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Abstract An electrical potential U on a bordered real surface X in R? with isotropic
conductivity function o > 0 satisfies the equation d(cd“U)|x = 0, where d° =
i(0—19),d =9+ are real operators associated with a complex (conformal) structure
on X induced by the Euclidean metric of R3. This paper gives an exact reconstruc-
tion of the conductivity function ¢ on X from the Dirichlet-to-Neumann mapping
Ulpx — 0d“U|px. This paper extends to the case of Riemann surfaces the recon-
struction schemes of R. Novikov (Funkt. Anal. Prilozh. 22(4):11-22, 1988) and of
A. Bukhgeim (J. Inv. Ill-posed Probl. 16:19-34, 2008), given for the case X C R?.
The paper extends and corrects the statements of Henkin and Michel (J. Geom. Anal.
18:1033-1052, 2008), where the inverse boundary value problem on the Riemann
surfaces was first considered.
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0 Introduction

0.1 Reduction of the Inverse Boundary Value Problem on a Surface in R to the
Corresponding Problem on an Affine Algebraic Riemann Surface in C3

Let X be a bordered oriented two-dimensional manifold in R3. The manifold X is
equipped with the complex (conformal) structure induced by the Euclidean metric
of R3. We say that X possesses an isotropic conductivity function o > 0 if any elec-
trical potential # on bX generates an electrical potential U on X, solving the Dirichlet
problem:

Ulpx=u and dod‘U|x =0, 0.1

where d° = i(d — d), d = 3 + 9, and the Cauchy—Riemann operator d corresponds to
the complex (conformal) structure on X. The inverse conductivity problem consists of
the reconstruction of o |x from the mapping potential U|px — current j = o0dUl|px
for solutions of (0.1). This mapping is called the Dirichlet-to-Neumann mapping.

This problem is the special case of the following more general inverse boundary
value problem, going back to .M. Gelfand [13] and A. Calderén [6]: to find the
potential (2-form) g on X in the equation

ddy =qy 0.2)

from knowledge of the Dirichlet-to-Neumann mapping |px — d“¥|px for solu-
tions of (0.2). In some contexts, (0.2) is called the stationary Schrodinger equation,
in other contexts the monochromatic acoustic equation, etc. Equation (0.1) can be

reduced to (0.2) with g = d‘ic/“;/g by the substitution ¥ = /o U.

Let the restriction of the Euclidean metric of R3 on X have (in local coordinates)
the form

ds? = Edx* + 2Fdxdy + Gdy* = Adz* + 2Bdzdz + AdZ2,

where z = x + iy, B=E+C and A = E=G=2F py , — A By clas-
‘ T 4 4 b= ryeoae Y

sical results (going back to Gauss and Riemann) one can construct a holomorphic
embedding ¢ : X — C3, using some solution of the Beltrami equation: d¢ = ¢
on X. Moreover, the embedding ¢ can be chosen in such a way that ¢(X) belongs to
a smooth algebraic curve V in C>. Using the existence of the embedding ¢, we can
further identify X with ¢(X).

0.2 Reconstruction Schemes for the Case X c R~ C
For the case X =  C R?, the exact reconstruction scheme for formulated inverse

problems was given in [27, 28] under some restriction (a smallness assumption) for
o or g (see Corollary 2 of [27]). For the case of the inverse conductivity problem (see

(0.1), (0.2)), when g = ddc;/;, the restriction on o in this scheme was eliminated by

A. Nachman [25] by the reduction to the equivalent question for the first-order system
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studied by R. Beals and R. Coifman [2]. Recently, A. Bukhgeim [5] has found a new
original reconstruction scheme for the inverse boundary value problem (see (0.2)),
without a smallness assumption on q.

In a particular case, the scheme of [27] for the inverse conductivity problem con-
sists of the following. Let o(x) > 0 for x € Q and o € C(Q). Put o(x) =1 for
x e RM\Q.

Letg = dd*Jo

o

From a result of L. Faddeev [10], it follows that 3 a compact set £ C C such that
for each A € C\E there exists a unique solution ¥ (z, 1) of the equation dd“y =

qy = %w, with asymptotics

Pz e pz ) =1+0(1), z— oo
Such a solution can be found from the integral equation

w(&, MNdd /o

i
M(Z,k)=1+—/ gz—§.4) , 0.3)
2 EeQ \/E
where the function
i 0Dy A di i WD) gy A di
g(Z’ A’) - 2 — - 2 — .
@m)* Jwec  (wWH+2Dw @m)* Juec  w(w —id)

is called the Faddeev—Green function for the operator
w93+ Adz) .

From [27] it follows that VA € C\E the function ¥ |5 can be found from the
Dirichlet-to-Neumann mapping via the integral equation

V(2. 0)],q ="+ f Mz — &, MY (E L) — DY (E.2),  (0.4)

£EebQ

where ®yr = 3y v, Doy = 3Yolsa. Volse = ¥lse. and ddyolq = 0.
By results of [1, 15], and [27] it follows that v/ (z, ) satisfies the d-equation of
Bers—Vekua-type with respect to A € C\ E:

Y _
8_)_» =b(M)Yy, where 0.5)
7 1 rZ—AZ3 1 rZ—AZ
Ab(A) = —— e uiz,N)=-—1_-¢e qu, 0.6)
2mi 7ebQ 47 Q
vz, MNe ¥ =uz,A)—>1, r— o0, VzeC. 0.7)

From [2] and [25], it follows that for g = dd\;%/g, o >0,and 0 € CH(Q) the ex-

ceptional set E = {f}} and the function A — b(%) belong to L>T4(C) N L2~¢(C) for



546 G.M. Henkin, R.G. Novikov

some ¢ > 0. As a consequence, the function y = e~**3 is a unique solution of the
Fredholm integral equation

d) AdX

! NZ=M2
pen+ 5 [ b GRS . 08)

Integral equations (0.4) and (0.8) permit us, starting from the Dirichlet-to-
Neumann mapping, to find first the boundary values ¥/ |, second “d-scattering data”

b(L), and third the function v|q. From the equality dd“y = %W on X, we fi-

nally find dd}f on X.
The scheme of the Bukhgeim-type [5] can be presented in the following way.
Let ¢ = Qdd€|z|?, where Q € CV (), but the potential Q is not necessarily of the

conductivity form d{/%/g. By a variation of the Faddeev statement and proof, we

obtain that Va € C 3 a compact set £ C C such that VA € C\ E there exists a unique
solution ¥, (z, A) of the equation ddy = gy with asymptotics

Yoz e = iz ) =1+0(1),  z—> oo

Such a solution can be found from the integral equation (0.3), where the kernel
g(z — ¢, )) is replaced by the kernel

dn A dij.

j eha?—ha’ e~ E—nta?+a(E—i+a)
ga (Za §7 )\') = \/(C

272 (n—2)( — 1)

The kernel g, (z, ¢, A) can be called the Faddeev-type Green function for the operator
n— 3(d + Ad(z — a)*) . The equation 9(d + Ad(z — a)*)u = Squ and the Green
formula imply

/ PR, / Me—aP=iG-aP I 0.9)
b2 Q 2i

The stationary phase method, applied to the integral in the right-hand side of (0.9),
gives for T — 0o, T € R, the equality

4 i z—a)°15
lim _T/ ezr[(z—a)z-l-(z—a)z]azua(z,it):Q(a). (0.10)
zebQ

o
Formula (0.10) means that the values of the potential Q in an arbitrary point a of
can be reconstructed from the Dirichlet-to-Neumann mapping 14 |pe — 0 ita|pq for
a family of functions 1, (z, A) depending on the parameter A, |A| > const, where we
assume that . |pq is found using an analog of (0.4) for ¥, |pq-

Bukhgeim’s scheme works well at least VO € C(D(Q).

The more constructive scheme of [27] works quite well only in the absence of an
exceptional set E in the A-plane for Faddeev-type functions. The papers [4, 32], and
[28] constructed modified Faddeev—Green functions that permits solving the inverse
boundary problem (0.2), at least on R? = C, under some smallness assumptions on
the potential Q.



On the Reconstruction of Conductivity 547

Let us note that the first uniqueness results in the two-dimensional inverse bound-
ary value or scattering problems for (0.1) or (0.2) go back to A. Calderon [6],
V. Druskin [7], R. Kohn, M. Vogelius [24], J. Sylvester and G. Uhlmann [31], and
R. Novikov [26].

Note in this connection that the first seminal results on reconstruction of the two-
dimensional Schrodinger operator H on the torus from the data “extracted” from
the family of eigenfunctions (Bloch—Floquet) of the single energy level HY = Er
were obtained in a series of papers starting from B. Dubrovin, I. Krichever, and
S.P. Novikov [8], and S.P. Novikov and A. Veselov [29]. These results were obtained
in connection with (2+1)-dimensional evolution equations.

This paper extends to the case of Riemann surfaces the reconstruction procedures
of [27] and of [5]. The paper extends (and also corrects) the recent paper [21] where
the inverse boundary value problem on a Riemann surface was first considered. Ear-
lier, in [20], it was proved that if X C R3 possesses constant conductivity, then X with
complex structure can be effectively reconstructed by at most three generic potential
— current measurements on bX.

Very recently, motivated by [5, 20], and [21], C. Guillarmou and L. Tzou [16] have
obtained a general identifiability result (without reconstruction procedure): if for all
W12 (X) solutions of equations ddu + qgiu=0,q; € C?(X), j =1,2, the Cauchy
datas u|px, du|px coincide, then g; = g2 on X.

1 Preliminaries and Main Results

Let CP3 be a complex projective space with homogeneous coordinates w = (wy :
wi :wy s ws3). Let (CPOZ0 ={w € CP3: wy =0}. Then (CP3\(CP02o can be considered
as the complex affine space with coordinates zx = wy/wo, k = 1,2, 3. By a classical
result of G. Halphen (see R. Hartshorne [17], Chap. IV, §6), any compact Riemann
surface of genus g can be embedded in CP? as a projective algebraic curve V, which
intersects (CPgO transversally in d > g points, where d > 1if g=0,d >3 if g =1,
and d > g + 3 if g > 2. Without loss of generality one can suppose that

1 V= \~/\(CP§o is a connected affine algebraic curve in C* defined by the polyno-
mial equations V = {z € (C3 p1(z) = p2(2) = p3(z) = 0} such that the rank of
the matrix [221(2), %2 (2), %2 ()] =2 Vz e V.

(i) VNCPL ={B1,..., Ba}, where

B B

=(0:8':B: B, (
Br=O:p B B) Bl Bl

)e@% 1=1,2,....d.

(iii) For r¢ > 0 large enough,

0Py 0pa
922 023

det 0 forzeV:|zi|>ropand o .
ops  ops |7 211 = 7o 7B

(E2) 973
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~0
.7 1
=yz+—’2+0<—3>,
Vi ol 4

where y;, 7, ylo, )710 #0,forl=1,...,d,d >?2.

