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Abstract

We define and study a functional calculus for vector valued n-harmonic functions. As appli-
cations, we obtain a generalization of the well-known von-Neumann’s inequality to several
variables. We also use weighted algebras analogues of the classical theorems of N. Wiener
and P. Lévy on absolutely Fourier series in order to obtain multi-dimensional versions of N.
Wiener and P. Lévy theorems.
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1 Preliminaries and introduction

Let (A, ||.]) be a complex algebra with unit. If x € A the symbols Sp4(x) and p4 (x) denote
the spectrum of x and its spectral radius, respectively. Let x — x* be an involution on
A. An element h of A is called hermitian if 2* = h. The set of all hermitian elements of A
will be denoted by H(A). The real and imaginary parts of an element x of A are denoted
by Rex and Imx, respectively, i.e., Rex = (x + x*) /2, Imx = (x — x™) /2i. We say that
a Banach algebra A is hermitian if the spectrum of every element of H(A) is real ([12],
Definition 5.1, p. 23). For elements /# and k of H(A), we write h > k to indicate that h — k is
positive, i.e., Spa(h — k) C [0, +00[. Let x be an element of A. We denote by |x| the square
root of the spectral radius of the element x*x, i.e., [x| = pa (x*x)%. In ([12], Theorem 5.2,
(5.4) and (5.8), p. 23-25), V. Pt ak proved the following result: If A is hermitian, then |.| is
an algebra seminorm on A such that p4(x) < |x|, for every x € A. The following result of
Shirali- Ford ([16], Theorem 1, p. 275) will be needed throughout the paper:

A is hermitian = x*x > 0, for every x € A. (1)
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Throughout the paper, e will denote the unit of A, and for scalars » we often write simply r
for the element re of A. Also Sp(A) denotes the spectrum of A, that is the set of non-zero
continuous characters of A. Let n be a positive integer and let A” denote the cartesian product
of n copies of A. Leta = (ay,...,a,) € A" be a commutative family of elements of A (a
c. f.e.in short). Then the full sub-algebra B generated by a is a unital commutative algebra.
Leta denote the Gel’fand transformation defined by:

a(x)=x(@a),...,x(a,)) € C", forevery x € Sp(B).

The image a (SpB) C C" is therefore a nonempty compact subset of C". It is called the
simultaneous spectrum or the joint spectrum of a and denoted by Sp (A, a) or just Sp (a)
n
([2], Definition 7, p. 100). One has Sp (a) C [] Spa (@).
i=1

Let A be a complex unital Banach algebra and A’ the topological dual of A. Let Q be
an open subset of C" and f : 2 —> A be an A-valued function. Then f is said to be
holomorphic if ¢(f(z)) is holomorphic on €2 in the classical sense for every ¢ € A’. The
set of all holomorphic A-valued functions on €2 is denoted by H (€2, A). Since the dual
A’ separates the points of A, the most results of complex function theory ([13, 14]), such as
Cauchy’s integral, Taylor expansion, Cauchy estimates and so on, are applicable to H (€2, A).
Itis clear that H (€2, A) is a complex unital algebra. Moreover, if f is an element of H (2, A)
and if f(z) isinvertible for every z € €2, then the function f~! definedby f~! (z) = f(z)~!
for each z € Q is an element of H (€2, A) .

A continuous A-valued function f : 2 — A is a said to be n-harmonic if f is harmonic
in each complex variable thatisif z; = x;+iy;, f should satisfy the n differential equations:

2 2

ﬁ—kH:O, forj=1,...,n.

82)Cj 82yj
The set of all n-harmonic A-valued functions on 2 is denoted by & (€2, A).If f is holomorphic
on £2, then it is holomorphic in each variable, so we have H (2, A) C h (2, A). Let A be
an involutive complex Banach algebra. An A-valued function f : @ — A is said to be
hermitian if f(z) = f(2)*, forevery z € Q. We denote by Ref (resp. Imf) the real part of f
(resp. the imaginary part of f)definedby Ref (z) = Re (f(2)) (resp. Imf(z) = Im (f(2))),
for every z € Q.

