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Abstract

The aim of this paper is to exhibit a novel two-step iterative algorithm named PV algorithm to
determine the fixed points of weak contractions in Banach spaces. Data dependence result is
also obtained. It is proved that this PV iterative algorithm converges strongly to the fixed point
of weak contractions. This iteration is almost stable for weak contraction. Furthermore, it is
proved that rate of convergence of the PV iterative algorithm is faster than Picard, Ishikawa,
Mann, S,normal-S, Varat, and F* algorithms. Examples are also given to support the main
result. The results of this paper are original and will further enrich the existing literature.

Keywords PV iteration - Weak contraction - Fixed point - Numerically stable - Data
dependence - Non-linear matrix equation
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1 Introduction

Throughout this article, we assume that Z represents the set of all nonnegative integers,
and we consider the mapping H : V* — V*, where V* is a nonempty, convex, and closed
subset of a Banach space B*. We denote by Fix(H) the set of all fixed points of H.

Several nonlinear problems can be mathematically formulated using self-mappings of the
form A(x) = x. These mappings exhibit various properties such as contraction, continuity
etc. Banach’s work on contraction mappings is a well-celebrated result in the literature on
fixed points. However, a question arises regarding the verification of the contraction condition
for self-mappings when it is relaxed.
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In response to this question, Berinde [1] introduced a new concept known as weak contrac-
tion, also referred to as almost contractions. He established that the class of weak contractions
is more general than the classes of contraction mappings, Kannan mappings [2], Chatterjee
mappings [3], Zamfirescu mappings [4], etc. He developed the existence and uniqueness
theorem for fixed points of these weaker contractions. Due to its wide range of applications,
numerous researchers have examined and proposed iterative algorithms for various classes of
mappings (e.g., see [5-9]). Additionally, many researchers [10—12] have expanded the scope
of this theory by obtaining several extensions of fixed point theory. The iterative algorithms
listed below are known as the Picard [13], Mann [14], Ishikawa [15], S [16], normal-S [17],
Varat [18], and F* [19] algorithms, respectively, for the self- mapping H defined on V*.
Here {r;,}, {sm}, and {t,,} are sequences in the interval (0, 1).

po € V¥ (1.1)
Pm+1 = Hpm,m € Z

Po € V. (1.2)
Pt = —rp)pm +rmHpy,m € L,

po € V¥,

pmt1 = =rm)pm + rmHgm., (1.3)
qm = (1 = sm)pm + SmHpm, m € Ly

po € V¥,

Pm+1 = (1 —rp)Hpm + s Hpp, (1.4
gm = A =8u)pm + SmHppn, meZy

Po € V*, (1.5)
Pm+1 = H((L = ry) pm + rmHpm), m € Zy

po € V¥,

Pmy1 =0 —rp)Hzy +rmHgp, (1.6)
Zm = (1 = tw) pm + tmGm

qm = (1 = Sm)pm +smHpm, m € Zy

po € V¥

Pust = Han 1.7
gm = A =rw)pm +1rmHpp,m € Ly

A natural question arises from the above discussion whether it is feasible to discover a two-
step iterative algorithm with the rate of convergence that is more accelerated than F'* iterative
algorithm (1.7 ) and from some other iterative algorithms?

In this paper, a novel two-step iterative algorithm, PV algorithm, is introduced which is
given for a mapping H : V* — V* where V* is a nonempty, closed and convex subset of a
Banach space B*, the sequence {p,,} is defined by:

po € V¥,
Pm+1 = Hgm, (1.8)
gm = H((1 —ryp)H?pp + rmHpp), m € Z4,

where r, is a sequence in (0, 1).
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Now, the main results are proved using PV iterative algorithm for weak contractions
which satisfy (1.10) on an arbitrary Banach space. We begin with the subsequent result on
strong convergence.

Now, we recall the definition of weak contraction.

Definition 1.1 [1](Weak contraction): A map H : B* — B* where B* is a Banach space is
termed as a weak contraction if for some constants § € (0, 1) and L > 0, we have:

1H(x) = HWIl < 8llx = ylI+LIly = HX)[, Yx,y € B* (1.9)

Berinde [1] proved the subsequent theorem for the uniqueness and the existence of a fixed
point in these mappings.

Theorem 1.1 [1] Let H : B* — B*where B*is a Banach space be a weak contraction with
8 €(0,1), L >0 and it also satisfies

IH(x) — H)| < 8llx — yll+Lllx — H(x)|l, Vx,y € B* (1.10)
Then, the mapping H has a unique fixed point in B*.
Ostrowski [20] defined the notion of stability as

Definition 1.2 Let H : B* — B*, where B* is a Banach space with some p € Fix(H).
Assume that pg € B* and p;,+1 = g(H, pn) is an iterative algorithm for some function
g. For a sequence {p,,} in B*, let {y,} be an approximate sequence, and define «,, =
lym+1 — &(H, ym)|l. Then, the iterative algorithm p,,+1 = g(H, p) is called H-stable if

lim o, =0 <= lim y, = p.
m—00 m— 00

Using Definition 1.2, Harder and Marie [21], Harder [22] proved the stability of several
iterative algorithms for various types of contractive-type operators. Moreover, Osilike [23,
24] proved the stability of Ishikawa and Mann iterative schemes for operators of contractive
type. Ostrowski [20] provides the subsequent definition.