(iv) For |z| large enough,

dz 0 1 d
_2 :)/]+V—l+0(—>, ﬁ
dzily, ] dzi

Let Vo ={z €V :|z1| <ro} and V\Vy = Ul 1 Vi, where {V;} are connected
components of V\Vp. Let us equip V w1th the Euclldean volume form dd€|z|*.

Let WLHP(V) = {F € L®(V) : 9F € L? 0.1, W (V) {f € LTS (V) af e
Lfl(V)}, p > 2. Let Hp 1(V) denote the space of antlholomorphlc (0, 1)-forms
onV.Let Hj (V)=Ho 1 (V)NL{ (V),1<p<2.

Let WhP(V) = (F e LP(V): 3F € L (V).

From the Hodge—Riemann decomposition theorem (see [14, 22]) V®g € W0 (V)
we have ®¢ = 3(3* G ®g) + H D, where H®g € Ho, 1(V), and G is the Hodge-Green

operator for the Laplacian 39* 4+ 3* on V with the properties G (Hy, 1(V)) =0,
3G =G, and 9*G = G9*.

Straight generalization of Proposition 1 from [18] gives the explicit operators:
Ry ~L”1(V) — Lﬁ(V) Ro:L{ (V) — WLP(V), and H : L§ (V) = HY (W),
1 <p<?2, % — 5, such that VO € Lg 1 (V) we have a decomposition of the
Hodge—Rlemann type:

®=9RD +H®, where R=R;+ Ro,

1
Ri®@) = 5 L O A dpu A dpp) L A dr £ dE

Xdet[apa@),apﬁ@)’ £z ]
€ & T |E —z|?

Ro®(z) = (3*G@AR1® — ®))(2) — (3*G@AR P — D)) (1),
@RI®—®) € Wy (V),

where G is the Hodge-Green operator for the Laplacian 89* for (0, 1)-forms on
V, the (1, 1)-form under the integral sign does not depend on the choice of indexes

a,B=1,2,3,a#8,
8
HO _;</V ) /\a)j>a)J,
{w;} is an orthonormal basis of holomorphic (1, 0)-forms on V,ie.,

fij@k=3jk, jk=1,2,...,8
\4

Note that as a corollary of the construction of R we have that lim ,cy, R®(z) =
RO (1) =0. )
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Remark 1.1 1f V = {z € C?: P(z) = 0} is an algebraic curve in C?, then the formula
for the operator R; is reduced to the following:

Rib() = — o % g 2L (6), £
1 (Z)—%/;EV (E)% e[g(g),m}

Remark 1.2 Based on [19], one can construct an explicit formula not only for the
main part R; of the R-operator, but for the whole operator R = R| + Ry.

Let <peL{’1 Vn L‘l’f’l W), fe Wll)’(f(V), reC,0eC.
Let

Rop = R((dz1 + 0dz2) |9)(dz1 + 0d2z2),
Ryof =e_roR(erpf), whereey g(z)= M0 A1 +02)

By a straight generalization of Propositions 2 and 3 from [18], the form f = ]%9(0 is
a solution of d f = ¢ on V, the function u = R g f is a solution of

@+ A(dz1 +0dz2))u=f —Hyrgf, where
d f R — ~ -
Hoof Se_soH(eraf), ueWhP(V), p>2.
In addition, by a straight generalization of Proposition 4 from [18], we have that

3(3 4+ A(dzy +0dz2))u = ¢ + A(dZ1 +60dZ2) A Hye(Reg) onV.

Definition 1.1 The kernel g, ¢(z, &), z,£€ € V, X € C, of the integral operator R) ¢ o
Ry is called in [18] the Faddeev-type Green function for the operator 5(8 +Aldz1 +
0dz2)).

Definition 1.2 Let g = genus V. Let {wj}, j=1,..., g, be an orthonormal basis of

holomorphic forms on V. Let {a1, ..., ag} be different points (or effective divisor) on
VA V. Let

Ap(X) =det[fg y Ro(8(5,aj)) A (E)es (E), j k= 1,~~-,g}

where §(, a;) is the Dirac (1, 1)-form concentrated in {a;}.
Let Eg ={L€C:Ap()) =0}

Definition 1.3 The parameter 6 € C will be called generic if 6 ¢ {01, ..., 6,4}, where
0y = —1/y;. Divisor {ay, ..., ag} on V\Vy will be called generic if

w;
det| 2L (ap) £0.
dz) Jk=1,g

=1,...,
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Proposition 1.1 Let the parameter 6 € C and the divisor {ay, ...,ag} on V\Vp be
generic, where Vo ={z € V :|z1| <ro}, g = 1. Then for rg large enough we have the
inequalities

lim [A8Ayp(L)| <o and
A—00

Ve>0 lim [AMSAg(M)|e >0, where

A—00

AAg()e = sup |- Ag(M)].
{V:N —A|<e}

Besides, the set Ey is a closed nowhere-dense subset of C.

Let X be a domain containing V and relatively compact on V. Let o € cOw),
o0 >0,onV,o0=1o0nV\X.LetY be adomain containing X and relatively compact
on V. Let the divisor {ay, ..., ag} on Y\ X and the parameter 6 € C be generic.

Definition 1.4 The functions ¥4 (z, 1) = /o Fa(z, ) = pg(z, 1)e? @102 7 ey,
0 € C\{01,...,04}, » € C\Ey, will be called the Faddeev-type functions associated
with o, 0, and {a1, ..., ag} if ¥g, Fy, ue satisfy the corresponding properties:

8
dod® Fy =252 ") h(M8(z, a)),
j=1

8
dd“ Yy = qpg + 26D N " Ci (082, ap), (1.1)
j=1

. 8
— 1 .
0(d + A(dz1 4+ 0dz2)) e = Fqmo +i E Cjo(A)d(z,a;),
j=1

and the normalization condition

lim pe(z,A) =1, (1.2)
zeV)
7—>00

where ugly € LP(Y), moly\y € L®°(V\Y),p>2,9= % {C; ¢} are some func-
tions of A € C\ Ey.

Theorem 1.1 Using the aforementioned notation and conditions, ¥ generic 6 € C,
V generic divisor {ay, ...,as} C V\X and YA € C\Ey : |A| > const(V,{a;},0,0)
there exists a unique Faddeev-type function

Vo (z, 1) = T Fy(z, 1) = "G00 14 (7. 2),

associated with the conductivity function o and the divisor {ay, ..., ag}. Moreover,
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(A) The function z — Y9 (z, L) and parameters {Cj (1)} can be found from the
following equations, depending on parameters 6 € C, A € C\Ey, |A| > const(V,{a;},
0,0):

l‘ _ _ C
Yoz h) — = / ettt o V0 @ )
2 EeX «/_
g
= HEHIR) 1y Clo (Mg (@ aj)e ), (1.3)
j=1
2 CioMe; gla) ———
; 7o (eno(a)) edzz(p
dd®\/o
_ f)»(z1+022)
=- 0(z, A)—_(z) (1.4)
/zev Jo Vo dz1 +0dz
wherek =1,2,..., g, and {w;} is an orthonormal basis of holomorphic forms on ‘7;

(B) The functions z — ¢ (z, 1) and the parameters {C o (L)} satisfy the following
properties for A € C\Eg : |\| > const(V,{a;},0,0):

3 lim —Zlﬁezze—x(zl+éfz)(%+é%)

o0 z%Vz A 071 972
= lim ype by (), (1.5)
zeV;

iCjo(A) = (2mi)Resq e 10y,

i lim e M) gy (1.6)
£—0 lz—ajl=¢
Ve (z, 1) _—
——=——=bo(M)Ve(z, 1), (1.7
an
acjaim MO0 = by (3)C; ()M 102, (1.8)
Besides,
_ 1 _ 8
Abg(M)d = —— ero@on@)+i ) Cjperolaj),
2mi zebX ; / !
A1 - by )] < const(V, {a;), 0) ———— : .19
(A4 D3 1Ag(W)I(1 + |28
1

ICj oM < const(V,{a;}, o)

(A + D3 [Ag (MDA + [AD8
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Remark 1.3 If ||In «/E”C(Z)(X) < const(V,{a;},0), then the condition A € C\Ejp :
|A| > const(V,{a;},0,0) in Theorem 1.1 can be replaced by the condition
A € C\Ey. The dependence of const(V,{a;},6,0) on o means it depends only on

[l In \/E”Cu)(x)-

Definition 1.5 The functions by (1) and {C; g} will be called “scattering” data for the
potential g.

Let dAJ(wlb x) = 0V |px for all sufficiently regular solutions ¥ of (0.2) in X, where
dd° /o

Vo _

(0.1). Let ®( denote @ for g = 0 on X. Note that for the solutions i of (0.2) we have

the property 9y |px = ®(¥|px).

. The operator @ is equivalent to the Dirichlet-to-Neumann operator for

Theorem 1.2 Under the conditions of Proposition 1.1 and Theorem 1.1, the follow-
ing statements are valid:

(A) VA € C\Ep : |A| = const(V,{a;},0,0) the restriction of Yg(z, 1) on bX and
data {Cj (M)} can be reconstructed from the Dirichlet-to-Neumann data as the
unique solution of the Fredholm integral equation

oz W)lox + / A0, 2 (b — by (&, 1)
EebX

8
= MEHIR) L i N " Cia(M)gne(z a))e TR where (1.10)
=1

8
[ Gt omy e D Egy = = Y a4 007G, (LD
zebX ;

Jj=l1

k=2,..., g+ 1, and for the coordinates of the points {a;} the values {a; 1 + 0a;>}
are supposed to be mutually different;

(B) Under the additional assumption that o € cO® (), the function o (w), w € X,
can be reconstructed from the Dirichlet-to-Neumann data

def A(z1+022)

Yolpx = molpxe — Vplpx

by explicit formulas, where we assume that Vg |px is found using (1.10), (1.11).

For the case V = {z € C*: P(z) = 0}, where P is a polynomial of de-
gree N, this formula has the following form. Let {w,,} be points of V, where
(dz1 + 0dz)|lyv(wy) =0, m=1,..., M. Then for all 6 € C, except for a finite
number of 6, the values %W(wm) can be found from the following linear
system:

k
o1+ o)L - (/ eir.0(2) g (2, m)
drt zebX

(W)
\%4

B % iT(14102) dd®Jo
- 2 Jodde|z|?

m=1
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92 (3 expi .
|3Zl (w)] 4ok explf[(wm,l + me,Z) + (wm,n + ewm,Z)]

2P (3dP\2 _ » 32P 3P\ 3P 2P P2
SRR — 23 s GV GE) + TE R )

(1.12)

wherem,k=1,.... MM =N(N—-1),teR, 1t — 00, |t|8|Ag(iT)| > ¢ > 0,and ¢
is small enough. The determinant of system (1.12) is proportional to the determinant
of Vandermonde.

Note thatYw € V 310 € C: (dz1 +60dz)|y (w) =0.

