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Abstract We investigate the problem of finding, in hyperbolic space, a complete
strictly convex hypersurface which has a prescribed asymptotic boundary at infinity
and which has some fixed curvature function being constant. Our results apply to a
very general class of curvature functions.
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1 Introduction

In this paper we study Weingarten hypersurfaces of constant curvature in hyperbolic
space H"+! with a prescribed asymptotic boundary at infinity. More precisely, given
a disjoint collection I' ={I"y, ..., [';,} of closed embedded (n — 1) dimensional sub-
manifolds of d-,H" !, the ideal boundary of H"*! at infinity, and a smooth symmet-
ric function f of n variables, we seek a complete hypersurface ¥ in H"*! satisfying

f[X]) =0 (1.1)
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where k[X] = (k1, ..., k) denotes the hyperbolic principal curvatures of ¥ and o is
a constant, with the asymptotic boundary

X =T. (1.2)
We will use the half-space model,
H' = {(x, x41) € R 2y > 0)
equipped with the hyperbolic metric
Z?:]l dx}

2
xn+1

ds® = (1.3)

Thus d.oH"T! is naturally identified with R” = R” x {0} ¢ R**! and (1.2) may be

understood in the Euclidean sense. For convenience we say ¥ has compact asymp-

totic boundary if 8% C 9,oH"*! is compact with respect the Euclidean metric in R”.
The function f is assumed to satisfy the fundamental structure conditions:

af ()

fikn) = >0 inkK, 1<i<n, (1.4)
oA
f is a concave function in K, (1.5)
and
f>0 inkK, f=0 ondkK (1.6)

where K C R" is an open symmetric convex cone such that
K,'f :={\ € R" : each component A; > 0} C K. (1.7)
In addition, we shall assume that f is normalized
fa,....nH=1 (1.8)
and satisfies the following more technical assumptions
f is homogeneous of degree one (1.9
and

lim f(Ar,...,A—1,A, + R) > 1+4+¢o uniformly in Bs,(1) (1.10)

R— 400

for some fixed g9 > 0 and o > 0, where Bs,(1) is the ball of radius o centered at
1=(,...,1)eR".

All these assumptions are satisfied by f = (o /01)ﬁ ,0<! <k <n, defined in
K where oy, is the normalized k-th elementary symmetric polynomial (og = 1) and

Ky ={reR":0;(1)>0, V1 <j <k}.
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See [3] for proof of (1.4) and (1.5). For (1.10) one easily computes that

.

) K\ &=
lim f()»l,...,)»n_l,)»n—i-R):(—) .
R— 400 l

Since f is symmetric, by (1.5), (1.8) and (1.9) we have

1
FOVSFM+Y fiMGi == filDri=—3 4 inKCKi (111

and
YA =0+ fi)1-r) = fM)=1 K. (1.12)
Moreover, (1.4) and f(0) = 0 imply that

f>0 inK;. (1.13)

In this paper we shall focus on the case of finding complete hypersurfaces satis-
fying (1.1)—(1.2) with positive hyperbolic principal curvatures everywhere; for con-
venience we shall call such hypersurfaces (hyperbolically) locally strictly convex. In
Part IT [8] we will allow f satisfying (1.4)—(1.10) and general cones K.

Before we state our first result we need to explain the orientation of hypersurfaces
under consideration. In this paper all hypersurfaces in H"*! we consider are assumed
to be connected and orientable. If ¥ is a complete hypersurface in H"*! with compact
asymptotic boundary at infinity, then the normal vector field of X is chosen to be the
one pointing to the unique unbounded region in RT] \ X, and the (both hyperbolic
and Euclidean) principal curvatures of ¥ are calculated with respect to this normal
vector field.

Theorem 1.1 Let X be a complete locally strictly convex C? hypersurface in H"*!
with compact asymptotic boundary at infinity. Then X is the (vertical) graph of a
function u € C*(Q)NCYQ), u > 0in Q and u =0 on Q, for some domain 2 C R":

2 ={(x,ux) eR 1 x e}

such that
{8ij +ujuj +uu;j} >0 in Q. (1.14)

That is, the function u? + |x|2 is strictly convex. Moreover,

,/1+|Du|2<max{maxe rgax,/l—i—lDuP} in Q. (1.15)
Q

According to Theorem 1.1, problem (1.1)—(1.2) for complete locally strictly con-
vex hypersurfaces reduces to the Dirichlet problem for a fully nonlinear second order
equation which we shall write in the form

G(D*u, Du,u)=2, u>0inQCR" (1.16)
u
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with the boundary condition
u=0 onadQ. (1.17)

In particular, the asymptotic boundary I" must be the boundary of some bounded
domain €2 in R". The exact formula of G will be given in Sect. 2 (see (2.9)).

We seek solutions of (1.16) satisfying (1.14). Following the literature we call such
solutions admissible. By [3] condition (1.4) implies that (1.16) is elliptic for admis-
sible solutions. Our goal is to show that the Dirichlet problem (1.16)—(1.17) admits
smooth admissible solutions for all 0 < ¢ < 1 which is also a necessary condition by
the comparison principle under conditions (1.8) and (1.9), as we shall see in Sect. 3.

Our main result of the paper may be stated as follows.

