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Abstract In this paper, we study the 8 equation on some convex domains of infinite
type in C2. In detail, we prove that supnorm estimates hold for infinite exponential
type domains, provided the exponent is less than 1.
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1 Introduction

Let Q be a smooth bounded domain in C". Given a smooth 9 closed (0, 1)-form f,
one fundamental question is to study the supnorm estimates for the solutions of
du = f. A positive answer is well-known when € is strictly convex or strongly
pseudoconvex, by constructing integral formulas for d equations. Supnorm and
Holder estimates have been established by Grauert and Lieb [3], Henkin [4, 5], Kerz-
man [8], etc. Indeed, supnorm and Holder estimates with order % still hold if 2 C C"
is convex of finite type with type m (see [1, 2]). However, for infinite type con-

vex domains, even supnorm estimates are still unknown. We discuss in this paper
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some examples of convex domains of infinite type in C2. In particular, for the bidisc
rounded off by an infinite exponential type hypersurface, we prove if the exponent is
less than 1, the solutions given by the integral representation to the 3 equations have
supnorm estimates. However, whether the exponent 1 is optimal for the supnorm es-
timates is still unclear to us.

1.1 Infinite Type Convex Domains in C>

Problem Assume that € is a bounded convex domain with smooth boundary in C2.
Can one solve the 3 equation with supnorm estimates on £2? More precisely, does
there exist a constant C depending only on €2 so that for any f = Ziz=1 fi(z)dz; €
C(lo’l)(fz) and 3 f = 0 on €, then there is a u(z) on  so that du = f and ||u|ls <

Cll f lloo- Here [lulloo = sup{|u(2)| : z € 2}.

We note that if we moreover would like to prove that the constant C(£2) only
depends on the diameter of 2, which is the case in the corresponding problem for >
estimates [7], then it suffices to study the case when the domain has smooth boundary
and is strongly convex.

There is a natural integral kernel to solve the d problem, namely the Henkin Ker-
nel [5]:

A2 =/ 06 (&2 —722) — pey (C1 — Z1)
T reaq Loz (z1 = ¢1) + pg (22 — 02)11¢ —z|2f no&)
n fiCi =z + fo(& _Zz)a)(f)/\w(;)sz—i—Kf w1

reQ Ic _Z|4

where p is a C! defining function of Q and w(¢) =d¢ Ado.

For smooth finite type convex domains in CZ, the result has been known for some
time (see [9]). In that paper, Range used Skoda’s technique to construct a different
Cauchy-Fantappié kernel and carried out the Holder estimates for d equations.

In [6], Henkin proved the conclusion in the Problem holds in the case of the bidisc.
In this case, the integral formula is still valid, although the domain does not have a
smooth boundary.

The methods in the two cases are different. In the finite type case one can directly
estimate the kernel H and show it is uniformly in L' norm for points z € 2. In other
words, one can estimate the integral of the absolute value. For the bidisc case, this
approach fails. Instead, Henkin uses an argument involving integration by parts which
essentially takes the integral over the flat piece {|¢1| = 1} to an integral over {|{2| = 1}
and vice versa. For these new integrals one can integrate the absolute values of the
integrands to prove uniform L' estimates. This idea has been carried over to more
general polyhedra, see [6] even in higher dimension. It is not known whether one can
solve for infinite type smooth convex domains.

In this paper we will investigate the case of some convex domains which have
a relatively open part of the boundary which is Levi flat and another part which is
strongly convex. For such domains one can split the boundary into three pieces: one
which consists of the flat points, where one can use the method from Henkin’s bidisc
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result, one which is a compact uniformly convex part, and a third one which contains
strongly convex points near the flat part. The main difficulty is to deal with the third
part.

This difficulty is already apparent in the case of smooth domains which are
strongly convex except for one infinitely flat point. We will discuss this case and show
that there is a critical exponent which decides absolute integrability of the Henkin
kernel. This information motivates how to find a rounded-off polydisc where one can
solve  with supnorm estimates.

