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Abstract The relative isoperimetric inequality inside an open, convex cone C states
that, at fixed volume, B, N C minimizes the perimeter inside C. Starting from the
observation that this result can be recovered as a corollary of the anisotropic isoperi-
metric inequality, we exploit a variant of Gromov’s proof of the classical isoperimet-
ric inequality to prove a sharp stability result for the relative isoperimetric inequal-
ity inside C. Our proof follows the line of reasoning in Figalli et al.: Invent. Math.
182:167-211 (2010), though several new ideas are needed in order to deal with the
lack of translation invariance in our problem.

Keywords Relative isoperimetric inequality - Optimal transport - Sets of finite
perimeter

1 Introduction
1.1 Overview

Recently, there has been a lot of interest in quantitative estimates for isoperimetric
[14, 16, 18, 23, 24], Sobolev [3, 10, 11, 19], Gagliardo—Nirenberg [9], and Brunn—
Minkowski [17, 35] type inequalities. The aim of all of these results is to show that if
a set/function almost attains the equality in one of these inequalities, then it is close
(in a quantitative way) to a minimizer. These results have natural applications in the
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study of the asymptotic behavior of solutions to evolution equations [9], and to show
stability for minimizers of perturbed variational problems; see, for instance, [15, 32].
Our goal is to investigate stability for the relative isoperimetric inequality inside con-
vex cones. This inequality has been used, for instance, to characterize isoperimetric
regions inside convex polytopes for small volumes [22, Corollary 3]. Hence, as in
[15], one may use our stability result to prove quantitative closeness to such isoperi-
metric regions in perturbed situations.

Letn > 2, and C C R" be an open, convex cone. We denote the unit ball in R” cen-
tered at the origin by B (similar notation is used for a generic ball) and the De Giorgi
perimeter of E relative to C by

P(E|C) :=sup{/ divwdx:lpngo(C;R"), |1//|§1}. (1.1
E

The relative isoperimetric inequality for convex cones states that if £ C C is a Borel
set with finite Lebesgue measure | E|, then

n|B, NC|"|E|"F < P(E|C). (1.2)

If E has a smooth boundary, the perimeter of E is simply the (n — 1)-Hausdorff
measure of the boundary of E inside the cone (i.e., P(E|C) = H" '(JE N C)). We
also note that if one replaces C by R”, then the above inequality reduces to the clas-
sical isoperimetric inequality for which there are many different proofs and formu-
lations (see, e.g., [4, 7, 8, 23, 33, 36]). However, (1.2) is ultimately due to Lions and
Pacella [27] (see also [34] for a different proof using second-order variations). Their
proof is based on the Brunn—-Minkowski inequality, which states that if A, B C R"
are measurable, then

1 1 1
|A+ B|» = [A[» +|B|". 1.3)

As we will show below, (1.2) can be seen as an immediate corollary of the
anisotropic isoperimetric inequality (1.7). This fact suggested to us that there should
also be a direct proof of (1.2) using optimal transport theory (see Theorem 2.2), as is
the case for the anisotropic isoperimetric inequality [11, 16]." The aim of this paper
(in the spirit of [16]) is to exploit such a proof in order to establish a quantitative
version of (1.2). To make this precise, we need some more notation.

We define the relative isoperimetric deficit of a Borel set E by

w(E) :=%—l. 1.4)
n|BiNCln|E| "

Note that (1.2) implies ©(E) > 0. The equality cases were considered in [27] for the
special case when C \ {0} is smooth (see also [34]). We will work out the general case

L After completion of this work, we discovered that Frank Morgan had already observed that Gromov’s
argument may be used to prove the relative isoperimetric inequality inside convex cones [21, Remark af-
ter Theorem 10.6], though he was thinking about using the Knothe map instead of the Brenier map. How-
ever, as observed in [16, Sect. 1.5], the Brenier map is much more powerful than the Knothe map when
dealing with stability estimates.
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in Theorem 2.2 with a self-contained proof. However, the (nontrivial) equality case
is not needed in proving the following theorem (which is in any case a much stronger
statement):

Theorem 1.1 Let C C R” be an open, convex cone containing no lines, K = B NC,
and E C C a set of finite perimeter with 0 < |E| < 0o. Suppose s > 0 satisfies |E| =
|sK|. Then there exists a constant C(n, K) > 0 such that

EAGK
% < Cn, K)/(E).

The assumption that C contains no lines is crucial. To see this, consider the extreme
case when C = R”". Let v € S"~! be any unit vector and set E = 2v + By so that
|EAB1| =2|B1| > 0. However, ©(E) = 0 so that in this case Theorem 1.1 can only
be true up to a translation, and this is precisely the main result in [16] and [24]. Similar
reasoning can be applied to the case when C is a proper convex cone containing a line
(e.g., a half space). Indeed, if C contains a line, then by convexity one can show that
(up to a change of coordinates) it is of the form R x C, with C c R"~! an open,
convex cone. Therefore, by taking E to be a translated version of K along the first
coordinate, the symmetric difference will be positive, whereas the relative deficit will
remain 0.

In general (up to a change of coordinates), every convex cone is of the form C =
RF x C~, where C C R"* is a convex cone containing no lines. Indeed, Theorem 1.1
follows from our main result:

Theorem 1.2 Let C = R¥ x C~, where k € {0, ...,n} and CcR"*isan open, convex
cone containing no lines. Set K = B1 NC, and let E C C be a set of finite perimeter
with 0 < |E| < 00. Suppose s > 0 satisfies |E| = |sK|. Then there exists a constant
C(n, K) > 0 such that

inf{w :x:(xl,...,xk,O,...,O)} < C(n, K)Vi(E).

Let us remark that if k = n, then C = R" and the theorem reduces to the main
result of [16], the only difference being that here we do not attempt to find any ex-
plicit upper bound on the constant C (n, K). However, since all of our arguments are
“constructive,” it is possible to find explicit upper bounds on C(n, K) in terms of n
and the geometry of C (see also Section 1.4).

1.2 The Anisotropic Isoperimetric Inequality

As we will show below, our result is strictly related to the quantitative version of
the anisotropic isoperimetric inequality proved in [16]. To show this link, we first
introduce some more notation. Suppose K is an open, bounded, convex set, and let?

[Viigs :=sup{v-z:z€K}. (1.5)

2Usually in the definition of || - || g+, K is assumed to contain the origin. However, this is not needed (see
Lemma 2.1).
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The anisotropic perimeter of a set E of finite perimeter (i.e., P(E|R") < 00) is de-
fined as

P (E) 1=/ e (Ol kwd H" ' (x), (1.6)
FE

where FE is the reduced boundary of E, and vg : FE — S~ is the measure theo-
retic outer unit normal (see Sect. 2). Note that for A > 0, Px (L\E) = A*~! Pk (E) and
Px(E) = Px(E + xg) for all xg € R". If E has a smooth boundary, FE = dE so
that for K = B; we have Pg(E) = H" ' (3E). In general, one can think of || - || x«
as a weight function on unit vectors. Indeed, Pg has been used to model surface
tensions in the study of equilibrium configurations of solid crystals with sufficiently
small grains (see, e.g., [26, 37, 39]) and also in modeling surface energies in phase
transitions (see [25]).
The anisotropic isoperimetric inequality states

I——
n|K|#|E| " < Pg(E). 1.7

This estimate (including equality cases) is well known in the literature (see, e.g.,
[6, 12, 13, 20, 31, 37, 38]). In particular, Gromov [31] uses certain properties of the
Knothe map from E to K in order to establish (1.7). However, as pointed out in [11]
and [16], the argument may be repeated verbatim if one uses the Brenier map instead.
This approach leads to certain estimates which are helpful in proving a sharp stability
theorem for (1.7) (see [16, Theorem 1.1]). Using the anisotropic perimeter, we now
introduce the isoperimetric deficit of £

Pk (E)
Sk (E) :=ﬁ —1. (1.8)
n|K|n|E|"T

Note that g (AE) =8k (E) and Sk (E + xo) = Sk (E) for all A > 0 and xp € R".
Thanks to (1.7) and the associated equality cases, we have §x (E) > 0 with equality if
and only if E is equal to K (up to a scaling and translation). Note also the similarity
between p and 8. Indeed, they are both scaling invariant; however, & may not be
translation invariant (depending on C). We denote the asymmetry index of E by

EA K
A(E) :=inf{% :xoeR",|rK|=|E|}. (1.9)

The general stability problem consists of proving an estimate of the form

A(E) < CSx (E)P, (1.10)

where C = C(n, K) and 8 = B(n, K). In the Euclidean case (i.e., K = Bj), Hall
conjectured that (1.10) should hold with 8 = 2, and this was confirmed by Fusco,
Maggi, Pratelli [24]. Indeed, the % exponent is sharp (see, e.g., [28, Figure 4]). Their
proof depends heavily on the full symmetry of the Euclidean ball. For the general
case when K is a generic convex set, non-sharp results were obtained by Esposito,
Fusco, Trombetti [14], while the sharp estimate was recently obtained by Figalli,
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Maggi, Pratelli [16]. Their proof uses a technique based on optimal transport the-
ory. For more information about the history of (1.10), we refer the reader to [16]
and [28].