Definition 1.3 Let H : B* — B*, where B* is a Banach space, be a weak contraction, and
p € Fix(H). Assume that pg € B* and p;,+1 = g(H, pm),m € Z,is aniterative algorithm
for some function g. For a sequence {p,,} in B*, let {y,,} be an approximate sequence and
define o, = ||ym+1 — g(H, ym)||. Then, the iterative algorithm p;,11 = g(H, pn) is said
to be almost H-stable if:

o0

Zam<oo = lim y, = p.
0 m—00

m=

To correlate the rate of convergence of two iterative algorithms, Berinde [25] provides the
subsequent definitions.

Definition 1.4 Let {n,,} and {6,,} be two sequences in the set of positive real numbers that
converge to n and 6, respectively. Suppose that:

Om — 6
N

m—00 ||, — 7l

(1) If I = 0, then {6,,} converges to 6 faster than {n,,} to n.
(1) If 0 < I < oo, then {6,,} and {n,,} converge at the same rate of convergence.
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Definition 1.5 Let { p,,, }and {g,,} be two iterative algorithms, both converging to the exact
same point p with the following error estimates 6,, and 7,,(best ones available) where 6,,,
nm — 0 and satisfies

lpm — pll < Onandlign — pll < 1.

If limy, — o % = 0, then {p,,} converges faster than {g,,}.

In the context of Banach spaces, we aim to define and quantify the speed at which sequences
or iterative algorithms converge to a common limit point. To achieve this, we introduce a
new definition and establish its consistency with the definition 1.5.

Given p € X (Banach Space), we denote an '€’ neighborhood of p as V. (p) = {x € X |
lx — pll <€}

Let {p,,,} and {g,, } be two sequences in a Banach space X that converge to the same fixed
point p. Our new definition states that the sequence { p,, } is faster than {g,, } if, after a certain
number of steps, {p,,} approaches p more closely than {g,,} does. In other words, after a
certain number of steps, {p,,} always lies inside a smaller neighborhood of p compared to

{gm}.

Definition 1.6 Let { p,,} and {g,,} be two sequences in a Banach Space X such that both {p,, }
and {g,,} converge to the same point p. We say that {p,,} converges to p faster than {g,,}
if, for any positive real number €, > 0, there exists €; > 0 and a € N such that €] < €3,
lpm — pll < €1, and [lgm — pll < €2 forallm > a.

Now, we will demonstrate that the definition 1.6 is consistent with the definition 1.5.
Consider {p,}, {gm}, 6, and n,, as in definition 1.5.
Aslim,,_, o % =0, for some 0 < ¢y < 1, there exists mo € N such that for all m > my,

we have zﬂ <€ = Oy < €0nm

Now since nm — 0, for any €3 > 0, there exists m> € N such that 0 < n,, < €, for all
m > mj.

Consequently, as 8, < €onm, < €o€2 = € (say) forallm > K (where K = sup{mq, m2}),
we have €gep = €] < € (as,0 < €9 < 1).

Hence, || pm — pll < 6, < €1 and ||gn — pll < nm < €2, where €1 < €,. Therefore, {p,,}
converges faster than {g,,} as per definition 1.6.

Definition 1.7 Consider two self-operators K and H on a nonempty subset V* of a Banach
space B*. If, for all x € V* and for a fixed € > 0, we have ||[Hx — Kx|| < ¢, then the
operator K is said to be an approximate operator for H.

The subsequent lemma has an essential role in proving the major result of this paper.

Lemma 1.2 [26] Let {a,,} and {b,,} be two sequences from the set of all nonnegative real
numbers and t € [0, 1), such that a1 < tay, + by, for allm > 0. Then,

lim b, =0 implies lim a, =0.
m— 00 m—0Q

Another useful lemma stated by [19]

Lemma 1.3 [19] Let {«;,} be a sequence in Ry and there exists N € Z., such that for all
m > N, {oy,} satisfies the following inequality:

U1 = (1 - Mm)am + WmMm
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where [, € (0,1) for allm € Z., such that anozo Um = o0 and 1, > 0 is a bounded
sequence. Then:

0 < lim supay < lim supn,.
m—0Q0 m—00

2 Main results

We exhibit a novel two-step iterative algorithm, named as PV algorithm, which is given
below
For a mapping H : V* — V* where V* is a nonempty, closed and convex subset of a
Banach space B*, the sequence p,, is defined by:
po € V¥,
Pm+1 = Hgm, (2.1
gm = H((1 = ro) H? pp + rw Hpm), m € Z.,

where r,, is a sequence in (0, 1).

Now, we will prove the main results using PV iterative algorithm for weak contractions
which satisfy (1.10) on an arbitrary Banach space. We begin with the subsequent result on
strong convergence.

Theorem 2.1 Let V * be a nonempty, closed and convex, subset of a Banach space B* and H
be a self map on V * which is a weak contraction also satisfying (1.10). Then, the sequence
{ pm} defined by PV iterative algorithm (2.1) converges to the unique fixed point of H.