Our main case is the following:

Example 1 Let x : RT U {0} — R* be a smooth function such that x”(¢) > 0 every-
where, x”(t) >0 forallz € (1,1 +a), and

1, rel0, 15
x(t)=11+exp(— L), te(,1+e);

(=12
t_na t21+a9

where a > € > 0, a > 1 > 0 are small numbers such that x’, x”, x”” > 0 on R* U{0}.
Let us define a domain €2 C C? as follows:

Q={(1,22) € C 1 p(ar.z2) = x (|21’ + |22l < 4).
We show that we can solve 3 with supnorm estimates on this domain.
The paper is organized as follows. In the next section we recall the proof of
Henkin’s bidisc theorem and the strongly convex case. In Sect. 3 we discuss domains

with totally real flat parts. In Sect. 4 we discuss the example above. We remark that
as an application of this we get supnorm estimates for some rounded-off bidisc.

2 Background Results
2.1 Henkin’s Integral Formula on a Bidisc

Proposition 1 Ler Q = {(z1,z2) € C? : |z <1, |z2| < 1}. There is a constant C > 0,
so that for any f = fidz1 + fadzz € C(lo’l)(Q) withdf =0on Q and || f|lco < 0.
Then

diiAd ANdE ANdE

u(z):i/ fE =20+ H(5 —22)
4% Jg ¢ —z|*

1 / i -7 -
+ — d{l/\dé'l/\dé'z
4m? Jii=1iai<1 61— 21 1§ —zf?

+l_/ fZ(ZI’Q)dEZAdQ
2 i<t 22— 22
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! f2 El —-Z1 .-
4n? doy ndoy Ad
4 /§1|=1,§2|<1 O —221¢ — z|? & Qi e}
2 o<1 §1—21

gives a solution for du = f on QL with |u|lso < C|| fllco-

From now on, we also denote || f|lco < Cllgllco for some positive constant C by
| flloo < 11glloos for simplification. In [6], the details of the proof were not given. For
the completeness of our result, we give the detailed computation here. At the end of
the section, we will also show the supnorm estimates of the  equation.

Proof The usual Henkin’s integral formula on a domain Q2 = {p < 0} C C? is as
follows:

4712”@:/9]”1((1 _Zl)+f2(§2_22)d51/\dé_‘z/\dﬁ NG

¢ =zl

Po (62 = 22) = poy(§1 — 20)
diyndgy. (2.2

/39 [:%(Zl—é“1)—i—,o;2(zZ_;2)]|§_Z|2fA andg. (2.2)

Applying this formula on the bidisc, we get

47T2u(z):/--~+/ :/+/ +/
Q 082 Q [C11=1.182<1 [82]=1.1811<1

= A1+ A)+ Az,

where

dii Ado AdE AdE,

A _f AG =20+ frl—2)
1_
Q

I4 —_ZI“_
= flcl=1,|zz|<1 & (zflfi“lglgzi zI2 frek)
- /|§1—1,|;2|<1 %ﬁd& Ao(&),
= /|Cz=1,|m<1 Ez(zizigzzgl?i z|2 frek)

(&1 —2z1) -
= ————— 5 [id&i A ()
/|;z=1,|;1|<1 (22— )¢ —z/?
and w(¢) =di AdE.
Now let us look at A>. We may pick a small € > 0 such that B(z1,€) ={¢ : |¢ —
71l <€} C D1 ={¢1 :|¢1| < 1}. We then apply Stokes’ Theorem on Dq \ B(z1, €) for
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the boundary integral on || = 1:

(& —722)
Ay = RGO
i /‘51=1,|C2<1 (z1 = ¢Dlg = |2f2 HAw©)
(& —72)
B yeve— 1)
/51 —zil=el02l<1 (21 —§1)|§ |2f2 L Aw(l)

+f ( Do) Aw(l)
DI\BG1.0).lal<1 91

(& —722)
N — 5 fd
/41 —zil=e.ltl<1 (21 —EDIE — |2f2 HAw()

-7 -2 -
_ ) A
fD1\B(z1,e>,|cz<1 (z1—¢) ¢ —zl“fzw@) @)

-2 1 -
+ : —= A = Bi + By + Bs.
/l)l\B(Z|,e),|§2<1 (z1—¢1) 1t —z?ag @) nel) ! 2T

As € — 0, we have

Bl s 27_”/ fZ(Zlv ;2)d22/\d;2’
i<l 2—22
B — [ L2326 nw.
1 —zl
Applying 3 f = 0 and integration by parts, we get
-2 1 af
By = : o2 By A
’ /;l\B(zl,é),|{2|<l (z1—=¢D) 1t —z? 34 (O Ao (@)
0H—2 1 9fi
= . - /\
/I;I\B(zl,e),|;2|<1 (z1—=2¢D) 1t —z1? 3% (O Ao (@)
i o-
= — d A
/§2 =1L.D\B(z1.0) §1 =21 [¢ — |2 G A Q)
+/ fl({l—il)w(g)/\w({)
[&2<1,D1\B(z1,€) ¢ —z|
— L2282 g e (f)+/L & Ao,
lol=1.1¢11<1 §1 — 21 1§ — 2]

