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Abstract

The aim of this work is to discuss the proportionality of the multifractal measures. We
will prove that the ratio of the multifractal measures is bounded. In addition, for a class of
homogeneous Cantor sets, we find an explicit formula for their multifractal Hausdorff and
packing function dimensions and discuss some interesting examples.
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1 Introduction

Let u be a probability measure on a metric space X. The Hausdorff multifractal spectrum
function, f,, and the packing multifractal spectrum function, F),, of the measure p are defined
respectively by

fule) =dimy(E(x)) and F, (o) =dimp(E(a)) for a >0,
where
E(@) = {x € supp(); p(B(x,r)) ~r}.

During the past 25 years there has been an enormous interest in computing the multifractal
spectra of measures in the mathematical literature. Particularly, the multifractal spectra of
various classes of measures in Euclidean space R" exhibiting some degree of self-similarity
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have been computed rigorously. The reader can be referred to the paper [13], the textbooks
[8, 15] and the references therein. Some heuristic arguments using techniques of statistical
mechanics (see [11]) show that the singularity spectrum should be finite on a compact interval,
noted by Dom(u), and is expected to be the Legendre transform conjugate of the 7, -function,
given by

1
7,(q) = limsu log su w(Bx;, rNt,
ulq) =limsup ———log p:; j

where the supremum is taken over all centered packing (B(x,-, r))i of supp(w). That is, for
all @ € Dom(w),

ful@) = qigﬂg{aq + 7.9 = i@, (1.1)

The multifractal formalism (1.1) has been proved rigorously for random and non-random
self-similar measures, for self-conformal measures, for self-affine measures and for Moran
measures. We notice that the proofs of the multifractal formalism (1.1) in the above-mentioned
references (see for example [2, 3, 13, 14, 21, 23-25] and references therein) are all based on
the same key idea. The upper bound for f, («) is obtained by a standard covering argument,
involving Besicovitch’s covering theorem or Vitali’s covering theorem. However, its lower
bound is usually much harder to prove and is related to the existence of an auxiliary measure
(Gibbs measures, Frostman measures) which is supported by the set to be analyzed. In an
attempt to develop a general theoretical framework for studying the multifractal structure
of arbitrary measures, Olsen [13], Pesin [15] and Peyriere [16] suggested various ways of
defining measures analogous to those of Gibbs measures in very general settings. For an
arbitrary Borel probability measure © on R”, they introduced two parameter families of
measures,

{jf;j“; q,te]R} and {.@Z”; q,teR},

based on certain generalizations of the Hausdorff measure and of the packing measure. One
of the main importance of the multifractal measures %’jf " and L@Z", and the corresponding
dimension functions b and B is due to the fact that the multifractal spectra functions f, and
F,, are bounded above by the Legendre transforms of b and B, respectively, i.e.,

dimy (E(a)) < b*(a) and dimp(E(x)) < B*(a) forall o« > 0.

These inequalities may be viewed as rigorous versions of the multifractal formalism.
Furthermore, for many natural families of measures we have

dimyg (E(x)) = b*(e) and dimp(E(x)) = B*(«) forsome o >0,

see for example [2, 3, 5, 12-14, 21, 23-26]. It is clear by comparing the definitions of the
measures jfj{“ and 3”,‘1”, and definition of the 7, -function which appears in the multifractal
formalism that b(q) and B(q) are mathematically rigorous versions of 7,,(q), and that the
one-parameter families

{,%,ﬂlf’b(q); q ER} and {,@Z'B(C’); q ER},

play the role of the auxiliary measures { Hgs g € R}. In particular, we would expect that

the measures {7}/ P@, 4 e R} and PLPD. g e R} have similar properties to those
of the auxiliary measures { g g € Rj}. This has been proved rigorously for self-similar,
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quasi self-similar, homogeneous Moran measures, self-conformal measures and for arbitrary
measures.

Even though it seems rather unlikely that the multifractal Hausdorff and packing measures
are proportional in general. In this paper, we will prove that the ratio of the measures ,%”,f 5@

and ,@Z’B(q) might still be bounded, i.e., there exists a number 0 < ¢, < +00 such that

j%q,b(q) < p9:B@ < ¢, 9@

Lsupp) — M Lsuppy — 47K Lsupp(u)

which provide a positive answer to Olsen’s questions [13, Question 7.6] and [14, Question
4.1.12] in a more general framework. We give also a reasonable lower and upper bound for
the multifractal Hausdorff and packing measures of homogeneous Moran sets. In particular,
these results find an explicit formula for their multifractal Hausdorff and packing function
dimensions. We note that our results, due to the use of the multifractal Hausdorff and packing
measures introduced in [13], appear as natural multifractal generalizations of some of the
main results in [1, 9, 10, 17, 18] and completely different from those found in [19].

We will now give a brief description of the organization of the paper. In the next section,
we recall the definitions of the various multifractal dimensions and measures investigated in
the paper. Section2 recalls the multifractal formalism introduced in [13]. Section3 contain
our main results. The proofs are given in Sect.4. The paper is concluded with Sect. 4 that,
lists some interesting examples.