1.3 Sketch of the Proof of Theorem 1.2

We now provide a short sketch of the proof of Theorem 1.2 for the case when
|E| = |K| and E has a smooth boundary. The first key observation is that the rel-
ative isoperimetric inequality inside a convex cone is a direct consequence of the
anisotropic isoperimetric inequality with K = B; N C. Indeed, as follows from the
argument in Sect. 2.2, Px(E) < H "~1QE NCQC), so (1.2) follows immediately from
(1.7). This observation suggests that one may exploit Gromov’s argument in a simi-
lar way as in the proof of [16, Theorem 1.1] to obtain additional information on E.
Indeed, we can show that there exists a vector « = a(E) € R” such that?

f 11— |x —alldH" ' <Cn, K)\/sk(E), (1.11)
AENC
|EA(a + K)| < C(n, K)/8k (E). (1.12)

Let us write o = (o1, ap), with o € R¥ and o € Rk, Moreover: let £E:=E —
(1, 0). Then using that C = R* x C, we obtain dE NC — (a1, 0) = 9 E NC; therefore,

/~ 11— |x — (0, a0)[[dH""" < C(n, K)\/5k (E), (1.13)
IENC
|EA((0, a0) + K)| < C(n, K)y/8k (E). (1.14)

Since §g (E) < n(E) (see Corollary 2.3), (1.13) and ( 1.14) hold with @ (E) in place
of §x (E) (see Lemmas 3.6 & 3.7). Thanks to (1.14), we see that our result would
readily follow if we can show

loa| < C(n, K)y/ u(E). (1.15)

Indeed, since |(0, ap) + K)AK| ~ |oz| (see Lemmas 3.1 & 3.2),

|EAK| 1

S R
|E| K|

<C(n, K)y/u(E),

which, of course, implies Theorem 1.2. Therefore, we are left with proving (1.15).
First, assume that w(E) and |ap| are sufficiently small (i.e., smaller than a constant
depending only on n and K). By (1.13) and the fact that (see Sect. 2)

(JEA((0. a2) + K)| + |((0. 02) + K) AK])

H"'(0E N (B3((0,02)) NC)) = P(E|B3((0.22)) NC),

3The existence of a vector « such that (1.12) holds is exactly the main result in [16]. However, here we
need to show that we can find a vector such that both (1.11) and (1.12) hold simultaneously.
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we have
COUO/M:/B~ =l = Qe @)
En

11— |x — (0, ) ldH" " (x)

v

/aEanuux(o,amzi}

Z%H"_I(BEHCH{H—|x—(0,cx2)||2%})
> LH (0 0 (8 (10.0) 1))
1

_4P( |B3((0. 2)) NC).

But since || is small, B% O0)yncc B%((O, a)) NC; hence,

P(E|B3((0,a2))NC) = P(E|By(0)NC).

3
7
Moreover, thanks to the relative isoperimetric inequality inside B 1 (0) NC (see, e.g.,
[2, Inequality (3.43)]), we have that for ;(E) small enough,

C(n, K)v/u(E)

Zc(n K)min{|EN (B 10)NC) o

~%1}

(B1(O)NC)

%c(n K)rnln{|Eﬂ(B (O)HC)

(B%(O)HC)\EH

—_—

= ¢, K)|(By0)NC) (1.16)

where in the last step we used that E is close to (0, a2) + K (see (1.14)) and |aa] is
small. Therefore, using (1.14) and (1.16),

|(B%(O)HC)\((0,052)+K)|5|(Bl(0)ﬁC)\E|+|E\((O,a2)+K)|
_4cm. K
< C((nK))\/M(E +C(n, K)Wi(E)

< C(n, K)v/1u(E). (1.17)

Since C contains no lines, by some simple geometric considerations one may reduce
the problem to the case when oy € {(Xg+1,...,%n) € Ry, > 0} (see Lemma 3.8),
and then it is not difficult to prove

c(n, K)laa| < [(B1(0)NC)\ (0, 2) + K)],

which combined with (1.17) establishes (1.15), and hence, the theorem.
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Next, we briefly discuss the assumptions for the sketch of the proof above. Indeed,
one may remove the size assumption on |« | by showing that if £ (E) is small enough,
then || will be automatically small (see Proposition 3.12).* Furthermore, we may
freely assume that w(E) is small since if w(E) > c(n, K) > 0, then the theorem is
trivial:

EASKN cre 2 Jue).
|E| Ve(n, K)
The regularity of E was used in order to apply the Sobolev—Poincaré type estimate
[16, Lemma 3.1] which yields (1.13) (see Lemma 3.6). If E is a general set of finite
perimeter in C with finite mass and small relative deficit, then Lemma 3.5 tells us
that E has a sufficiently regular subset G so that |E \ G| and i (G) are controlled by
((E). Combining this fact with the argument above yields the theorem for general
sets of finite perimeter (see Proposition 3.9). Last, the assumption on the mass of E
(i.e., |E| = |K]) can be removed by a simple scaling argument.

1.4 Sharpness of the Result

We now discuss the sharpness of the estimate in Theorem 1.2. Indeed, it is well
known that there exists a sequence of ellipsoids {Ej}nen, symmetric with respect
to the origin and converging to the ball By, such that

vV 831 (Eh)

I VOBAER) oo tim Sk (Ep) =0
oo PIE AGhBY)| im0k (En)

where s;, = (|Eh|/|Bl|) (see, e.g., [28, p. 382]). Consider the cone C={xeR":

Xl,...,Xn > 0} and set Ej := Eh N C. By symmetry, it follows that SBl(Eh) =
%831 (Ep) and |EpA(spK)| = 2,, |Ep A(sy By)|. We also note that

P(EIC) = H* ' (0B, NC) = H" ‘(aEh)—i 5, (En).

|Ex| = ?Em |Blﬂc|=2—n|31|~
Therefore,
_ P(E|C) LH"1QE)
W(Ey) = T — 1= = !
n|By NC|n|Ep| = n(7|B1|)"(2—n|EI) n
Pg,(Ep)
. —1=20p,(Ep),

= T al
n|ByNCln|Ep| ™

4Let us point out that this is a nontrivial fact. Indeed, in our case we want to prove in an explicit, quanti-
tative way that u(E) controls ap (E); hence, we want to avoid any compactness argument. However, even
using compactness, we do not know any simple argument which shows that ap (E) — 0 as u(E) — 0.
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Fig. 1 An example which
shows that the constant in

Theorem 1.2 cannot be replaced
by a constant depending only on <

the dimension

so Ky

and we have

, VI (ER)
lim su

P <XX
h=oo  |EpA(spK)|

This example shows that the % exponent in the theorem cannot, in general, be replaced
by something larger.