Therefore, we have
Ay =B+ By + B3

:zm/ f2(z1’§2)d52Ad;2+ fz(iz—iz)w(g)/\w(;)
)<l 2 —22 o ¢—17|
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fi =% - /fl(EI—ZI) -
+ der A 4 L 2 A
/|£z|:1,|;.|<1§1—21 ¢ —z|? aAel) 0 1c—z1 w () Nw(§)
fl 52—22 -
=4 +/ e A
" o< G — 21 IE — 2 fAe)
+27Ti/ Md&z/\dfz. 23)
o)<l §2—22

Calculation of Aj is similar. Hence we get (2.1) as in the proposition.

We show next that the solution u in (2.1) is bounded if | f| is bounded. It suffices
to estimate the second and fourth expression on the right side of (2.1). Since they are
symmetric, we only provide the estimate for the second one here.

Notice that a + b > a*3b'/3 if a > 0, b > 0. Hence we have |z — ¢|> > |71 —
6113122 — £2[*/?. Therefore,

1 |- 12l < 1 122 — 72|
11 —z1l 1€ =z Yo —zil 16— 211?318 — 22|43
1 1

=l — ]

Then the integrand in the second expression of (2.1) is integrable. 0
2.2 Henkin’s Integral Formula on a Strongly Convex Domain

The estimate of Henkin’s integral formula is well-known for strongly pseudoconvex
domains (see [5]). Here we include the proof for strongly convex domains first be-
cause the method we use is different from that in [5] and also because the estimates
for other special domains in Sects. 3 and 4 are based on the estimate we show below.
Hence it would not inconvenience the reader if we skip the estimate in Sects. 3 and 4
which are the same as in the case for strongly convex domains.

Proposition 2 Let Q@ = {p <0} C C" be a bounded strongly convex domain with
smooth boundary. For any f € C(lo 1)(Q) and d f =0, there is a u such that du = f

on Qwith |[ulleo S 11 flleos where ||ulloo = sup{|u(2)| : z € Q).

Proof 1Tt suffices to show that the integral H f in (1.1) is bounded. Recall the formula
for Hf:

pe (62— 22) — ey (L1 — Z1)
Hf(z) = :
1@ /geasz Logi (z1 = &1) + pgy (22 = £2)11 — Z|2f hel)

Let F(z,¢) = pg, (21 — §1) + pg, (z2 — ¢2). Then we have

\fildEs + 1 faldés
H < .
HI @IS [{easz (mF| + Re Fpjg —2] @
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Ifwelet z = (x; +ixp,x3+ix4) and ¢ = (¢; +itp, 13 + it4), then

1< ap
Re F(z,¢) = EZJ(X, —1j).
J

j=l1
For fixed ¢ € 8%, the Taylor expansion of p at ¢ evaluated at 7 €  is as follows:
4 2

1 a°p
=2Re F(z, — —_—
p(2) eF(z,0) + Zj; T

(xj — 1)k — ) + Oz — ¢ )
>2Re F(z,¢) + Clz — ¢ 2+ 0(z — ¢)?).
Hence for § > 0 small enough, we have

Re F(z,0)|>Clz—¢|?, forzeQ,|z—2¢| <8, (2.4)

since Re F(z, ¢) < 0. Wemay assume ||[Vp(¢)] = 1 forall ¢ € 0€2. Then |Re F(z, ¢)|
is comparable to the square of the distance from z €  to the real tangent plane to
aQ at ¢ € Q. Hence if z € Q and |z — ¢| > 8, then |Re F(z, ¢)| > inf{|Re F(z, ¢)| :
|z —¢| =38, z € Q} > 8%. Therefore, we have

|Hf(z)|§/ +/ cee=T+1
£ed,|z—¢|<8 €, |z—¢|>68

and IT < || f||oo. Therefore, it is sufficient to show I < || f]lo0. Let z € Q be fixed such
that S; 5 ={¢ € 0 : |z — ¢| < 8} # . We may assume & > 0 is small enough such
that dp/013 ~ 1 on S, 5. Then we have dp = p;, dt1 + pp,dt2 + pr,dt3 + p,dt4 and

-1
dtz = p—(Ptl dty + ppdty + pydty), onS;s.