Let zo € C and r > 0, the open (resp. closed) disc with center zg and radius r is denoted
by D (2o, r) (resp. D (2o, r)); its boundary, denoted by T (zq, ), is the circle with center zq
and radius r. If 20 = (z?, e zg) e C"andr = (r1,...,r,) is a multi-index (Ri)", the
open polydisc with center z° and radius  is the set

n

D" (ZO, r) = l_[ D (z?, rj) .

j=1
Its closure is denoted by D" (2, 7). The notation 7" (z°, r) denotes the torus of C" with
center z° and radius r, that is T" (ZO, r) = ]_['}:l T (z?, rj). Let Zt = {0,1,2,..}. A

multi-index « is an element of (Z*)n. If « = (g, ...,a,) is a multi-index and w =
(wiy, ..., wy) € C*, we write w* for the monomial (power product) w‘f' ... wy". We also
consider the following differential form, on C", dz = dz; . ..dz,. In the sequel, all algebras
considered here are complex and unital ones.

The A-valued harmonic functional calculus for an element of an involutive Banach algebra
is defined and studied in [5]. Here we construct an A -valued n-harmonic calculus for an

@ Springer



n-Harmonic calculus and applications

arbitrary n-tuple of elements of an involutive Banach algebra elements. This calculus consists
in giving a sense to f(a) whenevera = (ay, ..., a,) € A" and f is an A-valued n-harmonic
function on a neighbourhood U of the simultaneous spectrum Sp(a) of a. To that aim, we
need to introduce a functional calculus for holomorphic A-functions. The paper is organized
as follows. In Sect. 2, we introduce a vector-valued Cauchy transform. This allows us to
introduce a functional calculus for holomorphic A-functions. We show that this calculus is
continuous (namely the mapping f +—— C [f](a) is continuous) and satisfies the spectral
mapping theorem . Sect. 3 relies highly on Sect. 2 where we define and study a vector-valued
n-harmonic calculus. The most important properties of this calculus are studied. The last
section is devoted to applications. The first one is a generalization of the well-known von-
Neumann’s inequality to several variables. The second concerns the classical and famous
theorems of N. Wiener [19] and P. Lévy [11].
For more details on holomorphic functional calculus, we refer the reader to [1, 18].

2 A vector-valued Cauchy transform

We first introduce a vector-valued Cauchy transform by means of appropriate vector-valued
kernel. In particular, we obtain a functional calculus for holomorphic A-functions which will
be useful to us later.

Definition 2.1 Let A be a complex unital Banach algebra, €2 an open subset of C", 0=
(0,....20) € @ r = (r1,...,m) € (RL)" such that D" (%, r) C Q. If f € H(RQ, A)
anda = (a1, ...,a,) € A" beac.f.e. with Sp(a) CD" (z°, r), then

1
f@ = G /T o) f()C(@a, 2)dz,
where

C(a,z) = H(z,- —a‘,')fl = 1_[ Claj, zj).
j=1 j=1

If we denote by ®,(f) the element f(a), one has a linear mapping of H (€2, A) into A,
denoted by:
D, H(Q,A) — A: f+— f(a) 2)

Suppose f is a function on @ into A and a = (aj,...,a,) € A". The function af is
defined by:
af(z) = (a1 f@),...,a,f(2)), forevery z € Q.

We say that a and f are commuting if a f(z) = f(z)a for all z in Q that is:
(@1 f@),....anf(2)) = (f@a1,..., f(2)ay), forevery z € Q.

If a commutes with every element of H (€2, A), then we say that a and H (2, A) commute.
Now f,g € H(2,A)anda = (ay, ..., a,) beac.f.e. as described in Definition 2.1. Then
as in the classical case, one has (fg) (a) = f(a)g(a) if a and g are commuting. Unless
otherwise stated we assume that a and H (€2, A) are commuting.

