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Abstract

In this paper, we are concerned with the study of parabolic variational inequality. Under
appropriate assumptions on the main functions, we obtain the existence of weak solutions
after the construction of the penalized Young measure by Galerkin’s method and the penalty
method. The passage to the limit follows relying on the theory of Young measures.
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1 Introduction

In this paper, we are concerned with the existence of weak solutions for parabolic systems.
Let £2 C R"” (n > 2) be a bounded open domain, p € (2n/(n+2),00)and 0 < T < oo are
given constants and denote Q = £2 x (0, T') with its boundary 0 Q = 92 x (0, T'). We deal
with the following variational inequality

ad
/ 8—”;(1) — wydxdi +/a(x, t, Du) : (Dv — Du)dxdt > /f(v —wdxdt, ()
Os Os Os
for every v € LP(0,T; Wol’p(.Q; R™)) and Q;, = £ x (0,s) for all s € [0, T']. Here
fe LP/(O, T; W_l’p/(.Q; R™)), p’ = p/(p—1) anda : Q x M"™*" — M™*" is a function
assumed to satisfy some conditions. Here M *" stands for the set of m x n matrices equipped

with the inner product & : p =) 7', Z’]’-ZI &;jnij. To deal with (1), we shall find a function
u(x,t) € K satisfying the previous inequality, where

3 . .
K = {w € LP(0,T; WyP(2; R") N CO, T; L*(2; R™)), a—lf e L7, T; WP (2, R™) :

0<wx,0) =upx) € L2(2: R™), w(x,1) >0 ae. (x,1) € Q}.

B<d  Farah Balaadich
balaadich.edp @gmail.com

Laboratory of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, Beni
Mellal, Morocco

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12215-023-00947-8&domain=pdf

732 F.Balaadich

It should be noted, that the variational inequality (1) come from and is governed by the
following quasilinear parabolic system

% —diva(x,t, Du) = f in Q. 2)

There is a large number of papers to consider (2). By the theory of Young measures, the author
in [17] has proved the existence of weak solutions, under mild monotonicity assumptions
on the function a. This theory is used to serve the existence of weak solutions, since that
problem can not be treated by the classical monotone operator method developed in [10, 11,
21, 22, 25]. And this is because a does not need to satisfy the strict monotonicity condition
of Leray-Lions’s type. We refer the reader to [1-7] where the theory of Young measures has
been applied for both elliptic and parabolic problems. The elliptic case of (1) was investigated
in [8] where the authors have proved the existence of weak solutions employing the theory
of Young measures and a theorem of Kinderlehrer and Stampacchia.

Variational inequalities as the development and extension of classic variational problems
are a very useful tool to research partial differential equations, optimal control, and other
fields. Many papers (see e.g. [15, 18, 21, 23, 24]) are interested in the solvability of the
different kinds of parabolic variational inequalities, relying on the methods of time discretion,
semigroup property of the corresponding differential quotient and a penalization method
which transform a parabolic variational inequality into a parabolic equation with a penalty
term. These works assumed the monotonicity or regularity condition of the obstacles. We find
another method in [19], where only the continuity on obstacles was used. Works which are
dealing with double-phase problems or multivalued problems can be found in [12, 26-29].
We point out these works are concerned with obstacle problems where the authors have used
tools from the nonsmooth analysis.

Motivated by the works [17, 23, 24], we will study the existence of weak solutions to the
problem (1) by using the penalty method (which transforms the inequality (1) into equality
(3) below) and the theory of Young measures. To be more precise, we shall construct a Young
measure vfx’ 1) generated by a penalized gradient sequence, with € € (0, 1), which converges
to the Young measure v, ;) as € tends to zero. To the best of our knowledge, this is the first
paper treating the problem (1) by such methods.

This paper is organized as follows. Section 2 is devoted to recalling some necessary prop-
erties of Young measures. In Sect. 3, we prove the existence of weak solutions by Galerkin’s
approximation and the theory of Young measures for (3), while Sect.4 is concerned to show
the existence of weak solutions for variational problem (1).