One may wonder whether it is possible for Theorem 1.2 to hold with a constant de-
pending only on the dimension and not on the cone. Indeed, in [16, Theorem 1.1], the
constant does not depend on the convex set associated with the anisotropic perimeter.
However, this is not so in our case. To see this, consider a sequence of open, sym-

metric cones in R? indexed by their opening 6. Let Ey be a unit half-ball along the
|Eoq|

boundary of the cone Cy disjoint from sg Ky (see Figure 1), where sgp = ( m)%.
Note that
b4
w(Eg) = o lal L.
2(3)2(3)?2
Therefore,
lim [EeAGe Ko _ 2 oo
0—n~ |Eg|/u(Eg) 6—n— [ Z_ _
NI

2 Preliminaries
2.1 Initial Setup

Endow the space R"*" of n x n tensors with the metric |A| = y/trace(AT A), where
AT denotes the transpose of A. Let T Ll (R";R") and denote the distributional

loc
derivative of T by DT, i.e., DT is an n x n matrix of measures D;T* in R" satisfying

.9 .
/T’—¢dx=—/ ¢ dD;T" ¥YpeCLR"), i,j=1,...,n.
n Rn

ij

IfC C R" is a Borel set, then DT (C) is the n x n tensor whose entries are given by
(D;T'(C))i,j=1,...n, and |[DT|(C) is the total variation of DT on C with respect to
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the metric defined above, i.e.,

IDT|(C) = sup{zz IDiTI(Ch)|:ChNCe=0, | JChC c}.

heN ij heN

Let BV (R"; R") be the set of all T € L' (R"; R") with |[DT|(R") < oo. For such
a T, decompose DT = VTdx + DsT, where VT is the density with respect to the
Lebesgue measure and DT is the corresponding singular part. Denote the distribu-
tional divergence of T by Div T := trace(DT), and let div(T') := trace(VT (x)). Then
we have DivT = divTdx + trace(D;T). If DT is symmetric and positive definite,
note that

trace(D;T) > 0. 2.1

If E is a set of finite perimeter in R”, then the reduced boundary F E of E consists
of all points x € R"” such that 0 < |[D1g|(B,(x)) < oo for all » > 0 and the following
limit exists and belongs to S" !

D1g(B,(x))
im ————— = —vp(x).
r—0t |D1g|(B:(x))

We call vg the measure theoretic outer unit normal to E. By the well-known rep-
resentation of the perimeter in terms of the Hausdorff measure, one has P(E|C) =
H" " Y(FENC) (see, e.g., [2, Theorem 3.61] and [2, equation (3.62)]). This fact,
along with one of the equality cases in (1.2): n|B; N C| = H" (8B N C), yields
the following useful representation of the relative deficit (recall that s > 0 satisfies
|E]=IsK]|):

H""YWFENC)— H" '(3B,NC)

wE) = H'- (0B, NC)

2.2)

Next, if T € BV (R"; R"), then for H"l-ae. x € FE there exists an inner trace
vector trg(T)(x) € R” (see [2, Theorem 3.77]) which satisfies

1
im — IT(y) —tre(T)(x)|dy =0.
r=0" 1% J B (x)N{y:(y—x)-vE (x) <0}

Furthermore, E( denotes the set of points in R” having density 1 with respect to E;
ie., x € EM means

. |ENB-(x)]
lim ———>— =
r—0t |B,(x)|

Having developed the necessary notation, we are ready to state the following gen-
eral version of the divergence theorem (see, e.g., [2, Theorem 3.84]) which will help
us prove the isoperimetric inequality for convex cones (i.e., Theorem 2.2):

DivT(EWV) = / trg (T)(x) - v (x)dH" 1 (x). (2.3)
FE
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Now we develop a few more tools that will be used throughout the paper. Fix
K :=B;NC, and let

D:={E CC:P(E|C) < o0, |E| < o0}

To apply the techniques in [16], we need a convex set that contains the origin. There-
. C ..M
fore, let us translate K by the vector xg € —K which minimizes the ratio m_,[:O’ where
0
Ko=K + xo,

mi, = inf{|[vllxps : v €S} >0, Mk, = sup{[Ivllkps : v €S '} >0,
2.4)
and ||v] g,« is defined as in (1.5). Next, we introduce the Minkowski gauge associated
with the convex set Ky:

Izl &y ::inf{k>0: % eKO}. 2.5)

Note that the convexity of Ko implies the triangle inequality for || - [ g, so that it
behaves sort of like a norm; however, if K is not symmetric with respect to the origin,
lxll ko 7 l—x |l k,- Hence, this “norm” is in general not a true norm. Nevertheless, the
following estimates relate this quantity with the standard Euclidean norm |- | (see [16,
equations (3.2) and (3.9)]):

x| x|
<lxllgy < —. (2.6)
Mk, 0 mg,
Mg
V1Ko < —11=Yll Kos- 2.7)
mKO

Recall that the isoperimetric deficit 6k () is scaling and translation invariant in its
argument. The next lemma states that it is also translation invariant in K (observe
that if zo + K does not contain the origin, then || - ||;,+x can also be negative in some
direction).

Lemma 2.1 Let E € D. Then 8,1k (E) =0k (E) for all zo e R".

Proof 1t suffices to prove P, 1k (E) = Px (E).
Pk (E) = / sup{ve(x)-z:z €20+ K}dH”_l(x)
FE
= / sup{vE(x) (z0+2):z¢€ K}dH”_l(x)
FE

:/;_ (VE(X)'ZO"'S“P{VE(X)'Z:zEK})dH"—l(x)
E

- / vE() - 20d H" ' (x) + Py (E).
FE
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By using the divergence theorem for sets of finite perimeter [2, equation (3.47)], we
obtain

f vE(x)~ZOdH”_l(x)=/ div(zo)dx =0,
FE E

which proves the result. O

2.2 Isoperimetric Inequality Inside a Convex Cone

Here we show how to use Gromov’s argument to prove the relative isoperimetric
inequality for convex cones. As discussed in the introduction, the first general proof
of the inequality was due to Lions and Pacella [27] and is based on the Brunn—
Minkowski inequality. The equality cases were considered in [27] for the special
case when C \ {0} is smooth. Our proof of the inequality closely follows the proof of
[16, Theorem 2.3] with some minor modifications.

Theorem 2.2 Let C be an open, convex cone and |E| < 0o. Then
n|E|"T K| < H"Y(FENCQ). 2.8)
Moreover, if C contains no lines, then equality holds if and only if E = sK .

Proof of (2.8) By rescaling, if necessary, we may assume that |K| = |E| (i.e.,
s = 1). Define the probability densities du*(x) = %lg(x)dx and du—_(y) =
”1{—‘1 kx (y)dy. By classical results in optimal transport theory, it is well known that
there exists an a.e. unique map 7 : E — K (which we call the Brenier map)
such that T = V¢ where ¢ is convex, T € BV(R"; K) and det(VT (x)) =1 for
ae. x € E (see, e.g., [1,5,29,30]). Moreover, since T is the gradient of a con-
vex function with positive Jacobian, VT (x) is symmetric and nonnegative defi-
nite; hence, its eigenvalues Aix(x) are nonnegative for a.e. x € R". As a result,
we may apply the arithmetic-geometric mean inequality to conclude that for a.e.
xeE,

1

n = n(det VT(x))% =n (]_[ /\k(x)) <D k() =divT(x). (2.9)
k=1

k=1

Therefore,
n= 1
nEI K |F = nlE| =n/ det(VT (1)) " dx
E

§[divT(x)dx:/ divT (x)dx, (2.10)
E E®
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where we recall that E(D) denotes the set of points with density 1 (see Sect. 2.1).
Next, we use (2.1) and (2.3):

/ div T (x)dx < / div T (x)dx + (DivT ) (ED)
EM EM

— DivT(EDV) = / trp (1)) - veOdH" (). (2.11)
FE

By the convexity of K and the fact that T'(x) € K for a.e. x € E, it follows that
trg(T)(x) € K, so by the definition of || - || g+,

trg(T)(x) - vE(x) < [[VE(X) | k+-

Hence,
/ trp(T)(x) - vp(OdH"™ (x) < / e ()l ked H' () = Py (E). (2.12)
FE FE
Furthermore, note that if z € K, then |z| < 1; therefore,

ek« =sup{ve(x) - z:z€ K} <1.