Proof Let p € Fix(H). By condition (1.10), we have:

|Hpn — pll = 1Hpm — Hpl|
<é8llpm — Pl + LIHp — pl
<é8llpm—rl, Vme Zy

Now, by PV iterative algorithm (2.1), we have
lgm — pll = |1 H(( = 1) H? i + Fm.Hpm) — pl
lgm — pll = 1H(Q = rp) H? py + . Hpw) — Hp|
<8I = 1) H? pm + rm Hpm — pl
<81 = ro) H pon + P Hpm — (1 — 1+ 1) Pl
Now asp € Fix(H) thus Hz(p) =p
<8 = rw)|H?* pw — H*p|l + 8t || Hpw — Hp|
< 811 = rm)8* I pm — Pl + w8 I pm — pII]
Thus, we have
Igm — pll < 82l pm — plI
I pm+1 — Pl = 1Hgm — pll < 8llgm — pll < 8 llpm — Pl

Inductively, we get
I pms1 — pll < 8"V pg — pl| 2.2)

Now, as 0 < § < 1 hence {p,,} converges strongly to p. O
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1542 P. Gautam, Vineet

The Subsequent theorem shows the almost H-stability of the PV iterative algorithm (2.1).

Theorem 2.2 Let H be a weak contraction from V* to V*, which also satisfies (1.10), where
V* is a nonempty, closed and convex subset in a Banach space B*. Then, the PV iterative
algorithm (2.1) turns out to be almost H -stable.

Proof Let y,, be an arbitrary sequence in V*,and the sequence constructed by PV algorithm
iS pmy1 = g(H, py) and 6y, = || ym+1 — g(H, zn)||,Where m is in Z.. Now, we will show:

e.¢]

Zam<oo = lim y, = p.
0 m— 00

m=

Let anozo om < 00. Then,by the PV algorithm, we have

lym+1 — Pl < Nym+1 — g(H, ya) | + lg(H, ym) — pll
< om + | HH = 1) H* Yy + 1 Hyw) — pl|
< 0w+ SIH((1 = 1) H*ym + rmHym) — pl|
< om + 821 — ra) H Y + 1 Hym — pl|
< om + 821 = rw) (H?y — H?p) + 1 (Hym — Hp)|
< om+ 8= ra) | H*ym — H* |l + rm|| Hym — Hp|
< om+ 8 (= ra) | H*ym — H*pll + 1 || Hym — Hp|
< om + 81— )% + 1wl ym — pll

Thus , we have,
Iymrt = Pl < 0w + 8% lym — pl

Um = ||ym — pll and g = 8> Then, we have u,, 11 < 0y + .ty as g = 83,8 € (0, 1) thus
0<g<land) ;> o, <00 = o, — 0. Therefore, u,, — 0 using lemma 1.2. O

In this theorem, we will demonstrate that the PV algorithm is faster than other iterative
algorithms.

Theorem2.3 Let H : V* — V* be a weak contraction also satisfying (1.10), where
V* is a nonempty, closed and convex subset in a Banach space B¥*. Let the sequences

{p1.m}s AP2.m}s AP3.m}s APam}s {P5.m}, {P6.m}, {P7.m} and {pw} be defined by Picard,
Mann, Ishikawa, S, normal-S, Varat, F* iterative algorithms, and PV, respectively, and con-
verge to the same point p € Fix(H). Then, the PV algorithm converges more rapidly than
all the algorithms mentioned above.

Proof Because of inequality (2.2) in Theorem 2.1, we have:

lpmsr = pll < 8"V lpo = pll = &, m € Zy..
As proved by [27]:

Ip1m — Pl < 8™ pio— pll = a1m. m € Zyy.
Then:
am 8" py - p|
a8 pro— pll
O _ 52(,n+1). lpo — pll
aim P10 — Pl
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Now, as 0 < § < 1 Therefore we have

(077
— > 0asm —> o0
Ol.m

Hence, the sequence p,, converges to p faster than pj , Now, by normal-S algorithm as
proved by ALI [19], we get:

Ipsm — pll < 8™ ipso — pll = asm.

am 8D py — pll
asm 8™ pso— pl
Ay _ 32<m+1). lpo — pll
as,m lps,0 — pll
Now, as 0 < § < 1 Therefore, we have

A

(297
— > 0asm —> o0
asm

Hence, the sequence p,, converges to p faster than ps ,.
As proved by the Sintunavarat W, Pitea A [18] that

1p6.m — Pl < 8" Mips.o — pll = a6.m.
am 8" D) py— pl
aom 8" peo — pl
m oy P = Pl
o6,m lps.o — Pl
Now,as 0 < § < 1 therefore we have

(277
— > 0asm — o0
a6,m

Hence, the sequence p,, converges to p faster than pg ;.
Now,for p7,, by FAIi [19] we have that

A

Ip7.m — Pl < 82" Vlip70 — pll = a7.m.
. 83D po — pl|
@ 82D py o — pl|
m o sm1 lpo — pli
aTm lp7,0 — pll

Now,as 0 < § < 1 Therefore we have

A
— > 0asm — o0
a7.m

Hence, the sequence p,, convergesto p faster than p7 . |

Also, F.Ali [19] showed that the F* algorithm converges quicker than Varat, Mann,
Ishikawa, and normal-S algorithms for the case of weak contractions. Thus, PV iterative
algorithm converges more rapidly than every iterative algorithm from (1.1) to (1.7).