2 Young measures: necessary properties

Consider Co(R™) = {(p € C(R™) : limpy|—o00 ¢(A) = 0}. Its dual is the well-known signed
Radon measures M (R™) with finite mass. The duality of (M(R™), Co(R™)) is given by the
following integrand

(v, @) = /(p()»)d\)(l), where v : 2 — M@R™).
RVH

Lemma 1 ([14]) Let (zx)x be a bounded sequence in L*°(§2; R™). Then there exist a subse-
quence (still denoted (z1)) and a Borel probability measure vy on R™ for a.e. x € $2, such
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Existence of solutions for parabolic variational inequalities 733

that for almost each ¢ € C(R™) we have
©(z2) =0 (x) = (vy, @) weakly in L*(2; R™)

fora.e. x € 52.

Definition 1 The family v = {vy}cg is called Young measures associated with (generated
by) the subsequence (zx ).

In [9], it is shown that if for all R > 0

lim sup| {x € £ N Bg(0) : |zx(x)| > L}| =0,

L—o0

then for any measurable 2’ C £2, we have
o(x, k)= (vy, o(x, ) = /(ﬂ(}m Mdve(2) in L'(2'),

Rm

for every Carathéodory function ¢ : 2 x R™ — R such that (¢ (x, zx(x))) is equiintegrable.
The following lemmas are useful throughout this paper.

Lemma 2 ([16]) If|2]| < oo and v is the Young measure generated by the (whole) sequence
(zk), then there holds

2k —> Z inmeasure & Vy = 8yx) fora.e x € §2.

It should be noted that the above properties remain true when zz = Dwy, with wy : 2 —
R™ and £2 can be replaced by the cylinder Q.

Lemma3 ([13]) Letp : Q x M"*" — R be a Carathéodory function and (wy) be a sequence
of measurable functions, where wy : Q — R™, such that Dwy, generates the Young measure
Vix,r)- Then

likminf/(p(x,t, Dwy)dxdt > / / o(x, t, Mdvi n(A)dxdt
—00
Q Q men

provided that the negative part ¢~ (x, t, Dwy) is equiintegrable.

The following lemma describes limits points of gradient sequences utilizing the Young
measures.

Lemma 4 ([3]) The Young measure vy sy generated by Dwy in L? (0, T'; L?(82)) satisfy the
following properties:

(i) v(x,r) is a probability measure, i.e., |V(x,r) | pum=ny = 1 for a.e. (x, 1) € Q.
(i) The weak L'-limit of Dwy is given by (v(x 1), id).
(iii) Fora.e. (x,t) € Q, (V(x,1), id) = Dw(x, 1).

Let v¢

x.1) be the Young measure generated by the penalized gradient sequence (Dw).

Lemma 5 ([9]) For every continuous function ¢,

(v(ex’t), @) — (V@) as € >0 forae. (x,1) € Q.
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734 F.Balaadich

3 Nonlinear parabolic systems with parameter €

Let £2 be a bounded open domain of R"”, p € 2n/(n + 2),00) and € € (0, 1) be fixed.
In this section, we shall consider the existence result for the following parabolic system of
Dirichlet’s type given in the form:

?T’f—diva(x,t, Du)—%|u*|p72u7 —f o,
u=0 on aQ’ (3)
M()C,O) =u0(x) il’lQ,

where u~ = max{—u, 0} and a : @ x M"*" — M"™*" satisfy the following hypothesis:

(Hp) a is a Carathéodory function, that is measurable in (x, t) € Q for fixed § € M"*" and
continuous in & for fixed (x, ¢) in Q.
(Hp) There exist a function / € L” (Q) and a constant «g > 0 such that

la(x.t,6)] < 1(x. 1) + €] )
and
a(x,1,&) : £ > aol€]”. )
(H,) Forall £, & € M™*",
(alx,1,8) —a(x,1,€)) : (€ —&) = 0.

Definition2 A function uc € LP(0,T; Wy"(2;R™) with % e 170, T; W=7

(£2; R™)) is called a weak solution of (3), if forall ¢ € L?(0, T; Wol’p(.Q; R™)), it holds

Bl 1
/ a”; dxdt +/a(x, t, Du¢) : Dpdxdt — E/ |u;|P*2ug<pdxdt = / fx, Hedxdt.

