < Cgd(x,00y) < Ckr.

Then we have

fEQ(fR;x,y)dxdy
< / / () — fr@n|” + | frlex) — FRO|" 1xr (v, 0oy) dy dix
(HNK), JH+

< 2LPC,’§rP/

f Xxr(x,00y)dydx
H+tN(HNK), JH*

<2LPCRrP LN H N K,
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and finally
/ O(fr:x. y)dxdy
HtxHt
-/ O(frixndrdy+ [ O(frix ydrdy
H+txHH\E, E,
5/ O(f;x, y)dxdy +2LPCRrP L2 TN (H N K),.
H+txH*

This is (6.6). O

We extend Theorem 6.1 to the case of Sobolev functions in WII{’p (H™) and to sets
with finite horizontal perimeter. We need the following density theorems which are

proved in [18], in a more general framework. For any f € Wlli’p H", 1< p<oo,
there exists a sequence f; € C'(H") N WIII’p (H™), h € N, such that

lim || fp— fllp= lim [Vafp — Vufll, =0. (6.8)
h—o00 h—o00

This is Theorem 1.2.3 in [18]. The functions f;, are obtained as convolutions of the
form

fs(x)=/Hn FJe(x = y)dy, &>0, xeH",

where J,(x) = ¢2"1J(|x|/¢) is a standard approximation of the identity and |x|
denotes the Euclidean norm of x € H” = R*'*! If f is o-symmetric with o as in
(5.9) or (5.10), then also f; is o -symmetric. Multiplying each fj by a suitable cut-off
function, we may then assume that the functions f}, in (6.8) are compactly supported
and o -symmetric, if f is o-symmetric.

Analogously, for any f € BVy(H") there exists a sequence f;, € C'(H") N
BVg(H"), h € N, such that

Bim [l fy = fli=0 and lim |Vafyl(H') = [VafI(H').  (69)

This is Theorem 2.2.2 in [18]. The functions f; may be assumed to be compactly
supported and o -symmetric, if f is o -symmetric.

Corollary 6.2 Let R be either a horizontal or a vertical reflection system of H" with
symmetry o .

(i) Let 1 < p < o00. For any o-symmetric function f € WI}I’p (H") we have fr €
Wl}I’p (H™) and moreover

/IVHfR(z,t)I”dzdtff |V s (z, 0| dzd. (6.10)
H" H"



1708 R. Monti

(ii) For any o-symmetric function f € BVg(H") we have fr € BVg(H") and more-
over

IVafrI(H") < |Va fI(H"), (6.11)

where fr is the two-points rearrangement of f .

Proof This follows from Theorem 6.1, on using the approximation in (6.8) and (6.9).
The proof is elementary and we skip the details. g

6.2 Vertical Steiner Rearrangement

Let R={H~,H, H",0,0) be the horizontal reflection system with symmetry in-
troduced in Example 5.5; in particular, we have H = {(z,t) € H" : t = 0}. We prove
some theorems on the Steiner rearrangement of sets and functions in the 7-coordinate.
We call this procedure vertical Steiner rearrangement. So the vertical rearrangement
corresponds to the horizontal reflection system.

The mappings 7, : H" — H", s € R, 7,(z, 1) = (z, t + ) form a 1-parameter group
T = {t}ser of isometries of H”. We may identify the reflection hyperplane H with
H"/T. The orbits are vertical lines 7, = {(z, 1) e H" : t € R}, z € C", and the projec-
tionw:H*—- H"/T = H, n(z,t) = (z,0), is continuous.

The natural disintegration of the Lebesgue measure £>"! along the orbits T} is
given by the Fubini—Tonelli theorem. For any measurable set £ C H” we have

L2 (g = / LYENAL™ (),
H

where E, = {t e R: (z,t) € E}, z € C". For any measurable set E C H" with finite
measure, we call the set

E*={(z,1) eC" x R:2Jt| < LI(E)},

the vertical Steiner rearrangement of E. Analogously, for any measurable, rearrange-
able function f : H" — [0, 00), we call the function

o
ren= [ ayer@nds @oel
0
the vertical Steiner rearrangement of f.