@ Springer



1544 P. Gautam, Vineet

Table 1 A comparison of the different iterative algorithms for Example 2.1

Iteration PV F* Picard Normal-s Mann Varat

1 0.4493323 0.4493323 0.4493323 0.4493323 0.4493323 0.4493323
2 0.8723104 0.8291996 1.0130704 0.9320542 0.7193926 0.9579940
3 0.8647160 0.8623066 0.7825257 0.8557003 0.8212688 0.8422444
4 0.8649333 0.8647381 0.9047664 0.8662340 0.8525708 0.8703917
5 0.8649271 0.8649136 0.8440609 0.8647430 0.8614915 0.8636068
6 0.8649273 0.8649263 0.8754487 0.8649533 0.8639767 0.8652461
7 0.8649273 0.8649272 0.8595146 0.8649236 0.8646647 0.8648503
8 0.8649273 0.8649273 0.8676839 0.8649278 0.8648548 0.8649459
9 0.8649273 0.8649273 0.8635161 0.8649272 0.8649073 0.8649228
10 0.8649273 0.8649273 0.8656478 0.8649273 0.8649218 0.8649284
11 0.8649273 0.8649273 0.8645589 0.8649273 0.8649258 0.8649270
12 0.8649273 0.8649273 0.8651155 0.8649273 0.8649269 0.8649273
13 0.8649273 0.8649273 0.8648311 0.8649273 0.8649272 0.8649273
14 0.8649273 0.8649273 0.8649764 0.8649273 0.8649272 0.8649273
15 0.8649273 0.8649273 0.8649022 0.8649273 0.8649273 0.8649273

Example 2.1 Let B*=R Banach space with the usual norm and V* = [0, %] .Let f: V¥ —
V* be defined as f(x) = % + cos(x).Then, as f is a contraction mapping and hence a
weak contraction satisfying (1.10) and has only one fixed point which is 0.865(approx). Here
control sequences are taken as

rm = 0.4790527832595, 5, = 0.4790527832595, and 1,, = 0.4790527832595

taking an initial guess of 0.44933229232998 and using python language we can see that PV
iteration converges to the fixed point 0.865(approx) faster then Picard [13], Ishikawa [15],
Mann [14], S [16], normal-S [17], Varat [18] and F* [19] iterative algorithms, as we can see
in Table 1 and Fig. 1.

Example 2.2 Weak contraction which is not a contraction

_ [ Snx x € 10,0.5)
f(x)_{j;4 x €[0.5,1]

Then, as f is not continous at x=0.5 we can say that f cannot be a contraction but it
can be easily verified thatfis a weak contraction with § = % and L = 1 and fixed point is at
0. Now, all the conditions of the Theorems 2.1 and 2.3 are satisfied.Taking control sequence
rm = 0.4790527832595, s, =0.4790527832595, and  t,,= 0.4790527832595 using python
language we can show that the sequence defined by PV iterative algorithm (2.1) converges
to a unique fixed point p = 0 of the mapping f faster than the algorithms (1.1) to (1.7) which
is shown in Table 2 and Fig. 3.

Now, we prove a result which will be used in Application section
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— PV
=== picard
Fe

-®- normal_s
+++ varat

09

o
@

Value of p(n)

06

0s

8
no of iteration

Fig. 1 Behaviour of convergence for the sequences defined by various iterative algorithms for Example 2.1

—e— PV
S —— F*
~e— picard
~—eo— normal_s
0% mann
p(n)
19
0.
12
10
3
o
§
6 §,

9/-,.0/.

Fig. 2 Behaviour of convergence with error for the sequences defined by various iterative algorithms for
Example 2.1

3 Result on data dependence

Recently, data dependence research for fixed points is a key area of fixed point theory.
Noteworthy researchers who have made contributions to the data dependence field of fixed
points are Markin [28], MURSEAN [29],Berinde [1, 30, 31], Soltuz [32], Soltuz and Grosan
[33] and Oltainwo [34]. Now, a theorem on the data dependence of fixed points is proved.
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1546 P. Gautam, Vineet

Table2 A comparison of the various iterative algorithms for Example 2.2

Iteration PV F* Picard Normal-S Mann Varat

1 0.4493323 0.4493323 0.4493323 0.4493323 0.4493323 0.4493323
2 0.0041303 0.0176236 0.1085911 0.0705530 0.2860993 0.0810321
3 0.0000393 0.0007057 0.0270944 0.0112954 0.1828412 0.0149435
4 0.0000004 0.0000283 0.0067728 0.0018093 0.1170265 0.0027578
5 0.0000000 0.0000011 0.0016932 0.0002898 0.0749481 0.0005090
6 0.0000000 0.0000000 0.0004233 0.0000464 0.0480116 0.0000939
7 0.0000000 0.0000000 0.0001058 0.0000074 0.0307593 0.0000173
8 0.0000000 0.0000000 0.0000265 0.0000012 0.0197073 0.0000032
9 0.0000000 0.0000000 0.0000066 0.0000002 0.0126265 0.0000006

—
(=]

0.0000000 0.0000000 0.0000017 0.0000000 0.0080899 0.0000001

04

03

Value of p(n)

01

00

6
no of iteration

Fig.3 Behaviour of convergence for the sequences defined by various iterative algorithms for Example 2.2

Theorem 3.1 Let H be a weakcontraction also satisfying(1.10) and let an approximate
operator of H be K, p,, be a sequence generated by PV iterative algorithm (2.1) for H.
Now,generate a sequenceu,, for K asfollows:

ug=1u € Vs,
Um+1 = Kvp, (3.1)
vm =K (1= ri)K?um + raKup), meZy,

where ry, is a sequence in (0, 1)satisfying 0.5 < ry, forallmin Zy and Y oo rm < 00.If
Hp = pand Kq = q such that u,, — q and Ku,, — q as m — oo, then we have:

1 g < T EH+DLE
Pmal="""5

wheree > 0 is a fixed number.
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0.4
—e— PV
—— F*
p(n) 0.2 ~—e— picard
—e— normal_s
mann
0
0.4
Q
X 0.2 O =
) B &
—. )
v o)\
X0
0 < '\‘.e(a

Fig. 4 Behaviour of convergence with error for the sequences defined by various iterative algorithms for
Example 2.2

Proof Using (3.1),(1.10) and (2.1) we get

I gm — vmll < IH (1 = 1) H? pin + rn Hpm) — K((1 = 1) Kty + 1 Ktt) |
<IH(Q = rp)H?pm + rmHpw) — H((A = rp) Kt + rmKuy) ||
+ IH = rp) Kt + rmKum) — K (1= ro) K2t + g Kt) ||
< 8{Il(1 = ri) H? piw + rm Hpim — (1 = 1) K2ty + rn K|
+ LI = rp)H? pin + rmHpm — H((L = 1) H pyn + rn Hpp) | + €
<8 (A= ra)H? pm — Kum|l + rn | Hpm — K|

+ L1 = 1) H? piy + rm Hpy — H((1 = 1) H? pyy + 1 Hpy) || + €
(3.2)
One can show that

(L= rm)H? py + 1 Hpm — H((1 = 1) H? piu + 1 Hpw) |
< (1= ry)8(1 = ry)(8 + L)
+HLGE+LHpm— Pl +7m Hpm — pull(S(1=rm)* S+ L) +rmd+L)  (3.3)
IH? pm = K|l < 82| pm — tm | + LS Hpp — pull + 8.6 + €
+H(L A+ LUHpm — pmll + | Hitm — ) (34)
IHpm — K| < 81l pm — ttm |l + LIHpm — pmll + € (3.5

Now, putting (3.3),(3.4) and (3.5) in (3.2) we get

Igm — vmll < 81 = 1) 8% P — i | + LENH Py — pinll + 8.€ 4 €
+(L + 8)LUHpm — pmll + | Hit — ]
+8 1 (8l pm — umll + LI Hpm — pmll + €)
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L((l — ) {81 = 1)@ + 1) + LG + 1) |1 Hpu — pal

+rm | Hpm — Pmll{(5(1 —rm)* (8 + L) + rmS] + L)

Now, we consider
”pm—H - um—H” = ”HQm - Kvm” = ”HQm — Hvy, + Hyuy, — Kvm”

< NHgm — Hupll + | Hvm — Kol
< 8llgm — vmll + Lligm — Hgmll + €

Now, using the fact that 0.5 < r,,, Thus 1 —r,, <r,, and § € (0, 1)

Pt = st < (1= i (L= 8D pm = wm |+ rin (1 = 8%)
I7e + L+ DL[Ipm = Hpmll + lim — Hun ] +1Hpm = pn (2 +3L(55+2L)(6 + L>)+2Luqm ~ Han| +4e}
1-43
let,
Om = llpm — umll

o = T (1 —8%)
{7e +(L+ 1>L[npm—Hpm ||+||um—Hum||]+||Hpm—pm [ (2+3L+(56+2L><8 + L)>+||qm—qun}

1-83

NMm =
Now,as r,, € (0,1), Zslozo rm < oo and § € (0,1) therefore u,, € (0,1) too also
anozo Um < oo with 8, u,, and n,, as defined above all the condition of the Lemma

1.3 are satisfied hence we have
0 < limsup 8, < limsupn,
m—00 m—00

= 0 <limsup || py — tm|l < limsup n,
m—0oQ m—0Q

(3.6)

Putting the value of 7, in (3.6) above and using the fact that

|Hpm — pmll — 0 and |Hupy — upll < € we get
7+ (L+1)L)e

limsup || pm — um| <
m—00 ' 1-—43
O

The following example supports the above Theorem

Example 3.1 Consider

oin 4
L tel-1,0]

L) = u
S re 1]
One can easily shown that L is a weak contraction with § = %
Now,consider
0.127 +0.631(r — 0.2) — 0.04(t — 0.2)> ¢ € [—1,0]

H® ={ —0.127 = 0.631(1 — 0.2) 4 0.04(t —0.2)> 1 € (0, 1]
max |H(t) — L()| = 0.032
e[—1,1]

tel
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Table 3 Approximated fixed
point of operator K by using the
Iterative algorithm 3.7

—_
—_
=
o

Iter. algorithm (3.7)

0.320537
0.066663
0.012948
001116
—0.00151
—0.0021
—0.00223
—0.00226
—0.00227
—0.00227
—0.00227

O 00 N AN N R W N =

—_
- o

thus here € = 0.032.

Fixed point of the function H is qg=—0.002 and u,, — ¢ also at —0.002. H is continuous
thus u,, - H(g) =gq.

Letus take K (1) = 0.127+0.0631(t —0.2) —0.04(t —0.2)> and r,, =0.49 ,up =u €Y

{um_H = K () = 0.127 4 0.0631 (v, — 0.2) — 0.04(v, — 0.2)2 o

vm = K((l — 0.49)K 2uy, + O.49Kum>
From the Table 3 we can see that u,, converges to the fixed point ¢ = —0.0022 of K
Now, using the Theorem 3.1 we have
(7T+ (L +1L)e
lp—qll < T

for this example we have L = 0 and § = ;—g thus we get

€
— <
Ip—all = 75

Putting the value of €=0.0032,5 = % we have
lp — qll < 0.30356

Thus from the theorem we have ||p — ¢|| < 0.30356 and we have actually ||[p — ¢ =
0.0022.