0 Q 0 Q

Similar to that in [20], we take a sequence {w;}j>1 C C{°(£2;R™), such that
@
CR(2:R™) € Uy Vi ), where {w}} =1 is a standard orthogonal basis in L2(2; R™)

and V; = span{wj, ..., wg}. Firstly, remark that since ug € L2?(£2; R™), there exists a
sequence Y (x) € Vi such that ¥ (x) — up(x) in L%(§2;R™) as k — oo. Indeed,
for ug € LZ(Q; R™), there exists a sequence v in C(C)’O(Q; R™) such that vy — ug

s
in L%(£2; R™). Since {v;} C CoP(2;R™) € Uys VNC ('Q), we can find a sequence

{vy} € Un=1 Vv such that v — v in C'(2; R™) as i — oo. For 1

7% there exists iy > 1

such that [lv)} — vg e < zik Therefore
i ]
||Ukk - u0||L2(9) = C||Ukk - Uk||cl(§) + [lve — u0||L2(9).

Hence v,i(" — ug in L2(£2; R™) as k — oco. Let us denote uy = v,i". Since uy € Up>q V-
there exists Vi, such thatu; € Vy,, without loss of generality, we assume that Vy, C Vy, as
Ni < N,. We suppose that N1 > 1 and define v as follows: Y (x) =0,k =1, ..., Ny — 1;
Yr =uy, k = Ny, ..., Ny — 1; % = u2, k = Na, ..., N3 — 1;..., then we obtain the desired
sequence {Y} and Y — ug in L2(£2; R™) as k — oo.

Theorem 1 Let f € LP' (0, T; WP (£2; R™)). Suppose that (Hy)-(Ha) are satisfied. Then
for every € > 0 to be fixed, there exists a weak solution of Eq. (3).
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Existence of solutions for parabolic variational inequalities 735

Proof (i) Galerkin approximation
Foreach k € N, k > 1, we define a vector-valued function P (z, v) : [0, 00) X RF — RF as
follows:

1
(Pk(t,v))i =/a<x,t,ZUijj) : Dwidx—2/|2v]wj <Zv]w]>w,dx
Q Q

where v = (vy, ..., V). Since a is continuous, the continuity of Py (¢, v) follows.
Now, we shall construct the approximate solutions of problem (3) in the form

k
w(x, 1) =y (0)) jw; (x),

Jj=1

where (1 (¢))x are unknown functions, which can be determined as solutions of the following
system of ordinary differential equations

{n’(t) + Pe(t,n(t)) = F
n(0) = Ui (0),

where (F); = [ fwidx, (U(0)i = [Yu@widx, Yi(x) € Vi, Yi(x) — uo(x) in
2 2

L2(£2;R™) as k — oo.
We multiply the Eq. (6) by 1 (), thus

(6)

n'n = Pe(t,mn = Fn.

By the coercivity condition in (H), we have

Py (t, n)n=/ X, t, anDw] (anDw,)dx

2
1 T &E -,k
_g/|<2'71wj> - (anw]) <Z'7iwi)dx20.
o J=l j=1 i=1

From (7) and Young’s inequality, we arrive at

)

19 5 | T
——In®" < |Fnl < Z|FI” + =Inl*.
28tln()l =1 n|_2| | +2|77|

Integrating the above inequality with respect to ¢ from O to ¢, we obtain

t
ol SCk+f|n(T)|2dT,
0

which implies, by Gronwall’s inequality, that |n(¢)| < cx(T). Consider

Ck(T)}

Ly = max, |F — Pe(t,m)| and 7 =min{T, 7
k

tel0,T

Since Py (t, ) is continuous in ¢ and 7, the Peano Theorem implies that (6) has a C' solution
locally in [0, 7¢]. Let 7y = t; and (#1) be an initial value, then we repeat the above process and
geta C! solution on [#1, 1 +7x]. We can divide [0, T]into [(i — )7k, itk],i = 1, ..., L, where
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736 F.Balaadich

% < 174, then there exist C! solution 17;'C @®)in[( — D, itwl],i =1, ..., L. Consequently, we
arrive at a solution nx (t) € C([0, T]) defined by

ni(t) ift € [0, 7o),
n(t) ift e (w, 2w,
k(1) =

np@) ift e (L — D, Ll

Therefore, we get the approximate solutions uy (x,t) = 21;21 k(1)) jw;(x). From (6) it
follows for 1 < i < k, that

ot

ad 1
ﬂw,»dx +/a(x, t, Duy) : Dw;jdx — 7/ |u/:|p_2u;w,~dx = / fwidx. (8)
€
Q Q Q Q

Remark by (6), that 1 (¢) should be dependent on €, but for convenience we omit €, and for
allg € C'(0,T; V), j <k, there holds