3

Therefore, |d) A w(¢)| ~ dtydtadty and |dE A w(C)| ~ dtydtrdty. So we have

1
1<I7) / dndidis. (2.5)
12+t (ta—xa) <5 (IM F| + [Re F)|¢ — 2|

It is easy to check that dIm F'/0t4 # O near S, 5. Hence the Jacobian of the coordinate
change mapping ®(¢) = (#1, 12, t4) — (t1, 12, Im F) does not vanish on §; 5. We have

1
LS / dtidtrdty
* (1—x1)2+ (2 —x2)2+(14—x2)? <8 (It4] + Re F|)|&1 — z1]

[In(|Re F| 4 +/8) — In|Re F||
S fllee d
(t1—x1)2+ (12 —x2)? <6 161 — z1l

[In|Re F ||
<1 loo MniRe Fl| 00 06
(11—x1)?2+ (1 —x2)2 <8 |Z1 — z1]

t1dty
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By (2.4), we get

|In|Re F||
IS llso ————dtdn
(t1—x1)2+(n—x)2<s 181 — 21l

IIn(|z1 — &11> + 122 — &)
5 ”f”oo/ dtidty
(11—x1)2+(12—x2)% <8 [¢1 — z1]
[In|z1 — 1]
S ”f”oo/ — > dndn. 2.7)
(f—x1)2+(—x2)2<s 11 — 21

Let us use polar coordinates for (#1, ) such that |71 — {1| =r and ¢ = x1 4+ r cos6.
Then we get

[In7|
1§||f||oo/ rdr S f lloo- O
r<s T

3 Some Convex Domains with Totally Real Flat Parts

In this section we shall study bounded convex domains with smooth boundaries in
C? which are strongly convex except on some totally real flat boundary pieces. We
assume those flat parts to be of exponentially infinite type.

As one can see in the proof of Proposition 2, to discuss the integrability of the
Henkin kernel H in (1.1), it is enough to consider the case when z is close to the
boundary and the integral on a small boundary piece close to z. For the domains
we consider in this section, if z is close to the strongly convex boundary point, and
if one can choose a small neighborhood around z such that the boundary piece in
that neighborhood is strongly convex, then we can use the same estimates as in (2.6)
and (2.7), and the integral is finite on that boundary piece. Therefore, it is enough to
consider the case when z is close to the exponentially flat points, and evaluate the
integralon S; s ={¢ € 0Q: |z — | < 6}.

Lemma 3 If a C2-smooth function ¢ : Rt U {0} — Rt U {0} satisfies ¢’ (1) > 0 and
¢"(t) >0 forall t € R* U {0}, then ¥ (x) := ¢(x]2 + -+ 4 x2) is a convex function
on R".

The proof is straightforward and is omitted here.

Lemma 4 Let ¢ be a smooth function on R™ U {0} such that ¢(0) = ¢’'(0) =0,
¢"(t) >0,and ¢"'(t) >0, forall t e RY U {0}. Let p,q € RT U {0}. Then we have

#(@q@)—¢(p)— ¢ (p)g—p)>=¢dg—p), f0<p=q,

and

N2
¢(q>—¢<p)—¢/(p><q—p>zqs/’(%) (%) . if0<q<p.
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Proof Letus assume 0 < p < g and let ¢ = p + s. We want to show the following:

gp.s)=¢(p+s)—(p(p)+s¢'(p) —P(s) =0, Vp,s>0.

Obviously g(0, s) = 0. Moreover dg/dp = ¢'(p +s) — ¢'(p) — s¢” (p) > 0 since ¢’
is a convex function on RT U {0}. Therefore g(p, s) > 0 for all p, s > 0.

Now assume 0 <g < p and let p=qg + s, s > 0. Let h(g,s) = ¢(qg + 5) —
¢'(g + 5)s. Then we have h(g, 0) = ¢(g) and 0h/ds = —¢"' (g + s)s < 0. Hence we
get h(g,0) — h(q,s) > h(q,s/2) — h(q,s). Note that 3°h/ds> = —¢""(q + ) <O.
Therefore we have

ha.s/2) = hig,s) _oh
—s/2 —as

(q,5/2).

