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Abstract

In this essay, we outline the basic characteristics of the general one-dimensional Clifford
Fourier transform and its fundamental properties. In addition, we provide some applications
to probability theory, Rényi and Shannon entropy. And we illustrate results with examples.
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1 Introduction

The idea of Clifford algebra was first introduced by the famous mathematician of the late
19" century William Kingdon Clifford [7]. It is a mathematical stricture that extends the
principles of complex numbers and vectors to higher dimensions. This concept is based on the
notion of a geometric product between vectors into a field stricture, which provides a robust
tool for analyzing geometric objects in higher dimensions. Its application is far-reaching,
spanning fields such as physics, engineering, and computer science.

One of the significant strengths of Clifford algebra is its ability to unify and simplify many
areas of mathematics and physics, including linear algebra, differential geometry, electromag-
netism, and quantum mechanics. In [11], authors aim to connect Clifford algebras, manifolds
and harmonic analysis, and to demonstrate the fundamental role of algebra, geometry, and
differential equations in Euclidean Fourier analysis. They also combined the representation
theory of Euclidean space with the representation theory of semisimple Lie groups.

Several works have explored the applications of Clifford algebra in signal processing.
For instance, in [4] Bracx et al. introduces the new Clifford-Fourier transform, with a focus
on the 2D case. Todd ell proposes the Fourier transform over the algebra of quaternions
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(H =~ C¥£p) in [10], called quaternionic Fourier transform (QFT), which he explores to
analyze systems described by partial differential equations. Hitzer has also made significant
contributions to the development of this theory. In his works, he examines the different forms
of the quaternionic Fourier transform (QFT) and explores its application to quaternion fields,
providing corresponding Plancherel theorems [13]. He also derived a new directional uncer-
tainty principle for quaternion-valued functions using the quaternionic Fourier transform in
[14], and extends it to establish similar principles in Clifford geometric algebras with quater-
nion subalgebras. In [15], he explains the orthogonal planes split (OPS) of quaternions based
on the choice of one or two linearly independent pure unit quaternions and systematically
generalizes the quaternionic Fourier transform applied to quaternion fields to conform with
the OPS, establishing inverse transformations and commenting on their geometric meaning.
He generalized, in his chapters [17, 19], the aforementioned split (OPS) to a freely steer-
able orthogonal 2D-planes split of two orthonormal and collinear pure unit quaternions. This
general form of OPS allows new geometric interpretations of the action of the QFT on the
signals. In their works [5, 20], P. Lounesto and Bracx et al. provide a historical review of the
development and applications of quaternion and Clifford algebra wavelets.

In addition to the above, Bahri et al. introduced, in [2, 3], the one-dimensional quaternion
Fourier transform and have established its properties which generalizes the Fourier transform
and studied its application in probability theory. Based on the relations between the original
function and the fractional Fourier transform, Authors derived, in [12], Rényi and Shannon
entropic uncertainty principles. The works on Clifford algebra, therefore, have significant
implications in several fields, and their continued exploration promises to unlock further
insights and advancements.

2 The Clifford geometric algebra

The Clifford geometric algebra C£(R”9) = C¢, , over the R—linear space R”*9, is a non-
commutative algebra generated by the R”-9-orthonormal vector basis Z = {ey, ..., e,} (with
p + g = n) obeying to the following associative non-commutative geometric multiplication
rules (see [11, 17])

eger + exeq = 28¢ k€, D
where d¢  is the Kronecker symbol and
e =¥, p1(0) = Wpt1,n7(0). (2)

The Clifford geometric algebra C¢,, , can be split into the following direct sum [17, 20]

n
Ct,q=Epct,, ®)
=0

where C@‘;. o denotes the space spanned by the £-vectors family
By = {eq €0, - €5, l<or<op<---<og<n}. “4)
Therefore, the set

{ex =esi5, - €5, L C[l,n]l, 1<01<0ox<---<op=njUfeg=1} (5)
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forms a graded (blade) basis of C£,, ;. The grades £ range from O for scalars, 1 for vectors,
2 for bivectors, £ for £-vectors, up to n for pseudo-scalars. The the field R (resp. R-linear
space R”9) is included in C¢,, , as the subset of 0-vectors (resp. 1-vectors).

