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Abstract

We define and study a continuous functional calculus for a commutative family of normal
elements of a C*-algebra. We obtain that this functional calculus is unique, continuous and
satisfies the spectral mapping theorem. We also provide two applications. The first one
concerns the existence of a particular orthonormal basis on a locally Hilbert space. The
second for multi-dimensional continuous versions of N. Wiener and P. Lé vy theorems.
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1 Preliminaries and introduction

Let (A, ||.]|) be a C*- algebra with unit e and involution x — x*. The spectrum of an ele-
ment x of A will be denoted by Sp,x. The spectral radius will be denoted by p, that is, for
every a € A, p,(a) = sup {Izl 1z € SpAa}. An element 4 of A is called hermitian if h* = h.
The set of all hermitian elements of A will be denoted by H(A). We say that the Banach
algebra is hermitian if the spectrum of every element of H(A) is real ([7]). An element x
of A is called normal if x*x = xx*. The set of all normal elements of A will be denoted by
N(A). Let x be an element of A. We depote by p,(x) the square root of the spectral radius of
the element x*x, i.e., p,(x) = p,(x*x)2. This function p,is know as Ptak function. For sca-
lars A, we often write simply A for the element Ae of A. For a detailed account of the basic
properties of C*-algebras see [2]. Concerning basic properties of hermitian algebras see
[7]. Throughout the paper, all considered algebras are complex and with unit e.

The continuous functional calculus for a single normal element of a C*-algebra is well
known ([2]). For a finite commutative family of normal bounded operators in a Hilbert
space, the continuous operational calculus is given in [3]. The continuous functional
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calculus for a family of elements (ai)[.'E , of a C*-algebra such that, for every i € I, each q;
commutes with both ajand a?, for every j € I, is given in [1]. Here we consider a simul-
taneous continuous functional calculus for a commutative family (ai)ie[ of normal ele-
ments of a C*-algebra. This functional calculus consists in giving a sense to f(a) whenever
a= (ai)ia is a commutative family of normal elements of a C*-algebra (A, ||.||) and fis a
continuous complex valued function on the simultaneous spectrum Sp(a) of a. We treat the
fundamental properties of this functional calculus. So we show that this functional calculus
is unique, continuous and satisfies the spectral mapping theorem. Once this functional cal-
culus is defined and studied, the task is now to give some applications. We obtain a particu-
lar orthonormal basis on a locally Hilbert space. We also use weighted algebras analogues
of the classical and famous theorems of N. Wiener and P. Lévy on absolutely Fourier series
in order to obtain a multi-dimensional continuous versions of N. Wiener ([9]) and P. Lévy
([6]) theorems.

2 Simultaneous continuous functional calculus in C*-algebras

Let (A, ||.]|) be a unital C*-algebra and let a = (ai)iel be a commutative family of normal
elements in A. By the analog of a result of Fuglede, Putnam and Rosenblum ([8], Theo-
rem 12.16, p. 315), each a; commutes with a;f as shown in the following result:

Lemma 2.1 Let (A, ||.||) be a unital C*-algebra, x and y are normal elements of A. If z € A
satisfies zx = yz. Then y*z = zx*. Hence any element that commutes with a normal element
also commutes with its adjoint.

Proof Observe first that if a is an element of A, then ¢ = €“**) is a unitary element of
A and so ||c|]| = 1. Let x and y be normal elements of A and z € A satisfies zx = yz. By
induction on n, one has zx" = y"z, for every n € N*. Whence ze® = ¢”z. And therefore,
7 =eze*. As the lemma hypothesis is also true for Aiy and Aix, one has z = e~i#ze!h
Now let ¢ € A’ be arbitrary and consider the function f defined by:

() = @|[(e7* ze™*")], for every 4 € C.

Then
f(/l) =@ <€_i(ﬂy*+/{y>zei(ﬂx_}‘x*) > .

Since the last exponentials are unitary elements of A, one has

F)I < llellizll, for every A € C.

Thus fis a bounded entire function. By Liouville’s theorem fis a constant, so its derivative
is zero. But this derivative is igp(y*z — zx*). Since ¢ € A’ was arbitrary, the Hahn-Banach
theorem now gives the desired conclusion. O