Hence

2
(@) —¢(p) —¢'(p)(q — p) =h(g,0) —h(g,s) > %W(q + %)

:¢/,<p+q><p—q>2
2 2 ' 0
We construct two bounded convex domains with smooth boundaries Q;, €2, C C2
as follows. Locally, we study 921 N B(0, €) C {p(z) = Rezp + exp(—1/|z1]|*) =0}
and 02, N B(0, €) C {p(z) =Rezy+exp(—1/|Rez1|*) = 0}. Here € is small enough
so that exp(—1/|z1|%) and exp(—1/|Rez1|%) are convex if |z{| < €. As one can see,
the boundaries of €21 and €2, are strongly convex everywhere except along the imag-
inary zp axis in €21 and along both imaginary z1, z> axes in £2;. Moreover, in the
origin in €21 and in the imaginary z; axis in €27, the boundaries are of exponentially

infinite type. To get bounded convex domains in C2, we need the following patching
proposition:

Proposition 5 Let Q C C" be a bounded domain with smooth boundary and 0 € 992.
Then there exists a domain Q2 € C" such that 3$2 is smooth and 3 N B(0, €) =
92 N B(0, €) for some small € > 0 and that 9S2 is strongly convex except possibly on
QN B(0, 2¢€). Moreover, if Q2 is convex, then Q can be chosen to be bounded convex.

Proof We use Lemma 3 with the following function:

0, t €0, €);
v(t) = 671/0762)02_64)’ r> el 3.D
Then v : [0, 00) — [0, 00) is a smooth convex function and we have ¥’ (¢) > 0,
V(1) > 0 if t > €2. Moreover, there exists 8 > 0 such that ¥ (t) > B if t > 4€>.
Let p be a smooth local defining function of 2 near 0, i.e., QNU ={p <0} NU
for some neighborhood of U. We consider Q = {z € C" : p + My (|z|*) < 0} with
some appropriate constant M > 0. Since ¥ (f) — oo as t — oo, clearly 2 € C”. Also
QN B(0,¢) = 2N B(0, €), where € > 0 is chosen small enough that B(0,¢) C U.
We may choose M large enough that € is strongly convex on 92\ B(0, 2¢). O
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Using Proposition 5, we now have constructed two bounded convex domains with
smooth boundaries Q1, 22 C C2 such that

Q= {p@ =Rez +exp(—1/la1[") + My (Iz») <0 and
(3.2)
Q) = {,o(z) =Rezr +exp(—1/|Rez;|%) + MI//(|Z|2) < O} ,

where v is given as in (3.1).

Theorem 6 Let o < 1 on both of the two cases in (3.2), then there is a solution to the
0-equation du = f, for any f = f1dz) + frdza, f € C(l0 (&) and 3 f =0, that
satisfies |[ulloo S NI f lloo-

Proof We show that the Henkin integral is bounded on €27 and ;. We will split
the boundary into three types of pieces. For strongly convex boundary pieces, we
use the same method as in Proposition 2. For pieces in B(0, €), the estimate (2.6)
still holds for z and ¢ close to 0. By the following Proposition 7 and Proposition 8,
we will show the estimate is valid near 0. For the pieces on dB(0, €) N 2 where the
defining equation is not strictly convex, the same method as in Proposition 7 and
Proposition 8 can still be applied. Indeed, in the proof of those propositions we only
used the estimates in Lemma 4. The estimates of |Re F| continue to be valid. We
leave this part to the reader.

We follow the same method as in Proposition 2 and get (2.6). It comes down to
estimating |Re F'| near O for each of these two special cases, where

F(z,8) = pg(z1 — 81) + pp, (22 — £2).