Moreover, observe that by the definition of || - ||g«, it follows easily that
lve(x) ||k« =0 for H" '-a.e. x € 8C \ {0}; therefore, ||vE (x)| ks =0 for H"-a.e.
x € FENOJC. Thus,

/ Ive ()l xsd H" ' (x) = / Ive@)llk«d H" ' (x) < H" " Y(FENC),
FE FENC

and this proves the inequality.

Equality Case If E =K, then T (x) = x and it is easy to check that equality holds
in each of the inequalities above. Conversely, suppose there is equality. In particular,
n|K| = Pg(E). By [20] (see also [16, Theorem A.1]), we obtain that E = K +a
with a € C. Next, we will use the following identity which is valid for any v € C:

P(v+K|C) = P(K|C) + H" (S,
where
Sy:={x e FCN By : (ve(x), v) #0}
={x e FCN By : {ve(x), v) < 0}.
By the previous equality case, we know n|K| = P(K|C), therefore,
P(K|C)=P(E|C)=P(a+K|C) = P(K|C) + H""'(S,),

and we obtain H"~1(S,) = 0. This implies (vc(x),a) =0 for H"'-almost every
x € FC. Hence, D 1 = 0 in the direction defined by a, which gives 1¢(x) = 1¢(x +
ta) for all t € R. However, by assumption, C contains no lines; thus, a = 0 and we
conclude the proof. O
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Corollary 2.3 If E € D, then §g (E) < u(E).

Proof Since the inequality is scaling invariant, we may assume that |E| = |K|. From
(2.12) and the fact that n|K | = H"~'(d B; N C) we obtain

Px(E)—n|K|<H" "WFENC)—n|K|=H""YFENC)— H" (3B, NC).

Dividing by n|K| and using the representation of w(E) given by (2.2) yields the
result. =

Corollary 2.4 Let E € D with |E| = |K|, and let Ty : E — K be the Brenier map
from E to K. Then

/ (1= 1t (To — x0) () )dH"™ (x) < nl K | (E).
FENC

Proof Let T : E — K be the Brenier map from E to K so that T is the a.e. unique
gradient of a convex function ¢. Then Typ(x) = T (x) + x¢ (this follows easily from
the fact that 7 (x) 4+ xg = V¢ (x) + x0 = V(¢ (x) 4+ x0 - x) and ¢ (x) + xo - x is still
convex). Therefore, by (2.10) and (2.11),

n|E| 5/ tre (To — x0) (x) - ve(x)d H" ™' (x). (2.13)
FE

Next, we recall from the proof of Theorem 2.2 that trg(To — xo)(x) € K. Hence,
trg (To — x0)(x) - vg(x) <0 for H* '-ae. x € FENAC and |trg (Ty — x0)(x)| < 1
for H" '-a.e. x € FE NC. Therefore, using (2.13),

n|E| < / tre (To — x0) () - v COdH" ™ (x)
FENC
- / |05 (To — x0) ()| H" ™\ (x) < B (FE NC).
FENC

The fact that n|E| = n|K| = H"~'(3 B; N C) finishes the proof. |

3 Proof of Theorem 1.2

We split the proof into several steps. In Sect. 3.1, we collect some useful technical
tools. Then in Sect. 3.2, we prove Theorem 1.2 under the additional assumption that
E is close to K (up to a translation in the first k coordinates). Finally, we remove this
assumption in Sect. 3.3 to conclude the proof of the theorem.

Let {ex};_, be the standard orthonormal basis for R". Recall that C = R¥ x C,

where C C R"* is an open, convex cone containing no lines. Hence, up to a change
of coordinates, we may assume without loss generality that 9C N {x,, = 0} = {0}. With
this in mind and a simple compactness argument, we note that

b=b(n, K) = inf{t >O:81§%(0)ﬂc~ﬂ{xn <t} #£0} >0, (3.1

where B% (0) is the ball in R" .
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Next, we introduce the trace constant of a set of finite perimeter. Recall the defini-
tion of K¢ given in Sect. 2.1, so that (2.6) and (2.7) hold. Given a set E € D, let T(E)
denote the trace constant of E, where

Preo(F) FcE |F < 2!
JrrnFe WEllkpd H* 1 R

(E) = inf{ (32)

Note that 7 is scaling invariant, and in general t(E) > 1. The trace constant con-
tains valuable information about the geometry of E. For example, if £ has multiple
connected components or outward cusps, then t(E) = 1. In general, sets for which
7(E) > 1 enjoy a nontrivial Sobolev—Poincaré type inequality (see [16, Lemma 3.1]).

3.1 Main Tools

In what follows, we list all the technical tools needed in order to prove Theorem 1.2.
We decided to move some of the proofs to the Appendix in order to make this section
more accessible. The following two lemmas are general facts about sets of finite
perimeter.

Lemma 3.1 Let A C R" be a bounded set of finite perimeter. Then there exists
Cs1(n, A) > 0 such that forany y € R", |(y + A)AA| < C;51(n, A)|y|.

Lemma 3.2 Let A C R" be a bounded set of finite perimeter. Then there exist two
constants C33(n, A), c32(n, A) > 0 such that if y € R", then

min{es2(n, A), Caa(n, A)lyl} < 1y + A)AA.

Remark 3.3 Lemma 3.1 is well known, and follows by applying [2, Remark 3.25]
to u = 14. Also Lemma 3.2 should be known, but we have been unable to find a
reference. Therefore, we provide a proof in the Appendix.

Lemma 3.4 There exists a bounded, convex set K C B 1 (0) N C so that for all y =
©,...,0, Vkt1, ..., ) with y, > 0, we have

K\(y+K)=K\ (y+0). (3.3)
Furthermore, if y, <0, then
+K\K=@+K)\C. (3.4)
Proof We will show that one may pick b = b(n, K) > 0 small enough so that
k
K:=B,(0)nCN (ﬂ{|x,-| < b}) N {x, < b}
: i=1

has the desired properties. We will establish (3.3) first. Since y + KCy+¢C,it
suffices to prove K \ (y + K) C K \ (y + C). If (for contradiction) there exists x €
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Kﬂ(y+K)”ﬂ(y+C) then x € K andx—yeC\K Since x € K and y, > 0, it
follows that x, — y, < b. Also, |x; —y,| =|xi| <bforie{l,..., k}. Now, x — y €
C =Rk x C, hence, (Xk+1 — Yk41s-+-»Xn — Yn) € C.Leth= b(n K) be the constant
from (3.1), and assume without loss of generality that b < b. If z € {x, = b} N Cis

such that |z| = d, where d = sup{|v| : v € C,op = b}, then % = lbﬁ (see Figure 2).
Let y := ﬁ, t:= xnéyn > 1, and recall that (Xg+1 — Vk+1s---5Xn — Yn) € C. Since
Cisa cone, we have w := ¢t (Xk+1 — Yk41s--->Xn — Yn) € C with w, = b. flence,
lw| < |z| = yb, but since ¢t > 1 we obtain (Xg4+1 — Yktl,---»Xn — Yn) € Byl;(O),

where éy ;(0) denotes the ball in dimension n — k. Therefore,
x — yI* < kB> + (vb)*.

Next, pick M = M(n, K) € N so that (k + %) (£)% < 1. Thus, by letting b := 2,
we obtain x — y € B (0). Therefore, we conclude x — y € K , a contradiction. Hence,
2

(3.3) is established. Since (y + K)\K=y+(K\(-y+K)) and (y + K)\C=
y+ (K \ (=y+0C)), (3.4) follows from (3.3). O

The next lemma (whose proof is postponed to the Appendix) tells us that a set
with finite mass, perimeter, and small relative deficit has a subset with almost the
same mass, good trace constant, and small relative deficit (compare with [16, Theo-
rem 3.4]).