LetC(T", A), where T" = T" (0, 1), be the algebra of all A-valued continuous functions
on T". Forevery f € C(T", A), we define

1
Clfl@) = 7,,[ f(2)C(a, 2)dz.
(27'”) Tn (ZOJ’)
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The mapping C (T"*, A) — A : f —— C[f](a) is obviously a linear map. Now, since the
mapping z —> ||C(a, z)|| is continuous, and therefore bounded, on 7" (zo, r), there exists
a positive constant M such that:

ICIfl@| <M |f|Tn(ZO‘r) ,forevery f € C (T"(zo, r), A) ,

where

|flgnco,y =sup{Ilf @ :z e T"E" )}

It follows that the mapping
fr—Clfl@

is continuous from (C (T, A), g (z‘),r)> into (A, ||.||). It is called the Cauchy transform

of fata ([17], p. 49).Ifa = (ay,...,a,) € A" be ac.f.e. with Sp(a) CD" (0, 1), then
for every f € H(Q, A), we have C [f](a) = ®a(f). Moreover if P(z) =z} ...z}" isa
monomial, then C [P] (a) is actually ai’l ...al", where Y1, -» Yn € Z4. Whence for every
analytic polynomial P, one has C [P] (a) = P(a). So we have the following:

Theorem 2.2 Let A be a complex unital Banach algebra, @ an open subset of C", 2° =
(z?,...,z?l) eQr=01,...,1m) eRﬁ'rsuchthazﬁn (zo,r) CQanda=(ai,...,ay) €
A" be ac.f.e. with

Sp(a) cD" (% r).

Then there exists a continuous linear map ®, from C (T” @0, r), A) into A with the following
properties:
(1) For every analytic polynomial P, one has

Oa (P) = P(a)

(2) Ba/ (@, 4) is multiplicative and O, (Zj) =aj, (j =1,...,n), here z;j denotes the
J-th coordinate projection C" — C.

Remark2.3 (1) Let = D"(0,R), where R = (R;,...,R,) € R%, and f €
‘H (2, A) with the the Taylor expansion

f@) = Zaaza, for every 7 € Q,

o

where (ay) is a sequence in A. If x = (x1,...,x,) € A" bec.f.e. with p (x;) < Rj (j =
1,...,n), then
f@ =) aux*.
o

(2) Let f € H(S2, A) be such that f(z)~! exists, for every z € Q. Then ') = fFo)~
ie.,

fot = 1. / f@7Cx, 2)dz.
Qi) Jrn(z0.r)

Let 21 and €2; be two open subsets of C. Suppose f € H (21, A) and g € H (22, A)
satisfy the condition that for every compact set K5 in €23, there exists a compact K in €
such that Spa (g(z)) is contained in K1, for every z in K5. Let zg € 2, and r € Z, such
that D (zo,7) C Q5. Let K| be a compact set in €21, which contains each Sp4 (g(z)) for
every z € D (20, ). Asin ([2], Proposition 3, p. 29), we choose a suitable positively oriented
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simple closed rectifiable contour I'y sugl that the interior domain int(I'1) of I'; contains K
and int(I"') UT| C Q1. Then for z € D (zp, r), we have

Spa(g(z)) C Ky Cint(T') U C Q1.

It follows, from ([2], Proposition 4, p. 29), that:
1
f(8@)=-— f fw) (we — g(2)) " dw 3)
) I

Since for any fixed w on I',
z > (we —g(2)!

is analytic on D (zg, r), it follows from 2) of Remark 2.3 that, for w € I'1 and z € D (zq, r),

(we —g(2)~' = (we — g))™ (u —2)"du

o 2mi T (z0,r)

which shows that, for every z € D (zg, 1), one has

1 \2
f(g) = (7) / / fw) (we — g)™" (u —2) " 'dudw.
ry JT(zo,r)

2mwi

Let ¢ be any bounded functional on A. As in ([20], Lemma 2.4, p. 297), we can prove that
o (f (g(2))) is analytic on D (zp, r). It follows, from ([15], Definition 3. 30, p. 78), that the
"composite function" & = f o g defined by h(z) = f(g(z)) for every z € € is an element of
‘H (£22, A). More generally, we obtain a theorem of composition of functions for holomorphic
functional calculus given by:

Proposition 2.4 Let Q2| and Q2 be two open subsets of C. Let f € H (21, A) and g €
H (22, A) satisfy the condition that for every compact set K> in S22, there exists a compact K1
in 1 such that Sp 4 (g(2)) is contained in K1, for every z in K». Let ac A with Sp(a) CQ2»
and Spa (g(a)) C Q1. Then f o g(a) = f(g(a)).