The Clifford product (1) generates a basis for C£,, ; consisting of 2" elements. A general
element C of C¢, 4 (called Clifford numbers, multivectors or hypercomplex numbers) is a
real linear combination of basis blades (ey. )y and can be expanded as [17]

scalar part vector part bivector part pseudo-scalar part
—_— —_—
Z Csex = Cp  + Z Ceer + Z Cekeger + -+ -+ Cra..ne1e2 - ey
SC[[1,n]] Lef[1,n] 1<t.k<n
(6)
where C;. are real-valued coefficients. C can also be written as
n

C=) (Ch, =(Chy+ (), +---+(C), )

with (C), = D 45—, Cs ey denotes the £-vectors part of C. As examples, (C), denotes the
scalar part, (C), the vector part, (C), the bi-vector part and (C), the pseudo-scalar part.
The principal reverse of a multi-vector C € C€(p, q) is defined as [17, 20]

(®)

where C means to change in the basis decomposition of C the sign of every vector of
negative square ey = €4, €01€4,€0y """ €,, €0y where 1 <01 <0y <--- <oy <nand
&, are given by (2).

The principal reverse is linear, involution and anti-automorphic, that is for allC, D € C¢,, 4

C+D=C+D, C=c. ¢(D=DC )
The scalar product of C, D € C¢, ; can be defined by [17]
CxD=(CD),= Y CyD;. (10)
ZCln]
In particular, if C = D, then the modulus of a multi-vector C € C¢,, , is given by [17, 20]

|C|:\/CCO_\/ > e (11

XC[1,n]

ForC,D e Clp, (p+q =n > 3),the following property holds [9]
IcD| < 2"(C||D. 12)

Inner product on the square-integrable Clifford geometric algebra valued-function space
f.g € L2(R, Clp 4) is defined as follow

(f ) r2@.ctyy) = /R F)g(ds. (13)

Forr > 1, we get the L" (R, C¢£, 4)-norm of f as

1oy = [, LF . (14)
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3 The general one-dimensional Clifford Fourier transform

Let’s denote C, the 2D sub-plane of C¢, , spanned by {1, u}, where u € C¢€,, , and u? =
-1
C, =span{l,u} ={a+bu, a,belk]} (15)

C,, is an algebraically closed commutative field isomorphic to the complex plane C. Each
unit hypercomplexe number g € C,, can be written, in the polar form, as [9]

g =" = (cos® + pusinb), (16)
where cosf = Sc(g), sinf = |Vec(q)| and u = I\KEZEZ;\
Definition3.1 Let u € C¢,, with u? = —1. The general one-dimensional Clifford

Fourier transform (1DCFT) of f € L' (R, C¢ p.q)» With respect to u is given by

Fr)E) = fR fx)et s dx (17)
where x, & € R.

If we use the C¢), 4-basis expansion; f =Y vy, € fx» IDCFT of f becomes

FHOHE = Y ex T (f)E). (18)

XC[L,n]

The convolution of two Clifford algebra valued functions f, g € L'(R, C¢ p.q) 1s defined by

gl = /R £y — x)dx. (19)

We present in the following fundamental properties of the IDCFT, for their proofs and more
comprehensive analysis, refer to [1, 2, 16, 18],

-ForallC,D e Clp and f, g € LY(R, CE, ,) we get

FHCf +Dg)E) = CF*(f)(E) + DF (g)(£). (20)
-Forall f € L'(R, C¢,4), and h € R we have
Fh(, [)E) = FE(f)(E)e S 1)

where the translation operator is given by 7, f(x) = f(x + h).
-Forall f, F*(f) € L'(R, C¢ p.q)» [ is recovered from its Fourier transform as

1
fx) = 7/ FH(f)(E)e M dE. (22)
7 Jr

-Forall f, F*(f) € L3(R, Ctp.4), Parseval’s identity holds

27T||f||L2(]R,czp_q) = ||~7:/L(f)||L2(R,czp‘q)- (23)
-For f € €™ (R, C¢p ), we have