Lemma 3.5 Let E € D with |E| = |K|. Then there exists a set of finite perimeter
G C E and constants k(n), c35(n), C35(n, K) > 0 such that if w(E) < c35(n), then

u(E)
E\Gl <=2 E 3.5
[E\G| = k()l [, (3.5
(G) > 1+ M—I;:)k(n), (3.6)
w(G) < C3s5(n, K)u(E). 3.7

The big advantage of using G in place of E is that (3.6) implies a nontrivial trace
inequality for G which allows us to exploit Gromov’s proof in order to prove (1.11)
with G in place of E. Indeed, if E is smooth with a uniform Lipschitz bound on 0 E,
one may take G = E.
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Lemma 3.6 Let E € D, |E| = |K|, and assume u(E) < c35(n), with G C E and
¢3.5(n) as in Lemma 3.5. Moreover, let r > 0 satisfy |r G| = | K |. Then there exists @ =
a(E) € R" and a constant Cs34(n, K) > 0 such that f]_-(erC 1 —|x—&|dH" ! <

Ci6(n, K)o/ (E).

Proof Let f‘o rG — Ko be the Brenier map from r G to Ko, and denote by S; the ith
component of S(x) = Tp(x) — x. For all i, we apply [16, Lemma 3.1] to the function
S; and the set rG to obtain a vector a = a(E) = (ay, ..., a,) € R" such that

/ tre-6) (15: (0) + ai ) Ivero) l koxd H" ' (x)
Fe6)ne

L _DS: (€]
= Mgy (t(rG) — 1) [—=DS; ||K0*((I’G) )

2
Mg,

< 20
T mg,(t(rG) —1)

2
Ko

< 9
T mgy(t(rG) —1)

|-DS;|((r6) D)

IDS|(r6) "),

where we have used (2.6) in the second inequality. Next, recall that t is scaling in-
variant. Hence, using (3.6) we have

/ tre-6) (15: (0) + ai ) Iveo) l koxd H" ' (x)
Fr6)ne
3
Ko

<—20 pS|(rc)DM). 3.8
_miok(n)l (r&)'™V) (3.8)

But by [16, Corollary 2.4] and Corollary 2.3,

IDSI(rG)V) < 9n*|K|\/3k, (rG) < 9n* K|V 1u(rG) = 9n*|K |/ u(G).

Therefore, by summing over i =1, 2, ..., n we obtain
3 3
n’|K|M %o

my k(n)

Vi(G). (3.9)

/ 06 (IS0 + al) Vo6 | kpsd '™ () <
FrG)nC

Let @ = @(E) := a + xp, with x¢ as in the definition of K (see (2.4)). The triangle
inequality implies

1 —|x —all =[1—|x—(a+xo0)ll
< |1 —trg6) (1To(x) — xol)|
+ | tre-6)y (To(x) — x0) — (x — (@ +x0))|

= |1 = | trg.6) (To(x) = x0) | +tr¢6) (1To(x) — x +al).
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Hence, by Corollary 2.4, (3.9), and (3.7) we have
/ mo|l — |x — &lldH" ' (x)
FrG)nC
< / 11— |x — @llve |l kged H' ()
FrG)nC
< / 11— |ty (Fo ) — x0) [ 16yl ped H ™ ()
FrG)nC

+ / 06y (1SC0) +al) Ive 6 | ko d B ()
FrG)nC

M3
< Miyn|K|11(G) + 973 K| ——2— \/u(G)

my k(n)
93| K | M3
< Myyn|K|Cs5(n, K)u(E) + —5——2/Cy5(n, K)/u(E).
mKOk(n)
As u(E) < 1, the result follows. O

The translation & from Lemma 3.6 can be scaled so that it enjoys some nice properties
which we list in the next lemma. The proof is essentially the same as that of [16,
Theorem 1.1], adapted slightly in order to accommodate our setup. However, for the
sake of completeness, we include it in the Appendix.

Lemma 3.7 Suppose E € D with |E| = |K|. Let @ = &(E), G, and r be as in
Lemma 3.6. Define o = a(E) := % Then there exists a positive constant C37(n, K)
such that for w(E) < c3s5(n), with c3s5(n) as in Lemma 3.5, we have

|[EA(x + K)| < C37(n, K)+/ u(E), (3.10)
[(rG)A(@ + K)| < C37(n, K)/1u(E), (3.11)
and
2u(E)
<1 . 3.12
"= (3-12)
Next, define R} := {(x1,x2,...,x,) € R" : x, > 0} (R is defined in a similar

manner). In the case o € R” , the following lemma tells us that the last (n — k) com-
ponents of « are controlled by the relative deficit.

Lemma 3.8 Let E € D with |E| = |K|, and let « = a(E) = (a1, a2) € R x R**
be as in Lemma 3.7. There exist positive constants c3g(n, K), Csg(n, K) such that if
a eR" and p(E) < c33(n, K), then |az| < Cs33(n, K)/(E).



A Sharp Stability Result for the Relative Isoperimetric Inequality 955

Proof Let K C C be the bounded, convex set given by Lemma 3.4. An application of
Lemma 3.2 and (3.4) yields

1 - - 1 - -
s min{es2(1, K), Cra(n, Kleal} < 70, @2) + K)AK|
= |((0,2) + K) \ K| =((0, 2) + K) \ C|

Now, note that E — (a1, 0) C C = R¥ x é; hence, by using this fact and (3.10) we
obtain

[(0,02) + K)\C| = |((0,a2) + K) \ (E = (@1, 0))| < [(@ + K) \ E]
< C37(n, K)v/ u(E).

Therefore, there exists c¢3 g(n, K) > 0 such that for u(E) < c33(n, K),

1 ~

§C3.2(n, K)|az| < C37(n, K)y/ u(E).
230 K) (note that K completely deter-
C32(n,K)

mines K). Il

Thus, the result follows with C5g(n, K) =

3.2 Proof of the Result when | (E)| Is Small

Proposition 3.9 Let E € D with |E| = |K|, and let @ = «(E) = (a1, an) € RF x
R"* be as in Lemma 3.7. Then there exist positive constants c39(n, K), ¢39(n, K),
and Cso(n, K) such that if w(E) < czo(n, K) and |oz| < ¢39(n, K), then |op| <
C39(n, K)o/ u(E).

Proof Thanks to Lemma 3.8, we may assume without loss of generality that @ € R’} .
Let G :=rG — (&1, 0), with G as in Lemma 3.5 and r > O such that |[rG| = |K|. By
Lemma 3.6 and the fact that C = R¥ x C,

CmOLmewE>z/; 1= |x —&lldH"" (x)

ré)nC

=f~ 11— |x — (0, &) ldH" " (x)
FGNC

11— |x — (0, &) IldH" " (x)

v

/]fGnCﬂ{ll—x—(O,&z)IIZ%}
1 - 1
zZH”_1<]-"GﬂCﬂ{|1—|x—(0,&2)||22}>
| R .
> ZH” (FGn (B%((O, @2)) NC))
1
4

= - P(G1B3((0,a) nC).
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2]
1425 1 (E)
we have B% onCcc B% ((0, @2)) NC, and this implies

However, thanks to (3.12), < |aa|, so for |az| and w(E) sufficiently small

P(G|B3((0,42)) NC) = P(GIBL(0) NC).

Next, by using the relative isoperimetric inequality (apply [2, Inequality (3.41)] to
1) and the set B% (0) N C), we have that for w(E) small enough,

Cy6(n, K)/ W(E)

1 ~ n=1 _on—l
ch(n,K)minHGﬂ(B%(O)ﬂC) " (BLO)NC)\G| ™ }

1 - -
= Zcn, K)ymin{|G N (B, (0)NC)]. |(By(0)NC)\ Gl}. (3.13)

Furthermore,
(B%(O)HC) \GCK\GcCGAK
C ((rG — (81,0))A(K 4 (0,82))) U ((K + (0, &2)) AK),
and by using (3.11), Lemma 3.1, and (3.12),

(B0 NC)\ G = Cas(n. K)V(E) + Cs1(n. K|

2
< Ciq(n, K)y u(E) + C3.1(n, K)<1 + @M(E))IOQL

Therefore, we can select ¢ 9(n, K), c39(n, K) > 0 such thatif u(E) < c39(n, K) and
laa| < €39(n, K), then

min{|éﬂ (B%(O)HC)

(B ONC)\ G|} =[(B1O)NC)\G].