3 1
/ autk pdxdt +/a(x, t, Duy) : Dodxdt — f/ |uk_|p’2uk_<pdxdt = / Fodxdt. (9)
€
9] 0 0 0

(ii) Passage to the limit
We multiply (8) by (1% (¢)); and sum up i from 1 to k, it holds by integrating with respect to
t fromOto t (t € (0, T)), that

ouy 1 C o
/Wukdxdt—l—ao/ |Duy|?dxdt — E/'uk [P™"uy updxdt
O Os Os
< IF i 0. rsw-1r @y 10kl 1 o sy
with O = £ x (0, 7), where we have used the coercivity condition in (H;) and Holder’s

inequality. We have uy(x, 0) — up in LZ(Q; R™), this implies fQ u%(x, 0)dx < ¢, where ¢
is a constant independent of € and k. Moreover || f1| P O.7: W10 (2:Rm)) = C- Therefore

1 lug Cx, T)[2dx + |Dug|Pd +1 lu; |Pdxdt
> ur(x, t X+ o u|”dx c uy X
2 0. 0+

< c(llugll + 1. (10)

LP(0,7; WyP (2:R™))
From this inequality, we deduce, that

1 -
”uk”Ll’(O.T;W(;”’(.Q;Rm)) <c, /|uk(x,T)|2dx <c¢ and g/|”k|pdx‘” ¢ (11
2 o

By (11) and the growth condition in (H7), we have

/ la(x, t, Duk)|p/dxdz <c / |Dup|Pdxdt +1 | <c, (12)
9] 9]
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Existence of solutions for parabolic variational inequalities 737

where ¢ is a constant independent of € and k. From (11) and (12), there exist a subsequence
of (ur)x (still denoted by (ux)), x € LP’(Q; M™*") and g € LP/(Q; R™) such that

ue—ue in LP(0, T; Wy (2: R™)),
ug—*ue in L=(0, T; L>(£2; R™)),
a(x, 1, Dug)=x in LV (Q; M"™*"),
Hug 1P2ug =g in LP(Q; R™).

By the compact embedding Wol'p(.Q; R™) — LP(£2; R™), one has uy — uc in L?(Q; R™)
and almost everywhere in Q (for a subsequence). Thus, as k — oo, we have

{ u, —> u; ae. (x,t)€Q, (13)

1y, —p=2, — 1y, — 1 p—
Hug 1P72uy — HuZ1P72u; ae. (x,1) € Q.

From (11) and (13), it follows that g = é|u;|”’2u€’. Letp € LP(0, T, Wol’p(.Q; R™)), then
there exists a sequence ¢ € CY0, T; Vi) such that ¢y — ¢ in LP(0, T; Wol’p(.Q; R™)).
By virtue of (9) and Holder’s inequality, we get

’/ Quk  d dt‘
—_— X
TR

0

1
= ‘/f(x, Hordxdt — /a(x, t, Duy) : Dordxdt + - / |uk—|17—2uk_<pkdxdt
0 0 0
=< c”w‘”LP(O,T;WOI'”(Q;R”’))’

where we have used (11) and (12), and c is a constant independent of k and €. Consequently,
I %||L,,/(O,T;W,1»,,/(Q;Rm)) < c. It immediately follows the existence of a subsequence of
(uy) (still denoted as (uy)) such that

8 ! !
%—\a in LP' (0, T; W=7 (2 R™)).

Lety € C3°(Q; R™), by letting k — oo in [ %wdxdt = —fukaa—’fdxdt, it results
9] 0

9
/(xwdxdt - —/uea—l/t/dxdt.

Q Q

e

This implies o = TR On the other hand, since fQ |ug (x, T)|2dx < c, there is a subse-
quence of (uy(x, T)) (still labelled by (ux(x, T))) and a function #™ in L2(£2; R™) such that
up(x, T)—u* in L2(£2; R™). To identify u* with u(x, T'), we use the fact that

ad
/%widxdt = /uk(x,T)widx —/uk(x,O)w,-dx.
o 2 Q2

Passing k to infinity, it results by integration by parts, that f_Q urw;dx = f_Q ue(x, T)widx.
We conclude, by the completeness of {w;};, that u™ = u.(x, T), i.e.,

/uf(x, T)dx < likminf/u,%(x,T)dx. (14)
— 00
2 2
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738 F.Balaadich

Note that, since (ux) is bounded in L?(0, T’ Wol’p(Q R™)), it follows by Lemma 1
the existence of a Young measure v( n generated by (Duy) in LP(Q; M™*™) and satisfy-
ing Lemma 4. Remark that the generated Young measure is labeled by €, as well as Duy,
depending on it.