Theorem 1.2 Let I' = 9 x {0} € R"! where Q is a bounded smooth domain in
R". Suppose that o € (0, 1) satisfies 0% > % Under conditions (1.4)—(1.10) with
K = K,t, there exists a complete locally strictly convex hypersurface ¥ in Hr+!
satisfying (1.1)—(1.2) with uniformly bounded principal curvatures

k[Z]l<C onx. (1.18)

Moreover, ¥ is the graph of an admissible solution u € C®(2) N CY(Q) of the
Dirichlet problem (1.16)—(1.17). Furthermore, u*> € C*°(Q) N CY1(Q) and

J1+ Dul? <
J1+|Dul? =

ulD*u| <C in%,
(1.19)
on 0L2.

Q| —=Q |~

Theorem (1.2) holds for a large family of f = % sz\i 1 fi where each f; consisting

L
of sums and “concave products” (that is of the form (fi--- fn,)™) where each f;

satisfies (1.4)—(1.10). For Gauss curvature, (1) = (I1A;) " , Theorem 1.2 was proved
by Rosenberg and Spruck [9] who in fact allowed all o € (0, 1).

As we shall see in Sect. 2, (1.16) is singular where # = 0. It is therefore natural to
approximate the boundary condition (1.17) by

u=e€>0 onadQ. (1.20)

When € is sufficiently small, the Dirichlet problem (1.16), (1.20) is solvable for all
oe(0,1).

Theorem 1.3 Let Q be a bounded smooth domain in R" and o € (0, 1). Suppose
f satisfies (1.4)~(1.10) with K = K, Then for any € > 0 sufficiently small, there
exists an admissible solution u€ € C®(Q) of the Dirichlet problem (1.16), (1.20).
Moreover, u satisfies the a priori estimates

1
J1+|DucP<—+eC inQ (1.21)
o
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and
C
u'|Du| <= inQ (1.22)
€
where C is independent of €.

The organization of the paper is as follows. Section 2 summarizes the basic infor-
mation about vertical and radial graphs that we will need in the sequel. In Sect. 3 we
prove global gradient bounds and some sharp estimates on the vertical component of
the upward normal near the boundary. These are essential for the boundary second
derivative estimates which we derive in Sect. 4. Here we make essential use of the
exact form of the linearized operator to derive the mixed normal-tangential estimates
and assumption (1.10) for the pure normal second derivative estimate. In Sect. 5 we
prove a maximum principle for the maximum hyperbolic principle curvature. Our ap-
proach uses radial graphs and is new and rather delicate. It is here that we have had
to restrict the allowable o € (0, 1) to o > é. Otherwise our approach is completely
general and we expect Theorem 1.2 is valid for all o € (0, 1). Because the linearized
operator is not necessarily invertible we cannot prove Theorem 1.2 by the continu-
ity method directly. To overcome this difficulty we construct an iterative procedure
which is carried out in Sect. 6. Because of this, we have derived all our estimates for a
fairly general class of hypersurfaces of prescribed curvature as a function of position.

Many of the techniques developed in this paper and its subsequent extension to
general curvature functions [8] have application to many other problems.

2 Formulas for Hyperbolic Principal Curvatures

Let ¥ be a hypersurface in H*t! and g the induced metric on ¥ from H"*!. For
convenience we call g the hyperbolic metric, while the Euclidean metric on ¥ means
the induced metric from R”*!. We use X and u to denote the position vector and
height function, defined as

u=X-e,

of ¥ in R"*!, respectively. Here and throughout this paper, e is the unit vector in the
positive x,41 direction in R”*!, and ‘> denotes the Euclidean inner product in R*+1.
We assume X is orientable and let n be a fixed global unit normal vector field to X
with respect to the hyperbolic metric. This also determines an Euclidean unit normal
v to X by the relation
n
V= —
u
We denote 1"t =e- v.
Letey,..., e, be alocal orthnormal frame of vector fields on (X, g). The second
fundamental form of X is locally given by

/’ll‘j = (Veie]’, n)
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where (-,-) and V denote the metric and Levi-Civita connection of H"*! respec-

tively. The (hyperbolic) principal curvatures of X, denoted as k[X] = (k1, ..., k),
are the eigenvalues of the second fundamental form. The relation between «[X] and
the Euclidean principal curvatures k E[£]= (kE, ..., k[) is given by

i =ucE " 1<i<n. (2.1

We shall derive equations for X based on this formula when X satisfies (1.1).
2.1 Vertical Graphs

Suppose X is locally represented as the graph of a function u € C*(2), u > 0, in a
domain Q C R":

Y ={(x,ux) eR* :x Q).

In this case we take v to be the upward (Euclidean) unit normal vector field to X:

—Du 1
V=< ,—>, w=,/1+|Du|2.
wow

The Euclidean metric and second fundamental form of ¥ are given respectively by

E
gij = 8ij T uiuj,
and
hE _ i
ij=
w

According to [4], the Euclidean principal curvatures « £ [ ] are the eigenvalues of the
symmetric matrix A [u] = [ag.]:

E._ 1

ajj = —y" uuy", 22)
where
. Uil
=g — ;-
Y=o T+ w)

Note that the matrix {y¥/} is invertible with inverse

uju
14w

vij =38ij +

which is the square root of {gg}, ie., Vikvi = gg From (2.1) we see that the hy-
perbolic principal curvatures «[u] of X are the eigenvalues of the matrix AV[u] =