(C)If g =0 and if 6 = 0(\) = A~2, then Yz € X and VA € C the function
wo(z, 1) =Yg (z, Ne *C14022 s the unique solution of the Fredholm integral equa-
tion

1 T PRV —  __dENdE
RoGy (2, A) + —/ boe) (£)ef IO EQIHIER) g (2 ) ——= =1,
27i JeeC E—A
const(V)
where |be)(§)| = ———,
OFT= g
and the function 7 — o (z), z € X, can be found from the equality
dd®\/o
dd“ Yo (2, A) = \/?;/_(Z)I/fe(x) (z,4), zeX.
Remark 1.4 The statement and proof of Theorem 1.2B are still valid if we replace
in the formulations the form g = d{;“;/g with the arbitrary real form (potential) g €

(V). qlvix =0.

Remark 1.5 Using the Faddeev-type Green function constructed in [18], in [21] there
were obtained natural analogues of the main steps of the reconstruction scheme
of [27] on the Riemann surface V. In particular, under a smallness assumption on
0 log /o the existence (and uniqueness) of the solution g (z, 1) of the Faddeev-type
integral equation

g
+iy Cigio(z.a)),
j=1

. i ue (€, 1)dd /o
oz, A) =1+ 2 fsevgx,e(Zf)T

zeV, reC,

holds for any a priori fixed constants Cy, ..., C,. However (and this fact was over-
looked in [21]), for A € C\ Ey there exists a unique choice of constants C; ¢ (A, o) for
which the integral equation above is equivalent to the differential equation

- i (dd°\Jo <
8(8+A(d11+9dz2))u=5< NG M)—i—ljzlcjé(z,aj),

where §(z, aj) are Dirac measures concentrated in the points a;.
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2 Faddeev-type Functions on Riemann Surfaces. Uniqueness

Let a projective algebraic curve V be embedded in CP? and intersect CPOZO =
{w € CP3: wy = 0} transversally in d > g points. Let V = V\CPZ, Vo ={z € V:
|z1] < ro}, and properties (i)—(iv) from Sect. 1 be valid.

Proposition 2.1 Let o be a positive function belonging to C® (V) such that o =
const=1on V\X C V\Vp = Uflzl Vi, where {V;} are connected components of

V\Vo. Put g = %E. Let {ay, ..., ag} be a generic divisor with support in Y\X,

X CYCYCV.ForgenericH € Cand x € C, let |1| > const(V, {aj},0,0) and the
Sfunction 7 +— = ug(z, A) be such that:

mly € LP(Y),  plvy € L¥(V\Y),

_ _ _ @.1)
duly € LP(Y), duly\y € LP(V\Y), 1=p<2 p>2,

. g
_ i
00 +A(dz1 +0dz)u = Equ +i ZC/(S(Z, aj) withsome Cj=Cjqa(X) (2.2)
j=1
and pe(z,A) >0, z—>o00, z€ V. 2.3)

Then ug(z,A)=0,z€ V.

Remark 2.1 Proposition 2.1 is a corrected version of Proposition 2.1 of [21]. For the
case V = C, the equivalent result goes back to [2].

Lemma 2.1 Let = /o F = *@1492) y where p satisfies (2.1), (2.2) and
Fi =+/0dF, F»=./0dF. 2.4)
Then the forms Fy, F» satisfy the system of equations
g
IF1 + F, AdInyo =i @02 Y " C8(z,ay),

= 2.5)

8
OFs + Fi AdIny/o = it G023 C5(z,a)).
j=1

Proof of Lemma 2.1 From the definition of F and F3, it follows that

dod‘F =i[2000F — 30 AOF + 30 AJF]
=2iJo(0F, + FI AdIn/o) = =2i/o(0F, + F2 A 31n+/0).
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From (2.4) and (2.2), we deduce also that

8
d(od“F):f(dd‘w wd‘i/*_/_>=2\/Eex<11+912>2c,-3(z,aj).
j=1

These equalities imply (2.5).
Lemma 2.1 is proved. O

Lemma 2.2 Let {b,,} be the points of X where (dz1 + 0dz2)|x(bm) = 0. Let BY =
U, {bm} and AV = U {aj}. Let u+ =my £+ e_; g(2)ma, where my = e “Mat0z) £

my = e MR - f = eI and f = JoIE. Also let g = "B and

d0(z,a;) = ;z(lz:y% . Then in the conditions of Lemma 2.1

sup [du| , (z) - dist*(z, B®)| = o(sup |lu dist(z, BO)|> < 00;
zeX zeX (26)
uxlvix € L'(V\X) N O(V\(X U A%)

and the system (2.5) is equivalent to the system

ou4

o7 ———dz1 =F(e- A&(Z)Cllui)le-l-lZ(C + Cjes0(2))0(z apdz. (2.7)

j=1
Proof of Lemma 2.2 From (2.1), we deduce the property
utly e LP(Y), 1<p<2, ui|v\y€Lﬁ(V\Y)@LOO(V\Y), p > 2.

System (2.5) is equivalent to the system of equations

5 g

84 = — foq) +ie" @102 ZCJ'SO(Z, aj),
1 o

of2 7 i M (z1+022) :

E=—f1611+1e > Cjso(z.aj).

Jj=1
This system and the definition of m |, m, imply

om| <
a5, = mati D Cidoz.a)),
1 ;
j=1

amo 972 _ 8
—= 4|1 +60— ) =—qgim +i Cibo(z,aj).
. 2( le> qim ; jdo(z,aj)
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From the last equalities and the definition of u+ we deduce

ou om 1 ~072\
Ti =t te_ )LQ(Z)(_ +)\(1 +98—_2>I’H2>

071 071 21

8
. - 0z
=—qmy+i E Cj(So(Z,aj):lze)L,e(Z)< <1+9—2) mo

j=1

- -9Z2 s
_km2(l+08—21) —qi1m —I—IZCj(So(z,aj))

j=1

g
= Fle—ro@)qru+) +i Z(Cj + Cje.6(2)80(z, a)).
j=1

Property (2.7) is proved.
For proving (2.6), we will use a construction from Bers and Vekua (see [30, 33]).
Let B+ be continuous on Y solutions of d equations

= Ut _
0B+ =xe_y 0(z)q1—dz1,
u4

where the right-hand side belongs to Lg% (Y).

The functions v+ = ure P+ belong to O(Y). Indeed, from (2.1) and (2.2) it fol-
lows that € Wh?(Y) N Wll p(Y\(AO BY)). From this and from the definition of
v+, we deduce that dvy = qrit+dzie P+ — qluiae —Bidz, =0 on Y\(A° U BY),
and the following formula for u is valid:

Ut (z) = v4(2)eP+@, (2.8)

From this, (2.7), and (2.8), we obtain (2.6).
Lemma 2.2 is proved. g

Lemma 2.3 Let uy be the functions from Lemma 2.2 and let p be the function from
Lemma 2.1. Then

o 022
ui:—+x(1+9—>u qluie—w(z)(——m“)
971 0 071

Proof of Lemma 2.3 We have
Uy = e—)»(zH—@zz)fl ie—k(z|+9z2)f2 _ g_k(Z1+022)(f] " fz),

where

Tl ()
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9 0
— HMuitbz2) _M_f_k 1+9£ m—=qipn |,
9 021

21
- IF 3 (1 5¢44m - g (OB )
_ _ (21+022) _ AMz1+022)
y=+yo—=yo—| —e =e — —qit ).
f fﬁm \/—811<\/5 M) <8Z1 s

This implies Lemma 2.3. g
Lemma 2.4 Let wi, ..., wg be an orthonormal basis of holomorphic 1-forms on V.
Let {ay, ..., ag} be a generic divisor on Y\X, where Vo C X CY C V. Put a)?’k =

%(a 7). For some generic 0 € C and A € C, let the functions uy. from Lemmas 2.2—
2.3 satisfy (2.6) and (2.7), with some C; = Cj g(1). Then

sup|Cj.o () < const(V, {a;}, OO 3200 ) 1+ 12D ™ s [l oo x50y
J
def . 0
where |u+| ;0 (x, poy = sup |u+(z) dist(z, BY)|.
zeX
Proof of Lemma 2.4 From condition (iv) of Sect. 1, we deduce that |a)(j)., ¢ < 00. From

the definition of a generic divisor, we obtain det[a)(;’ ] # 0. From (2.7) and from the
definition of Dirac measure Yk =1, ..., g, we deduce

_ dln
lim (/ Ut A a)k) :I:/ e_1.0() \/Eﬁidzl A W
=00\ JzeV:|z1|=r} X 071

8
=i / Z(Cj +Cje_1,0(2))d0(z,a;)dzy N wi
Y

j=1
g -
=iY (Cj+Cjesp(ae),, 2.9)
j=1
Jk=1,2,...,8. L
From the estimates limy, - 00 SUP( ez, |=,} [U+(2)] < 00, for some sequence
ry, — 00, and Id‘”—;ll < O(IZLZI), zeV\Y,k=1,..., g, we obtain
’ 1
lim ‘/ u+ Aol =0. (2.10)
=0 J{zeVilz|=r}

From (2.9), (2.10), and Cramer’s formula, we obtain

i(C;£Cje_s0(a)))

0 . .0 . dln o - = .0 . .0
_det[a)l,k,...,wj_lgk,fX:i:e_,\,e(z) 3Z*lﬁuidz1/\wk,a)jﬂﬁk,...,wg,k]
det[a)?k] '
@2.11)

where j, k=1,...,g.
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Let us prove the estimate

dln/o _ _
‘/ e_3.0(2) fuidzlAwk
X 071

< const(X, )1+ IAD ™2 Vo I3 ey - Ml poox, gy (212)
For |A| < 1, the estimate follows directly, using that In /o € whoe(x).
Let B¢ :UrA,:IZI{ZGX Hz— by <e).
Let x¢v, v = 1,2, be functions from C(l)(V) such that x.1 + xe2=1onV,
supp xe,1 C B, supp xe.2 C V\B®, ldxe. | = O(1), v=1,2.
dln /o
a

<1

Put Jous = [y xev(2)e—1,6(2) i+dZ) Awg, v =1,2. We have directly:

|J{u+| < const(X)e|| lnﬁ||wl,1(x) Mutllpoox, Boy- (2.13)
For J;u we obtain from integration by parts:

dln/o _ Wk
utdzg N —m
971 dzy +0dza

1
Jjuy = ——/ Xe,20€_3 0(2)
AJx

1 dlnyo _ wi )
= — e_ 2)0 u+dzg A —— ). 2.14
)»/x 2,0(2) (Xe,Z 971 +dZ71 4211 6dz (2.14)

To estimate (2.14), we use (2.6) and the following properties: |9 x. 2| = O(%),
supp(dxe,2) C B*,

dzi N O Uy——
071 1A OXe2 ﬂEle+9dzz

L0
const(X, 0)
< fll In /0 [l oo ) sl oo x BOY

3%In /o i
N e AdZ ety —— K
02 e G bz,

’ L}’I(X)
< | 1n8|const(X, 9)” In «/g”Wz.QO(X) ||Ui||L00(X!BO),

Halnﬁ

071

(09 )
dzi +0dz

dZ1xe2U+ A 3(

Lg,(X)
const(X, 0)
=< f” ln«/E”WI-OC(X)||”ﬁ:||L00(x,BO)a
it x|y = Flerp(@Rq1u+)dz1.