2 Preliminaries

We start by recalling the fine multifractal formalism introduced by Olsen in [13]. The key
ideas behind the fine multifractal formalismin [13] are certain measures of Hausdorff-packing
type which are tailored to see only the multifractal decomposition sets E (o). These measures
are natural multifractal generalizations of the centered Hausdorff measure and the packing
measure and are motivated by the 7, -function which appears in the multifractal formalism.
We first recall the definition of the multifractal Hausdorff measure and the the multifractal
packing measure. Let ;1 be a compactly supported probability measure on R”. For ¢, t € R,
E C R" and § > 0, we define

ZUS(E) = sup {Z (B (x;, ri>)"(2r,»)’} , E#40,
i

where the supremum is taken over all centered §-packing of E. Moreover we can set

@Z’; (?) = 0. The packing pre-measure is then given by

—q,t . —(q,t
‘@u (E) = él;f(‘) QWS(E).
In a similar way, we define
H3S(E) = inf {ZM(B(xi, r,->)‘f(2rl-)’] , E#0,
i

where the infinimum is taken over all centered §-covering of E. Moreover we can set
%Z’s (#) = 0. The Hausdorff pre-measure is defined by

%Z’I(E) = :ug%ﬁtg(E).
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Especially, we have the conventions 09 = oo forg < 0 and 09 = 0 forg > 0.
%ﬁ” is o -subadditive but not increasing and @i’z is increasing but not o -subadditive.
That’s why Olsen introduced the following modifications on the multifractal Hausdorff and
; q.t gt
packing measures ¢, and &7, ,

ALNE) = sup AL (F) and 29(E)= inf Y PU(E)).
W(E) = sup 7, (F) and 2 (E) 55&5,-,2 i (ED)

In follows that %,f’ " and 3”3” are metric outer measures and thus measures on the Borel
family of subsets of R"”. An important feature of the Hausdorff and packing measures is
that @Z’r < ?Z’t. Moreover, there exists an integer £ € N, such that %”Hq ! <é£ @Z’t. The
measure J“i‘,’f " is a multifractal generalization of the centered Hausdorff measure, whereas
@Z’t is a multifractal generalization of the packing measure. In fact, it is easily seen that if
t > 0, then jfl?'t = " and 3”2” = ' where 7#"' denotes the t-dimensional centered
Hausdorff measure and 92" denotes the z-dimensional packing measure.

The measures .7/ " and @Z’t and the pre-measure @Z’r assign in the usual way a multi-
fractal dimension to each subset E of R”. They are respectively denoted by b}, (E), BL(E)
and A7, (E) and satisfy

b1(E) = inf {t e R; A (E) = 0},
BY(E) = inf [1 € B; 741(E) =0}
and
AL(E) = inf [+ e R 7L (B) = 0.

The number bZ(E ) is an obvious multifractal analogue of the Hausdorff dimension
dimg (E) of E whereas BZ (E) and AZ(E ) are obvious multifractal analogues of the pack-
ing dimension dimp (E) and the pre-packing dimension A(E) of E respectively. In fact, it
follows immediately from the definitions that

dimp (E) = b%(E), dimp(E) = BJ(E) and A(E) = AY(E).
Next, for g € R, we define the separator functions b,,, B, and A, by

bu(q) = bl (supp()), Bu(g) = B (supp(w)) and A,(g) = A% (supp(n)).

It is well known that the functions b, B, and A, are decreasing and By, A, are convex
and satisfying b, < B;, < A,.

The multifractal formalism based on the measures %ﬁf ¥ and @Z'S and the dimension
functions b, B, and A, provides a natural, unifying and very general multifractal theory
which includes all the hitherto introduced multifractal parameters, i.e., the multifractal spectra
functions f;, and F),, the multifractal box dimensions. The dimension functions b, and B,
are intimately related to the spectra functions f, and F,, whereas the dimension function
A, is closely related to the upper box spectrum (more precisely, to the upper multifractal
box dimension function T, see [13]).

The reader is referred to as Olsen’s classical text [13] for an excellent and systematic
discussion of the multifractal Hausdorff and packing measures and dimensions.
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3 Main results

In the next, we suppose the existence of a Gibbs’ measure at a state (¢, By, (q)) for the measure
W, i.e., the existence of a measure v, on supp(u) and constants K, K > 0 and § > 0 such
that for every x € supp(u) and every 0 < r < 6,

K u(B(x, ) 2r)B@ < v, (B(x,r) < K u(B(x,r)? Q2r)Bu@

to obtain the following result which provides a positive answer to Olsen’s questions [13,
Question 7.6] and [14, Question 4.1.12] in a more general framework.

Theorem 1 Letg € Randwe assume that there exists a Gibbs measure v, for pat (q, B, (q)),
then there exists C > 0 such that

Bl. P sbl »BL
C‘@Z’ 1(q) S«ifﬁq uw(q) Sft@z 1 (q) on supp(i),

where & is the constant that appears in Besicovitch’s covering theorem. In addition, if n
satisfies the doubling condition, then there exists C1 > 0 such that

B, oAb B
C 323 1(q) SJi”;? u(q) SWZ 1 (q) on supp().