4 Application

In this section, we will show an application of our results to solve nonlinear Matrix equations,
these kinds of applications can be seen in papers such as [35] and [36]. Therefore, we introduce
the following terminology.

I.Il¢» representsthe trace norm.||Al|,, also written as 77 (A) is obtained by adding singular
values of A where singular values of A are the square roots ofthe eigenvalues of A*A.

II.]l is representation of spectral norm.
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JAl = VAT A*A where AT (A*A) is the largest eigenvalue of A*A.

M represents set of k x k matrices.

Hj represents set of k x k hermitian matrices.

Py represents set of k x k positive semi definite matrices.

X1 >0 means X € Py.

X1 > X7 means X| — X, > 0.

X1 > Xy means X; — X, > 0.
Remark [37]P, € Hy € M and (Hi, <) is a partially ordered set then H; with trace
norm is a complete metric spaceand hence a Banach Space.

Lemma4.1 [38]If X2 > 0 and X; > 0 then0 < tr(X2X1) < | X1]ltr(X2).

Consider the following non-linear matrix equation

X=014) AJF(X)A; @1

i=1

where each A; is an arbitrary k x k matrix for each i = 1,2, ., m. Q1is a positive definite
hermitian matrix. F is an order-preserving continuous map from Py into Pi such that Hy,
endowed with trace norm is a normed Banach Space. Hence, it is a complete metric space.
LetG : Px — Pi be a continuous order preserving self map such that

G(X)=0Q1+ ) AFF(X)A;

i=1
for all X € Py. Clearly, a fixed point of G is a solution of the above equation.
Define C = {tQ; + (1 — )XoVt € [0, 1]}.

Lemma 4.2 If we have G as defined above such that G(Q1) and G(X¢) € C for some Xy,
and F satisfies F(X + (1 —8)Y) =tF(X)+ (1 —t)FY) forall X, Y € C.
Then G is a mapping from C to C.

Proof Let A € C Then A =1Q + (1 — )X for some ¢ € [0, 1]
Now,

m
G(A)= Q1+ ) _AJF(A)A
i=1
Putting value of A in above we get

G(A) = Q1+ Y ATF1Q1+ (1 —nXo)A;
i=1

G(A) = Q1+ Y _AF(tF(Q1) + (1 = )F(X0)A
i=1

G(A) = Q1+ Y AF(tF(Q1) + (1 — ) F(X0))A;
i=1

GA) =101+ =001+ ZAT(IF(Ql) + (1 =) F(X0)A;

i=1
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G(A) =1(Q1+ Y _AJF(QDA) + (1 = )(Q1 + Y AFF(X0)A;)
i=1 i=1

G(A) =1G(Q1) + (1 —1)G(Xo)

Now, as G(Q1)and G(X(y) € C then so is G(A) =tG(Q1)+ (1 —1)G(Xp) € C as C is
a convex set. O

Theorem 4.3 Let (4.1) be the nonlinear matrix equation given above. Now consider

G(X)=0Q1+ ) AFF(X)A;

i=1

assume 3 Xo such that G(Xg) < Xo. Let C = {tQ1+(1—1)Xo | t € [0, 1]}. F is a nonlinear
function F : Py —> Py, and F(tXo+ (1 —1)Q1) =tF(Xo) + (1 —)F(Q1)Vt € [0, 1]
and G(Xy), G(Q1) € C. Using Lemma 4.2, we have G : C — C, where C is a closed and
convex set of Hy under trace norm, which is a Banach space. Further, let us also have the
following conditions.

(i) 1F(X1) — FXYDIr < BUIX1 — GXDler + 1Y1 — GXYD¢r). Where, B € [1, %].
(i) | 30, AXA;|l < o. Where, a € [0, 11.

Proof Let X,Y; € C assume without loss of generality assume that X; > Y; as all
elements in C are comparable.
Now,

m m
IG(X) = Gl = 1Y AFF(X1)A;i = Y AFF(YD Al
i=1 i=1

IG(X1) = Gl = 11 Y AF(F(X1) = F(YD))Aiir

i=1
Now,since F is an order-preserving map then X; > Y, = F(X;) > F(Y)) thus
AY(F(X) — F(Y1))A; > 0; and hence ;" , AY(F(X1) — F(Y1)A; =0

m

IG(X1) = GYD) i = tr Y AF(F(X1) — F(YD)A;
i=1

1G(X1) = GYDller = ZtrA?(F(Xl) — F(YDA;
i=1

m

IG(X1) = G(YD) i = tr Y AFAI(F(X1) — F(Y1))
i=1

1G(X1) = GXYDller = IV(Z ATA)(F(X1) = F(Y1))

i=1
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Now applying the Lemma 4.1 we get

IG(X1) = G ller = 1Y AFAMNF(X1) = FYD)or
i=l

1G(X1) = GYDler < af(IX1 = GXDller + I1Y1 = GXD )
1G(X1) — GYDller

1
= SUIXs = GXDler + 1Y = GXDler)

Thus, G is a Kannan map from C to C. Now, as a Kannan mapping implies weak contrac-
tion, we can apply Theorem 2.1 to obtain the fixed point of G, which will be the solution of
the equation (4.1). ]