’

Thus, using (3.13) we obtain
%c(n,K)|(B%(O)ﬂC) \ G| < C36(n, K)y/W(E). (3.14)
Hence, by (3.14), (3.11), and Lemma 3.1 it follows that
|[(B1(0)NC)\ (0. 2) + K)|
<[(BL(O)NC)\ G|+ |G\ ((0.0) + K)|

<[(B1(0)NC)\ G| +|GA((0.42) + K)| + [((0. é2) + K) A((0, 02) + K) |
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4C5¢(n, K . R
< ﬂ\/u@) +|(rG)A@ + K)|+ C3.1(n, K)|aa — &3]

c(n, K)
4C , K &
s%WWW,K)ng.l(n,mm—azl. (3.15)

But |ay — @2| = |az|(r — 1), and from (3.12) it readily follows that |ay — &2 <
|a2|ﬁ W(E) < &0(n, K)% w(E). Combining this fact with (3.15) yields a posi-

tive constant C (n, K) such that
|(B1(0)NC)\ (0. 2) + K)| < C(n, K)y/1L(E). (3.16)

Next, let KCB 1(0) N C be the bounded, convex set given by Lemma 3.4. We note
2
that since o € R’ , (3.3) implies

K\ ((0,02) + K) =K\ (0, 02) + K).
Therefore, using Lemma 3.2 and (3.16) we have

min{cs2(n, K), C32(n, K)laal}
< (0, @2) + K)AR| =2|K \ ((0,2) + K)|
=2|K\ (0, 02) + k)| =2|(By ) NC) \ (0, 02) + K

<2C(n, K)y/u(E).

Thus, for c39(n, K) sufficiently small we can take C39(n, K) = % to conclude
320,

the proof. |

Corollary 3.10 Let E € D with |[E| = |K|, c39(n, K) and ¢39(n, K) be as in Propo-
sition 3.9, and o = a(E) = (a1, a2) € R¥ x R"* be as in Lemma 3.7. Then there
exists a positive constant Cs9(n, K) such that if w(E) < c39(n, K) and |on| <
C39(n, K), then |(E — (a1, 0)) AK| < C3.10(n, K)v/u(E).

Proof Note that by Proposition 3.9 we obtain |az| < C39(n, K)+/u(E). Next, by
applying Lemma 3.1 and (3.10) we have

|(E = (@1,0))AK| < |[EA(x + K)| +|((0, 2) + K) AK]|
< C37(n, K)y i(E) + C3.1(n, K)laz]
< (C37(n, K) + C3.1(n, K)C30(n, K))y/ 1 (E).

Therefore, we may take C3 10(n, K) = C37(n, K)+Cs1(n, K)Cs9(n, K) to conclude
the proof. O
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3.3 Reduction Step

In Proposition 3.12 below, we refine Corollary 3.10. Namely, we show that if u(E) is
small enough, then the assumption on the size of &5 is superfluous. However, to prove

Proposition 3.12 we need to reduce the problem to the case where oy € Cc R”ik
(recall C = R¥ x C). This is the content of Lemma 3.11. For arbitrary y € ]R:’(k \C,
decompose y as

y:yc—}—yp’ (3.17)
where y¢ € 3C is the closest point on the boundary of the cone Ctoyand y? :=y—y°
(see Figure 3). Note that y” is perpendicular to y€.

Lemma 3.11 Let E € D with |E| = |K|, and let @ = «(E) = (a1, an) € RF x R*~*

be as in Lemma 3.7. There exist constants c311(n, K), Cs11(n, K) > 0 such that if
~ 1

H(E) < c311(n, K) and oy € RIT*\ C, then |od| < Cs.11(n, K)u(E) 7.

Proof First, observe that

[((0.05) + K)\ (€= (0.03))| = [((0.e2) + K) \ C|
<@+ K)\ (C+ (a1,0)| = |[(@ + K)\C|

<|(@+ K)\ E| < C37(n, K)y/ L(E).

Since (0, «5) € 9C, it follows that d((0, &5) + K) has a nontrivial intersection with
aC. Let

= %((0, aS) + (0. supfr > 0: (0, raS) € 3((0. a5) + K)1)).

and note that, by convexity, z € 9((0,@5) + K) N 9C. Next, pick r = |a§|. Ob-
serve that r is the smallest radius for which B,(z) N 3(C — (O, oeg )) # @ so that
it contains some w € R” (see Figure 3). Since C is convex, there exists a constant
co(n, K) > 0 such that | B, (z) N ((0, af) + K)| > co(n, K)r". But B,(z) N ((0, ar5) +

K) C ((0,a5) 4+ K) \ (C — (0,a3)). Therefore, r" < %«/M(E), and since
1 1
r = |a?| we have that |o| < (gigfl’g)m(E)ﬁ. 0

Fig. 3 Control of 0(5
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Fig. 4 If E has small relative deficit but is far away from the origin, we can translate it a little bit and
show that the resulting set—thanks to Proposition 3.9—should in fact be a lot closer to the origin

Proposition 3.12 Let E € D with |E| = |K|, and let « = a(E) = (x1, a2) € R x
R" X be as in Lemma 3.7. Then there exists c32(n, K) > 0 such that if p(E) <
c312(n, K), then |aa| < ¢39(n, K) with ¢39(n, K) as in Proposition 3.9.

Proof If a € R, then the result follows from Lemma 3.8. If o € R’}, then write
@y = o + af as in (3.17) with the understanding that & € C if and only if ) = 0.
In the case where |ozg| >0 (ie., ap € Rﬁ__k \C~’), thanks to Lemma 3.11, we have

|ot£7 | < Cs1(n, K)YW(E )i. Therefore, it suffices to prove that for w(E) sufficiently
small, a5| < %53,9(n, K). We split the proof into three steps. The idea is as follows:
first, we assume for contradiction that |a5| > %53_9 (n, K). This allows us to translate

E by a suitable vector § so that (E — 8) N C is a distance %539(71, K) from the
origin (see Figure 4). The second step consists of showing that up to a small mass

1
adjustment, the relative deficit of this new set is controlled by w(E) 27 . Last, we show
that the new set satisfies the hypotheses of Proposition 3.9; therefore, we conclude
that it should be a lot closer to the origin than it actually is.

Step 1. Assume for ciontradiction that |o5| > %53_9(n, K). Select y € (0, 1) such that
for B := (0, ya3) € C we have
(0.05) 8] = (1= ) le§| = gEso(n, K.
By (3.10), Lemma 3.1, and Lemma 3.11,
|EA((a1.05) + K)| < |[EA(e+ K)| + |(« + K)A((1, 05) + K)|
< Ca7(n, K)v/(E) + Ca1(n, K)lf |
< C35(1, K)WRAE) + C3.1 (1, K)Cs.11(n, K)(E) .