Proposition 7 Let Q@ N B(0,68) = {p(z) = Rezy + exp(—1/|z1|%) < O}. Then, for
sufficiently small § > 0, we have

[In[Re F(z, {)I|

//z12+r22<5 lz1 — &1l

forzeQﬂB((),8),ifa< 1.

dtidty < 00,

Proof Let ¢ (1) = exp(—1/1%/?). Then we have p(z) = Rezs + ¢(|z1|%). Since ¢ €
92, we have Re 2o = —¢(|¢1]%). Hence we get

_ 1
Re F =Re¢/(|¢1))1(z1 — &) + SRe(z2 = &)
/ 2 o 1 2
=@ (aPRedi (1 — ) + 5 (Rez2 + (1)
Since Re F <0 and Rez» + ¢ (|z1]%) <0, we have

- 1 1
Re Fl = —Re F =¢/(la1/") 161 —Re&iz1 | = 5(161) = 5Rez
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- 1 1
> /(16 1612 —Redizi | = 500D + 59 (21
1
= 3 |[#aaal - B - eda®) + ¢z’ .
Apply Lemma 4 with p = [£1|? and ¢ = |z{|?. Then we get

1 .
|ReF|Z§¢(|Zl|2—|§1|2), if |z1] > &1 and

2
1 11+ 16\ (161> = |z .
Re F| > 545”( al) (el la if 2] < l2u].

2 2

Hence we have

/ [In|Re F'(z, ¢)I|
<s lzi—2ail

1 2 2
5/ ne(z11° — 1211 )Idndl2
lt]<8,|z11=1¢1] lz1 — &1l

dtidty

4 2 2 2 25\2
+/ In(@” ((z11* + 12119 /2) &1 1” — |z1]) /4)|dt1dt2
lt]<8,|z11<l21] lz1 — ¢l

lz1 — &1

1 2 _ 2
5/ Ing(z11” — 141 )|dt1dt2
[t] <8

p 2 2 2 232
+/ In@" (21> + 162/ = 21D
[t]<8

lz1 — &1l

=1+I1l

We shall show that I < oo and II < 0o. Let us first consider /:

1 2— o ? 1
[5 ¢z 131 )|dt1d12§/ 3 P dtidt,. (3.3)
lz1 — 1l llz11> = 12112197221 — &1

Let us use the polar coordinate centered at z; and let {; = z1 + ret? . Then we get

2t pl 1 a2
1 5/ / |: . — ] drdo
o Jo Lrr+ (zie7? +z1€i%))
2w 1 1 1 o/2
—- + - — drd6
/(; /(; |:r2 (r + (Z]g—le + Zlez@))2:|

2 1 1 o 1 o
- + . — drdf < oo,
/0 /o(r) [r+(11e""+21e’9)}

A

A

ifa<l.



506 J.E. Fornzss et al.

Now let us consider /1. We have

¢/(t)=exp< 1/t°‘/2> 2t1+1<1/2’
qs”(t):exp( 1/;‘*/2) t2+°‘3 [‘; (1+%);“/2] (G4

1
> C(a)exp(—l/t“/z) e

if we choose § > 0 sufficiently small such that ¢” () > 0 for all t < 82. Therefore we
get

1
115/ (— In|z1 1> — |21 I) dndty
it1<s \ (12112 + 1¢112)%/2 ‘ 2 ’ =l

1 1
5 dtidt) < oo,
lt1<s \1z1 —¢11* /) |lz1 — &1l

ifa<l. O

Proposition 8 Ler @ N B(0,8) ={p(z) =Rezr +exp(—1/|Rez1|%) < 0}. Then we
have

/ |In|Re F(z, O)I|
Ji+ii<s  la—al

forzeQﬁB(O,S),ifa< 1.

dtidty < 00,

Proof Let ¢ (1) = exp(—1/1%/?). Then we have p(z) = Rezz + ¢(|Rez;|?). Since
¢ € 99, we have —Re > = ¢ (|[Re ¢1]%). Hence we get

2Re F = ¢’ (11)2t1 (x; — 11) + (Rez2 — Re &)
=¢'aD200n — 1)+ (Rez + 66D
Since Re F < 0 and Rezs + ¢(|z1]%) <0, we have
|2Re F| = —2Re F = 2¢' (17)(t} — t1x1) — (Reza + ¢ (11))

> /(D) (17— x1) — 9D + o (D).
Apply Lemma 4 with p = t12 and g = x12. Then we get

1
|ReF|z§¢(xf—t12) ifx} >+ and

1, (2412 (17— x2\?
|ReF|z§¢”< 12 1><1 > 1) if x? <17
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Hence we have