N am _ - " ”
F &) =F () E(=ud)™. (24)

dx™m’
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-If 1 < p < 2 such that % + ; =land f € LP(R, C{, ), then
1

p¥
IF“(OllLaw.ce,yy < — I Fler@.ce,y)- (25)
q*
- (IDCFT) F* maps LY(R, Ctp ) into 6p(R, CLp ) and it is one-to-one. Where
o(R, Ctp 4) is the set of continuous functions vanishing at infinity.
-Let f, g € L'(R, C¢, 4) such that F*(f), F*(g) € L' (R, C¢ ). We have

/R FEF)E)TE)dE = /R FEFr(g)(—E)dE. (26)
-Let f,ge L'(R, Ctp 4). If we use the expansion (6) of g, we get immediately
FUf*)E) = Y Fl(fe)®)F (gx)E). 27)
XC[1,n]

4 One-dimensional Clifford Fourier transform in probability theory

Definition 4.1 A Clifford algebra-valued function fx (x) = Z):g[[ 1] €5 (fx)x (x) is called
the Clifford algebra probability density function of a real random variable X if V ¥ C [1, n]]

/R (fos@dr =1 and  ((fx)y <0} = 0. (28)

Here, (fx)s is areal probability density function. The Clifford algebra cumulative distribu-
tion function is expressed as

d
fx() = "= Fx (), (29)
X

where the probability P is related to Fx given by
Fx(x) = P(X <x). (30)

Definition 4.2 Let X be a real random variable with the Clifford Algebra probability density
function fx. The ¢/ moment of X is defined as

my = E[X'] = / x¢ fx(x)dx. 31)
R
If we set
fx@) = Y ex(fx)y(x)  and /R x(fx)y (dx == E[XL] = (mo)s,
Zc(Lnl
we get
me= [+ 3 etpoumdr= Y e, (32)
R scrng =C([1,n]
It is easily seen that
m* = E[X]1% E[X]= Y (m)?. (33)
ZC(lnl
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The variance in the Clifford Algebra setting of a real random variable X is defined by
02 =my —m?} = E[X?] — (E[X])*. (34)

Definition 4.3 Let X be a real random variable with the Clifford algebra probability density
function fx. The characteristic functionof X, ¢y : R — C¢,, 4, is defined by the formula
(compare with (15))

¢x (1) = E[e"¥] = /fo(X)e“”‘dx = FE(fx)(@). (35)

Setting fx(x) = Zzg[[l,n]] e5 (fx)y (x), the characteristic function of X can be expressed
as

px()= Y ex(dx); (). (36)
ZC(lnl
By inversion formula, we get
fx(x) = F () (0). (37)

From (35), (29) and equation (24), one gets
¢x (1) = —F" (Fx) (t)ut.
Thus, fort # 0

1
Fr(Fx) (1) = TPxOp. (38)

Definition 4.4 The Renyi entropy of a Clifford algebra probability density function fx of a
real random variable X [8, 12].

Hr(fX) =

! log (/ f§(t)dt> / 1 €]0, 1{U]1, 4+o0[ (39)
1 —r R

Shannon entropy is given by
H(fx) = lim H,(fx) = Ellog(fx (X))] = — fR Jx (1) log(fx(1))dt. (40)

Theorem 4.5 (Rényi and Shannon entropy uncertainty principle) Let f € L"(R, C€p ),
1§r<2£md%+%:1,then

1
I
r—2 Og(r)+s—2

log(s) < Hz (I fxI?) +Hy (Iox ). (41)
And
log(4e) < H (I fxI”) +H (I6x %) (42)

Proof Young-Hausdorff type inequality (25) becomes

1 =1
FusT < ( / Ifx(X)I’dX> ( / |¢x(~’§)|sd$) . (43)
R R
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2r
Since 5= then

:s2’

2 2
s < (/ Ifx(x)lrdx>2 (/ |¢’X($)|Sd§>2 . (44)
R R

Taking log on both sides, one gets

1 2 ,
— log(r) +- 1og(v) < log (/ Ifx(x)l’dx> + log (/ I¢x(§)l‘d$> .
—-r R - S R
(45)
Which means
1 1
5 log(r) + log(s) < M= (1 fx|*) + Hs (1oxI%). (46)
— s—2 2 2
We have
log(r) ~log(s)  r+s—4 1 r 1 s
P S S R O r—zlog(2)+ s—2]0g<2) “7
and
. r 1 r+s—4
im e ()= md 2= g @
In the limit when (r, s) —> (2, 2), we get
log(4e) < H (I fxI?) + H (Ipx|?) (49)
O