Next, we set E := E — («1,0) and C(n, K) := C37(n, K) + C3.1(n, K)C3.11(n, K)
so that

|EA((0,08) + K)| < C(n, K)u(E) 7. (3.18)
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Let F=1((E — B) NC) where ¢ > 1 is chosen to satisfy | F| = |E|. Therefore,
|F|=|E|=|E - Bl =|(E—B)NC|+|(E - B)\Cl. (3.19)

Now let us focus on the second term on the right side of (3.19): using (3.18),

I(E=B)\Cl=|E\ (C+P)I
<[E\((0,05) + K)| +[((0, @5) + K) \ (C + B)]
< Cn, K)u(E)» +|(((0,5) = B) + K)\C|.  (3.20)

But, (0,a5) — = (0, (1 —y)a5) € C, therefore, ((0,a5) — B) + K CC, and hence,
[(((0,a5) — B) + K) \ C| = 0. Thus, combining the previous fact with (3.19) and
(3.20),

|F| = |[(E — B)NC| < C(n, K)u(E)2. (3.21)

Step 2. From the definition of F and (3.21), we deduce
(" = D)I(E = pynCl < Cn. K)u(E) >,

so that for ju(E)% < 26'(5 ‘K) , by (3.21) again and the fact that |F| = |K]|,

26, K) 1 \7
‘< <1+TM(E)2»1> . (3.22)

Since C is a convex cone, it follows that }C =Cand B8+ C CC. Thus,

P(FIC) =t"""P(E|B+C) <t" 'P(E|C) ="' P(EIC + (a1,0))

n—1

< (1 " %M(E)ﬁ>TP(EIC)

2C(n, K
< (1 + %M(E)ZI")P(EIC). (3.23)
Recall that P(F|C) = H" '(FF NC) and P(E|C) = H" ' (FE NC) (see Sect. 2).
Upon subtracting P (B|C) from both sides of (3.23), dividing by n|K| (recall n|K | =
H"1(3B; NC)), and using that P(E|C) =n|K |(E) + n|K| we have

2C(n, K)
nlkp M

2C(n, K) wi 2C(n, K)
— U E n -
IK| K|

u(F) < u(E) + (E)7 P(E|C)

= u(E) +
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Let w(n,K) :=1+ 46‘%—"[(). Then, assuming without loss of generality that
n(E) <1,

u(F) <wn, K)u(E) . (3.24)

Step 3. Using Lemma 3.1 and (3.22), for ;(E) small enough we have

[FA(((0.03) = 8) + K))

= [FAr(((0,05) = B) + K) | + [¢(((0. 05) — B) + K) A(((0. 05) = B) + K)|
=1"[(E=p)NCA(((0.a3) — B) + K|

+[1(((0.@3) = B) + K) A(1((0. a5) — B) + K))

+[(1((0. @) = B) + K)A(((0. @3) = B) + K)|

<2|(E—B)NCA(((0,05) — B) + K)| + |t K)AK |
+ Cs.1(n, K)[(0, 05) — Bz — 1)
<2[(E = B)NCA(((0,a5) — B) + K)| + C(n, K)u(E) . (3.25)

Next, we claim

[((E = BYNC)A(((0,05) — B) + K)| <2C(n, K)u(E)™.  (3.26)
Indeed, from (3.18) we deduce that
|((E = B)NC)A(((0. 05) — B) + K)
=|(((E = pynC) + B)A((0.05) + K))
<|(((E=B)NC) + B)AE| + |EA((0.e5) + K)|
<|[(((E = BynC) + B)AE| + C(n, K)u(E) 7, (3.27)
But since ((E — B)NC)+ B CE,
|(((E—B)ynC)+B)AE|
=|E\((E-p)NC)+p)|
=[(E-p\(E-p)NC|
=|(E=p\C|=[E\B+0)|
<|EN((0.05) + K)[ +]((0.05) + K)\ (B +0)]
< Cn, K)u(E) +|(((0.05) — B) + K) \ |- (3.28)

As before, [(((0,a5) — B) + K) \ C| =0 (since ((0, @5) — B) + K C C). Therefore,
(3.27) and (3.28) imply the claim (i.e., (3.26)). Furthermore, by using (3.25) and
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(3.26), it follows that for some constant w(#n, K),

|FA(((0, aS) = B) + K)| < b(n, K)u(E) . (3.29)

Next, let a(F) be the translation as in Lemma 3.7 for the set F C C, so that
|[FA(x(F) 4+ K)| < C37(n, K)/u(F). By Lemma 3.2 and (3.29),

min{cs2(n, K), C32(n, K)|((0,05) — B) — a(F)|}
< [(((0,05) = B) + K) A(«(F) + K)|
< |(((0. ) = B) + K)AF| + | FA(a(F) + K)|
< i(n, K)u(E) + Cs7(n, K)y/1u(F). (3.30)

Moreover, (3.24) and (3.30) imply that if w(E) is sufficiently small, then there exists
a constant wy(n, K) so that

oz (F)| < la(F)| < |(0,a5) — B| + wa(n, K)u(E)s

_ %5349@, K) + wa(n, K (E), (331)
and
o1 (F)| < wa(n, K)u(E) o (332)

(since |y (F)] < 1((0, a5) — B) — a(F)|). Furthermore, using (3.31) and (3.24), we
deduce that for p(E) small enough

loa (F)| < ¢39(n, K), w(F) <c3g(n, K),

where c3 9 is as in Proposition 3.9. Thus, by applying Proposition 3.9 to F and using
(3.24) again, it follows that

laa (F)| < C39(n, K)v/u(F) < C39(n, K)y/w(n, K)u(E). (3.33)
Combining (3.30), (3.32), and (3.33) we obtain
1 1
253A9(n, K)=(0,05) — B| < |a(F)| +wa(n, K)u(E)#

< lea(F)| + 2wa(n, K)p(E)
= (C3-9(”’ K)\/W‘szz(n, K))M(E)ﬁ,

which is impossible if @ (E) is sufficiently small. This concludes the proof. O

We are now in a position to prove Theorem 1.2. First, we assume that |E| = |K]|.
Indeed, let c39 and c3.1» be the constants given in Proposition 3.9 and 3.12, respec-
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tively, and set c(n, K) := min{c39(n, K), c3.12(n, K)}. If n(E) < c(n, K), then it fol-
lows from Proposition 3.12 and Corollary 3.10 that

E — ,ONAK C K
[( (TII<| ) |§ 3.1(|)§:| )m

Let C(n,K) := % and suppose now that |E| # |K|. Pick # > 0 such that
|t E| = |K| and apply the previous estimate to the set 7 E to obtain
pply the p

G~ (“‘f;;)’ DABN _ ¢ n, Ky GE) = Cn, K)/i(E),

and this implies

I(E — (“YE) 0)A(LK))|
|E|

< C(n, K)y/(E).

Since s = %, this yields the theorem for the case when u(E) < c(n, K). If w(E) >
c(n, K), then

|EA(sK)| 2
NN S

Therefore, we obtain the theorem with C(n, K) = min{C_‘ (n,K),

IA

2
\/c(n,K)}‘
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Appendix: Proofs of the Technical Lemmas

Proof of Lemma 3.2 For y € R" let
F):=1(A+y)AAlL

Note that f(y) = [gn [1(a+y)(x) — 14 (x)|dx.

Our strategy is as follows: first, we show that the incremental ratios of f at y =0
have a positive lower bound. Then we prove that f(y) is uniformly bounded away
from zero when y is away from zero. These two facts readily yield the result.

Step 1. We claim there exists s = s(n, A) > 0 such that

C3o(n, A) ;= inf M>

0. (A.1)
o<lyl<s |yl
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Indeed, let y; € R” be any sequence converging to 0. By Lemma 3.1 we know that
the family of measure (i defined by

1ayy, —1a
R
h7q

satisfy |ug|(R™) < Cs,1. Moreover, up to choosing a subsequence (which we do not
relabel) so that yi/|yx| — w for some w € S"~!, it is immediate to check that 1
converge weakly to D14 - w. Hence, by the lower semicontinuity of the total variation
(see, for instance, [2, Corollary 1.60]),

.. A+ )AA|
liminf ———

— T 3 n . n
minf T minflud (R) 2 D1 - wl(R?).

We now observe that, again by the lower semicontinuity of the total variation, the
right-hand side attains a minimum for some w € S"~!. Hence, by the arbitrariness of
ks

FO) L (A4 y)AA]
f =liminf ————
=0 |yl Iy[—=0 |yl

> D1, - b|(R").

To conclude, it suffices to observe that | D14 - w|(R") > 0, as otherwise A = A + tw
for any ¢ € R (up to sets of measure zero), which contradicts the boundedness of A.