Proof Let I'» be a positively oriented simple closed rectifiable contour such that
Spa(a)Cint(I'2) and int(I'z) U 'y C Q3. By our assumption, there exists a compact set
K1 in 1 such that Spy (g(z)) C K for all z € int(I'y) U I'z. Now, since int(I') U I'p
is a compact subset of 2> ([3], Definition 3.1, p. 45), one can choose a suitable positively
oriented simple closed rectifiable contour I'j so that both Sp4 (g(a)) and K are contained
in int(I'1) and int(I'1) U T’y € Q1. Then in the same manner as before, one has:

1
7 @) =5 [ f we - g@) ! du.

Tl I

By 2) of Remark 2.3, one has:

(we—g@)™ = 5 [ (we— g e - ldz.

27'[1 I

It follows that:

1 \2
f(gla) = (7) / f(w) (we — g(2) " (ze —a) 'dzdw.
2mi Iy JIy

The continuity of in (w, z) on I'1 x I' ([2], Proposition 6, p. 11) of the function:

(W, 2) — f(w) (we — g(2) " (ze —a)™!
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allows us to change the order of integration. Thus

1 2
f(g(a»:(T) / [ f(w)(we—g(z))_ldw](ze—a)_]dz-
T I, I

Now, by (3),
1
f @)= 7/ f W) (we — g(2)"" dw.
L JT,
Whence
1
7@ =5z [ feeee -l
Tl Jr,
= fogla).
This completes the proof. O

Now, we examine one of the most powerful properties of holomorphic functional calculus.
That is the spectral mapping theorem:

Proposition 2.5 Let A be a complex unital Banach algebra and a be a c.f.e and Q as
described in Definition 2.1. Then the mapping ®, defined by (2) is an algebra homomorphism
of H (2, A) into A such that

@4 (F) (X) = (x © f) (x(@)), for every x € Sp(A).

Proof Let x € Sp(A). Then @ (f) (x) = x (®a (f)) and

X (@a (f) = x (f(2)C(a, 2))dz

1
Qmi)" /;‘n(z()’r)

1
- W /T”(zo,r) x (f(@) x (C(a, z))dz.

Therefore, taking into account the fact that x (C(a, z)) = (C(x (a), z)), we have

1
X (@a(f) = —— / (x o f) @) (Clx @).2)dz
(27Tl) Tn (ZO,V)

= (x o f) (x(@))).

m}

Proposition 2.6 Let A be a complex unital Banach algebra and 2 be an open subset of C"
as described in Definition 2.1. If f € H (2, A) anda = (ay,...,ay) € A" beac.f.e. with
Sp(a) CcD" (zo, r), then
(1
Spa(f@yc | Spa(fo).

reSp(a)
QIff= f e, where f is a holomorphic scalar function on <2, then

Spa (f (@) =f(Sp(a)).

@ Springer



n-Harmonic calculus and applications

Proof (1) Observe first that if f has no inverse on Sp(a), then g = f~'is holomorphic in an
open set €21 such that Sp(a) CQ C Q. Since fg = e in R, it follows that f (a) g (a) = e
and f(a) is invertible. Now fix 8 € C. Then 8 € Spa (f(a)) if and only if f(a)—pBe is not
invertible in A. From the above, there ex1sts r e Sp (a) such that f(A)—pe is not invertible
in A, thatis 8 € Spa (f(L)). Q) If f = fe where f is a holomorphic scalar function on
Q, then UAeSp(a) Sp (f(A)) = f(Sp(a)). Furthermore, for x € Sp(A), one has

f@ () =(xof)(x@)) = f(x@).

Therefore f(Sp(a)) CSpa (f(a)). o

Remark 2.7 The inclusion 1) of Proposition 2.6. can be strict as the simple example shows.
Let x € A be an invertible element such that Sp4 (x) = {1, 2} and put f(z) = x~!z. Since

F(x) = e, we have Spa (f(x)) = {1} but Spa (f(1) = {4, 1}.