Theorem 6.3 Let f € Wlli’p (H™"), p > 1, be a nonnegative, o -symmetric function
and let f* be the vertical Steiner rearrangement of f. Then f* € WI}I’p H") and

f \va*(z,t)}”dzdtg/ |Vif(z,0)|" dzdt. (6.12)
Hﬂ H)l

Proof We follow closely the proof of Theorem 3.6. For the reader’s convenience, we
repeat some of the details.
Step 1. Let us first assume that f € Ccl. H").
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Asin (6.3), let K C H" be a compact cube centered at the origin with axes parallel
to the coordinate axes and containing the support of f. Let A(f) be the family of all
nonnegative, o -symmetric functions g € L” (H") such that

Q) LYg > s}, = LY f > s}, for LP"-ae.z€C", s >0; (6.13)
(i) g(z,1) =0 forall (z,1) e H" \ K; (6.14)
(i) IVaglly < IVafllp. (6.15)

The set A(f) is uniformly bounded in Wll{’p (H") and boundedly supported. By the
compactness theorem in [21] (see Sect. 4), A(f) is compact in L?(K). The closure
of A(f) can be shown as in the proof of Theorem 3.6 and we skip the details.

The functional J : A(f) — [0, o0)

J(g)z/ lg(z,t) — f*(z.0)| dzdt, (6.16)
Hn

achieves the minimum at some f € A(f). There are two cases: (1) J( f ) =0;
(2) J(f) > 0. In the first case, we are finished. On the other hand, the case J(f) > 0
may not occur. The proof of this fact is the same as in Theorem 3.6. We sketch the
argument below.

If J(f) > O there exists a § > 0 such that, letting A = {f > 8} and B = {f* > 8},
we have L2 (AAB) > 0. The same argument after (3.29) proves then the existence
of some z € C", t_,ty € R,and n > O such that (z,7_) € A\ B, (z,t+) € B\ A and

1
L2 (Uy(@ 1) VAN B) > 2L Uy (2, 10)),

| (6.17)
LUy (z, 1) N B\ A) > 552"“ (Un(z,14)).

Here, U)(z, 1) is the Euclidean ball centered at (z, 1) € H" = C" x R with radius 7.
Lett=(—+13)/2, H=uH, H =tH ", H  =1,H™, and let ¢ denote the
standard (Euclidean) reflection w.r.t. H.Let fR be the function defined as follows

- max{f(z,1), f(@(z. 1)} if (z,1) € HT,
fr@D=y - . -
min{f(z,1), f(0(z, 1))} if(z,r)e H™,

and fR f on H. By a straightforward generalization of Corollary 6.2, this func-
tion satisfies ||VHfR||p < ||VHf||p < IVafll p. Moreover, the function g = fR is
o-symmetric and satisfies (6.13)—(6.14). Thus fR is an element of A(f). Finally,
assumption (2.23) of Theorem 2.11 holds by (6.17) and f = f*. The proof of the
last statement is as in Theorem 3.6. Therefore, we have

J(ffz)szn |fk—f*|pdzdt=/m | Fr — ol dzde
</Hn |f = f*|" dzadt = J ().

This contradicts the minimality of f.
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Step 2. We prove the theorem for any nonnegative, o-symmetric function f €
Wy ? (HY).

The proof is by approximation. Let (f,)nen be a sequence of nonnegative, o -
symmetric functions f, € C Ll (H™) such that (6.8) holds. We can also assume that
fn(z,t) = f(z,1) as h — oo for £L2"Tl-ae. (z,1) € H". It follows that for £"-
a.e. z € C" and for all but a countable set of s > 0 it holds that

hlim LY ({fn > s} Af > s)2) =0. (6.18)

The proof of this claim is analogous to one in Theorem 3.6. We skip the details.
By the Step 1, we have

/IVHf,:(z,t)V’dzdzs/ Vi fu(z, 0)|” dzd.
H" H"