Step 2. We claim that there exists c3,(n, A) > 0 such that
SO) = caan, A) V]y| = s(n, A), (A2)

with s(n, A) as in Step 1. The proof is by compactness: if |y| > diam(A), then
f(y) =2|A| > 0. On the other hand, by continuity f attains a minimum over the
compact set {y : s(n, A) <|y| <diam(A)}. Let y be a vector where such a minimum
is attained. Then this minimum cannot be zero as otherwise A = A + y (up to a set of
measure zero). By iterating the estimate, this implies that A = A 4 ky for any k € Z,
contradicting again the boundedness of A. O

n—1
Proof of Lemma 3.5 Let k(n) = 25" If u(E) < % := c35(n), then by [16,
Theorem 3.4] there exists a set of finite perimeter G C E satisfying

Sk, (E)
[E\G| < k(D) |E]|, (A.3)
£(G) > 1+ K0 k(). (A.4)
21+ 32

We claim that G is the desired set. Indeed, since 8k, (E) < i(E) (see Corollary 2.3),
(A.3) and (A.4) yield (3.5) and (3.6); therefore, it remains to prove (3.7). From the
construction of G in [16, Theorem 3.4], we have G = E \ F,, where Fo, C E is the
maximal element given by [16, Lemma 3.2] that satisfies

mg
Pk, (Foo) < <1 + 2

k(n)) f Ve ()l koed H ' (x). (A.5)
Ko FFNFE
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To prove (3.7), we first claim that for some positive constant C (n, K),
H'" Y FGNC)<H" Y FENC)+ Cn, K)u(E). (A.6)
Note from the definitions that
Pky(E) =n|K |8k, (E) +n|K|# |E|"" . (A7)

Moreover, by [16, Equation (2.10)] and [16, Equation (2.11)] we may write

Pk, (G) = f Ve ()l koed H ' (x) + /
FGNFE

v ()l kowd H" ™1 (x).
FGNEWD

Therefore,

Pi, (E) = / 1vE () | koed ' () + / 1vE () | ko d B ()
FGNFE FFNFE

= Pk, (G) —/ v () | koud H" ™" (x)
FGNEW
+/ v ()l kgrd H" ™ (x). (A.8)
FFooNFE

Next, we note that FF., N ED = FGNEW, and by [16, Lemma 2.2], vg = —VF,,
at H" l-ae. point of F Foo N EM _ Furthermore, taking into account (2.7) and (A.5),
we have

/ IvG () [ kgxd H" ™' (x)
FGNEW

= / l—vE, () koed H" ' (x)
FFNEM

M
< Ko

-1
< / I (O ke d H' ()
mgy JFFonED

Mg, m
< L0 2Rk () IvEy () || koxd H" 1 (x)
mg, Mk, FFoNFE

= k(n)/ v () | koud H" ' (x). (A.9)
FFsoNFE
Hence, (A.8) and (A.9) yield (observe that vg = vg, on FFoo N FE)

P, (E) = P, (G) + (1 - k(n))/ Ive ()l kosd H" ' (x). (A.10)

FFoNFE

By the anisotropic isoperimetric inequality (see [16, Theorem 2.3] or (2.12)),

Lo et
Pgy(G) = n|K|"|G| .
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Moreover, by (A.3),

w(E)
El—161 <2 E Al
|E| - |G| < k()l [. ( )
Thus,
p 1, =l 1 u(E) ;l
ko (G) > n|K|n|G| " >n|K|n |E|—W|E|
> n|K |7 |E|"5 (1—@> (A.12)
k(n)

Combining (A.7), (A.10), and (A.12) it follows that

L net 1 ami W(E)

K 13k, (E) + nl K FIEVT = nlKIFIEIT (1= 500
(1= km) / 1vE () | kped B (3).

FFoNFE

Therefore (recall 8k, (E) < u(E) and |E| = |K|),

dH™ n|K|(1+ k(@)
/wame Ve ()l k, (x) = T —km)

Using the definition of mg,, (A.9), and (A.13) we obtain

w(E). (A.13)

H'" Y FGnCO) =H"YFGNFENC) +H" Y (FGNEW)
<H"NFENC)+H" Y (FGNEW)

<H" ' (FENO)+ / v ()l kgud H" " (x)
FGNEWD

mKO

FFoNFE
1 nlK|(1+k(n))
mg, (1 —k(n))
and this proves our claim (i.e., (A.6)). Our next task is to use (A.6) in order to prove
(3.7), thereby finishing the proof of the lemma. Let r > 0 be such that |rG| = |E]|.
Note that by (A.6),

1
<H""YFENC)+ —k(n) IvE, ()| kgxd H" ! (x)
mg

<H'""WFENOC) + w(E),

_ _H"YFrG)nC)— H" ' (0B NC)
w(G) = pn(rG) = H 138, N0)

r"TH"Y(FGNC)— H" ' (0B NC)
H"-1(3B;NC)
= 1 n—1 _ gn—1
LUTHTIFENG £ Con K)u(E) — HTGBING)
H"™ (3B NC)
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(E)

2
k(g) and k(n) < %, we have ’Z(n) < % < % so that two applica-

But since u(E) <
tions of (A.11) yield

|K| 16 n(E)
Bl 2 ) ——
Gl S T 5 rm ST By

(A.15)
and by using (A.15) we have

n—1

r"—1=<@)n; <+M(E)i)7<1+u(E>2(”_l) (A.16)
Gi k) S ke

Upon combining (A.14) and (A.16), (3.7) follows easily. Il

nfl

n

Proof of Lemma 3.7 Recall that by definition c35(n) = 8
Since 8k, (E) < u(E), by taking u(E) < c35(n), Sk, (E) w111 be sufﬁ01ently small
in order for us to assume the setup of [16, Inequality (3.30)], with the understanding
that the set K in the equation corresponds to our Ky, and whenever K appears in our
estimates, it is the same set that we defined in the introduction (i.e., K = B; N C).
Note that in [16, Proof of Theorem 1.1] the authors dilate the sets G and E by the
same factor r > 0 so that |rG| = |Ko| = | K[; however, they still denote the result-
ing dilated sets by G and E. We will keep the scaling factor so that our rG and r E
correspond, respectively, to their G and E. With this in mind, note that [16, Inequal-
ity (3.30)] is valid up to a translation. Indeed, this translation is obtained by applying
[16, Lemma 3.1] to the functions S; and the set r G, where S(x) = To(x) — x, and Tp
is the Brenier map between rG and K. Since a = & — x( in Lemma 3.6 was obtained
by the exact same process, a satisfies [16, Inequality (3.30)]. Thus, by the estimates
under [16, Inequality (3.30)] it follows that

Cln, K)\/3x, (G >/ 11— lx — all kg 16 (Ol ged H ()

=/ 11— [1x 1l ko V- G—a) O koed H™ 1 ()
F(rG—a)

Ko
> [(rG —a) \ Kol
Mk, \

Therefore, we have
[(rG)A& + K)| = |(rG)A(a + Ko)| =2|(rG — a) \ Ko
<2C(n, K)\/8k,(G) <2C(n, K)y/11(G), (A.17)
and this implies
|(rE)A(@ + K)| < [(FE)A(rG)| + [(rG)A(& + K)|
<2r"|E\ G| +2C(n, K)\/u(G). (A.18)

Recalling that |E \ G| = |E| — |G| < {£Lu(E) (see (3.5)), |E| = |K|, and u(E) is
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small, it readily follows that (see (A.15))

210 (E)
r<l+ k)

and we obtain (3.12). Also, (A.17), (A.18), (A.19), and u(G) < C35(n, K)u(E) (see
(3.7)) imply the existence of a positive constant C (n, K) so that

(A.19)

|(rE)A(@ + K)| < C(n, K)y/ u(E), (A.20)
[(rG)A@ + K)| < C(n, K)y/u(E). (A21)

Moreover, (A.19) and (A.20) imply

o )|+

1 . 1
—|(rE)AG + K)| + ‘K \ —K‘
r r

|[EA(x+ K)| =

(a+ %K)A((X—G-K)‘

A

IA

—1
C(n, K)Vu(E) + |K| (’—)

r

2
<C(n, K)y/u(E)+ |K|mM(E)-

By combining this together with (A.21), we readily obtain (3.10) and (3.11). O
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