From (2.14), (2.6), and these properties, we obtain

const(X, 0)

|Jfus| <|Ing
2 x|

100 [[2cex) - sl oo x. o)
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const(X, 0)

T” lrl\/E||W1’°°(X) ) ”u:I:HLOO(X,BO)

const(X, 0, 6)

W” ln\/E”WI-OO(X) . ||ui||LOC(X’BO). (2.15)

Putting in (2.13) and (2.15) ¢ = % and § = 1/3 we obtain (2.12) for |A| > 1.
Inequalities (2.11) and (2.12) imply the estimate

IC; £Cje_s 0(aj)l

< const(X, {a;}, )1+ AN V/O 15200 g - £l oo x, 30) -

‘We have obtained the statement of Lemma 2.4. O

Lemma 2.5 Let the functions uy satisfy (2.6), (2.7), and R, the operator from Sect. 1.
Then

||R[€—A,9¢I1ﬁid§1 ||Lw(x,30)
< const(X,0)(1 + AN | In /o[l 2o x) - sl oo x. 50y
Proof of Lemma 2.5 Let x. ,, v =1, 2, be the partition of unity from Lemma 2.4. Put

Stug = R[Xg,uqlﬁidél], v =1, 2. Using (2.6) and the formula for the operator R,
we deduce the estimate

||Sfud:||1_°0(x,30) = 0 (9| 1n\/EHWLOO(x)||’/l:|:||L0c(x,130)- (2.16)

Let R;o(&,z) be the kernel of the operator R. This means, in particular, that
e R1,0(8,2) = —8(§, z), where §(§, 2) is the Dirac (1, 1)-measure, concentrated in
the point £ = z. We have

S5ut =f Xene—noqui+d&) A Ry (&, 2). (2.17)
X

Integration by parts in (2.17) gives the following:

| _
SSut = i/ de_ Ae(E)mxe,z(é)m(é)ﬁi(é)ARl,o(é,z)

1 = dé& _
—i[Xe—x,9($)3(mxs,z(é)éh(%)ui(&)) A R0, 2)

1 d§;
+ Ké—,\,e( )m(@xs 2(2)q1(2)u+(2). (2.18)
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To estimate (2.18), we use (2.6), the properties of the partition of unity {x. ,}, and
the inequalities

d
'dél + 0dé&, (E)‘ (dlSt(‘? BO)>
iz )| = (G om)
d&| + 0d&, (dlSt(é BY))? 2.19)
lg1 (&) = (d ey BO)>

_ 1
[0g1(§)| = O(W) EeX.

From (2.19), (2.8), and the formula for the operator R, we deduce the estimate
. 1
1S3usllLex) =0 84—|)»| I ln\/g”WZ,oo(X) ||Mi||L0<>(x,BO)- (2.20)

Putting in (2.16) and (2.20) ¢ = we obtain the statement of Lemma 2.5. (I

1
275

Proof of Proposition 2.1 Let the function u satisfy conditions (2.1)—(2.3), and let s+
be the functions defined in Lemma 2.2. Then by Lemma 2.3, we have

zli)rgo us(z,A) = Zli)ngo (m1 £e_j 9(zx)my)

zeV) zeV]
, dzs u 3t
=1 1+6— —te_ — 0. (2.21
zz_;)r%[ ( + e 1) +3Z1 e w(z)aZI — (2.21)

Let

g
hy=uy+ R|:(€—A,9(Z)611b_ti)d21 —i Z(Cj +Cje_;.0(2))d0(z, aj)dil], (2.22)
j=1

where R is the operator from Sect. 1.

By Lemmas 2.2-2.5 and the properties of the operator R, we have h1 € O(V) N
L*®(V) and hi(z,2) — 0, z = o0, z € V]. By Liouville’s theorem, h+(z,A) =0
on V, A € C. Then from (2.22) with A+ (z, 1) =0, and Lemmas 2.4 and 2.5, it fol-
lows that u+(z,A) =0,z € V,if L € C\Ep : [A| = const(V, {a;},0)] 1nf||W2w(X)

Property u+(z,A) =0, z € V, implies by Lemma 2.3 the equality E —qin =0,
z €V, where u(z) - oo if z € Vi, z — oo. The Liouville-type theorem for gener-
alized holomorphic functions ([30], Theorem 7.1) implies u = 0. Proposition 2.1 is
proved. O
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3 Faddeev-type Functions on a Riemann Surface. Existence.
Proof of Theorem 1.1A

Proposition 3.1 Let the conductivity o and the divisor {ay, ..., ag} satisfy the
conditions of Proposition 2.1. Then V¥ generic 6 € C and Y\ € C\Eg : |A| >
const(V,{a;}, 0, 0) there exists a unique Faddeev-type function

v & JoF & a2 yhere
V =190z, 1), F=Fp(z,1), u=pp(z,2), (3.1

associated with o and the divisor {ay, ..., ag}, i.e.,

. g
_ i
80 +ndz) +60dz)u = qn+ )y Cjd(z.ap).
j=1
forsome C; =Cjo(X), where
_ dd®\/o
=7

q L uly € LPQY), plyyg € L¥(VAY), lim po(z, ) =1. (.1a)

zeV)
In addition,

const(V,{a;},0,0,p,¢)
[Ag()] - (14 [apst!—e

e (z, A) — pg(0or, A) ”Lﬁ(V) <

)

where j1g(cor, 1) & Jim pa(z ), I=1,....d, (3.1b)
z€V]

const(V,{a;},0,0,p, p,¢)

1Ole oo T ILg v = TIxg 00 e+ PR PR
V generic 6 € Cand A € C\Eg : |\| > const(V,{a;},0,0),
0 0 <
B ewlry), 2B ey uwh VY, 3.1¢)
oA Y oA Vi\Y
where {V;} are connected components of V\Vp,l=1,....,d,

e5.0(z7) = M0 =AE+02)
Remark 3.1 Proposition 3.1 is a corrected version of Proposition 2.2 from [21]. For
the case V = C, the results of such a type go back to [10, 11].

Lemma 3.1 Under the conditions of Proposition 3.1, YA € C\Ey the function z —
o (z, L) belonging to LP(Y) on Y and to L*°(V\Y) on V\Y satisfies (3.1a) iff there
exists Ci=Cjo(X), j=1,...,g, such that

8
ng,e(z,é)CI(é)Me(%J»)+iZCj,9()»)gA,6(Z,aj) (32)
j=1

i
A)=14+—=
e (z, 1) +2/

Ee
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and one of two equivalent conditions is valid:

. 8
Moo (1%9 (%qu«)) +i) CioOHo(Ry(8(z,a))) =0 or
j=1
(3.3)

8
(@ 4+ A(dz1 + 0dz2)) ez, A) € Hl,o(v\<x U{a,»})) NLL,(r\X),

j=1

where gy ¢ is a Faddeev-type Green function, R, Hy.o are the operators defined in
Sect. 1.

Proof of Lemma 3.1 From Proposition 4 in [18] and from the definition of the Green
function g, ¢(z, &) we deduce that the integral equation (3.2) is equivalent to the
following differential equation:

. 8
- l
B0 +Mdz1 +0dz)u = squ+i) Cjpd(z.a))
j=1

+A(dz1 +0dz) A |:H/\,0 (1%9 (%CIM>>

8
+i Z CjoMo(Ro(8(z, aj)))}. (3.4)

j=1

Equation (3.4) is equivalent to (3.1a) if one of the two equivalent conditions (3.3) are
valid.
Lemma 3.1 is proved. O

Lemma 3.2 Let {ay, ..., ag} be a generic divisor in Y\X. Then for any generic 0 €
C and V1 € C\Ey : [A| = const(V,{a;}, 0, 0), integral equations (3.2), (3.3) are a
uniquely solvable Fredholm integral equation in the space WP (V).

Proof of Lemma 3.2 Let 6 € C and A € C\Ey : [A| > const(V,{a;},0,0). From
(3.2), (3.3) we obtain an integral equation for fig = g — 1 and (j’j,g:

. 8
foe )~ 3 /s 8 Do) =1 oo Ga)
€ =

i g
-! /é_ 8GO0+ Y0 Cy s a) (3.5)
€ e
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The parameters C = C j6), j=1,..., g, are defined by the equations
g ~ A
3¢, /g o0& a)n @00 ©)
j=1 €

=/ ek,g@)ée(%qﬂ)@k@), k=1.2,...¢. (3.6)
EeV

Recall that the determinant of system (3.6) is exactly Ag(}).

The parameters C?ﬂ are defined by (3.6) with C.?,@ in place of C j,0 and 1 in place
of fi. One can see also that C?,e()“) =Cjo(d) — C‘j,g(k).

Let us prove that (3.5), (3.6) determine a Fredholm integral equation in the space
WPV, p>2.

Propositions 2, 3 of [18] imply that the correspondence

. 8
- N A B
fir> Ry g0 <Re(§qu) +i E IC./,eRa(S(Z»a./)))
j:

defines a linear continuous mapping of W17 (V) into itself. This mapping is compact
because the mapping it — ¢i, suppg C X, from WP (V) into Lf,l (X) is compact,
the operator Iég : Lf,l(X) — Wll”(f(V) and the operator R) ¢ : Wll”(f(V) — Wl'ﬁ(V)
are bounded.

If for fixed A & Ey the Fredholm equations (3.5), (3.6) are not solvable, then the
corresponding homogeneous equation, when the right-hand side of (3.5) is replaced
by zero, admits a nontrivial solution a* = u* — 1.

By Lemma 3.1, the function fi* satisfies the differential equation (2.2) with C;
replaced by C’j and with property fi*(z) - 0,z — 00,z € V.

By Proposition 2.1, i* = 0 if A € C\Ey : |A| > const(V, {a;}, 6, 0).

This means (3.2), (3.3) are a uniquely solvable Fredholm integral equation for any
reC\Eg :|A| = const(V,{a;},0,0).

Lemma 3.2 is proved. O

Lemma 3.3 Let {ay,...,a,} be a generic divisor on Y\X. Let A € C\Ey. Let 1 be
the solution of integral equations (3.2), (3.3). Then the relations (3.3) determining
parameters C; = Cj g(A) are reduced to the following explicit formulas:

g -
. Wk

2y " Cjesolaj)—(aj)
o dzy

=/ e.0(2) (i dd*Jo +231In/o A 81n\/g>/b5)—_k(z). 3.7
zeX \/E dzi
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Proof of Lemma 3.3 By Lemma 3.1, (3.2), (3.3) are equivalent to the equation

. 8
- 1
00 +rdz1 +0dz)u=qu+i)_ Cipdz aj), (3.8)
j=1

where = ug(z,A) > 1,z€ Vi, z— oo.
System (2.7) implies the following relation:

— (z aj) _
lim ui/\wk—l—zf Z(C,e:FC,eexe(Z)) 2oy
R=00Jjzy =R EVA\X
_ :F/ M1 t022)— )‘(ZH'GZZ)qluile A o, 3.9)
zeX
where g1 = aln;/—.
To obtain (3.9) we multiply both sides of (2.7) by Awy, integrate on V, and take
conjugation.