It follows that, up to a subsequence, the sequence (f;)nen converges weakly in
Wfll’p (H") to a function g such that

/ |Vug(z. 1)|” dzdt fliminf/ |V £ (z, )| dzdt.
H” h—oo Jgn

We may also assume that f — g L2 F1ae. in H'. We claim that g = f*.
We preliminarily prove that for £*"-a.e. z € C" and for all but a countable set of
s > 0 it holds that

hlim L' ({fr > s} Mg > s):) =0. (6.19)

First notice that for £%*-a.e. z € C" and for all but a countable set of s > 0 we have
L'{g = s}, = 0. Moreover, the functions ¢ > fi(z,t) and t — g(z,t) are even and
non-increasing for ¢ > 0. The sets I,(z,s) = {f > s}; and I(z,s) = {g(z,1) > 5},
are therefore essentially symmetric intervals, I;(z,s) = (—ap,ap) and I(z,s) =
(—a, a) for some a, aj, > 0. Using the pointwise convergence and £!{g = s}, =0, it
is elementary to show that a, — a as h — oo. This proves (6.19).

From (6.18) and (6.19), we deduce that

LYg > s}, = lim LY fr> s}, = lim LY fi > s}, =LY > s)..
—00 h— o0
This implies that g = f*, and the proof is finished. g
In the sequel, let |o0gE| = [0g E|(H") denote the horizontal perimeter of E in H".
Theorem 6.4 Let E C H" be a o-symmetric set of finite measure and finite H-

perimeter and let E* be the vertical Steiner rearrangement of E. Then E™* is of finite
H-perimeter and

|onE*| <|9HE]. (6.20)
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Proof The proof is a repetition of the one of Theorem 6.3. We sketch a few details.

Step 1. We claim that for any f € CC1 (H") with || flloo < 1 we have | Vg f*|(H") <
Vi fI(H") .

Asin (6.3), let K C H" be a cube centered at the origin and containing the support
of f.Let A(f) be the set of all nonnegative, o-symmetric functions g € L' (H") with
llglloo <1 and such that

() L' {g>s),= L} {f > s}, for LY ae.zeC" s>0;
(ii) g(z,t) =0forall (z,1) e H' \ K;
(iii) |VHg|(Hn) < |VHf|(Hn)-

The set A(f) is compact in L?(K). The functional J : A(f) — [0, co)
J(g)=/H g0 — f* @ 0| dzdt,

achieves the minimum at some f € A(f). The case J( f ) > 0 may not occur. The
proof is the same as in Theorem 6.3. Here, we use Corollary 6.2, part (ii).

Step 2. The proof of the theorem is a line-by-line repetition of the Step 2 of The-
orem 6.3. Here, we use the approximation (6.9) of the characteristic function of E
with a sequence of smooth functions for which we may use Step 1. 0

Example 6.5 Theorem 6.4 does not hold if we drop the o-symmetry of the set. We
construct a set E C H' such that its vertical Steiner rearrangement E* satisfies

|onE*| > [0uE)|.

The set E is the left translation of a cylinder.
Let D ={z € C: |z| < 1} and define the horizontal area of the graph of a Lipschitz
function f: D — R as

2 2
Au(f) = / \/(z—f - Zy) + <% + 2x> dxdy. (6.21)
D x dy

This area is the horizontal perimeter of the epigraph of f inside the cylinder D x R.
Formula (6.21) is a special case of the formula

|0nE| =/ VX 02+ (Y - v)2dH?, (6.22)
E

for a bounded open set E C H!' = R3 with Lipschitz boundary. Here, v is the unit
normal to the boundary, - is the standard scalar product of R3, and 2 stands for the
standard 2-dimensional Hausdorff measure in R3.
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Fix a real number ¢ > 0 and, for a,b € R, let f,, be the affine function
fab(x,y) =ax + by + c. The horizontal area of the graph of this function depends
only on the parameter s = ~/a? + b2, and namely, by (6.21),