To identify xy with a(x, t, Du.), we will need the following inequality:

(a(x,t,%) —a(x,1, Due)) : (A = Due)dv(, ,(M)dxdt <O0. (15)
0 Mxn
To see this, consider the sequence
Yi = (alx, t, Dup) —a(x, t, Du)) : (Dug — Duy)
=Yi,1 — Yi2,

where Y 1 = (a(x, t, Duy) : (Duy — Du¢) and Yy 2 = a(x,t, Duc) : (Duy — Dug). As in
(12), it follows that a(x, ¢, Du,) € Lp/(Q; M™>*™). On the one hand, because of the weak
limit defined in Lemma 4, we obtain

liminf/ Yi2dxdt = / f a(x,t, Duc) : (A — Duc)dxdt
k— 00

0 1
=/a(x,t, Due)</ AdV, 1)) = Duc)dxdi = 0. (16)
0 M
:=Duc(x,1)

On the other hand, since (a(x, t, Duy) : (Duy — Du,)) is equiintegrable (by (11), (12) and
Holder’s inequality), Lemma 3 implies
liminf/a(x, t, Duy) : (Duy — Duc)dxdt
k— 00
¢ (17)
> / / a(x,t,A): (A — Due)dv(ex!t)()\)dxdt.
Q M xn

The next step is to show, that the left-hand side of the above inequality is < 0. We have

Buk 1 —\p=2 —
Wukdxdl + | a(x,t, Dug) : Dugdxdt — — | |u, |? u updxdt = [ fupdxdt.
€
(9] 9] o 9]

By using this equation, it results

Y = liminf/a(x, t, Duy) : (Duy — Duc)dxdt

k—o00

0

_11mmf ffukdxdt /—ukdxdt+ /|uk |2 uy updxdt (18)

—fa(x, t, Duy) : Ducdxdt
o

@ Springer



Existence of solutions for parabolic variational inequalities 739

Passing to the limit as k — oo in (9), we then have the following energy equality:

d

9 1
/ M; <pdxdt+/x : Dodxdt — 7/|u;|p*2u;<pdxdt :/f(pdxdt.
€
0 0 0 0

Passing to the limit as k — oo on the right hand-side of (18), we get

1 1
Y S/fuedxdt— E/ug(x,r)abmr E/uz(x,omlx

2

0 2
1
— f/|u6_|1’dxdt —/X : Ducdxdt.
€
0

0

By taking ¢ = u. in the energy equality and plugging it in the right-hand side of the above
inequality, we arrive at ¥ < 0 as desired. From this and (16), the Eq. (15) follows. In virtue
of the monotonicity of the function a, we conclude the following localization of the support
of vE .:

(x,1)

(a(x,t,%) —a(x,t, Duc)) : (A — Duc) =0 onsuppvf, . (19)

Now, we identify x with a(x, t, Du) as follows:
From the monotonicity assumption, we can write for all 7 € R and § € M"*"

0< (a(x,t,A)—a(x,t,Due—f—rS)) (A — Du, — 1) 20)
=a(x,t,A): (A—Due) —a(x,t,)) :t&€ —a(x,t, Duc +1€) : (A — Due — t§),

which implies by (19)
—a(x,t,)): & > —a(x,t, Duc) : (. — Due) +a(x,t, Duc + t€) : (A — Du — 7§).
Note that

a(x,t, Duc +t€): (A — Due — t€)
=a(x,t,Duc +1&): (A — Duc) —a(x,t, Duec + t€) : &
=a(x,t,Duc) : (A — Duy)

+ r((Va(x, t, DuE) : (h — Dug) — a(x. 1, Dug) : g) +o(0),
where V is the derivative of a with respect to its third variable. Therefore
—a(x, 1,0 : TE > t((Va(x, 1, Du)E) : O — Dug) — a(x, 1, Dug) g) +o(1).
Since 7 is arbitrary in R, we get
a(x,t,)) &€ =a(x,t,Duc): &+ (Va(x, t, Dug)é) : (Due — A) (21)
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740 F.Balaadich

€

holds on the support of v(, ). The equiintegrability of a(x,#, Duy) implies that its weak
L'-limit @, is given by

Qe(x, 1) := / a(x,t, A)dvfxyt)()»)
men

= f (a(x, t,Du.) + (Va(x, t, Due)) : (Due — )»))dv(exyt)()») (by (21)) (22)
supp u(fx_t)

=a(x, 1, Duc),
where we used

IV, lla@ensny =1 and  (Va(x, 1, Due)) f (Due — 2)dv(, y(2) = 0.

suppv&[)
Consequently
a(x,t, Dup)—y =a(x,t, Du) in LV (Q: M™™).