Let a= ( ) be a commutative family of normal elements of a unital C*-algebra

(A, |II1), i.e., for every i € I, a;is normal and a,a; = a;a;, for every i, j € I. Then, by lemma
2.1, the closed subalgebra B generated by a and e is a unital commutative C*-algebra. The
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construction of the simultaneous continuous functional calculus goes along the lines of [1].
To make the paper self-contained, we present the fundamental properties of this calculus.
Fora = (a,«)l.E , a commutative family of normal elements of A, let a denote the generalized
Gelfand transformation defined by:

a(y) = ()((ai))iel e C!, for every y € Sp(B),

where Sp(B) denotes the Gelfand spectrum of B, that is the set of non-zero characters of
B. Then 2 : Sp(B) — C is continuous and injective. The image a(Sp(B)) C C! is there-
fore a nonempty compact of C’, which is homeomorphic to Sp(B), is called the simulta-
neous spectrum of a and denoted by Sp(a). One has Sp(a) C [, Sp4a; and in general
Sp(a) # Hiel Sp,a;. In the case where a =a € A, with a a normal element of A, we have
Sp(a) = Sp,a C C. According to the above, Sp(a) is homeomorphic to Sp(B). This induces
an isomorphism:

0 : C(Sp(a)) — C(Sp(B)) : O(f) = foa
and Gelfand’s transformation
G : B — C(Sp(B))
is also a *-morphism of the same type. Now consider the composite isomorphism
G o0 : C(Sp(a)) — B

and composing this with the canonical injection of B into A, we obtain a morphism
®, : C(Sp(a)) — A which is defined by the equality:

@) = foa, for every f € C(Sp(a)) (D)
and more precisely by:

2(D,(N) = f(x(@)), for every y € Sp(B),

where y(a) = (x(a;)) .. In particular if z; denotes the function z — z; on Sp(a), we obtain
@, (z;) = a;and ®,(z;) = a’. Moreover, since each morphism of C(Sp(a)) into A is contin-
uous and @, is known on all the polynomials P in z; and z;, this implies the uniqueness of
@, by the theorem of Stone-Weiertrass. Thus we obtain a continuous functional calculus,
for a commutative family of normal elements of a unital C*-algebra, which extends the one
known for a finite commutative family of bounded normal operators ([3]).

Theorem 2.2 (Simultaneous continuous functional calculus). Let (A, |.|]) be a unital
C*-algebra, a = (ai)iel is a commutative family of normal elements of A and C(Sp(a)) is
the C*-algebra of continuous complex-valued functions on Sp(a). Then there is a unique
unitary *-morphism ®, of C(Sp(a)) into A such that:

@a(zi) = a;, foreveryi € I,

where z; denotes the function z — z; on Sp(a). Moreover, this *-morphism is isometric and
its image ®,(C(Sp(a))) is the full subalgebra of A generated by (ai)iel, that is the sub-C*
-algebra of A generated by e and (ai)l.e , and therefore consists entirely of normal elements.
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Proof Tt remains to show that @, is an #-isometry. For every f € C(Sp(a)), one has:

1 =sup { e (@) )| = 2 € o) |
=sup {|foa(y))| : x € Sp(B)}
=sup {|8,)0)| : x € Sp(B) |
=| @3] _ = el

So
|0all = 71l for every f € C(Spa).

Now, for every polynomial P in variables z; and Z;, we have: ®,(P) = P(a;,a}). So
D,(P) =0, (P) The continuity of @, and the theorem of Stone-Weiertrass show that:

@O = ”f“, for every f € C(Sp(a)).
O

Remark 2.3 For any polynomial P in variables z; and z;, one has ®,(P) = P (al-,al’.‘). As
in the classical case, we put @,(f) = f(a) which respects the multiplicative symbolism:
fe(a) = f(a)g(a) as well as equality: f(a) = f(a)*. So, for every f € C(Sp(a)), we also have:

IF@Il = 171l and Iif@)* 1l = ||F]|

As an immediate consequence of (1), we have the following result:
Corollary 2.4 (Spectral mapping theorem) Ler A, a = (q,),., and f € C(Sp(a)) be as
described in Theorem 2.2. Then one has:
Sp(f(a)) = f(Sp(a)).
In the case of a family of functions (Jj')fej’ with f; € C(Sp(a)), j € J, where the nota-
tionb = (j;(a))],e , with Sp(b) € €7, pur £ = (];)],e , €C(Sp(a), ¢’ ). Then one has:

Corollary 2.5 (Simultaneous spectral mapping theorem). Ler A and a = (ai)ie ; be as

described in Theorem 2.2 and f = (];)iej € C(Sp(a),C’)f(a) = (];(a))ie - One has:
Sp(f(a)) = £(Sp(a)).

Corollary 2.6 Let A and a=(a;),, be as described in Theorem 2.2 and Put
f= (Jj»)jej IS C(Sp(a) CJ) =f(a) = é(a) . Then, for each g € C(Sp(b)), one has:

g(b) = g(f(a)) = (gof)(a).