3 A vector-valued n-hamonic functional calculus

In this section we define a functional calculus for A-valued n-harmonic functions of several
variables and describe some of its properties. Let z € D" (zo, r) andw e T" (zo, r). Then
the Poisson kernel P” (z, w) is the product

P" (z,w) = P (z1, w1) ... P (zn, wp),
where P (z;, w;) is the classical Poisson kernel for the disk D (zf) r,-). Note that
P (zj,wi) = Re[(wi +z —220) (w; —z))™"]
=@ -z [r,-z — (E—?) (zi — 2§ )] (w; —zi)~"
=Tl [ = (@) @ = D] Grw.

If we put o
Az ) =rf - (zT— z?) (zi — ),

then

P (zi,wi) = C (zi, w) A (2. 2)) C (zi, wy)
and

P (z,w) = C (z,w) 1‘[A 2,2)) C (2 w).

i=1

We also put

n

A" (z,2%) HA Zi, 7))

Let A be a complex unital Banach algebra with continuous involution x — x*, z0 =
(z(l),...,zg) eCr=(@n....,rn) e RE.IfEX = (x1,...,x,) € A" beac.f.e. with
Spa(x) CD" (zo, r), then the A-valued Poisson kernel is defined by the equality:

P(x,w) = C (x,w)* A" (x,2°) C (x, w), we T"(,r),
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where
A" (x,2%) = [ o) = [T |77 = (57 = 2F) (o = <9)]

If n =1, then
P (x1,w) = C (x;, w)* A (x1, 2°

=(w—xl [ (x ) xl—z)](w—xl)_]
1)

=Re[(w+x1 2z7) (w —x1)~ 1)]>0

Definition 3.1 Let A be a complex unital Banach algebra with continuous involution x

x*, © an open subset of C", 2 = (z?, .. .,zn) € Q,r = (r,...,ry) € R such that
D" (%r) € @, x = (x1,...,x,) € A" be ac.f.e with Sp(x)CD" (0, r) and f €
h(€2, A). Then the element of A given by the Poisson integral formula:
1 ldwi|  |dwy|
— Fw)P(x, w) L
(277) " (zo,r) r n

is denoted by P [ f] (x).

If we denote by Wx(f) or just f(x) the element P [ f] (x), one has a mapping of 4($2, A)
into A, noted Wy, given by:

Ux 1 h(2,A) — A: fr— U (f) =PflIX) = f(x).

Then Wy is an involutive homomorphism from /4(€2, A) into A that extends the algebra
homomorphism ®, given by the Cauchy transform ([ 18], Proposition 9, p. 103). Furthermore,
if K is a compact neighbourhood contained in €2 and containing Sp(x), then the mapping
Wy is continuous with respect to the uniform convergence on K .

Proposition 3.2 Ler A be a hermitian Banach algebra with continuous involution x — x*,
Q and x as described in Definition 3.1. If X is normal, then, for every f € h (2, A), one has

Uy (F) () = (x © f) (x(X))), for every x € Sp(A).

Corollary 3.3 Let A be a hermitian Banach algebra with continuous involution x — x*, Q
and x as described in Definition 3.1. If X is normal, then

(1) Spa (f ) CUsespm SPa (f ), for every f € h (R, A).
QI f= f e, where f is a harmonic scalar function on 2, then

Spa (f () =f(Sp(x)).

Remark 3.4 The proofs of Proposition 3.2 and Corollary 3.3 are similar to those of Proposition
2.5 and Proposition 2.6. Here the hypothesis that A is hermitian is used to get

x (P(x,w)) = P(x (x),w),forevery x € Sp(A)

which results from the fact that every character x of a hermitian algebra A is hermitian ([4],
(1), Theorem 1.4.1, p. 11), i.e.,

x (x*) = x (x), for every x € A.
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4 Some applications

In this section, we give some applications of functional calculi as explored in the preceding
sections. Its applications concern a generalization of von Neumann’s theorem ([5], Théoreme
6, p. 506), N. Wiener and P. L¢ vy theorems ([9], Theorem 4.2, p. 337 and Theorem 5.1, p.
339) and ([6], Theorem 3.1 and Theoerem 3.2). We obtain an analog of Neumann’s theorem
for A-valued holomorphic functions of several variables. Afterward we use weighted algebras
analogues of the classical theorems of N. Wiener and P. L évy on absolutely Fourier series
and we get multi-dimensional versions of N. Wiener and P. Lévy theorems given in ([8],
Theorem 1, 347 and Theorem 2, p. 349).