ATk

1 . .
(8 +MJ/lkMkl)/1])- (2.3)

v o
aij[u] =
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For K as in Sect. 1, let S be the vector space of n x n symmetric matrices and
={AeS:A(A)eK},
where A(A) = (A1, ..., Ay) denotes the eigenvalues of A. Define a function F by
F(A) = f(A(A)), AeSk. 2.4)

We recall some properties of F. Throughout the paper we denote

ij ij.kl 9*F
FU(A) = FUK Ay = (A). (2.5)
da;joay
The matrix {F ij (A)}, which is symmetric, has eigenvalues f1, ..., f,, and therefore

is positive definite for A € Sk if f satisfies (1.4), while (1.5) implies that F' is con-
cave for A € Sk (see [3]), that is

FUK(A)g 80 <0, Vi&j}eS, AeSk. (2.6)

We have
FU(Aaij =" fi(h(A)hi, 2.7
Fll(Ayairaje =Y fi(MA)A]. (2.8)

Finally, the function G in (1.16) is determined by
1
G(D*u, Du,u) = —F(A"[u)), 2.9)
u

where AY[u] = {aivj[u]} is given by (2.3). Note that

GSZ[M] = 88G — iFijyl'Sytj’
Ust w
G [ulug; = 1 F"fm—iZF“ (2.10)
st — u lj w ) .

1 N
G _ Fll

v=—

and
3°G
GPI U] 1= ——— = i isy iy ke al (2.11)

Ot pg Oty w?
where F'/ = FJ(A"[u]), etc. It follows that, under condition (1.4), (1.16) is elliptic
for u if A¥[u] € Sk, while (1.5) implies that G(D?u, Du, u) is concave with respect
to D%u.

For later use in Sect. 6 note that if u is a solution of

G(D*u, Du,u) = G(D*u, Du,u) — ¥ (x,u) =0, (2.12)



Hypersurfaces of Constant Curvature in Hyperbolic Space I 779

then from (2.10),

~ 1 1
Gu=ﬁ<\p—uwu—52ﬁ) 2.13)
where W (x, u) = uy(x,u). Since Y_ f; > 1, we obtain from (2.13)
~ 1 1
Gu§—2<lll—u\llu——>. (2.14)
u w

2.2 Radial Graphs

Let V denote the covariant derivative on the standard unit sphere $” in R"*! and y =
e-zforzeS" c R" Let 71, ..., T, be an orthnormal local frame of smooth vector
fields on " so that 7; - 7; = §;;. For a function v on §", we denote v; = V;v = Vv,
vij = V;jVju, etc.

Suppose that locally X is a radial graph over the upper hemisphere S C R+
i.e., it is locally represented as

X=e¢"z, zeS}, CcR". (2.15)

The Euclidean metric, outward unit normal vector, and second fundamental from of
Y are

85 = 62”(51']' +v;v;),
z— Vv

V= L w=(1+|VuH
w

and
ij— ¢ (Lij Vivj ij)’

respectively. Therefore the Euclidean principal curvatures are the eigenvalues of the
matrix

1, A 4
afy = —e ™"y ™ (o — v = Sy = —e7 vy - 8ip) (2.16)
where
.. vl-vj
ij_g: — )
YT+ w)

Note that the height function u = ye”. We see that the hyperbolic principal curvatures
are the eigenvalues of the matrix AS[v] = {al.sj [v]}:

1 . .
ajloli=— vy oay' — e Vs;)). (2.17)
In this case (1.1) takes the form

F(A*[v]) =o0. (2.18)
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3 Locally Convex Hypersurfaces. C! Estimates
3.1 Equidistance Spheres

There are two important facts which will be used repeatedly. One is the invariance
of (1.1) under scaling X +— AX in R"*!, as it is an isometry of H"*!. The other is
that the Euclidean spheres, known as equidistance spheres, have constant hyperbolic
principal curvatures. Let Bg(a) be a ball of radius R centered at a = (a’, —o R) €
Rt where o € (0, 1) and S = dBg(a) NH"!. Then «;[S]=0 forall 1 <i <n
with respect to its outward normal. These spheres may serve as barriers in many
situations. Especially, we have the following estimates which were first derived in [6]
for hypersurfaces of constant mean curvature.

Lemma 3.1 Suppose f satisfies (1.4), (1.8) and (1.9). Let ¥ be a hypersurface in
H" ! with k[2] € K and
o1 = fk[X]) =02

where 0 < 01 < op < 1 are constants, and 0¥ C P(€) = {x,+1 =€}, € > 0. Let Q
be the region in R" bounded by the projection of 3% to R" = {x,,+-1 = 0} (such that
R™ \ Q contains an unbounded component), and u denote the height function of X.

(i) For any point (x,u) € X,

€0 +d(x) 1—02< <L 1—61+ G.1)
X u<—[|——+e, .
140 1400~ 2\ 140

where d(x) and L denote the distance from x € R" to 02 and the (Euclidean)
diameter of 2, respectively.
(ii) Assume that 3% € C>. For € > 0 sufficiently small,

eJ1-0f 2140y

o] —

r rl2
eJ1—0o? 201 —
<Vl <o+ 2 + € 5 o2) onox (3.2)
mn r2

where r1 and ry are the maximal radii of exterior and interior spheres to 052,
respectively. In particular, if 61 = 03 = o then vVt — o on 9% as € — 0.