From Lemmas 2.3 and 3.2, it follows that

ui(z)—>k(1+9yz)~zlgngo no(z,A), z—>o00, €V,

zeV;

d0zp .
where y; = Zli)rgo 3_1 le)ngo wo(z,A) = 1.
zeV; zeV]

The existence of lim 00 1o (z, A) follows from Lemma 4.1, below. This implies that
zev]

1
= lim |)»|0<—> =0.
R—00 R

(3.10)

R— 0

i U i nin| = Tm ‘/ A1+ 07
R—o0| Jiz\|=R lz1]1=R

From (3.9), (3.10), and the definition of 1, we obtain

8
8(z,aj)
2i / Cjero(z2)—=1> Ay
jgl V\X J le

- / 3.6 ()1 g+ u_)dzi A
zeX

oF
= 2/ _MZ'*@“)qlfldzl A@y, where f| =+/o—.
zeX 071

By Lemma 2.3, we have

2/ e_x(zl+é22)c]1f1dzl A Ok
zeX

_ [0 0z _
=2/ ex,0(q1 (—M +?»M+/\9—2M —qm)dm ANag.  (3.11)
zeX 971 971
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From the definition of §(z, a;), we have

8 g _

. 8(z,a;) . o)

2i / Cierog(Q)——LNap=-2i Y Cjerplaj)—(a;). (3.12)
JZI e dz JX_‘: ! Ydzy

From integration by parts, we have

[0 _
2/ ex,e(z)ch(—u —H»M)dm A Ok
z€X 971

dln./o -
=2/ ex0(2) _\/_)»/LdZI A Wk
X 071

dln d _
_2/ exro(2) ﬁ(ku—i—)ﬁa—izu)dzl D)
X 1

071
8%21In /o _
2 / 000 Yz
X 071071
?In/o dlno 9z -
=— /ek,@(@( \_/——l— _\/_A9—2>udz]/\a)k. (3.13)
X 021071 071 971
Using (3.11), (3.12), and (3.13), we obtain
8 = 2 2
, @ 0%In./o ‘alnﬁ ) -
i Cigeyolai)—(a;) = ez — + - dzi A wg.
; roeno(a)) =—(a)) /zex A,e()<8218m T
Lemma 3.3 is proved. O

Proof of Proposition 3.1 (a) By Lemmas 3.1-3.3, the statement (3.1a) of the proposi-
tion is valid, i.e., there exists a function z — g (z, 1), z € V with the property (3.1a)
Vi e C\Ey : |A| > const(V,{a;},0,0).

(b) Put fo=Ro(Squ), fi=Re(i Y5, Cjp8(z,a))),and f = fo+ fi. By (3.2)
we have u —1=R; o f = Ry 0fo+ R0 /1.

Put
Loy (V)y={u:uly €Ly, V), uly\y €Ly, (V\Y)}, 1=p<2 p>2,4=0,1.

By Proposition 3(ii’) from [18], we obtain

i — po(o0r, 1) ||Lp'(v,\y)

8
< const(V. p. ) - min(|2| '/, |A|—1)<||fo||v~vl,ﬁ(v) + |cj,e|>,
Lo j=1 (3.14)

8
182l 7.5, = const(V, p.6) <||f0||Wll;Oﬁ(V) + X; |Cj,0|>.
J:
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For proving the estimates (3.1b) we need to estimate {C})’@}.

In order to estimate {C?ﬁ} we must use (3.6), where the parameters {C’ j.0} are
replaced by {C?’ o) and the function & is replaced by 1. For modified equations (3.6),
we apply Cramer’s formula for the solution of a linear system and integration by parts
in all integrals of this system, using e;_¢(z)(dZ +60dz2) = %éek,g (z). In addition, we
use: formula (1.2) for Ag(}), the formula Ry (%qu) = %qu, and an estimate of the

Wk
dz1+0dz

singular integral containing 9 ( ). This gives the inequality

Z|CQ 0l < const(V,{a;},0,0)
- FOT= A+ ADE

Further using (3.5), together with the obtained inequality for |C?’9 (A)| and the

inequality for the Faddeev-type Green function |g; ¢(z,§)| = O(IM}*S)’ we obtain
estimates for ) |C~‘j’9(k)| and | (A)][:
_ ~ const(V,{a;}, 0,0, p,¢)
Ml + D 1G58 < . and

I [Ag (W[ (1 +[A])8

const(V,{a;},0,0,p,¢e)
|Ag (W)|(1+[a)s+1—¢
where A € C\Ep : [A| > const(V,{a;},0,0,¢), [=1,....,d,

uo(oor, A) = 1. (3.15)

’

Il — (oo, ')”Lﬁ(vl\y) <

Estimates (3.14), (3.15) imply estimates (3.1D).
(c) Differentiation of (3.2) with respect to A gives the equality

I s (i A N AC ()
> 1,90( 9(24 Y +le=1 o5 (z,aj)

: g
=@1+02)(w—1) — Ry ((51 +08) Ry (%W +i Z Cjed(z, aj)))-
j=1
(3.16)

Equality (3.16) can be rewritten in the following form:

I ~ (i - ~_
—=|I—R)p0oRyl| =g —1
i ( 2.0 9<261 )) [(21 +6022)(u—1)

N SR TP
+ Ry0 0 Ry ZZ Y 3(z,a;)

j=1

. 8
— Rup (@1 +0E) Ry (%qu +i ch,ew(z,aj)))}. (3.17)

j=1
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Using Propositions 2, 3 from [18], and the estimates from Part (b) of this proof, we

obtain from (3.17)

e whr(y),

o
e )—
2,6 ( )a,\ .

e WHP(V\Y) U L®(V/\Y).

o
e Z)——
2,6( )BA Y

Statement (3.1c) is proved.

Proposition 3.1 is proved. g
4 Equation W =bg(L)e_j,0(z)pg(z,A). Proof of Theorem 1.1B
Proposition 4.1 Let the conductivity o, the divisor {ay, ..., ag}, and 6 satisfy the
conditions of Proposition 2.1. Let the function Vg(z, 1) = e*11922) g (2, 1) be the
Faddeev-type function associated with o, 0, and the divisor {ay, ..., ag}. Then for
reC\Eg : |A| = const(V,{a;},0,0).
(i) The following d-equations take place:
dpe(z, 1) — .
T :be()")e—)\ﬁ(z)ﬂe(z, )\-)v lee V\{alw"’ag}v (41)
9Cj,0(A) — .
T bo(Me—s0aj)Cjo(r), j=1,....8. (4.2)
(i1) The function bg()\) satisfies the following equations:
T+ dpg(z, A
b0y Jim rar = Jim S o LS
o v A (z1 +022)
_ 1 . < 4.3)
Abp(V)d = —— ero(@Dpe(z.2) +i Y Cjo(era(aj),
21i Jzebx =
I=1,...,d
and the inequality
1
A+ ADE AV - |be(W)| < t(V,{a;},0,0)———~. (44
A1+ [AD#1Ag (M) - 1bo (M| < const(V, {a;} 0)(|K|+1)1/3 (4.4)

Remark 4.1 For the case V = C, this statement is obtained in [15, 27], and [28].

Proposition 4.1 is a corrected version of Proposition 3.2 of [21].



568 G.M. Henkin, R.G. Novikov

Lemma 4.1

(i) Let the function = ug(z, 1), z € V\Y, A € C\Ep : [A| > const(V,{a;},0,0)
satisfy the equation

9(d + A(dz1 +0dz2)u=0 onV\Y 4.5)
and the property

[ — g (0o, Mllvpy € WEP(VAY),  where p > 2,

def ..
mo(oor, 2) = lim po(z,4), I=1,....d.

zeV;
Then
def O 7
= ——— 4+ 2xeOW\Y) and
0@ +0z) 1 VAV
> 1
A = Au(ooy) + Ay —————,
[v\y wu(oor) ]; k.l Y
BY,, g(z)aiﬂ e O(V\Y) and
Tz +072)
0 1 (4.6)
Bly\y = Byj——s——, I=1,...,d,
A ]; (Z1 +02)F
where (’)(\7\1?) is the space of holomorphic functions on (‘7\?).
(ii) Let
o0 o0
ax (L) - b, (M)
Mly, = pg(o0r, 1) + ————— and Nl|y, = P
: ,; (z1 +622)F : ,; (21 + 072k
be formal series with coefficients determined by the relations
Mg — (k— Dag—10=Axg,  Abgg— (k— Dbg_1; = By,
I=1,...,d, k=1,2,....

Let

v ag.| ~ bkl

Myly, = po(oor, 1)+ ) ————, Nolyy =) ———=——. 47
n ,; (z1 +622)% o ;(Zl+9Z2)k

Then the function | has the asymptotic decomposition

wly, =Mly, +e_50(2)Nly,, z1—> 00, Ie.

_ 1
wly, = Mly, + ey 0()Nyly, + 0<|Z1|v+1)'
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Proof of Lemma 4.1 (i) From (4.5), it follows that

39(*A D u(z, W)y 7 =0.
Thus 0(e*G119%2) (2, 1)) = G195, is an antiholomorphic form on V\Y, and
8/1: + Au(dz1 +6dzz) is a holomorphic form on V\Y. From this, the condition du €
Lg,l (V\Y ), and the Cauchy theorem, it follows that

k(21+922)a'u| - e)‘(zlJrGZZ)B(dm +9d22)|v\y
_ ek(21+022) Z B.i (dz1 + éd%z)‘
(21 + 672k K
Op + ru(dz +9d22))|v\y = A(dz +9dZ2)’v,\)7

()LM(OO[) + Z Tzﬁ‘) (dz1 + 9d22)|\/,\)7'

This gives (4.6).
(i1) From (4.6), (4.7) we obtain, first, that

5M|Vl:efx(m+9z2)5(61(21+§22>ﬁv)|V +O< 1 )
1

1Z1 |u+1
1
then |y, = My |y, + e_5. 6Ny lv, + O N (4.8)
Qomparison of the last equality for different indexes v and v + 1 implies that
O () = O (zrjen)-
This gives statement of Lemma 4.1. O
Lemma 4.2

(i) The functions M, and N, (conjugated to N,)) from the decomposition (4.8) have
the following properties:

~ . oM, def oM
VzeV\Y Flim|\———+AM, )| = ——— +AM and
v—>oo\ d(z1 + 622) d(z1 +0z2)

. aN, def oN
3lim|(—— v = —— +AN.
v—oo\ 9(z1 +6’Z2) 3(z1 +0z2)
(1) The functions % + AM and % + AN belong to O(V\Y) and
ou _ -
()
9(z1 +912) 9(z1 +672)

o
— o M =—— +AM
3 +02) M T 9 1 00)

4.9)
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oN

_ N NS0 o o 4.10
31+ 622) o (*-10)

Proof of Lemma 4.2 Part (i) and the equalities (4.9), (4.10) from Part (ii) follow
directly from (4.8).