Proof We have Sp(b) = f(Sp(a)) C C’ so gof is well defined and gof € C(Sp(a)). The map
Y . g — (gof)(a) is unitary x-morphism of C(Sp(b)) into A such that

lII(zj) =fi@) =b;, wherez; : z+— z
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is the transition to the j-th coordinate of C’ in C. With the uniqueness part of the Theo-
rem 2.2, we obtain ¥(g) = g(b) = g(f(a)). The image of @, is B = F{(a), the commutative
C*-subalgebra of A generated by e and (al-)l.E ” O

For a finite commutative family of normal elements of a unital C* -algebra, one has:

Corollary 2.7 (Simultaneous continuous functional calculus for a finite commutative
family of normal elements). Let (A, ||.||) be a unital C*-algebra, a = (ay, ...,a,) a commu-
tative family of normal elements of A, and let B be the C*-algebra with unit generated by
a, ..., a, and e.Then there exists one and only one unitary x-morphism ®, of C (SpB(a)) into
A where

dDa(zi) =a;, foreveryi=1ton,

z; is the i-th coordinate function on Spg(a) that is zi(/ll, s /1n) = A, for everyi=1to n.
Furthermore @, is an isomorphism ofC(SpB(a)) onto B.

3 Some applications of simultaneous continuous functional calculus

In this section, we give some applications of the simultaneous continuous functional calcu-
lus as explored in the preceding section. Its applications concern the existence of an ortho-
normal basis on a locally Hilbert space H , consisting of eigenvectors of commuting nor-
mal operators acting in H. The applications also concern multi-dimensional generalization
of N. Wiener ([9]) and P. Lévy ([6]) theorems.

3.1 The first application

Let A be a directed index set and (H A) e @ family of Hilbert spaces such that

HycH, and(, ), =(, )yu,» VA< 0, inA,
and (, ), denotes the inner product on H,, 1 € ALet

H=limH, = | JH,
- AEA

be the locally convex Hilbert space associated to (H/l)/leA ([5], Definition 5.2). Let K(H/l)
be the C*-algebra of all bounded linear operators on the Hilbert space H;, A € A. Then

L(H)=1mL(H,), A€ A.
Then one has:
Theorem 3.1 Let H = limH,, A € A, be a locally Hilbert space whose associated Hilbert

spaces H; , A € A\, have %ite dimensions and T = (Ti)ie , Is a commutative family of nor-
mal operators on H. For every, leti € IT; , € [Z(H/l), A € A, such that . Then there exists
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an orthonormal basis of T; = hm i1 H, whose elements are eigenvectors of the operators
T; ;.

Proof LetT, = (T;;),.,- Then Sp(T,) s finite, say
Y BN (A)
Spt,) = {a’,..a? |,

with a](f) = (af’}?)iel, for every 1<k<p, As 1{”‘3)} € C(Sp(T,l)) and since
Pi
Loy, = ]Z:l 1 {a;”}’ the simultaneous continuous calculus gives

A
Id, = @y (1t ZP( \

where Pl(f) = ®T/1 <1{a,‘f)}> is a hermitian projector of H,, for k = 1, ..., p,. Moreover, one

has
— (4 p(d)
T, —z E a P

It follows that the restriction of T; , to H, W = PM) (H &? is a homothety with ratio a'”. For

ik
k=1,..,p,let B( ) be a basis of H(’l) Then Bw B Bu) U..u B(") is an orthonormal

basis of H,, whose elements are eigenvectors of the operators T; ;- Flnally

B =1limB" = | | B®
- 1EA

is the desired orthonormal basis of H. O

3.2 Multi-dimensional generalization of P. Lévy theorem

Let p €]1,+oo[, and @ : Z¥ — [1,+oo[, k € N* be a map on Z*. We say that  is a weight
on ZXif:

c(w) = Z a)(n)l%ﬂ < +o00. 2)

nezk

We write I, (Z") for the space of all sequences (a”)nGZ with g, € C and

Z |an|pw(n) < +o0.

nezk

A weight @ on ZF is said to be m-convolutive if there exists y = y() > 0 such that:

w7 xwr <yolr, 3)

where * denotes the convolution product, and it is said to be regular if:
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1

I |hm wom)" =1, foreveryj=1,...,k @)
m|—>+0o

where |m| = |m;| + -+ |m| denotes the length of m=(m,....,m) € Z"
For m=(my,...,m;) €Z" and t=(t,....1;) €R*, we will use the notation

(m,t) = mt; + - + myt,. We consider the following weighted space:
Al(w) = {f TR —CifO =) a,e™ : (a,), . €L (Z") }
nezk

The space .Ai (w) endowed with the norm .||, ,, defined by:

Wl = <Z |a, |pa)(n)> for every f € A (w),

nez

and with the classical pointwise multiplication is a commutative semi-simple Banach alge-
bra ([4]) with unit element ¢ given by 2(r) = 1, (t € R). We consider, in the algebra Ai(a)),
the involution f — f* defined by:

@ = Z e™, for every f € .Ap (w).

nez

This involution is continuous for the algebra is semi-simple. For a regular weight function
o on Z* satisfying

w(n + m) < w(n)w(m), for every n,m € z* 4)

every character of AY +(®) is an evaluation at some point f, € R ([4]). Moreover
(AL (@), I, is a hermman algebra. As A?(w) is commutative, the Ptak function p y
of the algebra .A (w), given by:

PA':(w)(f) = l’A’;(w)(f*f)l/z’ for every f € AZ((D),

()’

is an algebra norm, on A?(w), such that
. 2
PAQ(m)(f )= PAlk’(w)(f) .
So, for every f € A7 (w), one has:
PA’k’(m)(f) = PA’k’(w)(f) = suplf(®)|.
tERFK

Now consider the completion :ZlZ(w) of the algebra (.Ai(a)), p Alk)(w). With the norm ||.||,
defined by:

Iflle = suplf)l. f € A (@),

teRK

~P . . . . . P
the algebra (A (@), |l > is commutative, semi-simple and with unit element ¢ given by

e(pt) =1 (¢t € R). Moreover, it is not difficult to show that, every character of the algebra
A, (@) is an evaluation at some 1 < R¥, where ° = (19, ...,0) with 0 < tO < 2, for every
j=1,...k, and so, for every f € A (@), one has:
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Sp(f) = {f(t) : t € [0,2x[*}.

It follows that, for every family f = (f) | % R*¥ — C! of elements of .:le,:(a)), one has:

J

mf =[] {0 : re0.220} =[] Sp @ i) 2 Sp(D).

JEI jel

Now let f € ./,le,:(cu) and (f ) be a sequence of elements of .Ap (w), which uniformly con-

verges to f. Then, for every m, there exists ( m-")nGZ er (Z") such that

fm(t) - 2 am’nei(n,t).

nez

We consider, in the algebra ﬂi(a}), the algebra involution f — f* defined by:

. - ~D
A= ml_l}rrim am,_ne’("”), for every f € A, ().
nez

With this involution, the algebra (.,/é\li (@), |l ) becomes a C*-algebra.

Theorem 3.2 (Multi-dimensional continuous version of P. Lévy theorem) Let p €]1, +oo[
and ® be an m-convolutive and regular weight on Z* satisfying (5). Let
f(@ = (];(t))],e[ : R¥ — C! be a family of functions. Suppose that, for j € I, there exists a

sequence of periodic functions

i(n,t
nld(t) - Z Ay n,]’el(n )

nezk

such that:
(i) Foreverym,

a

1
» »
Z | @) ] < oo, forevery j €I
nezk

(ii) Forevery jel,

sup

Faf®=50] ,=2,0

Let ® be a continuous function on the image of the function f. Then, there exists a
sequence of periodic functions

Gm(t) = Z bm,nei(n’t)

nezk

such that:

(Z |, |pa)(n)>p < +oo

nez
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and
su[£|Gm(t) - d>0f(t)| e 0.

n—->+00

Proof Observe first that by (i) and (i), f; € A (@), for every j € I. Moreover ® € C(Sp(f)).
Then, by Theorem 2.2, ®(f) € A (@). So, by (l)

d;(? ) = CDof.
It follows that, for every ¢ € [0, 27x[¥, one has:
D(F)(1) = 2,[@(F)] = ®of (1,) = of (1),

where y, is the evaluation at z. Whence @ (f) = ®of , and the theorem follows. a

As a consequence, we have:

Theorem 3.3 (Multi-dimensional generalization of N. Wiener theorem). Let p €]1, +oo[
and @ be an m-convolutive and regular weight on Z* satisfying (5). Let be a family of func-
tions. Suppose that, forf(t) = (j;»(t))jel 1 RF — C! j €1, there exists a sequence of peri-
odic functions

FmJ(t) = Z am,n,jel(n’t)

nezk

such that:

(i) Forevery m,

1
( 2 nj pw(n)) < 4o, forevery j € 1.
nezk

ap, n,j

(ii) Forevery jel,
sup|Fm S0 - J;(t)| — 0.
[ERk m—+o0

If f(£) # 0, for every t € R, then there exists a sequence of periodic functions

Gu) = Y, byyye™

nezk

such that:

1

(Z |bm,n|pw(n)>p < 400

nez

and
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sup|G,, () —f~' (0| — 0.

teRK
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