Example A Let p be the Bernoulli measure with parameters P; and P» which is defined by
the repeated subdivision of a unit mass between the basic intervals of the pre-fractals of the
middle-third Cantor set C. Then,

%pj,bu(q)(c) _ @Z,B,L(q)(c).
Example B To define the Bedford-McMullen carpets, we introduce a digit set
AcC{0o,1,....m—1}x{0,1,....,.n—1}:=1xJ,
where 1 < m < n.Foreach (i, j) € A, we define T ; : R?2 — R2 by

x+i y+j
e = (2, 21).

m

We divide the unit square into nm congruent rectangles

PPt joj+1
Rij= o n | m m |

It follows immediately from the definitions that

7,5 (10. 11 [0, 1) = Rijo VG ) el xJ.
We let E be the unique non-empty compact set which satisfies

E= |J 7).

(i,j)eA

Sets of the form E are usually known as Bedford-McMullen carpets.

We introduce a positive probability vector p with element p; ; for each (i, j) € A. We
also define the related probability vector q where

qi = Z Pi,j-

J.,j)eA
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Thus, we can define a self-affine measure ¢ which is the unique probability measure satisfying

n= Z Pi.j /'LOT
(i,j)EA

Now, suppose that E satisfies these following disjointness conditions: for all distinct
ordered pairs (i, j) € A, (i’, j') € A, we have

T,»,,-([o, 11 x [0, 1]) n T,-/,j/([o, 11 x [0, 1]) —¢ and i —i'| # 1.
Put Q as the set of all infinite sequences of ordered pairs belonging to A,
Q={o=x.x,..0| x;€A i=12..}.
By the disjointness conditions, we known that there is a bijection 7 : 2 — E defined by
T(w) = lnn—l‘rl—&l—lg Ty 0Ty, 0...0Ty (V).

The value of 7 (w) is independent of the initial value v € [0, 1]x [0, 1]. Forx € E, letus write
wy = n_l(x) andletus denote w(n) = (x, x5, ...,x,) forallx; € A, i =1,2,...,n.Let
{a; j; (i, j) € A} be a set of real numbers indexed by A, then write ae ) = Ay Ay, ... Ay, .
Similarly T, () means that the map Ty o Ty, o...o Ty . Now, for (x, y) € R2, let

Py(x,y)=y and Py(x,y)=x.

Fork € N, we let] = [(k) = |ok]|, where |.] denotes the integer part and o = ll(z)gg'r': . Then
the k-th level approximate square is defined as

Si(@) = P (r(w, ) x Pu(r(@, k), where r(w,k) = w<k)([o, 11 % [0, 1]).
It follows that
(K@) = Po)-Go®) G-

Therefore, we define 8(q) (¢ € R) as the unique solution to

o—1

(1-0)q q _
@y bl > i =L

(i,j)eA J(i,j)eA

Lety, = Zj,(i,j)eA p:-{.j. We then define the function (pZ (w) by

q
Gopy/ Yol
(pZ (w) = L
w(k)/yw(k)

Now, we define the set F as a subset of Q satisfying the following condition

0 < inf_liminf (pk (w) < sup lim sup <pk (w) < 4o00. 3.
weF k—+00 a)eF k— 400
Now, we write
— 1— — _ 1—
P = P?,j mP@ ql.( o) 24 ' and Q; = Z P j=m P@) qi( o) vy

J.@,j)eA
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It follows from the definition of g that
S py=
(i,j)eA

Denote by u, the self-affine measure generated by P; ; and T; ;, then
1g (Sk(@)) = Py - Qo - Qo
_ (9 —iB(q) ,(1=0)q o1 —kp(q) ,(1-0)q
= (pw(l) m =P Y0 ch(l) ) (m Pl 90 (k) Vg(k))

IB(q) ,~(-0)g  —
(m pa Do) Vw(?))

q
k N | o/ Yo
=m KP@ (pw(l)qw(k)qw(l)) ((rq -
dow/Yow

= m D (S () ] ().

If we assume that supp(p) = rr(f), x € supp(u) and r > 0, then for all v = 771 (x), we
can choose /1, k € N such that

_ _ _ r _
mh<r§mthl and m* < — <m 1, (3.2)

nv2 ~

It follows from (3.2) and the disjointness conditions that

Sk(w) € B(x,r) and B(x,r)NE C S;_1(w).
Now, (3.1) implies that p, is a Gibbs measure for i at (g, 8(¢g)) and
bu(q) = Blg) = B.(q).

Finally, by using Theorem 1, there exists C; > 0 such that
C yz~3u(q) < (%beﬂ(q) < @Z»Bu(q) on supp(i).

Note that this example is already discussed much more comprehensively and complexly in
[14, Section 6.7]. Indeed, in [14], Olsen considers Bedford—-McMullen sponges in R4 rather
than Bedford-McMullen carpets in R?.

In the following, we give an example that had not already been investigated and studied
for which the conditions of our main theorem are satisfied.

Example C Let p be an integer with p > 2. Theorem 1 applies to a family of measures
supported by the full p-adic grid of [0, 1], namely the quasi-Bernoulli measures.