Now, an example to support above result

Example 4.1 Consider the matrix difference equation

G(X)= 01+ ) AIF(X)A;

i=1
V3

50 ¥
0

Letm=2,C = {tQ1 +(1—1)Xo V¢ € [0, 1]}, 01 = (0 5>,F(X) =X+0.A = (

)

b‘&' (e}

1
and Ay = (8 ?).Then one can easily show that F : C — C satisfy
I

FtX+(A-HX)=tFX)+ (1 -0)FX)VX,Y eC

. Also, we have [ATA] + A5 Az = L and G(X) = Q1 + 1(X + 01).
Now, consider

IFX) = F@)ler =IX+ Q=X + Dller = 1X =Yl
SIX =GOl + 1Y = GDler +I1GX) = G(X) ll¢r
Using the formula for G(X) and G(Y)
1
SHX = GX) e + Y = G ler + ZIIX =Yl
1
SIX =GXOer + 1Y = G ler + ZIIX - 00— =Dl
1
IFX) = Fller = I1X = GXOler + 1Y = G ler + ZIIF(X) = F(D)ller
3
ZIIF(X) —F@)ler < I1X = GXOler + 1Y = G lsr

4
1FX) = FWller < g(llX = GXer + 1Y = GXler)

Thus, all the conditions of the Theorem 4.3 are satisfied hence we can apply the Theorem
2.1 and 4.3 to obtain the solution of the matrix difference equation.

5 Conclusion

In this research paper, we have presented a novel and advanced two-step iterative algorithm
for determining fixed points of weak contractions in Banach spaces. This algorithm is more
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effective and converges faster than some major iterative algorithms, as demonstrated by
Theorem 2.3. Additionally, in Theorem 2.2, we have proved that the PV iterative algorithm
is almost H-stable. Our claims are validated by Examples 2.1 and 2.2. Furthermore, we
have obtained a result regarding data dependence, and an example illustrates the validity of
this result. Lastly, we approximate the solution of a nonlinear matrix difference equation.
However, a few natural questions arise in this field which can be further proved in the coming
years:

(Q1) Isitpossible to define an iterative technique whose convergence rate is faster than that
of the PV iterative procedure for the class of weak contractions in a Banach space?

(Q2) Does the PV iteration strongly converge to the fixed point of weak contractions in
spaces with weaker conditions than a Banach space, such as a metric space or quasi-
Banach space?

(Q3) Does the PV iterative algorithm converge for other classes of mappings, such as
enriched contractions or quasi-nonexpansive mappings?

Author Contributions Both the authors contributed equally and significantly. Both the authors have read and
approved the final manuscript.

Availability of data The datasets generated during and/or analysed during the current study are available from
the corresponding author on reasonable request.

Declarations

Conflict of interest Both the authors declare that they do not have a conflict of interests.
Consent to participate Not applicable.
Consent for publication Both the authors give their consent to the publisher to publish their research findings.

Ethics approval This research doesn’t contain any studies performed on humans or animals as participants.

References

1. Berinde, V.: On the approximation of fixed points of weak contractive mappings, carpathian. Carpathian
J. Math. 19, 7-22 (2003)

. Kannan, R.: Some results on fixed points. Bull. Cal. Math. Soc. 60, 71-76 (1968)

. S., C.: Fixed-point theorems. Doklady Bolgarskoi Akademiya Nauk 25 (1972)

. Zamfirescu, T.: Fix point theorems in metric spaces. Arch. Math. 23(1), 292-298 (1972)

. Mohd, J., Javid, A., Santosh, K.: Estimating fixed points via new iterative scheme with an application. J.

Funct. Spaces (2022). https://doi.org/10.1155/2022/3740809

6. Mohammad, 1., Sahu, D.R., Santosh, K.: Fixed point theorems in symmetrizable topological spaces.
Nonlinear Anal. Forum 9, 97-107 (2004)

7. Singh, V.K., Santosh, K.: Iteration process with errors for local strongly h-accretive type mappings. Fixed
Point Theory 9, 351-362 (2008)

8. Santosh, K.: Some fixed point theorems for iterated contraction maps. J. Appl. Function. Anal. 10, (2015)

9. Anju, P, Reena, M., Kumar, S.: Fixed points of nonexpansive mappings using mp iterative process. Adv.
Theory Nonlinear Anal. Appl. 6(2), 229-245 (2022)

10. Pragati, G., Santosh, K., Swapnil, V., Soumya, G.: On some w - interpolative contractions of suzuki-type
mappings in quasi-partial b-metric space. J. Funct. Spaces 2022, 1-12 (2022). https://doi.org/10.1155/
2022/9158199

11. Pragati, G.,L.M., S.R., Swapnil, V., Gauri, G.: Common fixed point results on generalized weak compat-
ible mapping in quasi-partial b-metric space. Journal of Mathematics 2021, 1-10 (2021). https://doi.org/
10.1155/2021/5526801

DA W

@ Springer


https://doi.org/10.1155/2022/3740809
https://doi.org/10.1155/2022/9158199
https://doi.org/10.1155/2022/9158199
https://doi.org/10.1155/2021/5526801
https://doi.org/10.1155/2021/5526801

1554 P. Gautam, Vineet

12.
13.
14.

15.
16.

20.
21.

22.
23.

24.
25.
26.
27.
28.
29.
30.
31.

32.
. Soltuz, §, Grosan, T.: Data dependence for Ishikawa iteration when dealing with contractive-like operators.

34.

35.

36.

37.

38.