Theorem 4.6 Let X be a real random variable with the Clifford algebra probability density
function f3 (fx € €' (R, CLpq)), then

d
ool <2 | 2X : (50)
dx L2R,CEpq)
Proof i- ‘%‘ ¢ L*(R, C¢, 4), the aforementioned inequality obviously holds.
ii- % e LA(R, Ctp ). By (12) and (22), one gets
1
0ol = 5 ‘ i f“(fxxs)e“f*ds‘ < (51)

Cauchy-Schwartz inequality, (23) and (24) give, for p > 0,

on— 1

)] < /(p+s ) || dsf e

nl

I /\

f(p+s V@) de

n— l

N

2n—1

2np + 2w /
NG
on— 1 de
Je | dx

IA

[/ pIF“(fx)(S)lzngr/sz\f“(fx)(g)fdg]

“

L2(R,CLp )

IA

2"1\/*4_
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. dfy 2 .
Setting p = H T , we obtain

L2(R,Clp )

dfx

lfol<2" T

(52)

L2(R,Clp.q)

[m}

Theorem 4.7 Let X be a real random variable with the Clifford algebra probability density
function fx =} sy €s fs where {fy <0} =0.Then¥ T C [1,n]]

2

d
< H L l6@0: 2agce, ) m2)s. 53

L2(R,Cpy)

Proof Let
fx= ) esfa= Y. el (54)

XC1,n] ZC[L,n]

The Heisenberg uncertainty principle [6] gives

gl
(R,Ctpq)
— o S IEF @ cr, ) 182 T2 m (55)
We have
2
||f||L1(R,ClZ,,,q) = ”g”LZ(R,Cl,,.q) =1, (56)
and
s Ve, ) = [, 83w = [ 2, 0dx = na). 57
By Parseval identity (23)
o7 ()1 )|
o 6l = o ()
HILEERC. x> L2(R,CEpq)
2
=2n|—¢g
9x°* L2(R,Clpq)
2
b4 1 0

= — 7—](\2
2|V ox L2(R,CL, )

| 0 0
= 5 Haln(fz)afz

LY (R,Clp.q)

Since
Hal(f)af < mi| Y
—In _ <||l—1In _
0x z ox = Ll(]R,Céptq) ox x LZ(R»CZP,q) 0x > LZ(R,C{p,q)
19 2 3 2
< o | 2 mes (s h) .
2 || 0x LZ(R>C[p,q) 0x LZ(RvCKp,q)
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Then (55) becomes

2

|&@x)5 ”im,ce

B
1< H —In(fy) )
dx L2(R,Clpq) P4

O

Theorem 4.8 Let ¢px and x be two Clifford Algebra characteristic functions of the random
variable X, given by

bx(t) = / fr@edx  and  Yx(x) = f gx(Det'vd, (59)
R R
then

/R exox e dr = Y ey fxx (s ), (60)

C[1,n]
with (J/X)Z(x) = (Yx)y(—x)

Proof Let’s expand gy on C¢, ,-basis; gx(x) = ZEEIII,nJJ e5 (gx)y (x). Forward calcu-
lations yield

/gx(t)fbx(f)e“txdf:/gx(t) (/ fX(x)e“”dx> MYy
R R o

:/gx(t) (/ fx(x)e““"*y)dx) dt
R R

:/ Z ey (gx)y (1) (/ fx(x)e’”(x*y)dx> dt
R R

ZC(1,al

Z ez/fx(X)/(gx)z(t)e’”("’y)dtdx
R R

YC[1,n]
Z ez/fo(X)(lﬁx)z(X—y)dx.

YC[1,n]

Y enfx x (Ux); ().