In|Re F(z,
[ mRercon,,
tl<s  lz1 — &1l
1 2—t2
5/ Mdtldtz
t<s.lxilzlnl 121 = &1l

) / @ (6 + /2@ =52/l
7]<8,|x11<lt1]

|21 — &1l
2 _ 2
< / IIng (|x? — 2] dnds,
r<s 121 =241l
N / IIn(¢” ((x? +12)/2) (7 — xD)?/4)|
|t]<8

lz1 — &1l

dndty =1+11.
We shall show that I, Il < oo. First let us consider /. If we assume « < 1, then we

can find € > 0 such that & + 2¢ < 1 and we have

]S/ 3 3 12 dtidn
|xi — 7197221 = &1

1
/ X1+ 11192 |x; — 11|92 |x) — 11]€|x2 — 12| 1€

) 12 ! 12
() () e
i<t 1x1 + 114 <1 1X1 — 2 |@T=e

Let us consider /1. From (3.4), we get

115/ %—HIHMIZ—I%H #dndzz
r<s \ (X7 +17)%/? lz1 — &1l

1 1
S m p I_EdtldIZ < 00,
ltl<s \|xX1 — 111/ |x1 — 11|€|x2 — 12

if we choose € > 0 such that o + € < 1. O

dtidty

The proof of Theorem 6 is thus complete. 0

4 Rounding off a Ball Cut by a Cylinder

Let us recall Example 1:
Let x : RT™ U {0} — R be a smooth function such that x”(¢) > 0 everywhere,
x"(t)>0forallt € (1,1+a), and

L tel0,1];
x()=4{1+exp(———=), re(, l+e);

(t—1)2
t_nﬂ t21+a’
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where a > € > 0 are small numbers, 0 < n < a. Let us define a domain 2 C C? as
follows:

2={o@.2) =P +12P <4},

Proposition 9 If o < 1 in the domain 2 above, then there is a solution u to u=f
with f € C(l0 l)(Q) and 3 f = 0 with supnorm estimate ||u]loo < || f |l oo-

Proof Note that
02 = Izl =111 =3
Ut <1zl < 14a x(aP + 2l = 4]
Ul >14a lmP+ P =440} =P UPRUP. @D

Solve du = f = fidz1 + fodz, on  using Henkin’s integral:

42 :/ Paba=)—pp@=2) .
7°u(z) o FG.O - 2P fAdande
+/ St —5|1§)j-zj|”i(§2 _ZZ)dézl ANd AdE AdE

:/ _|_/ +f ...+f...:u1+u2+u3+u4, “4.2)
Py Py P Q

F(z,8) = pg (21 — &) + pgy (22 — §2).

where

We shall show that

Juj o Sl J=1,2,3,4.

The proof of |[ualleo < || flleo has been included in the literature. The estimates on
uy and u3 are also omitted here, as they are exactly the same as in Proposition 1 and
Proposition 2.

For the estimate of ||u3 ||, We first compute

FGO) = 20— )+ 20 - )
z,¢ —a—;lé‘ 71 — {1 @; -0
R T

=e (\51\2—1)% afi(z1 — &)

W + 02(22 — £2).

Notice that on Ps, it is strictly convex except at those points (¢1,¢2) so that
(1211, 122]) = (1, 4/3). The integrand in u» becomes most singular when (z1, z2) is
near those boundary points. From now on we assume (|z1], |z2]) € 2, (|¢1], 1&21) €
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92 are both close to (1, V3). We can also assume that f = f1dz;. Indeed, since
p =0, prdt + pgldgl + o, do + pgzzd{g =0 on 0. Therefore d¢, = did¢y +
dydy + dzdio, where dy, do = o(1). Then diy Adey Adey =o(1)de) AdEy AdE.

1 _
|A] < ||f||oo/ ————dO ANdiy ANdD
1<l¢iI<l4e,x (011 +le2=4 | Fllz1 = g1

+ ||f||oo/ R Nde Ade =11
Ie<lti<l4a,x (16D +e2=4 | Fllz1 — &1

< ||f||oof — L ik nag nde
L<ler|<l4ex (6 P+eP=4 | Fllz1 = 1l

- f : d

> 1<|¢1]<14€ x (21 12+ o 2=4 121 — C1[(IRe F| + [Im F[)

IS Nloo-

2 Al AdE,

Since AME ~ 1 as £, ~ /3, by taking a change of coordinates, we can assume

) -
the last integration is actually over dIm F' A d¢; A d¢p. Therefore
In(|Re F|) -
1< ||f||oo/ ———ddiAdiy.
1<g)<1+e 121 = &1l
Here,
1 - 1
~— < aRe - = - 3
ReF=e (aP-n? oRe(f1(21 = £1) +Re(5z72) —3+e (@P-D2 (4.3)

231612 = 13!
We need the following lemma:

L
Lemma 10 Let Re F be given by (4.3) and let ¢(t) = e 2 fort >0, ¢(0) =0.
Denote y =Re 121 — 1 and x = |¢1|> — 1. Then

d(y —x), if y>x>0;
Re F| > 1" (535 (33)?%, if0<y<ux; (4.4)
" (332 ify <0.