Properties (4.8), (4.9), (4.10), property 5p¢ € Lp b (Proposition 3.1b), and the ex-
tension property of bounded holomorphic functlons through isolated singularities im-
ply that

oM oN
—— +XM and — + AN
d(z1 +6z2) d(z1 +022)

belong to O(V\Y).
Lemma 4.2 is proved. g

Lemma 4.3 Let yy(z, &) = e*@11022) (2, 1) be the Faddeev-type function on V
associated with the potential g = d\/\_F and the divisor {ay, ..., ag} on Y\X. Then
Vi € C\Ey : |A| = const(V,{a;},0,0)

9 > o
e)\,e(Z)_i'u—_ = ZBk,z(m +672) k" \here
3z +02) vy o
1 I _ _—
Bij=—-— €.,6(2) ————=——(dz1 +0dz2)
270 Jizevilz=n) 3(z1 +022)
Vri:Y ClzeV:|z| <r}. 4.11)

Proof of Lemma 4.3 The estimate of du from (3.1b) and the Cauchy theorem, applied

to the antiholomorphic function e) (z) m | VAP imply (4.11). O

Proof of Proposition 4.1 Since ¥, u are Faddeev-type functions, we have the equa-
tions

. o0
— l
B0 +h(dz1 +6dz)u = Squ+i > Ciaz.a)).
j=I

8
dd“y = qyp +2) O} (08 (2, ay).
j=1

Putlpxz%and,ud:a—“

; o’
We obtain

aC
ddcl/f)»—CII/f}»-i-zZe)‘(ZlJreZZ) a L (08 (2, a;).
j=1
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From Lemma 4.1, we deduce

d B (A 1
_7M—_ = eﬂ,&(@% + 0<—2>, and
3(z1 +022) [y)\7 21 +022 |z1] @12
(3—“ H,L) — n(ooy) + 211 +0< : ) |
9(z1 +622) VAP 721 +022 lz112 )

From (4.6), (4.7), and (4.8), we deduce

a(L) bi(A) 1
M' ‘=M(OOI,)\)+—+e,)\’9(Z)_ —~_ +0( )a 71 — 00,
iy z1+62 71 +6072 2112
(4.13)
where 25, (0) & 3b1 (1) = Br g, Aai() Eaa,0) = Ay, [=1,....d.
4.14)
From (4.13) and (3.1c), we obtain for/ =1, ...,d

Yy = G020,

= M1 +622) (u(ool, A)+ _awn) *) + e)_t(21+9_22)—)»(1|+0z2) bi(A)

— ME1H022) |:(Zl +072)

Yilvyy = —

bi(M) + e, 9(z) L2 ( 1 )}
+0
oA

VY 71+ 672

- A= a ’)\' 1
— HME+02) (bl(k) + 31,0(1)% + 0(@))
1

lz1]

For the function 5 = e~*@1622)ys we obtain

9Cj
A

. 8
— 1
09+ A(dzy +0dz))us = Squs +i >
j=1

0 JA 1
" :e—x,9(2)<bl()») +ew(z)% + O(H)), cev.

d(z,aj) and

For z; large enough, the function e_; g(z)ft; &ef ¢(z,)\) satisfies the
equation 3(d + A(dz + 0dz2))¢ = 0. From this, Lemma 4.1, and the property
lim,— oo |@(z, M|y < 00, we deduce that @lv,(z, A) — const;(A) &ef (o0, A), if
z€V,z—o00,l=1,...,d.Sointherelations above we have ey ¢(z)u; (007, A) =0,
I =1,...,d. The functions e_j g(z)ft; and p both satisfy the equation (@ +
Adz1 + 0dz)pu = ’zq,u on V\{ai,...,ag}. Besides, uly,(z,A) — u(oo;, A) and
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.02z (z, A) = bi(r), if z € Vi, z — oo. Applying Proposition 2.1, we obtain

eno(@ug =bip Mo, )™t I=1,....d.
This implies the equalities (4.1) and (4.2), where
bi(1)
(oo, )’

The asymptotic formula (4.3) follows from (4.11), (4.14), and (4.15). These formulas
and the Cauchy—Green formula imply also the following important expression for
bo(\):

bo(A) = I=1,...,d. (4.15)

_ 1 _
Abg(M)d = By ex0(2)0pn
Tl Jzeby
1 g
=—— | es@duti) Cioeroa)) (4.16)
2ri zebX ' =1 . ' !
where
- 1
e0(2)ou = Tex,e(Z)qu- 4.17)
zebX X <41

The equality (4.3) follows from (4.16). This equality, together with the estimate of
{C;} from Lemma 2.4 and an estimate through integration by parts of |, x €..09 M1,
imply (4.4).

Proposition 4.1 is proved. g

5 Reconstruction of the Function v¥y|,x from the Dirichlet-to-Neumann Data
on bX. Proof of Theorem 1.2A

Let X be a domain containing Vj, relatively compact in V with smooth (of class
C?®) boundary. Let 0 € CP(V), 0 >0on V, o =1 on V\X. Let ¢ = %5
Let u € C(bX) and it € WP (X), p > 2, be a solution of the Dirichlet problem

dod iy =0, iilpx = u, where d° =i(d — 3), d =9 + 9. Let ¥ = /oii and
Y = /ou. Then

L ddJs . - )
dd‘lp:T‘/glp:qw on X, ¥, =v. (5.1

Let v be a solution of the Dirichlet problem
ddcl/f0|x:()’ wo‘bX:IMbX’
Let

Py =0y |,, and Doy =dVo,y- (5.2)
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The operator ¥ |px — dV|px is equivalent to the Dirichlet-to-Neumann operator
u|hx = Udcﬁh,x.

Proposition 5.1 Let = e*@11922) 1y pe the Faddeev-type function associated with

the potential g = dd:/?;/g (see Definition 1.4), the generic divisor {ay, ..., ag} with

support in V\X and generic 0 € C. Then YA € C\Ey : |A| > const(V, {aj}0,0), the
restriction Y |px of ¥ on bX can be found from the Dirichlet-to-Neumann operator
Vlpx = odY¥|px through the uniquely solvable Fredholm integral equation

162 )|y +/ 8.6z Om 5. (® — Bo)my o (£, 1)
tebX

8
=1+i) Cjp(M)go(z a)),

st (5.3)
8 -
iy (@j1+0a;2)7*Cio0) + / (21 +6022) e MDDy =0,
=1 zebX
k=2,...,g+1,

where g 0(z, ) is the kernel of the operator R) g o Ry,

m_ (& — doymj (g, 1)

= / e MO (@ (¢, w) — Do(g, w)e T g (w, A),  (5.4)
webX

D¢, w), Po(¢, w) are the kernels of the operators & and dA>o, m;, denote the mul-
tiplication operators by 14922 " and for the coordinates of the points {a i} the
values {aj 1+ 0aj 2} are supposed to be mutually different.

This proposition for the case V = C is equivalent to the second part of Theorem 1
from [27].

Lemma 5.1 Let = ¢*@1%922) y be a Faddeev-type function of Proposition 5.1.
ThenVz € V\X and VA € C\Ey : |A| > const(V,{a;}, 0, 0) we have the equalities

po(z ) = 1— / 1.0z E)po (€. 1)
EebX

_fs , 1o (z, &) E1T0 g (e E1H08) o, (2 £))
ebX

8
+iZCj,0(?»)gj,e(z,aj) (5.5)
j=1
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and

—f (21 4+ 6022) 750 + AM(dz1 + 0dz2)) o (2, M)
zebX

8
=Y (aj1+0a;2) 7 iCjp0), k=2,.... (5.6)
j=1

Proof of Lemma 5.1 The equation

. 8
80 + 1dz1 +0dz))i = Squ+i ) Cjo(1)3(.ap). (5.7)
j=1

where suppg C X implies that the (1, 0)-form f = (@ + A(dz1 + deg))u is holo-
morphic on (V\(X U?:] {a;}) and Resq; (0 + A(dz1 + 0dz2))u = i This and the

L

2mi
property (4.12) imply that VA € C\Ey and Vk > 2, the form (z; + 6z2)7* f is holo-
morphic in the neighborhood of (V\V). By the residue theorem applied to the form
(z1 +022) 7% f on V\ X, we obtain

8
/ (@1 4+022) 7" f(z, ) = =27 ) Resq; (21 +6022) 7 f(z, )
zebX =1 ’

8
== (aj1+0a;2)7F0Cle()),
j=1

k=2,3,.... The equalities (5.6) are proved.

Let us now prove (5.5). The differential equation (5.7), where wuly € Lﬁ(Y ),
,u|v\)7 € L®(V\Y), u(z) = 1, z = 00, z € V1, is equivalent by Lemma 3.1 to the
system of equations

. g

A [

/L(Z,)»):1+R,\,9oRg(EQ,u—i-iZCjS(-,aj)), zeV, and (5.8)
j=1

8
30 + A(dz) +0dz))u =0, ze V\(X U{a,-}>. (5.9)
j=1

Besides, we have the equality
/ 81.6(z, E)%q(é)u(é, A) =/ 81.0(2,6)9(d + A(d€ +0dE)) (&, 1)
§eX geX

Using the Green—Riemann formula, we obtain

/ HE—EDH0- 8D g (2 £)d5y
gex
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2/ 1//85(6)"((11_51)4—0(22_&)@)"9(2’E))
EeX
+/ eA((Z1—51)+9(Z2_§2))gk,9(2,E)éw
EebX
+/ Y (HE— @) g (2 g)).
EebX

For z € V\ X we have 39 (e*(@1=80+0@2=82) g, (7 £)) =0. Then

i
—/gex gx,e(z,é)(iqu>

= f gro0u+ / HEHIR) (eI g, 4(2,8)). (5.10)
EebX EebX
From (5.8) and (5.10), we deduce statement (5.5) of Lemma 5.1. O

Proof of Proposition 5.1 Let v : 39yo|x = 0 and yolpx = ¥. By the Green—
Riemann formula, Vz € V\ X we have

/Sb Pa(HE—EHCED g, (o g
ebX

+ / el((21—€1)+9(Z2—52))gk’6(Z’ E)éw() —=0. (5.11)
EebX
Formulas (5.11), (5.5), and (5.6) imply

¥(z, 1) = C1H02) / ME=ENH@0D 0 0 (2, E) AV (E) — P (£))

EebX

8
+iY ST g; 4(z,a)). (5.12)
j=1

Formulas (5.12) and (5.6) are equivalent to (5.3). Integral equation (5.3) is the
Fredholm equation in C(bX), because the operator (® — dg) is a compact opera-
tor in C(bX). The existence for A € C\Ey : |A| > const(V,{a;},0,0) of a unique
Faddeev-type function ¢ = e)‘(“*e@)u, associated with g and divisor {ay, ..., a,},
implies the existence for such A of a solution of (5.3) with residue data iC; =
Resq; (3 + A(dz1 +0dz2))u, j =1,..., g. Let us prove uniqueness for 1 € C\Ey :
|A| > const(V,{a;}, 0, o) of the solution (5.3) in C(bX) with residue data {C;}. Sup-
pose that u € C(bX) solves (5.3), (5.6). Consider this p as Dirichlet data for the
equation 9(d 4+ A(dz; + 0dz2))p = %qu on X, the solution of which well defines u
on X.