While Lemma 3.1 was proved in [6] only for the mean curvature case, the proof re-
mains valid for more general symmetric functions of principal curvatures with minor
modifications. So we omit the proof here.

Another important class of hypersurfaces of constant principal curvatures are the
horospheres P(€) = {x,+1 = €}, € > 0. Indeed, from (2.1) we see that k[P (¢)] = 1.
By the comparison principle we immediately obtain the following necessary condi-
tion for the solvability of problem (1.1)—(1.2).
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Lemma 3.2 Suppose that f satisfies (1.4) and (1.8), and that there is a hypersurface
¥ in HH which satisfies (1.1) and (1.2) withk[X] € K. Then o < 1.

3.2 Locally Strictly Convex Hypersurfaces

We now consider hypersurfaces of positive principal curvatures in H"*!; we call such
hypersurfaces locally strictly convex.

Lemma 3.3 Let ¥ C {x,+1 > ¢} be a locally strictly convex hypersurface of class
C? in H"*t! with compact (asymptotic) boundary 3% C {xp41 = ¢} for some con-
stant ¢ > 0. Then X is a vertical graph. In particular, 0¥ must be the boundary of a
bounded domain in {x,+1 = c}.

Proof Let T be the set of t > ¢ such that ¥, := X N {x,4 >t} is a vertical graph
and let #p be the minimum of 7" which is clearly nonempty. Suppose fy > c. Then
there must be a point p € 9%, with phtl (p) =0, that is, the normal vector to X at
p is horizontal. It follows from (2.1) that KiE =ki/to>0forall 1 <i <nat p.On
the other hand, the curve ¥ N P (near p) clearly has nonpositive curvature at p (with
respect to the normal v(p)), where P is the plane through p spanned by e and v(p).
This is a contradiction, proving that g = c. O

By the formula (2.3) the graph of a function u is locally strictly convex if and
only if the function U = |x|? + u? is (locally) strictly convex, i.e., its Hessian D>U
is positive definite. We define the class of admissible functions in a domain Q C R”
as

AQ) = {u €C?(Q):u>0, |x|? 4 u? is locally strictly convex in Q} 3.3)

By the convexity of |x|*> + u?> we immediately have
1
|Dul = — (L + maxul Dul ) (3.4)
u a0
where L is the diameter of €2. The following gradient estimate, which improves (3.4)
in the sense that it is independent of the (positive) lower bound of u, will be crucial

to our results.

Lemma 3.4 Let u € A(QQ). Then
e*\/1+ |Dul? < max{supe“, rralgxe”,/ 1+ |Du|2}. (3.5)
Q

Proof If e*+/1 + | Du|? attains its maximum at an interior point xo € 2 then at xg,
) .
D w4 uinj +uj)=e ”a—<e”\/ 1+ IDu|2> =0, Vl=i=n.
- Xi
J

If follows that Du(xo) = 0 as the matrix {;; + u;u; + u;;} is positive definite. [
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Lemma 3.5 Ler u € A(RQ) satisfy

01 < fklu]) <02, inQ,
{ u>e, in 2, 3.6)
Uu==c€, on 082,

where 0 < o1 <o < 1,€ > 0and 32 € C2. Suppose f satisfies (1.4), (1.8) and (1.9).
Then, for € sufficiently small,

1

V1+|Dul?

Proof By Lemma 3.1 we have, for € sufficiently small,

>01—Ce(e+,/1—0?) inQ. (3.7)

2
1+ |Dul*> a92. 3.8
V I+ MI_H_(I on (3.8)
Fix A > O (sufficiently large) such that
1 — o0 2
<1 (3.9)

— n
22\ 14017 1+o0p
where L is the diameter of 2, and let

1
u)‘(x) = Xu()»x), xeQ*

where Q* = 2. Then k[u*](x) = k[u](Ax) in Q*. It follow that u* € A(Q*) and

o1 < f(k[u*]) <oz, inQ,
ut > €, in Q*, (3.10)
ut =<, on 9Q*.

Applying Lemma 3.1 to u*, we have by (3.8) and (3.9),

1—o0
<— <maxln 1+ |Du*? in Q*
2\ 140, V141D
supe’’ <maxery/1+ | Du*?. (3.11)
Q)\ aﬂk

By (3.11), Lemma 3.4 and Lemma 3.1 (part ii, formula (3.2)),

1 1
> ¢ =% min

J1+ [Du* 2 02> /1 + |Du* |2

. 1
> min

92" \/1+ |Du*|?

Zol—Ce(e—f- 1—012). (3.12)

M)L

>)|m

or

This proves (3.7). O
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4 Boundary Estimates for Second Derivatives

Let © be a bounded smooth domain in R”. In this section we establish boundary
estimates for second derivatives of admissible solutions to the Dirichlet problem

{G(Dzu,Du,u):w(x,u), in Q, @

u=¢e€, on 89,

where G is defined in (2.9) and ¥ € C®°(Q x R_). We assume that y satisfies the
following conditions:

1—¢€ C _
0<y(x,z) < ! IDxll’(x,Z)l-Flwz(x,Z)lSZ—, Vx € Qs, z€(0,€1)
(4.2)
and
v =2, VxedQ, ze(0,€), (4.3)
Z

£

2 and

where C is a large fixed constant, €] > 0 is a small fixed constant, § =
Qs={xeQ:d(x, Q) <d}.