Proof Since ¢ € Py, z € Q, we have

d(aP =D+ -3=0,
o(lz11> = 1) + 122> =3 < 0.

Notice Re Elzl < %|§1 |2 + %|zl |2, Re g:zzg < %|§2|2 + %|z2|2. Moreover, ¢ is increas-
ing and convex when ¢ is close to 07. So

Py <o l(lc 214 Sz = 1) <1¢(|z |2—1>+3¢<||z 12— 1)
Yy = ) 1 ) 1 =5 1 > 1
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<L+ ic-iLp

=5 9] > 22
1 1

—3_ (21222 2
(2|§2| +2|12| )

<3 —Relrzo.

Therefore if y > 0,
Re F = ¢'(x)(y — x) + Re({222) — 3 + ¢ (x)
Sy —x) =)+ o).

Applying Lemma 4 to the above, we have the estimates in (4.4).
If y <0,

Re F = ¢'(x)(y — x) +Re(222) =3 + ¢ (x)
=¢' ()0 —x) —¢(0) +¢(x)

= (3)3)° m

We then have

1
15 1f oo : 5 Adg,
1<lci<1tey=x [Re(Ciz1 — [¢112)|% |z —§1I

y / IIn(1]*> — Re(£121))]
1

<leil<1+¢,0=y=x (1C1]2 — Re(£121)) 2 |21 — &1

1 21 -
+/ In(Icllu I dzlAdzl}
1

<ltil<14e,y=0 (12117 — D 2|z — &1
= flloo(A1 + Az + A3).

/ [ <1 1 )F
I1<|¢|<14€,y>x El 71— 1
[ el
L<lcrl<t+e LIC1] 121 = &1

1+5
/ dty Ndg) < oo,
1<|¢1|<1+€ 51

1
/ [In|¢1 — ﬁ|ld§1Ad{1<oo,
I<|ti]<l4e [C1 —2z1] T2

dgi Adg

Here,

d¢y ndi

Ay

IA

-
21— 8

IA

d¢i Adg

z1§'

A

A

IA

when o < 1.
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For Az, we need to use the inequality a” + b4 2 ab for a,b > 0 and 1/p +
1/g =1,p,q > 1. Now since a < 1, we can choose pp > 2 so that 2% < 1 and
qo satisfy 1/po + 1/qo = 1. Then go < 2.

In 2_ 1o _ 1 _
As < / Ml = DI 4, naey + / L S
I<lgil<l4e (G2 =12 l<|ti|<l4€ 121 — &1]90
|In([¢1]? — 1)[Po

=< / —Md& /\d{] + const.
1<lal<tte (2 —1)°2

In the first integral, take the polar coordinates ¢ = re!?. Then

In(r2 — 1)|Po
As 5/ 7| ner Zola dr + const
l<r<l+e (r2 -1

Poo

In(r — 1)|P0
5/ Mdr+const<oo,
I<r<l+e (r—1)72

by our choices of pg, qo. g

One can similarly consider the domain obtained by rounding off the corners of a
bidisc. See the following example:

Example 2 Let

1—a, t<1-—a;
x()= kexp(—%)—i—l—a, t>1—a,

2—(1-a)?)2

where a > 0 is a small constant such that x (¢) is convex on [0, 1] and k is a constant
chosen such that x (1) =1, i.e.,

1
k=a-exp <7a>
2a —a?)2

Q={p) =x(z1]) + x(z2)) =2 +a <0} C C%.

Let

As we can see, the boundary of 2 consists of the following sets:
0Q={lz1l=1—a, l/=1U{lzil=1 |z2/<1—-a}

U{lzil, lz2]l > 1 —a, p(z1,22) =0} =P U P, U P3. 4.5)

Integrals on flat pieces P and P; fall into the Henkin’s bidisc situation. The sup-
norm estimates of the integral over rounded off piece P3; can be carried out the same
way as we discussed in Example 1 when o < 1.
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