Pragati, G., Swapnil, V.: Fixed point via implicit contraction mapping on quasi-partial b-metric space. J.
Anal. (2021). https://doi.org/10.1007/s41478-021-00309-6

Picard, E.: Memoire sur la theorie des equations aux derivees partielles et la methode des approximations
successives. J. Math. 6, 145-210 (1890)

Mann, W.R.: Mean value methods in iteration. Proc. Am. Math. Soc. 4(3), 506-510 (1953)

Ishikawa, S.: Fixed points by a new iteration method. Proc. Am. Math. Soc. 44(1), 147-150 (1974)
Agarwal, R.P,, O’'Regan, D., Sahu, D.R.: Iterative construction of fixed points of nearly asymptotically
nonexpansive mappings. J. Nonlinear Convex Anal. 8(1), 61 (2007)

Sahu, D.R.: Applications of the s-iteration process to constrained minimization problems and split feasi-
bility problems. Fixed Point Theory 12(1), 187-204 (2011)

Sintunavarat, W., Pitea, A.: On a new iteration scheme for numerical reckoning fixed points of Berinde
mappings with convergence analysis. J. Nonlinear Sci. Appl. 9(5), 2553-2562 (2016)

Faeem, A., Javid, A.: Convergence, stability, and data dependence of a new iterative algorithm with an
application. Comput. Appl. Math. 39, 267 (2020). https://doi.org/10.1007/540314-020-01316-2
Ostrowski, A.: The round-off stability of iterations. ZAMM-J. Appl. Math. Mech. 47(2), 77-81 (1967)
Harder, A.M.: Fixed point theory and stability results for fixed point iteration procedures. Ph.D. Thesis,
Univ of Missouri-Rolla (1987)

Harder, A.M.: Fixed point theory and stability results for fixed point iteration procedures (1988)
Osilike, M.: Stability results for the Ishikawa fixed point iteration procedure. Indian J. Pure Appl. Math.
26, 937-946 (1995)

Osilike, M.: Stability of the Mann and Ishikawa iteration procedures for ¢-strong pseudocontractions and
nonlinear equations of the ¢-strongly accretive type. J. Math. Anal. Appl. 227(2), 319-334 (1998)
Berinde, V.: Picard iteration converges faster than Mann iteration for a class of quasi-contractive operators.
Fixed Point Theory Appl. 2004(2), 1-9 (2004)

Berinde, V.: Generalized Contractions and Applications. Editura cub press Baia Mare, Romania (1997)
Khan, S.H.: A Picard-Mann hybrid iterative process. Fixed Point Theory Appl. 2013(1), 1-10 (2013)
Markin, J.: Continuous dependence of fixed point sets. Proc. Am. Math. Soc. 38(3), 545-547 (1973)
Muresan, S.: Data dependence of the fixed points set of weakly Picard operators. Studia Univ. Babes-
Bolyai Math. 43(1), 79-83 (1998)

Rus, L.A., Petrusel, A., Sintdmdrian, A.: Data dependence of the fixed point set of some multivalued
weakly Picard operators. Nonlinear Anal.: Theory Methods Appl. 52(8), 1947-1959 (2003)

Espinola, R., Petrusel, A.: Existence and data dependence of fixed points for multivalued operators on
gauge spaces. J. Math. Anal. Appl. 309, 420-432 (2005). https://doi.org/10.1016/j.jmaa.2004.07.006
Soltuz, S.M.: Data dependence for Ishikawa iteration. Lect. Mat. 25(2), 149-155 (2004)

Fixed Point Theory Appl. 2008, 1-7 (2008)

Olatinwo, M.: Some results on the continuous dependence of the fixed points in normed linear space.
Fixed Point Theory 10(1), 151-157 (2009)

Pragati, G., Chanpreet, K.: Fixed points of interpolative matkowski type contraction and its application in
solving non-linear matrix equations. Rendiconti del Circolo Matematico di Palermo (2022). https://doi.
org/10.1007/s12215-022-00789-w

Pragati, G., Singh, S.R., Santosh, K., Swapnil, V.: On nonunique fixed point theorems via interpolative
chatterjea type suzuki contraction in quasi-partial b-metric space. J. Math. 2022, 1-10 (2022). https://doi.
org/10.1155/2022/2347294

André, R., Martine, R.: A fixed point theorem in partially ordered sets and some application to matrix
equations. Proc. Am. Math. Soc. 132, 1435-1443 (2004). https://doi.org/10.1090/S0002-9939-03-07220-
4

Jian-hui, L., Xi-yan, H., Lei, Z.: On the Hermitian positive definite solution of the nonlinear matrix
equation x plus a*x(-1)a plus b*x-1b = i. Bull. Brazi. Math. Soc. 39, 371-386 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer


https://doi.org/10.1007/s41478-021-00309-6
https://doi.org/10.1007/s40314-020-01316-2
https://doi.org/10.1016/j.jmaa.2004.07.006
https://doi.org/10.1007/s12215-022-00789-w
https://doi.org/10.1007/s12215-022-00789-w
https://doi.org/10.1155/2022/2347294
https://doi.org/10.1155/2022/2347294
https://doi.org/10.1090/S0002-9939-03-07220-4
https://doi.org/10.1090/S0002-9939-03-07220-4

	Convergence and stability of a novel iterative algorithm for weak contraction in banach spaces
	Abstract
	1 Introduction
	2 Main results
	3 Result on data dependence
	4 Application
	5 Conclusion
	References