Remark 4.1 We have in mind ¥ :=uy(x,u) =0 + M(u — v(x)) where M € [0, é]
and v =€ on 992, |Vv| < C in Q. We will need this generality because (see (2.14))
Gu=Gy— Y may be positive in 2 causing us some trouble when we try to prove
Theorem 1.3 using the method of continuity directly. Note also that conditions (4.2),
(4.3) imply oscqo, W < %8 < % which is used at the end of the proof when we need
to appeal to Lemma 3.5.

Theorem 4.2 Let Q be a bounded domain in R", 9Q € C3, and u € C3 (§_2) N A(Q)
a solution of problem (4.1). Suppose that f satisfies (1.4)—(1.10) and  satisfies (4.2)
and (4.3). Then, if € is sufficiently small,

ulD*u| <C ondf (4.4)
where C is independent of €.

The notation of this section follows that of Sect. 2.1. We first consider the partial
linearized operator of G at u:

L=G"903; + G*0,
where G*' is defined in (2.10) and

G u
s . _ s
G’ -—

B wukysj+ujyks
dug w

1+w

N . .
Flja,'j — wF”a,'k( >+EFUM,')/S]

4.5)

u
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by the formula (2.21) in [7]. Here F/ = F'/(A[u]) and a;; = ay;[u]. Since (Fi}
and {a;;} are both positive definite and can be diagonalized simultaneously, we see

that
Faj&k; >0, VEeR"

(4.6)

Moreover, by the concavity of f we have the following inequality similar to

Lemma 2.3 in [7],

ZlGS|§%<1+ZF”>.

Since yVus =uj/w,

Glu, = —{(—2 — 1)F”a,'j - EF”aikukl"j + EFUM!""]‘}'

u w

It follows from (2.10) and (4.8) that

1 1 2 2
Lu=——Flai; = — 3 F" — —— Flajuuj + ——Fuu;.

w-u

Lemma 4.3 Suppose that f satisfies (1.4), (1.5), (1.8) and (1.9). Then

€ e(1 -4 N
Li-f) =5 (e ) o

Proof By (4.9), (4.6) and (1.9),

Thus (4.10) follows from (1.12) and (4.2).
Lemma 4.4 For1<i,j<n,

Lxjuj —xjui) = (Yu — Gu)(xiuj — xjui) +xipe; — Xj¥y

where

Proof For 6 e R let

yi =Xx;cost — x;sind,

4.7

(4.8)

(4.9)

(4.10)

4.11)

4.12)

(4.13)
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yj = x;sinf +x; cos0,
Ve =Xk, YkFI,].

Differentiate the equation

G(D*u(y), Du(y), u(y)) =9 (v, u(y))
with respect to 6 and set 8 = 0 afterwards. We obtain
L(xjuj —xju;) + Gu(xjuj — xju;)

— L+~ Ly
= wWag —aew(y,u y) o

0=0 =0

which yields (4.12). O
Proof of Theorem 4.2 Consider an arbitrary point on d€2, which we may assume to
be the origin of R" and choose the coordinates so that the positive x, axis is the

interior normal to d€2 at the origin. There exists a uniform constant » > 0 such that
02N B, (0) can be represented as a graph

1
t=p() =5 Y Buprexp+ OXP), ¥'=(rixnn). (414)

o,f<n

Since u = € on 92, we see that u(x’, p(x")) =€ and

uep(0) = —uppup, a,B <n. (4.15)

Consequently,
luap(0)| = CIDu(0)|, a,p<n (4.16)

where C depends only on the maximal (Euclidean principal) curvature of 9€2.
Next, following [2] we consider for fixed o < n the operator

T =0+ Y _ Bup(xpdy — X0p). (4.17)

B<n
We have
[Tul <C, in QN Bs(0),
|Tu| <Clx|?>, ond2N Bs
since u = € on d€2. By Lemma 4.4 and (4.2), (4.13),

(4.18)

|L(Tu)| = |TG(D*u, Du,u) — G,Tu|
=Ty x,u)—G,Tul

< S (e F). (4.19)
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Let
€ 2
¢p=A|1—— )+ B|x|"xTu.
u

By (4.2), (4.7), (4.19) and Lemma 4.3,

1 Fii
(Jru# in QN B;. (4.20)

€1€A 2
Lp<|-— > + Cu“B(u+8)+ Cu
w

We first choose B = % with C; = C the constant in (4.18) so that ¢ >0 on (2N
Bjs). Then choosing A > C1/e€; makes L¢ <0in 2N Bs.
By the maximum principle ¢ > 0 in 2 N Bj. Since ¢ (0) = 0, we have ¢,,(0) >0
which gives
Au, (0)
u0)
Finally to estimate |u,,(0)] we use our hypothesis (1.10). We may assume

[uap(0)], 1 <, B < n, to be diagonal. Note that u,(0) = 0 for & < n. We have
atx =0

[tgn (0)] <

4.21)

1+ uuqg 0 ... ”u#
Uuzn
1 0 14 uuy ... —=
A¥u] = — v
w .
Uini up Ulnpn
2 T

By Lemma 1.2 in [3], if €u,, (0) is very large, the eigenvalues A1, ..., A, of A¥[u]
are asymptotically given by

1
Ay = E(l +€uaq(0)) +o(l), o<n,

o ) 1 4.22)
A, = GnD 14 0 .
T (+ (eunnm)))

By (4.16) and assumptions (1.9)—(1.10), for all € > 0 sufficiently small,

1 v 1 €0
V(0.0 = —FAWI0) 2 E(l + 5)

if €un,(0) > R where R is a uniform constant. By the hypothesis (4.3) and
Lemma 3.5, however,

1 £0 &0
o>—|1+—=—)=(—-Ce|l+—=])>0
w 2 2

which is a contradiction. Therefore
R
[tunn (0)] < ? .