XC[l,n]

[m}

Theorem 4.9 If X is a real random variable, then there exists €' derivatives for the Clifford
Algebra characteristic function ¢x which is given by the formula

d@
“ox( = /R * fr (o)t dx . 61)

Moreover

d[
my = E[X] = Wm(ox—m‘. (62)
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Proof For ¢ = 1, direct computations reveal that

d d
Soxn =1 < fR fx(X)e“”‘dX>

_ d tx
_/fo(x)z (e" )dx

= / fx(x)e**xdx .
R
Suppose that
—1
ST = /R 2 et T dapt (63)
We have
d
di < [ 1fX(x)e,ifodxlu ])
d
— /Rxf—lfx(x)a (e/J.tX) d.X/;LK_l
fxefx(x)e‘“xdxue.
R
Hence
dZ
W¢x(1)(—u)z = /Rxefx(X)ewxdx. (64)
Then
d[
me = EIX‘] = 2 ox(O)(=p)". (65)

m}

By (65), the variance o of X in terms of the Clifford Algebra characteristic function can be
expressed as

2

) d 5 d 2 d 2 d2
0% = 25O (=) —[ﬁx(O)(—m] =[E¢x<0>] - SoxO. (66)

5 Examples

i- Consider a real random variable X that can occur according to a Clifford algebra uniform
law

fx(x) = Z ei%["‘z’ﬂz]' (67)

XC[1,n]
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We have
By — oy if t=0
F (Flagpy) 0 =1 2 ' :
[og.B5 ] - sin <(,Bx _ aZ)E) M Bstras)s Gp 4 #0.
It follows from (35) that
D enBy —ay if 1=0
Xc(Ln]
Px (1) = F* (fx) (1) = 5 . ,
Z ey —sin ((,8E — az)§> et Betas)y if 1 £0.
ZC(1,al !
The first and second derivatives of each real-valued coefficient of ¢y are given by
d B2 — o2 42 o — g3
— 0) =pu—=2—-2=, d i )= "% 68
dt((bx):() L an dt2(¢x)z() 3 (68)
Then
d By — o3
m= gy O(-p = Y ey —E, (69)
XC(l,n]
and
d2 133 _ 063
my=—sox O = Y e EE (70)
=C[[1,n]]
By (66), we get
3 3 2 2\’
- -«
o2 =my —m} = 627,823 E_ Z eZL:Z 2 (71)
ZC(1,al ZC(1,al
ii- Let Y be a real random variable that has the probability density function
Ae 5 .2
grx)= Y ey ZetxT, (72)
g
ZCll,nl
where (}‘E)z il is a finite sequence of strictly positive real numbers.
It follows from (35) that
A 2 _2
pr()=Fr @) ()= Y ex = / etV dx = Y ege Yz, (T3)
T JR
Zc(1,al ZC(1,al
The first and second derivatives of each real-valued coefficient of ¢y are given as
d t
— H=——e %5, 74
dt(d)Y)z() 2kze (74)
and
Pz 2o A
- = — - — s . 75
e 9=0=5z -5 ) (75)
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Then
d
my = df¢Y(0)(—M) =0, (76)
t
and
d? 5 1
my= sy O)(—wP = Y eps— (77)
XC[1,n] z
From (74,75), we conclude
1
02=m2—m%= Z exi. (78)
ZC1,n] E

iii- Let Z be a real random variable that has the probability density function

hz(x) = > eghye = Wig poo(x), (79)
XC[Lna]

where (AE) is a finite sequence of strictly positive real numbers.

ZC(1,n]
It follows from (35) that
_ A
pz()=F'(hp) ()= Y ey fR hpe P ol () dx = Y ey . S
P | PSR |
(80)
The first and second derivatives of each real-valued coefficient of ¢z are given as
d Ag
— 1) = ———, 81
i @2: 0 = =2 (81)
and
2 2uhgt — 222
— 1) = ——. 82
4 #0:(0) = = (82)
Then
d 1
m= 97O = D ey, (83)
Zc(l,al =
and
d? 2
my = 5070w’ = Y exiy (84)
ZC(L,nl z
1
o =my—mi = Z €37 (85)
PR | z
Conclusion

This article introduces and explores the properties of the one-dimensional Clifford Fourier
transform (1DCFT), and showcases its practical application in deriving a related inequalities.
The effectiveness of 1DCFT in probability theory is demonstrated by examining in detail
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the expected value, characteristic function, and variance within the framework of Clifford
algebra. These results represent an important step forward in the development of probabil-
ity theory using Clifford algebra. The study recommends future research into uncertainty
principles concerning the Clifford Algebra probability density function and its characteristic
function.
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