In view of (9), for all ¢ € clo,T; V;) with j < k, letting k — oo it holds

ol ¢ 1 =2 -
” @dxdt + | a(x,t, Due) : Dodxdt — . lus [P "u; pdxdt = | fedxdt,

[¢) 9] o o
(23)
and since C1(0, T; szl V;)is densein L7 (0, T’ Wol’p(SZ; R™)), the Eq. (23) holds for all
¢ € LP(0,T; Wy"(2; R™)). D

4 Variational inequality
We shall prove the main result of this paper. Denote

d ’ /
K= {w € LP(O0, T; Wy'P (2 R™) N C(0, T; L*(2; R™)), 8—’;) eLP (0, T; WP (2;R™)) :
0<wkx,0) =uplx) e LZ(Q; R™), w(x,t) >0 ae. (x,1) € Q].
The main theorem can be stated as follows:

Theorem2 Let f € LY O, T, w—Lp (£2; R™)) and suppose that (Hy)-(H,) are satisfied.
Then there exists a function u(x, t) € K such that for allv € LP(0, T; Wol’p(.Q; R™)) with
v(x,t) >0 fora.e. (x,t) € Q, there holds
ad
/ a—?(v —u)dxdt +/a(x, t, Du) : (Dv — Du)dxdt > / f(v —u)dxdt,
Os Os Os

for almost every s € [0, T].
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Existence of solutions for parabolic variational inequalities 741

Proof (i) A prior estimates
Let us take ¢ = uc.x(0,1) as a test function in Definition 2 (where x (o) is the characteristic
function of (0, 7)), t € (0, T'], thus

at
(o O O

:/f(x,t)uedxdt,
O

due 1 Cpea
uedxdt + [ a(x,t, Due) : Duedxdt — — [ |u_ |P"“u_ ucdxdt
€

where Q; = §2 x (0, t). Integrate the first term, it follows by the coercivity condition in (H1)
and Holder’s inequality, that

= | lue(x,)|°dx + oo | |Duc|Pdxdt + — | |u_ |Pdxdt
€

2
2 [ O:

< e+ ltell g 7o iy (24)

where c is a constant independent of € and ¢. Consequently

(ue)e is bounded in L>(0, T; L*(£22; R™)) N LP(0, T Wol’p(.Q; R™))
and 1 / lu_|Pdxdt < c. (25)
‘ 0
Similar to that in (12), one has
I, _

laCx, t, Due)ll gy < ¢ and | 1 2ug || gy < e (26)

Using (25) and (26), we deduce from Definition 2 that for all ¢ € LP(0, T; Wol’p(.Q; R™))

ou
=+

1 ”LP'(O,T;W’I’P/(Q;R'”)) = sup

]
/ e (pdxdt‘ <ec. (27)
<] 3t

Lr.wy P@Em) =

el

(ii) Passage to the limit
As in the previous section, from (25 to 27) there exists a subsequence of (u.) (still labeled
by (u¢)), such that

ue—u in LP(0, T; Wy'P(2; R™)),

ue—*u in L0, T; L*(£2; R™)),

a(x,t, Dug)—oc in LY (Q; M™M*n), (28)
u; — 0 in LP(Q; R™),

e o in LP'(0, T; WP (2, R™).