The proof is complete. O
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5 Global Estimates for Second Derivatives

In this section we prove a maximum principle for the largest hyperbolic principal cur-
vature kmax (x) of solutions of general curvature equations. For later applications we
keep track of how the estimates depend on the right hand side of (4.1). We consider

Kmax (X)
u? ()W (x) —a)

M(x) = (.1

Theorem 5.1 Let u € C*(Q) be a positive solution of f(k[u]) = ¥(x,u) where f
satisfies (1.4)—(1.9), A'[u] € Sk, V't > 2a and W > oy > 0. Suppose M achieves
its maximum at an interior point xo € Q2. Then either kmax(x9) < 16(a + %) or

(W] 4 19 D? + (War] + W | + [Wau)} (x0)

M?(xg) <C (5.2)
u?(x0)
where C is a controlled constant.
If we assume, for example, that
L L, .
W > oy, |\IJx|+|lIIM|§?, |q"xx|+|\pux|+|q/uu|fe_2 inQ (5.3)

with L, L, independent of €, we obtain using Theorem 4.2.

Theorem 5.2 Let u € C*(Q) be a solution of problem (4.1) with A¥[u] € Sg. Sup-
pose that f satisfies (1.4)—(1.9) and  satisfies (4.2), (5.3). Then if € is sufficiently
small,

2
u|D2u|§C<l+maxu|D2u|>u—2 in Q (5.4)
aIQ €

where C is independent of €.
We begin the proof of Theorem 5.1 which is long and computational.

Let X be the graph of u. For x € Q let kmax (x) be the largest principal curvature
of ¥ at the point X = (x, u(x)) € . We consider

M = max Kmax (X)
xeQ ¢(n,u)

(5.5)

where n = e- v, v is the upward (Euclidean) unit normal to ¥, and ¢ a smooth positive
function to be chosen later. Suppose that My is attained at an interior point xp € Q2
and let Xo = (xq, u(xp)).

After a horizontal translation of the origin in R**!, we may write ¥ locally near
Xy as aradial graph

X=e'z, zeS. cR"™! (5.6)

with X = '@z, zg € S", such that v(Xg) = zo.
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In the rest of this section we shall follow the notation in Sect. 2.2 and rewrite the
equation in (4.1) in the form

F(ASv]) = W = uyr (5.7)

where A®[v] is given in (2.17); henceforth we write A[v] = AS[v] and a;; = aisj[v].
We choose an orthnormal local frame 1, ..., 7, around zg on S’} such that v;; (z)
is diagonal. Since v(Xo) = zo, Vv(zo) =0 and, by (2.17), at zo,

ajj = yvij =Kidi; (5.8)
where k1, ..., k, are the principal curvatures of ¥ at Xy. We may assume
K1 = Kmax (X0). (5.9)
The function 2, which is defined locally near zg, then achieves its maximum at
zy where, therefore
(al) —0, l<i<n (5.10)
¢ /i
and
- (an 1 .. K1 i
F”(—) =—F"ay ;i — —<F"¢i; <0. (5.11)
¢ ” ¢) 1 ¢2 123

Proposition 5.3 Ar z,
Y2OF a i — y k1 F' gy
=y pF " ai; 11+ y(yk1 — BV Fl yjaii j — 2y F i yaii

+ vy — )1 Y fi} = bynicr Y fi(y — k)]

(@O +2y7 + 1) — y7e durcr — (1+ Y )pyic1) Y fir

+ (v + ye'du — (L+29Dd)r Y _ fi

+ Q2ydy + 2y bu — Y2 buu — 257 buy — 20)k1 Y iy}

+2(p — Gyrct + ye bunict) D firiyi (5.12)
Proof In what follows all calculations are evaluated at zg. Since Vv = 0, we have

w=1, w; =0, Wjj = Vjj Ug;j- (5.13)

(Recall w = \/m .) Straightforward calculations show that

Qij .k = YVijk + Ykvij — (€- V)idij, (5.14)