1 p27
AGs) = An(f) = f / VST drssind £ 4240 rdr, s> 0.
0J0

The derivative in s of the function A is

1 p27 :
2 0
A/(s):// S+ 2rsin dordr, s>0,
0Jo /s2+4rssin® + 4r2

and, in particular, we have A’(0) = 0. The second derivative is

. L2 4r3 cos? ¥
A" (s) = - dodr >0, s=>0.
0Jo (s> +4rssing +4r2)3/2

Then A’ is strictly increasing and thus also A is strictly increasing for s > 0.
Now let C, 5 C H! be the cylinder

Ca,;,z{(x+iy,z‘)EH1 :x+iye D, |t —ax —by| <c}.
We claim that for all a, b € R we have
10aCo,0l < [9HCa,pl

with equality if and only if a = b = 0.
We start from the following identity

100 Cap| = 2AH(fup) + H2(OD x RN ICyp), (6.23)

which easily follows from (6.22). By the Fubini—Tonelli theorem, H2(OD x RN
0Cq4 p) =4mc is independent of a, b. The claim follows.
Now let p = (z9,0) € H' be a point such that zo # 0 and let

E=p*Coo={(zneH" :|z—z <1,|t —2Im(z02)| < c}.

The vertical Steiner rearrangement of E is the cylinder
E*={@ el z—zl<L, |tI<c}=p*Cap

for suitable a, b € R that satisfy a + b* # 0, because z # 0. By the left invariance
of the horizontal perimeter and by the discussion of the equality case in (6.23), we
have

|0nE*| = [0uCa,b| > [0uCo,0| = |0 E]|.
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6.3 Circular Rearrangement

Let R ={H ,H,H", 0,0} be the vertical reflection system with symmetry in-
troduced in Example 5.5. In particular, we have H = {(z,t) € H! : Im(z)) = 0},
o(z,t)=(z,—t),and o (z,t) = (21,22, ---,2n, —1), (z, 1) € H".

For any s € S! = {s € C: |s| = 1} let 7, : H* — H" be the mapping 7,(z, ) =
(521,22, ...,2n,t). Then T = {75}, is a 1-parameter group of isometries of H"
with the Carnot—Carathéodory metric. We may identify

H"/T ={(z,1) e H" : Im(z;) =0,Re(z1) > 0} C H.

The orbits T, ; = {(sz1,22,..., 20, 1) e H" : 5 € Sl} are circles and the projection
. H'—-H"/Tisn(z,t) =(z1l,22, .+ 2n,1).

The natural disintegration of the Lebesgue measure £2**! is given by cylindrical
coordinates. For any Borel set E C H" we have

L2NE) = HYE, )dL™(z,1),
H"/T

where E, , = E N T, is the section of E with the orbit of (z,¢) € H"/T. Here, H!
is the standard 1-dimensional Hausdorff measure in R2*+1.
For any (z,t) e H"/T we let

Ef, ={(sz1.22,.... 20, ) eH" i s eS', Re(s) > 50}

where sg € [—1, 1] is the unique real number such that H! (E7 )= H! (E;1). We call
the set

= |J E, (6.24)
(z,t)eH"/T

the circular rearrangement of E. This definition is a special case of (3.6). Analo-
gously, for any nonnegative, measurable (rearrangeable) function f : H” — R, we
call the function f* defined in (3.7) the circular rearrangement of f.

Theorem 6.6 (i) Let [ € WI}I’p H"), p > 1, be a nonnegative, o -symmetric function
and let f* be the circular rearrangement of f. Then f* € WII{’p (H") and

/IVHf*(z,t)V’dzdts/ |Vaf(z 0| dzdt. (6.25)
H" H"

(ii) Let E C H" be a o -symmetric set of finite measure and finite H-perimeter and
let E* be the circular rearrangement of E. Then E* is of finite H-perimeter and

|OHE*| < |0nE]|. (6.26)

Proof The proof is a straightforward adaptation of the proof of Theorems 6.3 and 6.4.
A repetition of the details is not necessary, here. O
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