4.1 Analog of von Neumann'’s theorem.

The spectral inequality of von Neumann (cf. [10], Theorem 1, p. 276) is well-known. Its
asserts that, given a contraction 7 on a Hilbert space H, i.e., |T|| < 1 and a complex
function f analytic on the open unit disk D. If f(D) C D, then f(T) is also a contraction
on H. In ([7], Theorem 3.1, p. 933), the third author showed that hermitian algebras are the
natural framework of the last inequality. He also obtained an extension to analytic A-valued
functions ([5], Théoreme 1, p. 498). Here, we obtain a generalization of the von-Neumann’s
inequality to several variables.
In the sequel, A will denote a hermitian Banach algebra with continuous involution

x —> x*and D" = D" (0, 1). We consider:

HNA(D") = {f € H(D", A) : f(z) is normal, for every z € D"}
f €HNA(DY) : f(2) f(w) = f(w)f(2), }

n J—
Ha(D") = { for every z, w € D"

By (D") = {f € HNA(D™) : | f(2)| < 1, forevery z € D"}
Py (D") = {g € HNA(D") : Reg(z) > 0, forevery z € D”},

where Reg(z) designates the real part of g(z).
As a first application of the n-harmonic functional calculus, we have the following result:

Theorem4.1 Leta =(ay,...,a,) €A"beac.f .e.suchthat|a;| < 1,foreveryi =1,...,n.
If P(a, w) > 0 for every w in the torus T" (0, 1), then Reg(a) > 0, with g in P4 (D").

Proof Since g € P4 (D"), one has g € HN4(D") and its real part Reg is an A-valued

harmonic function on D". Let a €A” be a c. f.e. such that |a;| < 1, foreveryi = 1,...n.
Choose positive numbers r; and ri’ with |a;| < r;i < ri’ < 1. It is easy to verify that
Spa(a) CD" (0, r), whereL = (r1,...,rp). By hypothesis, g in P4 (D™). It follows that

Reg(z) > 0, for every z € D" (0, r/), i.e., Reg(z) is a positive and invertible element of A.
Consider the function

V() =p ([Reg(z)]fl) , forevery z € D" (0,7).

As the spectral radius x —> p(x) is upper-semicontinuous on A, the function v is therefore
upper semicontinuous on D" (0, 7). So ¥ has a maximum on D" (0, 7'). Therefore, there
exists § > 0 such that:

p ([Reg()]™") < é foreveryz € D" (0,7).
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Whence p (Reg(z)) > 8, for every z € D" (0, r'). It follows that Reg(z) > 8, for every
z € D" (0,r’). Consider h defined by:

h(z) = Reg(z) — de, for every z € D" (0,1').
Thus, by Definition 3.1, one has:
1 d d
7’1/ hw)Pa, wy 22l 1dwnl
Qo)™ Jrr©,r r n

By our assumption, P(a, w) > 0, for every w € T"(0, 1). Then, since a and H(D", A) are
commuting, we have

h(a) =

h(w)P(a, w) > 0, forevery w € T"(0, r).

Indeed, for a fixed w € T"(0, r), one has h(w) > 0 and P(a, w) > 0. Thus there exists
u,v € H(A) such that
h(w) = u? and P(a,w) = v2.

Moreover u and v commutes since & and a are commuting. It follows that h(w) P (a, w) €
H(A) and
h(w)P(a, w) = u’v? = uv (uv)* > 0 by (1).