We denote < the set of words constructed with {0, 1, ..., p — 1} as an alphabet. Provided
with concatenation, <7 is a monoid: if a and b are two elements of <7, we denote by ab the
word obtained by concatenation of @ and b. The empty word, which is the unit, is denoted by
. we denote the set of words of length n by .<7,. Now, we consider a sequence {{Ia Yac), }n>]
of nested finite partitions of the interval [0, 1[ in right half-open intervals: the intervals 7,
[ =0,1, ..., p— 1 constitute a partition of the interval I,. If x € [0, 1[, we denote by I,,(x)
the element of the n-th generation {I,},c.s Which contains it. The length of an interval I is
denoted |7|. We assume (| - | is almost multiplicative) that there is a positive constant L such
that

Va,b € o, L™ 1, 1Ip] < [Lap| < LI 1]
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Let us now consider the particular case where the sequence of partitions is given by the
p-adic intervals {{Ia}aa@/,, }

n>1°

n n
Ifa=a;...-a,, then I, = |:Zakp_k, Zakp_k + p_":| .
k=1 k=1

A probability measure on [0, 1[ is said to be quasi-Bernoulli if there exists M > 0 such
that, for any ¢ and b € 7,

M7 (L) i () <t (Tap) < M (1) 11 (Ip) -

Let u be a quasi-Bernoulli measure, for any ¢, t € R, we define

%
Hu(q. 1) =limsup Y pu(la)!|L|",

n—+00
+ acly

where the star * means that the terms for which @ (/,) = 0 are removed (a convention valid
throughout this example), and let

Tu(q) = sup [t eR; (g, 1) = _,_Oo}.

It follows from Bhouri [4] and Peyriére [16] that, if  is a quasi-Bernoulli measure then there
exist K > 0 and a measure v, such that forall a € <7,

1
< 1o ™D < vy (1) < K u(Ig)? 1o, 3.3)

In the next, we will compare the function 7, (g) to A, (g). For this we need the following
extra condition:

w(lz)(Ip) = 0 whenever the intervals I, and I, are contiguous. (3.4
Lemma 1 One has t,(q) = A, (q).

Proof Let x € supp(u),0 < r < + and n such that p™"~! < r < p~. To prove Lemma 1,
we will prove that, there exista € </ and j € {0, ..., p — 1} such that

0 < 1 (laj) < u(BG. 1)) < (o). (35)

Proof of (3.5). Without loss of generality, we can assume that x € [0, 1[. Two cases can
then arise.

Case 1. uw(I,(x)) # 0.

Note that in this case, u(B(x,r)) < wu (I,(x)). Indeed, the condition (3.4) implies that
I,,(x) is the only interval of the n-th generation, of non-zero measure, meeting the ball
B(x, r). Moreover, we have I,,11(x) C B(x, r) since p" 1 <r.The property (3.5) is then
verified if u (I,,41(x)) # 0. It therefore remains to study the case where u (1,4+1(x)) = 0.
Let I, be the interval I, (x), given (3.4) and the fact that x € supp(u), I,+1(x) is different
from I,0 and therefore the interval I,; which is just to the left of 1,41(x) is contained in
B(x,r) and has a non-zero measure. The property (3.5) is therefore satisfied in the case
where p (I,4+1(x)) =0.

Case 2. u(1,(x)) = 0.

Since x € supp(u), x is necessarily the left end of the interval I, (x). Consider now
the interval I, of the n-th generation which is to the left of /,,(x) and which is contiguous
to it. We then have u (I,) # 0, since x € supp(u). The real r being strictly less than
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p~", 1, is therefore the only interval of order n, of non-zero measure, meeting B(x, r). As
consequence (B (x,r)) < u (I,). Moreover, taking into account the inequality p_"_1 <r,
we have I,; C B(x,r) for j = p — 1. The assumption x € supp(u) then implies that
1 (1aj) # O, which establishes the property (3.5).

The proof of Lemma 1 follows immediately from the property (3.5) (for more details see
[20]). O

Let us now show that (3.3) is valid for intervals centered in the support of p, in other
words vy is a Gibbs measure for u at (g, A, (g)).

We consider here only the case ¢ > 0, the other case is treated in the same way. Let
x € supp(u) = supp(vy),0 <r < p~! and n be the integer such that p™"~! < r < p~™. It
follows immediately from (3.3) that

vy () =06 u(ly) =0. (3.6)
By using (3.5) and (3.6), there is a word a € <%, and aletter j € {0, 1,..., p — 1} such that
0 < 1t (la) < (BGx. 7)) < pt (o) (3.7)

and
0 < vy (Iaj) < vg(B(x,r) < vg (L) (3.8)

It follows from (3.3) and (3.8) that

1
o (1a))" |1 [ < vy (B 1)) = Kt (L) 1al"®. (3.9)

Since y is a quasi-Bernoulli measure and y (I,j) # 0, it results that

1 /p\4 MN\1?
= (5) 1D 1|7 = vy (B < K (;) 1 (L)) 179,

where p = inf {u (I): b € {0, 1,..., p — 1} and p (Iy) # 0}. Since r < |I,| < pr, we,
therefore, have by using (3.7) and (3.9),

1 1\7@
T R—

M q
<vy(B(x,r)) <K (—) @)@ (B (x, ) 2r) .
0
Now, Lemma 1 implies that, there exists a constant K; > 0 such that

Kiu(Bu, mMN1Q2r)A @D < v, (B(x, 1) < Kiu(B(x, )4 Q2r)2n @,
1

q
where K| = (%) (2p)2+ @ Which implies that

bu(‘]) = Bu(‘]) = A;J_(Q) = TM(CI)

and v, is a Gibbs measure for u at (¢, By, (q)). Finally, it follows from Theorem 1 that, there
exists C1 > 0 such that