kit = YVkkii + 2Yi Vkki + Vit Vkk — (€ - V)i — yopevd — 2y, 8ki. (5.15)
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Therefore,
. = . . 2 .12
ai,ii — aii,11 = y(iiii — Vi1 — v11Y;; + vllvll)
+ yiivi1 — ynvii +2(vivii — y1vii1)
+(e- V)11 — (e- Vv)i;. (5.16)
We recall the following formulas
Vijk = Vikj = Vkij, (5.17)
Vkkii = Viikk + 2(Vkk — Vi) (5.18)
(where we have used the fact that Vv = 0) and, from [6],
doyi=1-y7% (5.19)
Yij = —¥dij, (5.20)
(e-Vv); = yivij, (5.21)
and
(e . Vv)l-j =€ TpVkij — Zinj —€-Tjv;
= YkVijk — 2yVij — YjVi- (5.22)
By (5.14) and (5.8),
aii,j  Yjki | YjKj
Vi = - = , (5.23)
Yy !
(e- Vo) = 29400 <1 + —Z)K,- += ) Kkjyi (5.24)
y y y ;
Plug these formulas into (5.16) and note that F'/ = £;§; j- We obtain
Y2Fay i =y Fl a1 — yF (yjaii j + 2y1aii.1)
+yF(yjairj +2yiai i) — ki Z fire?
HT+2T+DY fiki — (L+29Dk1 Y fi
+2) fikiyi =2 ) fiv} (5.25)
Next, recall that u = ye¥ and n:=e-v = y—z)J‘ Atzg we have n =y,
ni =yi—(e-Vv); =y (1 —v;;), (5.26)

i = yii — (€ Vv);; — yv}



790 B. Guan et al.

Kl-2 1
=—y——+ 1+—2 Ki
y y

1
R Z(y)’jaii,j +1YD),
J

and
ui=e"yi, uij = e’ (ki — y).
It follows that
YF " $ii = V2 F" Gymii + i + 2unttini + Guutt} + Punii)

==Yy Y fil? + P bu+ L+ )y) Y fiki

(5.27)

(5.28)

— (P + Y b+ ki) D i by Y fiyi (v — ki)

+ (7€ b + 27 bun) Y fi] —2v€ buy ) fiki ]
—yéy Y _yyiFlai;.
By (5.10),
annib = K1 = K1 (@i + € $ui) = K1y (1 - %)y,- + ey,
Using (5.30) we have
YOF' (yjan j + 2yiai1,)
=20y, + ye'duk1 Y fivi —2¢y1 Y fikiy?
+ (v =Dy + v = )"0 — 6y Y k321 Y fi
Combining (5.11), (5.25), (5.29) and (5.31), we obtain (5.12).
Lemma 5.4
Y2F i1 — 2y Fyiaii +y(%/<1 - 1>Fiiyjaii,j
> —yzFij’klaij,lakz,l
— Clurt (1] + W) + u? (W | + [ Wix | + Wi )}
where C depends on an upper bound for |%|.
Proof Since X = ez, x =e"(z — ye) and u = ¢"y. Hence,

Vix = e’(tj —yje) +vjx,

(5.29)

(5.30)

(5.31)

(5.32)
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Ve, Wix,u) =e"(Wy - (tj — yje) + W, (yvj +y;)) + (x - Wa)vj,
Vi W(x,u) = e (D (1) — yie) (1) — yie) (5.33)
—2y1 Wiy - (11 — y1€) + Wi )7)
+e'(Wy - (Vo1 — yiie) + Wk + yi)) + (x - W)y
Using (5.33) and differentiating equation (5.7) twice gives

YFyjaii ;= u(Wy - (yjtj — (1= y2)e) + W, (1 — y)),

YF i yiaii1 = u(W, - (yi71 — yie) + W, ),

Y Fla;i 11 =u*(DIW (1 — yie) - (t1 — yie)

(5.34)
+2y1 Wy - (t1 — y1€) + \I"uuy12)
+yu(Wy - (Vo 11 + ye) + Wy (k1 — y))
+(x - Wo)ykr — v F Mgy ap .
Formula (5.32) follows immediately from (5.34). O

We now make the choice ¢ (1, u) = (n — a)u? where 0 < a < n/2. We have
G—a)py=¢. =0,  upy=1du=2¢.  u(y—a)pu=2¢.

By Proposition 5.3 and Lemma 5.4, for k1 > 16(a + é)

2 .kl 2
— (v —a)F M aj; au1 +axy Y fir;

+ oo +@+2 =1 Y f
F2k1+y—a) Yy filki =Ny +2y(r—a) Y fiy}
< Cluser (W + W ) + 07 (W | + W] + W) (5.35)

Let 0 < 6 < 1 (to be chosen in a moment) and set
I={i:ki <—6k},
J={i: =0k <k <y, fi <071},
K={i:—0ki<Kki<y, fi=0"'f},
L={i:ki>y}

Note that for i € L, all the terms on the left hand side of (5.35)are nonnegative.
We have (provided that 6«; > 1),

S fid 2 g Y fR 4 0%

iel iel
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= D fillkil +6x1)

iel
0
= — 2 fillkil + )57, (5.36)
iel
and
> filki — )y = =21 fi. (5.37)

ieJ

According to Andrews [1] and Gerhardt [5] (see also [11], Lemma 3.1 and [10]),

_ ik, lakll>zﬁ f] 1211>2Zﬁ_f1 a1 (5.38)
i#]

By (5.14) and (5.30),

Yy —K
Yai1,1 =yail,i +Kiyi —K1yi = (Kz + K1 + v alK1>Yi-

Therefore,

2(1 — 0)k? '
yzaizl,l > L(y—w)y}, Viek.
y—a
Note that

fimhi_ fi—6fi _(-0)f,
K1 —k; ~ K1+ 0Kk _(1+9)K1’