So h(a) > 0. Finally, since h(a) = Reg(a) — 4, we have Reg(a) —6 > 0,1i.e., Spa(Reg(a) —
8) C [0, +oo[. Whence Spa (Reg(a)) C [§, +oo[. Thus Reg(a) is a hermitian element of
A and Spa (Reg(a)) C]JO, oo[ for § > 0. So Reg(a) > 0. This completes the proof. ]

As in the complex case, the reader can prove that the relations
8@ =(e+ f@) (e~ f@) " and f(2) = (g() —e)(g@) +e)

establish a bijection between the functions f in B4 (D") and the functions g in P4 (D").
Using this fact, we obtain an equivalent version of Theorem 4.1 given by:

Theorem4.2 Let f € By (D")anda = (ay,...,a,) €A beac.f.e. suchthat|a;| < 1, for
everyi =1,...,n.If P(a, w) > 0, for every w € T"(0, 1), then | f(a)| < 1.

Remark 4.3 (1) In the case where n = 1, we have
P (a,w) = Re [(w +ap) ((w — al)_])]
=(w- a’f)_l (1-afar) (w— ap~ L.
As |ai| < 1, we have e — afa; > 0, so that
e—ala; = u® for some u € H(A).

Hence ]
P(a,w) = (E— aT)7 wu (w—ap) L.

Then, by (1), we have P (a1, w) > 0.
(2) In the case where n = 2 and a = (ay, az), we have:
P2 (a,w) = P (a1, wy) P (az, w2)
Put P (a1, w;) = h% and P (az, wy) = k2, then P2 (a, w) = h%k? and as
Spa (h*k?*) = Spa (khhk),
we obtain Sp [P2 (a,w)] CRT.
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Remark 4.4 Using Theorem 4.1, we obtain as in [5], the analog of Schawrz’s lemma ([5],
Théoreme 4, p. 502) as well as the analog of Pick’s theorem ([5], Théoreme 5, p. 504).

4.2 Analogues of Lévy and Wiener’s theorems
For p €]1, +oo[, letw : ZK —> [1, +o00[, k € N* fixed, be a weight on 7k ie., w satisfies

3 w7 (m) < +oc. @

meZk

Forn = (ny1,...,nx) € ZF and 1 = H,...,tx) € R¥, we will use the notation (n,t) =
nity + - - - + ngty. Now, we consider the following weighted space:

A ={f:RE—C:f(1)= Z ane' ™ 1 (ay)yezx €18 (Zk) ,

neZk

where I} (Z*) stands for the space of all sequences (a,),cz With a, € C and

Z lan|? w (n) < +oo.

neZk

In 15 (Z*), we introduce convolution multiplication given by:

axb= [Za,’bn,'}
i€Z n
and we suppose that there exists a constant y = y (w) > 0 such that:

. e .
o7 x0T <yol-r. 5)

Then [}, (Zk) becomes a Banach algebra ([6], Theorem 3.3). The space A,’: (w) endowed with
the norm |||, , ., defined by:

P

1l po=| D lanl” @) | . forevery f € A (@),

neZk

and with the classical pointwise multiplication, becomes a Banach algebra. In the sequel, we
suppose:

1
lim (o))" =1, forevery j=1,...k. (6)
[n|—> 400
where |n| =ny + - - - + ng, denotes the length of n = (ny, ..., n) € ZF and
om+m) <wn)w(m),foreveryn,m e 7k 7)

Recall that every character of the algebra A,f () is an evaluation at some 0 € R ([6],
Theorem 3.3), where 0 = (¢), ..., #0) with 0 < t;) < 2m, forevery j = 1,...,k, and so,

Sp (.A,‘{7 (a))) = {X, 1t €0, 271["] ,
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where x;(f) = f(t), forevery f € A} (w), and
sp(f)y ={rw e eto2nlt}.
Also the Jacobson radical of A,’: (w), denoted by Rad (.A,f (a))) , is:

Rad (A} @)= [ kerx.
x€Sp (AL (@)

Whence A (o) is semi-simple, i.e., Rad (A} (w)) = {0}.

Using the fact that the spectrum of an element f of the algebra A{? (w) is nothing other
than the set of values of f, we obtain the following generalization of P. Lévy theorem for
holomorphic functions of several variables.