C1 24D < D < g PP o0 supp(),

where £ is the constant that appears in Besicovitch’s covering theorem.
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3.1 Moran sets

Let us recall the class of Moran sets. We denote by {n}r>1 a sequence of positive integers
with ny > 2 and & = {P;}x>1 be a sequence of vectors satisfying

D = (Ck, 15 Ck,25 -5 Chony)» WithO < ¢ j <1, Yk e N, VI < j < ng.
Dy = { Gmsimsrsoovi): 1=ij=nj, m=j<k| and D=Dig

Define D = | Jy~ Dk
Leto = (o1, ...,0%) € Dk, T = (Tht1s - - - » Tm) € Dgg1,m, we denote o x 7 =
(Gla"'aak7rk+l5"'afm)'

Definition 1 We say that the collection .# = {J,, o0 € D} fulfills the Moran structure if it
satisfies the following conditions:

(1) Forallo € D, J, is similar to J, that is there exists a similarity mapping S, : R¢ — R?
such that S, (J) = J,. Here we set Jy = J.

(2) Forall k > 0 and 0 € Dy, Jox1, Jox2s - -+ s Joun,, are subsets of J,, and satisfy that

Jy NI, i = # (i # j) [we call such assumption open set condition (OSC)], where
A° denotes the interior of A.

(3) Foranyk > 1,0 € Dr—jand 1 < j < ng, cx,j = |Ja|. , 1 < j < ng, where |A|
denotes the diameter of A.

Let .7 = # (J, {nk}, {®«}) be a collection having Moran structure. The set E(.%) =
(k=1 Usep, Jo is called a Moran set determined by 7. It is convenient to denote
M (J, {ni}, {®r}) the collection of Moran sets determined by J, {ny} and {®y}.

Remark 1 If limy_, 4 o0 sup, ¢ Dy |Jo| > 0, then E contains interior points. Thus the measure
and dimension properties will be trivial. We assume therefore limy_; o sSUp, ¢ Dy |Js] = 0.

Now, we consider a class of Moran sets E which satisfy a special property called the
strong separation condition (SSC, which is stronger than OSC), i.e., take J, € .%. Let
Jos1, Jos2, -+ s Josn,, be the ngyy basic sets of order k + 1 contained in J;, then we
assume that for all 1 < i # j < ngy — 1, dist(Jo4i, Joxj) = AxlJs|, where (Ap)ken is a
sequence of positive real numbers, such that

0<A=inf Ay < 1.
keN

Then the assumption limg— 400 SUP,ep, |Jo| = O follows.

Ifweaskcy, j = cpforalll < j < ng, where {ci}x>1 is a sequence of positive numbers, we
can get the Moran structure and Moran sets. In this situation, we call them by homogeneous
Moran structure and the collection of Moran sets, and denote by .% = % (J, {nx}, {cx}) and
M= M, (i}, {ee]) -

3.2 Moran measure

Let {Pi’j};f":l be probability vectors, i.e., P;j > 0and 300, P j = 1G = 1,2,..)),
suppose that Py = inf {P; ;} > 0. Let u be a mass distribution on E such that for any

Js (0 € Dy) W(Js) = PioProy - Pro, and p (ZoeDk Jg) = 1, we call u a Moran
measure on E.
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For g € R, we define the following functions

Yt log (Z’}& Pi,j)
—log(cy -+ cr)
B(g) = liminf fr(q) and B(q) ZI;mSUPﬂk(q)-

— 400

Bk(q) =

’

In the following theorem, we find an explicit formula for the multifractal Hausdorff and
packing function dimensions of a homogeneous Moran set satisfying the strong separation
condition.

Theorem 2 Let E be a homogeneous Moran set satisfying (SSC) and i be the Moran measure
on E. Then for all g € R, we have

bu(q) = B(g) and B,(q) = B(q) = Au(q).

Remark 2 The results developed by Beak in [1] and Feng et al. in [10] are obtained as a
special case of the multifractal theorems when g equals 0.

Remark 3 Let E be a homogeneous Moran set satisfying (SSC) and u be the Moran measure
on E. If the limit limg_, 1 oo Br(¢) = B(q) exists, and forall k > 1, k(B(q) — Br(g)) < 400,
then by using [24, Proposition 3.1] there exists a probability measure v, supported by E such
that for any k > 1 and o € Dy,

m (Jao)q |J00‘ﬂ(q)
D U |6 P@

oeDy

Vg (Jgo) =

It follows from k(8(q) — Bx(q)) < +oo forall k > 1 that

0 < lim inf D o) 1o lP@ <limsup Y p (J5)? 16 |P9 < +oo.

k—+00

oeDy oeDy

Now, by using the strong separation condition, we have

bu(‘]) =B(q) = B/L(Q)

and vy is a Gibbs measure for u at (¢, B, (q)) (it is the case of [6, 7]) which implies that the
conditions in Theorem 1 are satisfied.

4 Proof of main results
4.1 Proof of Theorem 1
This theorem follows immediately from the following lemma.

Lemma2 Forany q € R, there exist two constants K1 > 0 and K, > 0 such that

05D < kv, and Kyvy < A7 on supp(u).
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Proof Fix § > 0 and let (B (xi, 1) ) N be a centered §-covering of supp(ux). Then

ie
vy (Supp(p)) < Y vy (B (xi, 7))

<K Y n (B, ) @r)H@

1

= YZ w(B(xi,ri)? (zri)bu(q) .