€ekK. (5.39)
It follows that

—0)?
———K

2 ij .kl
— _\Fiikg.
y(y—a) ij1 kl,l_ 1+9

1Y fil—y)y;.  (540)

ieK

We now fix 6 such that

4(1—6)*
———— >2+0.
iro -

For example, we can choose 6 = %. From (5.36), (5.37) and (5.40) we obtain
YV —a)Fia ay +ary Y fikF+201+y—a) Y filki—y)y? =0 (5.41)
provided that x; > 16(a + %). Consequently,
00 o 2
—— ki < C{(|Wx| + Wy Duxr + u” ((Wax | + W | + [Wuu} (5.42)

Formula (5.2) follows easily from (5.42) completing the proof of Theorem 5.1.
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6 Existence: Proof of Theorems 1.3 and 1.2

In order to prove Theorem 1.3 we will construct a monotone sequence {uy} of admis-
sible functions satisfying (1.2) in €2 starting from uo = €. Having found

uo=uy <--- < ug,

U = uj4 is a solution of the Dirichlet problem

G(D*u, Du,u) = l(c + é(u - uk)> =y (x,u) in$,
u

6.1)
u=€¢ onos2.
In order to solve (6.1) we use the continuity method for u =u’, 0 <t < 1:
1 1
G(D2u, Du,u) = —<0 + —(u — (tur + (1 — t)uk_l))) in2, k>1,
u €
) 1 1 .
G(D“u, Du,u) =—[t(oc—1)+ —u in 2, k=0, (6.2)
u €

u=€¢ onoaf2

where u € Ay = {u > u; and u admissible} and u® = uy. Since u is admissible we
have from Sect. 3 that |u|-1o < C for a uniform constant C. Now according to (2.14),

1 I 1
Gu_WM5_2(0____(tuk+(l_t)uk—l)>
u w €
l—o+ 1
5_726‘7 kZI’ (6'3)
u
1 1 1
Gu—lﬁufﬁ t(U—l)—E S—m, k=0.

Hence for Q € C>*®, the linearized operator for u’ is invertible and the set of ¢ for
which (6.2) is solvable is open. In particular, (6.2) is solvable for 0 < r < 2fg. Using
standard regularity theory for concave fully nonlinear operators, to show the closed-
ness of this set, it suffice to show |u|C2(Q) < C for auniform constant C forfy <r < 1.
Observe that W (x, u) =uy (x,u) =0 + é(u — (tur + (1 —t)ug_1)) satisfies the con-
ditions (4.2), (5.3) of Theorem 5.2. Hence we obtain an estimate

Cy
sup |[D%u| < =5
Q €

where Cj depends on k but is independent of ¢. Therefore (6.2) is solvable for all
0 <t <1 and so we have found a monotone increasing sequence of solutions to (6.1).

It remains to show that the sequence {u;} converges to a solution of (1.16). For
this we need second derivative estimates independent of k. Define

Kmax (X)
)W ) —a)

My (x) =
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If My (x) achieves its maximum on 9€2, then according to Theorem 4.2, M (x) < 6%
where C is independent of k and ¢ (see Remark 4.1). Otherwise applying Theo-
rem 5.1 with W (x,u) =0 + é(u — uy) we obtain

c C c 1
2 2
Mk+1§€—4+€—2Mk§€—4+§Mk (6-4)

where C is independent of k and €. Iterating (6.4) gives

M 2 < E + 1 M 2 < £
F=ed T2 =t
It follows that the sequence u; converges uniformly in C>*% (). The proof of Theo-
rem 1.3 is complete.
To finish the proof of Theorem 1.2 we need to show that for 62 > %, we can obtain
an estimate for supg, kmax Which is independent of € as € tends to zero.
As in Sect. 5 we define

K X
Mo = max max (X) _
xeq ¢(n,u)
We now choose ¢ = n —a , where infn > a. If My is achieved on 9€2, then we obtain
a uniform bound by Theorem 5.1. Otherwise at an interior maximum, Proposition 5.3
and Lemma 5.4 give

oy —a)i +(@—2(1=y)(y —a)ki Y fi <4ox (6.5)

where we have dropped some positive terms from the left hand side of (6.5) and used
> fiki yl.2 < o. From (6.5) we see that we must find the minimum of the function

y(MW=a—-2(1—-y)(y—a)=2y>—2ay>—2y+3a onla,l]. (6.6)
‘We have
"(y) =2(3y? —2ay — 1),
y'(y) =2Qy ay —1) 67
y'(y) =43y —a).

at++/a%+3
3

The unique critical point of y (y) in (a, 1) is y* =
shows that

and some computation

7 4 4 3
ACES 34~ EaS - E(Cl2+3)2-

It is also not difficult to see that y (y*) <a =y (a) = y(1).
We claim y (y*) > 0 if a® > % This is equivalent to showing

4(a* +3)7 < a(63 — 4d?)

which after squaring both sides is in turn equivalent to

131 2 1
at— —d®+Z=(a>-= a2—1—6 <0.
24 3 8 3
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Thus our claim follows.

Now suppose 2eg =02 — % > 0 and set a® = % + &o. Then
€0 €0
o—a= > —.
oc+a 20

According to Lemma 3.5 (see formula (3.7)), n > o — Ce for a uniform constant C

if € is sufficiently small. Hence if Ce < j—g,

€0

£0
—a>(o—a)—Ce> 2 _ces> 20,
n—az(o—a = 2% -

Returning to formula (6.5) we find
5_0K12 <40k
4

or

- 160 160
K —_— =
"= ) %—02

The proof of Theorem 1.2 is complete.
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