Theorem 4.5 (Multi-dimensional holomorphic version of P. Lévy theorem) Let p €]1, +o00]
and @ be a weight on 7 satisfying (5), (6) and (7). Let f = (f1...., fr), where f;(t) =

> an,jei”’, where (a,,,j)neZ cC, forj=1,...,k, is a periodic function such that:
nez

1

P
”f/'”p,w = <Z|an,j|pw(n)> < 4o00.

nez
Let Q be an open subset of C¥ containing the image of the function f. Let F € H(2, Af (w)).
Then F(f) also can be developed in a trigonometric series F(f)(t) = > bye'™, where

nez
(bu)nez, C C, such that:

1
IF (o = (Z |bn|f’w(n>) < 400

nez

and, for every t € R,

F(N@) = F (fid), ..., fi@®) @) =) bpe™.

nez

If moreover F is a holomorphic scalar function on Q, then, for everyt € R,

F(fi0), . fi@) =) bue™.

nez

Now we consider, in the algebra .A,f (w), the algebra involution f —— f* defined by:

@) = Z a_pe' ™ for every t € RF.

neZk

Since the algebra A,f (w) is semi-simple, the involution is continuous ([2], Theorem 2, p.191).
Moreover (.A,'(7 (@), |-l p’w) is a hermitian algebra.
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4.3 Another generalization of Wiener and Lévy theorems

We will now consider complex functions of several variables and analytic functional calculus
for a single variable to give generalization of N. Wiener and P. Lévy theorems.

As an immediate consequence, we obtain the following multi-dimen-sional generalization
of the N. Wiener theorem.

Theorem 4.6 (Multi-dimensional generalization of N. Wiener theorem) Let p €]1, +oo[ and
w be a weight on V/ satisfying (5), (6) and (7). Let f(t) = f(t1,...,t) be a 2w -periodic
function with respect to each variable, represented by a series

fO =) ae™
nezk

such that

1 lipo=| D lanlP @) | < +oo.

neZk

If f(t) is invertible, for every t € R, then the function f~' can be developed in a

trigonometric series f~! (1) = » bpet ™D where (bn), is a sequence in .A,f (w), such
neZk

that:

==

”f |kpw_ Z'b 7@ (n) < +oo.
neZk
Using holomorphic functional calculus and Theorem 2.2, we also obtain as a consequence,
the following multi-dimensional generalization of the Lévy theorem.

Theorem 4.7 (Multi-dimensional generalization of P. Lévy theorem) Let p €]1, 4+o00[ and
w be a weight on Zk satisfying (5), (6) and (7). Let f(t) = f(t1,...,t) be a 2m-
periodic A,’: (w)-valued function with respect to each variable, represented by a series
f@) =Y a,e'™", such that

neZzk
1
P
1 lepo=| D lanlP @) | < +oo.
ne’zk
Let Q be an open subset of C", 0 = (z(l), R4 ) € Q, r=(r,...,m) € RY such that
D" (2% r) c Q. and f (R¥) c D" (°,r) . If F € h(Q, A} (w)), then
1 l[dwi|  |dw,]
PIFI = o [ Paper w20 1
2m)" Jrn(20.r) r n

can be developed in a trigonometric series

PIFI(HH)@®) =F(f)@) = Z bnei(n,t),

neZk

such that:

IPIFI (Ol pw=| D 1balP @) | < +oo.

neZk
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If moreover F € h(2, C) is an n-harmonic scalar function on S, then, for every t € RF,

PIFI(f)(t) = F(f(t)) = Y bye'™".

neZk

Remark 4.8 Under the assumptions of the Theorem 4.7, if F € h (Q, A} (»)), then, by
Proposition 3.2, we have:

PTFI(f) (X) = (x o F) (x (/). for every x € Sp(A). ®

This implies that:
P[F1(f)(t) = F(f(1))(t), for every t € R,

While if F' € h($2, C), then (8) becomes as follows:

—

PLFE](f) (x) = F (x(f))), for every x € Sp(A).

So, one has
P[F1(f)(t) = F(f(1r)), forevery t € R,
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