Let ¢ € C{°(Q; R™), we have fQ %gﬂdxdt = - fQ ueg—‘fdxdt. Passing to the limit and

using (28), there holds fQ apdxdt = — fQ u%—‘fdxdt, and therefore o = 2%, By virtue of
(28), there exists a subsequence, still denoted as (u¢), such that uc — u in L?(Q; R™)
and almost everywhere, thus u_ — u~ a.e. (x,t) € Q. Moreover, from (13) we have
u- = 0 forae. (x,1) € Q, that is to say u(x,t) > 0 for a.e. (x,¢) € Q. Since u, €
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L0, T; L2(£2; R™)), for all s € [0, T, we have uc (x, s)—u* in L>(£2; R™). Let ¢ €
Co°(2; R™) and n(¢) € C([0, s]). By passing to the limit in

0
/ E;Itte n(t)e(x)dxdt
Os

Z/ue(x,S)n(S)w(X)dx—/uo(X)n(O)w(X)dx—/ue%?(pdxdt,

2 2 Os
it follows by the integration by parts, that
/ ((u* — u(x, s))n(s)tp(x) — (u(x, 0) — uo(x))n(O)ga(x))dx =0.
2
If we choose n(s) = 1 and n(0) = 0, or n(s) = 0 and n(0) = 1, we then get u* = u(x, s)
and u(x, 0) = ug(x) (by the density of C{°(£2; R™) in L?(£22; R™)).
By (25), there exists a Young measure v(y ;) generated by Du, in L?(Q; M™*") and verify

the properties of Lemma 4. The next step has for goal to identify o with a(x, ¢, Du). To do
this, we consider the sequence

I = (a(x,t, Duc) — a(x, t, Du)) : (Duc — Du)

According to the weak limit in Lemma 4, we have

lin}) a(x,t, Du) : (Duc — Du)dxdt

e—
o
= /a(x, t,Du) : ( / Ay (X)) — Du)dxdt =0.
Q Mmxn
—
:=Du(x,t)

This and Lemma 3 implies

€—>

Q Q Mmxn

limi(r]lf/ lcdxdt > / / a(x,t, 1) 1 (A — Du)dv »(M)dxdt.

Similar to the previous section, there holds
(a(x,1,A) —a(x,t,Du)) : (A — Du) =0 onsupp v,p. (29)

By the same procedure from (20) to (22) and equiintegrability of (a(x, ¢, Duc)), it follows
that the weak L!-limit of a(x, t, Du¢) is a(x, t, Du). Therefore o = a(x, t, Du). ]
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Remark 1 Note that, since a(x,t, Duc) = [ a(x,t, A)dvfx 0 (1), thus one can directly
men
pass to the limit using Lemma 5 and (21) as follows:
a(x,t,Duc) = / a(x,t,)»)dv(ex’t)()»)

supp vfxv n

- f a(x,t, AM)dv,n (L)

SUpp V(x,r)

- / (ate. 1, Du) + (Vate, 1, D) : (Du =) )dve ()
SUPP V(x, 1)
=a(x,t, Du).

Proof (iii) Existence of weak solutions
Letv e LP(0,T; Wol’p(.Q; R™)), v > 0. By taking ¢ = v—u, as atest function in Definition
2, we get

3
f te vdxdt+/a(x,t, Du,) : (Dv—Dug)dxdt—/f(v—ue)dxdt

at
Os Os Os
ol ¢ 1 C o
= | —uedxdt +— [ lu_ |P"7u_ (v — ue)dxdt
at €
Q\' Q,\'

1 1
> 5/|u5<x,s)|2dx—5/|ue(x,0>|2dx,
2 2

ie.,

ot
Qs Qs Qs

1 1
> 5/ lue (x, 8)|>dx — E/|u€(x,0)|2dx+/a(x,t,DuE) : Ducdxdt.
2 2 Os

0
/ te vdxdt + / a(x,t, Du¢) : Dvdxdt — / f(v —ue)dxdt

(30)

Since %e—8 in LP'(0, T; W=1'7'(2; R™)), a(x.t, Duc)~o0 = a(x,t, Du) in L¥

(Q; M™*™) and Due—(v(x 1), id) = Du(x,t)in LP(Q; M"*"), we conclude as € — 0,
that

/ 2—?(1} — u)dxdt +fa(x, t, Du) : (Dv — Du)dxdt > / f(v —u)dxdt,

Os Os Os
for almost every s € [0, T]. Remark that, since u € L?(0,T; WOI’P(.Q; R™)), ‘3—’; IS
LP O, T; WP (2;R™)) and {u € LP(0, T; Wy " (2; R™)) = % e LV (0, T; W=/
(£2; Rm))} is continuously embedded in C (0, T'; L2(£2; R™)),thusu € C(0, T LZ(Q; R™))
and the proof is complete. O
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