Let us also define 2 on V\ X by (5.5). The function y(z, A) defined in such a way
on V belongs to C(V'\ U?:l{aj})'
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Let us show that p satisfies (5.7). By the Sohotsky—Plemelj jump formula,
Vz* € bX we have

i . - _
Eu(z*)= lim, </bx gr09p 4 pe @I (o x(&wesg)gw))

=z
zeX

7—>z*

~ lim (/ g)\,eé,uv+Me)‘(gl-"%ﬂa(e_)‘(é]'w&)g)hg)). 5.13)
zeV\X bX

From (5.5) and (5.13), we deduce the equality

i a —
w— 5“ =1 —/ 81001 — / M€M§1+9‘§2)8(6 A(§1+9§2)g)h9)
EebX EebX

g
—i—iZng;\,e(Z,aj), zeX. (5.14)
=1

By the Green—Riemann formula, we have also

g
—/ 21001 — Me'\(&w&)a(e_A@‘wSZ)g,\,e) +1i Z Cjo8r0(z,aj)
bX ;
j=1
= —/ w(d(@ + r(dEy +0dE2)) g0 +/ 21.00(0 + A(d& +0dE)) 1
b'e X

g
+iZCj,98)\,0(Z,aj)
j=1

Lt foox 800000+ A(dE) +0dE)n+i Y5 Ciogrn(z.ap),

ze X,
= _ , (5.15)
Jeex 81,6000 + A(d&1 +0d&))u+i 35_, Cjogr0(z, a)),

ze VAX U5 Hajh.

The equalities (5.5), (5.6), (5.14), and (5.15) imply (3.3) and

8

n(z) =1 +/ 81,009 + A(dE +0dE)) i +i1Y_ Cjogio(z.a;j)
§eV i
j=1

(i <
=14 Ry g0 Ry Equ+zX;Cj,96(.,aj) , zeV.
j=

By Lemma 3.1, the function wy(z, A) is the Faddeev-type function associated with g
and the divisor {ay, ..., ag}. The uniqueness of the solution of (5.3) in C(bX) with
residue data {C;} follows now from the uniqueness of the Faddeev-type function
for A € C\Eg : |A| > const(V,{a;},0,0). O



On the Reconstruction of Conductivity 577

6 Reconstruction of the Conductivity Function from the Dirichlet-to-Neumann
Data. Proof of Theorem 1.2B

We will obtain here exact formulas for the reconstruction of the conductivity function
o€ C(3)(V), o > 0,0 =1 on V\X, from the Dirichlet-to-Neumann data

¢9|bx - 51/’0|bx

for Faddeev-type functions vy (z, 1) = X102 y(z, 1), 6 € C\{61,64), A €
C\Ep : |A| = const(V ,{a;},0,0), {a1,...,a;} C Y\X.

For simplicity of presentation we consider in detail only the case of regular alge-
braic curves in C? cCP2. 5 5

Let V={Z=(Z0:%1:%2) € CP?: P(Z) =0}, where P(?) is a homogeneous
polynomial of degree N. Let (CPO]o ={z:CP?:Z9=0}. Put

- - b4 z
C2={ZeCP:%#0}, a=2. ==,

20 20 6.1)
P(z)=P(l,z1,22), V={zeC*:P(x)=0}=VNC~.

Without loss of generality we suppose that V is a (regular) curve of degree N > 2
with the following property:

VN (CPOIo ={B1,...,Ba}, where B1,..., By are different points of (CPOIO,

2
Br=0:5": 8. %GC, I=1....N

| 6.2)

oP
B_(Z) #0, ifzeV:|zi|=rg=-const(V).
22

For 6 € C let {w,,} be points of V, where (dz; + 0dz2)|y (wy,) = 0. Then for all
0 € C, except for a finite number of 9, the following relations are valid:
oP oP oP
0 =— — , — 0,
. (wm)/aZl (W) . (W) #

2P (9P \? 2P [(dP\ [P\ %P [3P\*

—\=) 20—\ = )t—=\| (wm) #0.

dzs \ 022 021022 \ 922 ) \ 971 9z5 \0z1
Without loss of generality it is sufficient to give proof under the condition that 6 = 0,
i.e., for points w,, = (W1, Wiy,2) € V such that

P P 3*P
—wn) #0,  — W) =0,  —(wa)F0 (6.3)
071 022 8Z2

and also such that Vm the line {z € C? : z; = wy,.} has tangency with X only in the
single point w,,, m =1, ..., M. By the Hurwitz—Riemann formula M = N(N — 1).
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In the neighborhood of the point w,, € V, the curve V can be represented in the form

V={(z1,22) €C?: 21 = wp 1}

dP “ro1ae 5 3
+ (a—(wm)> [———z(wm)(zz —wWm,2)" + 022 — Wy 2) )]- 6.4)
2 2 9z5

The reconstruction formula for ddcf (wp), m=1,..., M, will be obtained here by

the stationary phase method, using formula (4.17).

Let u be a Faddeev-type function (3.1) with properties (3.1a)—(3.1c), and with
0 =0.

In this section we will write Iéo, R;.0, €5.,0, 1o, Yo, Ao, Ep, and Cj o as 13, R;,
e, w, ¥, A, E, and C}, respectively.

Let

. g
i A ) .
fo=Fodzi=3R@qu),  fi=Fidz=i) CiGIRG(.a)),
Jj=1
where i = u(z,1),z€ V, A€ C\E : |A| = const(V, {a;}, o).
Lemma 6.1 For ug = R; fo the following estimate holds:

FO('» )‘)
A

const(V, p)
T [REICUSI[FEN I

1,0

ug(-, A) —

L9/4(X) -

Proof of Lemma 6.1 By Lemma 2.1 and Proposition 2 from [18], we have fo €
le,y(f(v)’ Fy € WP (V). Using the equality d.¢; (z) = Ae;. (z)dz; and integration by

parts, formula ug = R;, fo = e_,(2) R(e;, fo) can be transformed into the following:
up(z) = e, (2)Ri(ex fo) + e—xr(z) Ro(ex fo)

_ _H(z)lf ex(§)9Fo A dE1 detl 52 (). & 2]
2xi 98 (&) .16
i Ay @)l —2P

L1 det[ 22 (£), & — 2] A dEy N
- A(.Z)—/ EA(é)Foa( i )—l—ex(z)Ro(mfo),

2mi h v L&) -lg—zP
(6.5)

where R and Ry are the operators defined in Sect. 1 (see Remark 1.1). From (6.5),
using Corollary 1.2 from [18], we deduce

Aug — Fo=—e_, (2)R1(e,(§)3Fp) — e (2) Ro (e (§)d Fo) &f J1(2) + Jo(2).
(6.6)

We will estimate further only the term Ji(z). The estimate for Jy(z) is similar.
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For J;(z) we have J|(z) = J1+(z) + J| (2), where

JE@) = —A(z) / e () xF (§)dFo(§) A dEy det[ 22 (S) £ —
&) 15 —2P
xff are smooth functions such that X:{ +x, =1,

d? 2p } and

1
IdX |=0 < ) (6.7)
0

Let By = {z € V : d&|y (z) = 0}. The property 0 Fo = dz1 | %qu implies the estimate
AFy = O(M)dm. From this, the formula for Jl+(z), and Lemma 3.1 of [18],
we obtain an estimate for

d
W =1, if| %
r dé&

<p, suppx, C {E

+ .7t _ 2/3 o
T e = 0D foll g2, ©3)

In order to estimate J; (z), we integrate by parts in the formula for J , using
0;€,(z) = Ae; (2)dz;. Then the inequalities

_ 1 B 1 2
[0 Fo(2)| = 0<m), [00Fp(z)| = 0<m> , Z€X\By

and the inequality
)
— 0 _
o

dé Nd&
bi<1 182](E — 22)?

/ _dEnds A dE
p<lerl<t 16212 (& — Zz)

imply the estimate

- 1
Iy ey = (I?»l )IIfolI WAy (6.9)

From (6.6), (6.8), and (6.9) with p = |x|~3/%, we obtain the statement of Lemma 6.1.
O

Lemma 6.2 Let g € C](}l)(V), suppg € X, fo= %ﬁ(q,u), uo = Ry fo. Then the fol-
lowing asymptotic estimate is valid.

‘ / e (2)q(Duo(@)| =
X

1
o(m> for ke C: |A| = const(V, {a;}, 0),

A1+ A8 =8 >0, for some sufficiently small §.
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Proof of Lemma 6.2 From Lemma 6.1, using the estimate of 4 from (3.1b), we obtain
an asymptotic relation in the space L”(V),2 < p <9/4:

Fo(z, 1) 1
uo(z, A) = . +0<|M7/5)

_dzliR(g)
B A

1 .
O<|M7/5> if [Ag(M)(1 + |)»|)g| >§>0.

Putting this relation into |’ x €.(2)q(2)uo(z), we obtain

i A 1
/Xex(z)q(z)uo(z)z ﬁfxm(z)q(z)(deR(q))+ O(IKI_”S)'

By a Riemann-Lebesgue-type theorem,
/ e.(2)q(2)(dz1]R(g)) =o(1) if A — o0, A1+ [A))* =8 > 0.
b'¢
This implies the statement of Lemma 6.2. U

Lemma 6.3 Let g € Cl(’ll)(V), suppg C X. Let wy,...,wy be the points where
dz1ly (wy) = 0. Then the following consequence of the stationary phase method is
valid:

M P
f eiT(Z1+Z|)q(Z) — Z(l +o(1)) Z _T | 921 (uz}m)|QZ(wm)eif(wm,ﬁIDm,l)’
v =T 15wl
m m=1 81% m
(6.10)
where Qo (W) = —zidzg/\dZQ (Wp).
Proof of Lemma 6.3 See [12], Theorem 2.1, [23]. Il

Lemma 6.4 Let g = “¥% e C{')(X), suppg € X, fi =i Y5_, C;)RG(. ),

Jo
u1 = Ry, f1. Then the following asymptotic estimate is valid

‘/ e (2)g(u1(2) =O< ! >, for ke C:|A| = const(V,{aj},0,¢€),
X

|k|3/2_8

IAA)A+ A8 =8 >0, & for some sufficiently small 5.