1

Consequently

% vy (supp(u)) < 2054 supp(u)) < %@ supp()) < A4 @ (supp()).
Let F be a closed subset of supp(u). For § > 0 write
B(F,5) = {x e supp(p):  dist(x, F) < a}.
Since F is closed, B(F, §) \ F for § N\ 0. Then for all ¢ > 0, there exists &g satisfying
v (B(F,8) <vg(F)+e, VO0<38<2d.

Now, fix § > 0 and let (B(xi, r,~)> N be a centered §-packing of F. Observing that

ie
D vg(B(xi,ri))

i

IA

K (Bxi,ri)? @2ry)Bn@

IA

vy (B(F,8)) <vg(F)+e¢
Vg (supp(u)) + €.

IA

It results that
—4g.,B
KO F) < (v uppo) +e).

Letting ¢ | 0, now yields

»B 5 »Bt
K 2859 supp)) = 705 (supp()) < v, (supp(u))

which proves the desired result with K, = % and K| = %

4.2 Proof of Theorem 2

We present the tools, as well as the intermediate results, which will be used in the proof
of our main result. First, we express the multifractal Hausdorff and packing measures of a
homogeneous Moran set as the explicit form with ng, ¢, and P; ;.

Proposition 1 Let E be a homogeneous Moran set satisfying (SSC) and w be the Moran
measure on E. Then forall q,t € R,
(1) there exists A > 0 such that

N

k k  npy
s q .t q,t R q .t
. < < .
A Jim inf ]_[1 § ley]cm < A0 (E) < lim inf ]_[1 § ]Pm’Jcm.
m=1 j= m=1 j=
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(2) If limsupy_, o, ]_[m 12 P, / ¢l = 0 or 400 then 2} (E) = 0 or +00 which
implies that @Z (E) = 0 or +o0.
(3) There exist C and c,, > 1 such that

m

max (1, C2q> ~! lim sup l_[ Z Prz Jcm < @Z”(E)

k—)oomljl

Nm

<<@q (E)<cp11msupl_[2 m,j m

0 =1 j=1

Proof The verification of this proposition now follows routinely from the theory described
by Wu et al. [24, Propositions 3.3 and 3.4] and [22, Theorem 1]. O

Remark 4 For any k > 1 and o € Di_1, J5, Jox1, .., Josn, are arranged from the left to the
right, J,41 and J, have the same left endpoint, J;.,, and J, have the same right endpoint,
and the lengths of the gaps between any two consecutive sub-intervals are equal. We denote
the length of one of the gaps by y;. Motivated by some results developed in [17, 18], we
conjecture that if yx4+1 < yx (or yx+2 < yk and yx4+3 < yx) for all k > 1 then

Nm

qb“(q)(E) —hmmf 1—[ Z o zf(q).

m=1 j=1
Now, we define the following auxiliary dimensions

Nm

o(q) = 1nf{teR hmmfnz m,m= }
m= 1/1
:sup{teR; hmmfl_[Z ,j m_+oo}
m=1 j=1

and

o(q) = 1nf[te]R hmsupnz O = }

k=00 m= 1] 1
Nm
sup[t eR; hmsupn Z . j c —+oo}
k—oo - 1j=1
It follows from Proposition 1 that, for all g € R
bu(q) =¢(q) and B,(q) =9(q) = Au(q).

Theorem 2 is a consequence of the following proposition.

Proposition 2 Let E be a homogeneous Moran set satisfying (SSC) and i be the Moran
measure on E. Then for all g € R, we have

¢(q) = B(g) and B(q) = B(q).
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Proof Lett > B(q), then there exists a subsequence (k;); such that

ki Nm
Sy log (X5, Pi )

t >
— lOg(Cl e Ck,')
Which implies that
ki np nm
q
1_[ ZPm]cm <1 and llrgloléf 1_[ Z gy m <
m=1 j=1 m=1 j=1

which clearly implies that ¢(q) < B(g). The proof of the other inequality is identical to the
proof of the first statement and is therefore omitted.

We will prove the second assertion. Let ¢ > B(g), there exists N € N such that for all
k > N we have

ki log (X, Pl )

>
— log(cl e Ck)
Which clearly implies that
nm Nm
HZ mjﬁnsland hmsupl_[Z fnf
m=1 j=1 k=00 1 j=1

It follows that (q) < B(q). The proof of the other inequality is identical to the proof of the
first statement and is therefore omitted which yields the desired result. O

5 Some examples

In this section, more motivations and examples related to these concepts, will be discussed.
In particular, some examples show that the two main results are completely related.

5.1 Example 1

If J =10,1],ny =2and ¢, = % for all k > 1 then the set E is the middle-third Cantor set
and p is the Bernoulli measure with parameters P; = P; 1 and P» = Pj 3. Also, Theorem 2
implies that

log (P{ + P)

bu(Q) = BH(Q) = log 3

5.2 Example 2

Let A = {a, b} be a two-letter alphabet, and A* the free monoid generated by A. Let F
be the homomorphism on A*, defined by F(a) = ab and F(b) = a. It is easy to see that
F"(a) = F" Y(a) F"~2(a). We denote by | F"(a)| the length of the word F” (), thus

F'"(a) = 5152+ S|Fr@)s  Si € A.
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Therefore, as n — 0o, we get the infinite sequence

o= lim F"(a) =s152535p--- € {a, b}
n—-+o0o
which is called the Fibonacci sequence. For any n > 1, write , = |, = s152---5,. We
denote by |w, |, the number of the occurrence of the letter a in w,, and |w,|, the number of
occurrence of b. Then |w, |, + |wy |, = n. It follows from Wu [23] that lim,— o0 Iwgl“ =,
where 2 + 1 = 1.
LetO<r, < %, O0<rp < %, ra, p € R. In the above Moran construction, let

. |2, ifsg=a
L”_l’nk_{&ihk:b

and
rg, ifsp =a
cr = , 1 <j<ng
rp, ifsg =>b

Then we construct the homogeneous Moran set relating to the Fibonacci sequence and denote
itby E := E(w) = (J, {nt}, {ck}). By the construction of E, we have

| = rcltwklar}lgwk‘b’ Vo € Dy.
Let Py = (Pay, Pay) . P» = (Ps,. Py, Ppy) be probability vectors, i.c.,

2 3

Py >0, Py >0, and Y P, =1, Y P, =1
i=1 i=1

For any k > 1 and any o € Di, we know 0 = 0103 - - - 0} Where

2L ifs=a
kS 11,2,3), ifse = b.

For o0 = 0102 - - - oy, we define o (a) as follows: let wy = s152---spande; <ex < -+- <
elwy|, be the occurrences of the letter a in wy, then o (a) = 0, 0, - - - el - Similarly, let
a
81 < 82 < -+ < duy, be the occurrences of the letter bin wy, then o (b) = 05,05, - - - OSlug 1y -
Let
Poa) = Po, P

ey .o

P

Oelay|,

and Pg(b) = P051 P052 - P

Tblaxl, "
Obviously

> PowyPorry = 1.

oeDy

Let u be a mass distribution on E, such that for any o € Dy,

m(Jo) = Po(a) Pob)-
It follows that
el log (X7 P ) + lexly log (X7, P )

Bi(g) = — .
lwklq logra + |wilp log rp
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By using Theorem 2 we have

log (Z?:l PCZ.) +nlog (Z;:l ng)
logr, + nlogry

bu(q) = kljr—ir-]oo Br(g) = — = B.(q),

where 2 + 1 = 1.
Given ¢ € R, it follows from Wu [23, Proposition 3.1] that there exists a probability
measure v, supported by E such that for any k > 1 and oy € Dy,

w (Jao)q ’JUO‘ﬂ(q)
3 1) | PO

oeDy

vy (Joo) =

where
bu(q) = lim pi(q) = Bu(q) = B(q)-
k— 400
By a simple calculation, we have

> (Powy Pon)? o 1P9 =1

ogeDy
which implies that B(g) — Bx(¢) = O(}) and
Z w(Jy)d |J0|/3(q) — |Jg|/3(f1)—ﬁk(q) > (min {rg, rb})k(ﬁ(q)—ﬂk(q))’
ogeDy

which gives that

lim in w (I |Js 1P D = 0.
k——+00
oeDy

By a similar way, we obtain

limsup Y 1 (Jo)? |Jo P9 < +o0.

k—+00 oceDy

This implies that
0 <liminf Y u(Jo)? | PP <Timsup Y (Jo)? |JoP@ < 400, (5.1)
k=400 k—>+o0
oceDy oceDy

Now, (5.1) gives that v, is a Gibbs measure for u at (g, B, (q)) and then the conditions of
Theorem 1 are satisfied.

5.3 Example 3
A particular homogeneous Moran set E satisfying (SSC) and a Moran measure @ on E may
now be defined as follows: Let

2, k is odd number,
ng =
3, k is even number.
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and

r1, k is odd number,
cxr =
ra2, k is even number,

where 0 < ry <%and0<r2 < %.Put

Py j, k is odd number, 1 < j <2,

P/(,j =
P, ;, k is even number, 1 < j < 3,
where
2 3
Zpl,j =1 and ZPZ’j = 1.
j=l1 j=1

We conclude that

G+ Dlog Y5 P+ (k= Dlog Y3, Py
(k+ Dlogr; + (k— 1) logr

, k 1s odd number,

Bk(q) =

2 3
log 3751 PPl +log 51 Py

k 1is even number,
logry + logr

It follows from Theorem 2 that

2 3
log Y5y P/ +logd i | Py ;
logry + logr

bu(q) = kLiI—POO Br(g) = — = Bu(q)-

It is obvious that k(8(q) — Bk(q)) < +oo for all k¥ > 1 which implies, by using similar
techniques of Sect. 5.2, that

0 <liminf Y u(Jo)? |[Jo /PP <limsup Y 1 (Jo)? |Jo |V < +o0.
k=400 k—+00
oeDy oeDy

Wu and Xiao [24, Proposition 3.1] implies that, there exists a probability measure v,
supported by E such that for any k > 1 and oy € Dy,

_ m (Jao)q |J“0|ﬁ(q)
D U |6 P@

oeDy

vg (Joo)

Now, it follows from Theorem 2 that v, is a Gibbs measure for u at (¢, B, (g)) which gives
that the conditions in Theorem 1 are satisfied.