Proof of Lemma 6.4 Using that {ay, ..., ag} is a generic divisor, from the estimate
(3.7) (Lemma 3.3) we obtain the inequality

sup |C;(A)| < const(V,{a;})
jA

/ e,ﬂz)(z’ddc\/g +23In/o A 81n«/5>,u5)—_k(z)
X Jo dzy

X sup
k
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Let ¢ > 0 be small enough and B, ={z € X : |%| < ¢}. Then

il wm |

‘C_Uk(z)
dzi

Let x;t e CD(X) be functions with the properties (6.7). Using that o € CcA(x),
we WhP(X), 8,e,.(z) = he; (z)dz1, from integration by parts we obtain

_ dd°\Jo - o)
‘/Xxp(z)ex(z)<l G +281n«/5/\31n«/5>u(z,k)d—zl(z)

const(V, o)
< 7
< o

We have also directly

+ dd°Jo - ) 23
‘fxxp (z)ek(z)(z = +200v/7 A 0InG Ju(e 1) @)

<const(V,o)p.

|
VIA

tion |Rj o Ié(6(-, aj)| = O(IKI+‘S) from Theorem 4 of [18] imply the statement of

Lemma 6.4. O

These estimates with p = and estimates for the Faddeev-type Green func-

Proposition 6.1 Under the conditions (6.1)—(6.4), for . =it, Tt e R: |18 A(iT)| >
8 > 0, 8 is small enough, the following asymptotic equality is valid:

/ eir(Z)ézM(Z,if)
zebX

7
= / eie(0) L2
zeX 2i

1+o(D) % wi dd°Jo
R — 2 Jodde|z|?

O
LA
aZl m

: 5 | 9%P
(wm)e”<wm-l+"’m-l>’—2 (wm)
025

\%4
6.11)

o(l) = 0, if |t| = oo.

Proof of Proposition 6.1 and Theorem 1.2B From Lemma 3.1 we have the equality

. 8
g N
M=1+RAOR<§QM)+RAOR<iE Cj(S(Z,Clj))Z]-I—u()—i-Ml‘ (6.12)
Jj=1
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Let 6 > 0 be small enough. The estimates of Lemmas 6.2, 6.4 and (6.12) give the
asymptotic equality

w=1 +0<%) (6.13)

under the conditions A € C: [A| > const(V, {a;}, o), [AQ)(1 4+ [A])E] >8> 0.
By Proposition 1.1, Ve > 0 we have the inequality

lim [A8AM)]e =8(e) >0, where A*AM)[;= sup  [(A)SAQ].
r—00 (A |V =2 <e}

So for any ¢ > 0 and any positive § < §(¢) there exists r such that the set {. € C:
IA)(1 + |A]E] = & > 0} intersects any disc {A": |A — A/| < &}, with |A| > r. This
property, Lemma 6.3, and the property (6.13) imply Proposition 6.1.

Theorem 1.2B follows from Proposition 1.1. Indeed, the stationary phase method
permits the differentiation of (6.11) with respect to 7, keeping (in our case) terms of
order % Differentiation of the right-hand side of (6.11) gives for 6 = 0 the right-hand
side of (1.12).

Theorem 1.2B is proved. g

Remark 6.1 To obtain a version of Proposition 6.1 with arbitrary generic 6 from
Proposition 6.1 with = 0, it is sufficient to change the coordinate system: 7| =
z1+ 022, 22 =22.

Remark 6.2 Proposition 6.1 can be reformulated also as a formula for the reconstruc-
tion of a conductivity function from scattering data by (it) and C; ¢(i7). Indeed, by
formula (4.16), we have

8
/ eir0(2)0p(z,it) = =27 [rbe(ir)d + ch,t(if)eirﬂ(aj)],
bX

j=1

where d is defined in Sect. 1.

7 Proof of Proposition 1.1

For simplicity of presentation we give proof only for the case when V is an algebraic
curve in C2. Proposition 1.1 will be obtained here as a corollary of the following
statement.

Proposition 7.1 Let 6 € C\{6y,...,0n}, § = 8(0) = inf; |0 — 6], Vo = {z €
V iz < ()}, ro() = CO"”S(V). Let {b,} be the points of V where (dz; +
0dz)|lv(by) =0, m=1,...,M, and let {ay, ... ,ay} be the points of a generic
divisor in V\\_/o. ThenVj,k=1,...,g and for , € C: |A|8|Ag(A)| =8 > 0, for §
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small enough, the following asymptotic equality is valid:

/V Ro(8(5,a))) A @k ()er o (€)

Wi

&+ a5, 7

—=€ aj
X )\,9( ])

T 2 Zexp [(bim.1 + 0bi.2) = Kby, 1 +0bp 21K j i (b, @)

+0(5p)

Iazl(bm)|3R9(5(bm,a]))Awk(bm)(lJrI@I )

2P (3P 2 _ 5 9°P_0P 9P | 82P 217012
| (622) 321322 32 321 (le) |dd€|z| |V(bm)

where

Kji(bm,aj)=

(7.1)

Lemma 7.1 Let V\Vy = Ulgzl Vi be a curve with the properties (1)-(iv) of Sect. 1.
Then N0 # 01, ..., 04, any point w, where (dz1 + 0dz2)|v (w) =0, belongs to Vo =
{z eV :|z1] <ro(8)}, where ro(8) = const(V)/+/8, § = min; |0 — 6]

Proof of Lemma 7.1 For any point w € V\Vy, where (dz; + 0dz2)|y (w) = 0, the

definition ; = — %, I=1,...,d, and property (iii) of Sect. 1 imply for some / = I(w)
the equality

0=(dz; +9d22)|v(w) = |:1 +9(Vl + = + 0( 1 )):|d21
w? w1

1

[1+9y1+0( 0 >]dz1 —Vl[(@ 01)+0<j >]dzl
1 1

This gives the equality 8(1 4+ O( #)) = 0;. This equality, together with inequality
1

|6 — 6;] > 8, implies the inequality |wi| < C””jg(v) =ro(6).

Lemma 7.1 is proved. O

Further let

8
Acj=1{zeV:ilz—ajl<e),  Ac=|]Ac,

M
Ba,mz{ZGV:|Z_bm|§8}v B, = UBs,m-
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Lemma 7.2 Let ro(8), 8§ = 8(0) be as in Lemma 7.1. Let x*¢, xB¢ be smooth func-
tions with the following properties:

1
A _ Ag _ Ag|
X |Ag_1’ X |V\A25_0’ |dX |_0<g>’

1
Be _ B — By _
X |Bs_1’ X |V\Bzg_0’ |dX |_0(g)

Then for any € > 0 small enough we have By, N Aye ={B} andVj, k=1,...,¢

e A _ 1
AEOE [ =yt = xB)RGE a) Ad©)es o) =0 = ).
EeV A

Proof of Lemma 7.2 By Lemma 7.1, any point b,,, where (dz1 + 0dz2)|v (b)) =0,
belongs to {z € V : |z1| < rp}. Under the conditions of Lemma 7.2, any a; from
{ai,...,ag} belongsto {z € V :|z1| > ro(8)}, § =8(0).

Then By, N Ape = {4}, if € is small enough. From the definition of Aé]; and the
equality 51%9 (b(e, aj))|v\{aj} = 0 we obtain

Jk _ _ B Ok
Ay () = /(1 x B Ry (8 (&, a,))AdE T 6d5 des0(€)

=—1/(1—XAS—XBE>IQ G a-))Aé(L)e (&)
rJy ‘ Y d&| + 0dg o

L [ - A i (§)

—= | A + PR (8 (E a)) A =
A/V (X" + x7)Reo( (S,a,,))Adgl+9dgzex,e(§)

+ L tim Ro(3(&,a)) n —2 €. (12
= ,aj —————8€ . .
AT Jleev g =) ’ ! d&) +0dé& o

From the asymptotic estimates |R9(8($ aj))| = O(|d&]) and |wx| = 0('15‘)

& — 00, and the property inf; |6 — 6;| > 0, we obtain the vanishing of the last term
of the right-hand side of (7.2).

The property (d&1 +60d&2)|v\B, # 0 lets us integrate other terms of the right-hand
side of (7.2) by parts once more, and to obtain the statement of Lemma 7.2. g

Lemma 7.3 Forany k,je{l,...,g},0 ¢ {01,...,04} and any € > 0, we have the
asymptotic equality

1 Wi 1
/V Aei Ro(8(8,a))) A dx(&)es, 9(5)—— ero(a J)m(aj)+ <§>

Proof of Lemma 7.3 Integration by parts of the left-hand side, the equality
0R(6(,aj)) =68(,aj), and the inequality (d&; + Bdéz)lAw, # 0 imply the state-
ment of Lemma 7.3. O
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Lemma 7.4 Under the conditions of Lemmas 7.1, 7.2, ¥8 > 0, 6 : inf} |6 — 6;| > §,
Vik=1,...,g,

fv x5 Ry (8(€, a)) A dp(&)eirp(€)

1
= |)\'| Zexp[)‘(bml+9bm2) )\‘(bm1+9bm2)]Kjk(ansaj)+0<|)\‘|2>

where 0 =0(by),m=1,..., M, and K y(by, a;) are defined by (7.1).

Proof of Lemma 7.4 This statement is the consequence of the classical result of the
stationary phase method [12, 23], applied to the left-hand side, taking into account the
following equality for e, ¢(z) in the neighborhood of the stationary points b,, € V,
m=1,...,M:

€.0(2) = exp[A(bm.1 + Obpm.2) — A(bym.1 + O0by 2)]
x exp[AA(z2 — b 2)* — AA(Z2 — b2)* ],
where
2 2
(G707 - 2,20 g + T ) (@2 = bp2) (14 02 = bi2)
2828 (bm)

A=—

We use here z7, z2 as the coordinates of integration.
Lemma 7.4 is proved. 0

Proof of Proposition 7.1 Proposition 7.1 follows from Lemmas 7.2-7.4.

In the proof of Proposition 1.1 we will apply also the following statement about
exponential polynomials discovered by L. Ehrenpreis [9] and reinforced by C. Beren-
stein and M. Dostal [3]. O

Proposition 7.2 ([3, 9]) Let Q (&) be an exponential polynomial

N
Q&)=Y qu®&)e ™",

k=1

where {qi} are polynomials of &€ = (&1,...,&,) € C", ax = {ak.1,..., 0} € C,
k=1,...,N.
Let h(§) = maxy Re{ay, &). Then Ye > 0 3 constant C = C(e, Q) > 0 such that

e , 1
0©):E  sup  10E) = Egh@).

{§'eCilg’—&]<e}

The final part of the proof of Proposition 1.1 consists of the following.
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Proposition 7.1 and the definition of Ag()) imply the asymptotic equality

ME ARG = det[ —2e; 9$(a,~)
x U dE +0dE,
M
— 7 explAbm,1 +0bm2) — A(bm,1 + Obm 2)1K j k(b aj)

m=1

+ 0(%), (7.3)

where j, k=1,...,g.
The determinant of the right-hand side of (7.3) is an exponential polynomial
Q(A, A) of the form

N T
Q0 1) =) qr(h, 1)er 4%, (7.4)
k=1

where A € C,a; € C, k=1, ..., N. The coefficient g (A, ) of the exponential poly-
nomial Q(%, 1) and complex frequencies {ox } depend on V, {a i}, 6, {bm}. Applying
Proposition 7.2 to the exponential polynomial (7.4) we obtain uniformly for A € C
the estimate

00 D), 2 — e Retey Ty _ !

C(e Q) C(e, Q)
Both inequalities of Proposition 1.1 follow from (7.3)—(7.5).

(7.5)
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