Next, we give concrete interesting examples related to our main result and we obtain the
multifractal Hausdorff and packing dimension functions of Moran measure associated with
homogeneous Moran fractals for which b, (q) and B, (q) differ for all ¢ # 1.
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5.4 Example 4

Let (#;)x be a sequence of integers such that
=1, tp=3 and f4+1 =2t, Yk >3.

In the Moran construction described in Definition 1, we define the family of parameters n;,
c; and p; ; as follows:

3, if -1 <0 < ty,

n=2 n;= . 3
! ! [2, if fp <i < togyr-

For 0 < r, <%and0<rb < %,let

rp, if fpp—1 < i < ty,
rq, if tp <0 < tpqr.

Cl =Ty, C = {
Let (P, j)§= 1 and (P, j)3=1 be two probability vectors. Define
Pl,j = Pa,j, forall1 < ] <2,

and

p =P if top—1 <i <, 1<j=<3,
YT Payj 0tk <do<tpqr, 1<) <2

If Ny is the number of integers i < k such that P; ; = P, j, then

.. Ne 1 . Ny, 2
liminf — = -, limsup — = —
k—+oco k 3 kotoo 3

and
Netog (X3, P2+ (1-

%logra + (1 — 7) log rp

Br(q) = —

We can then conclude from Theorem 2 that
2
%log ijl Pfy +2 logz _ P! J
% logr, +3 log rp
2 2 1
3 log Y5 ng + 3 log ijl Pb’j ]

% logr, + % logrp

b, (q) = min {—

and

llong qu zlogZ] lej
llogra logrb

B,,(q) = max !

210%2 _1 P+ llogZ o1 P
310gra logrb
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5.5 Example 5

Let A = {a, b} be a two-letter alphabet, ® = s15>...5¢.... be a sequence over A, s; € A. For
any n > 1, write w, = wl, = 152 - - - s,. We denote by |w,|, the number of the occurrence
of the letter a in w,, and |w, |, the number of occurrence of b. Then |w,|, + |w,|, = 1. In
the above Moran construction, we take

2, ifsy=a

J=(a,b), ”k:{3 if s, = b

ra, ifsg =a .
.= = . 1 < < .
Chj = Ck {rb, ifspy =b’ =7 =M
where 0 < r, < %, 0<rp < % Let P, = (Pal, Paz) , Py, = (Pbl, Py, , Pb3) be probability

vectors such that )
Py > Py > Py, > Ppy > Py, and Py, > —. (5.2)
e

By a simple calculation, we get

2 k—lox 3
log (Zl P:Z-) + ol 1og (Zi P;Z)
- k= okl
[kl

@ (log (3 P ) —tog (7 P4 ) ) —log (23 7))

Bi(q)

logr, + log rp

)

% (b) (logr, —logrp) + logry

where 11 (a) = % Write 7 (a) = lim infy_, o 7 (a) and T(a) = lim sup;_, o, tk(a). Using
(5.2), we have
(1) ifg < 1, then

3 2
log(ra) log (Z P,?j) — log(rp) log (Z P;{) >0,

l

2(a) (log (3} P}, ) — 1og (X7 P4)) — 102 (2} 74, )

z(a) (logry —logrp) +logry

bu(q) =

and

T(a) <log (Z? Pfj) — log (le Pf,)) — log (Z? P;?J)

B =
u(@) T(a) (logr, —logry) + logry

(2) If g > 1, then

3 2
log(ry) log (Z Pl?,-) — log(rp) log (Z Pj) <0,
; .

1

7(a) (log (Z? qu,) —log (Z? Paq,-)) —log (Z? Pf,)

b =
n(@) T(a) (logr, —logrp) + logry

and

2(@) (log (X7 P ) —tog (X7 P4 )) — tog (27 74, )
B, (q) = 1(a) (logry —logry) +logry ’
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5.6 Example 6

Let J = [0,1], n; = 2 and .4 := {Ni}ren be an increasing sequence of integers with

No = 0 and limy_, 4 o0 NI’\‘,Z‘ = +00. Fix four real numbers A, B, p, p with A > B > 2 and

0 < p, p <1/2.Now forevery i € N, we define ¢; and {Pi,j}1<j<n; as follows:

= { 1/A, if Ny <i < Noga1, and

1/B, if Nogq1 <i < Nogyo.

Ds if Nop <i < Nyq1 and j =1,
1—p,if Nop <i < Nyy1 and j =2,
P, if Nojgy1 <i < Nyqo and j=1,
1-— ]’;, if Nok41 <i < Nok42 and j =2.

P,',j =

Now, we can define a homogeneous Moran set E satisfying (SSC) and a Moran measure p
on it. Define the functions

Bi:R—->R
log(p? + (1 — p)9)
— )
log A
and
Br:R—-R
log(p? + (1 — p)?)
> .
log B

We can conclude that

bu(q) = min{B1(q), f2(¢)} and By (q) = max{p1(q), p2(¢)}.

If —% < - llgg £, the method in [2, 26] can follows that:
log(1 — I log p
forall @ € —M, min{— ng, — ng} we have f, () = b} (),
log B logA’ logB !
and

Fu(a) = BZ(O[), when o € {B,’L(q) :q € Rand By, is differentiable at ¢}.
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