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Abstract

In this paper, we study instability of solitary wave solutions of the generalized two space-
dimensional Benjamin equation (i, + u,,, — i, + W’),), = u,,. This equation gov-
erns the evolution of waves at the interface of a two-fluid system in which surface-tension
effects cannot be ignored. We improve the previous work by Chen et al. (Proc R Soc A
464:49-64, 2008, https://doi.org/10.1098/rspa.2007.0013) to the case f < 0 and p > 7/3,
and show that solitary waves of this equation are unstable by the mechanism of blow-up.
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1 Introduction

This paper is concerned with the following generalized two-dimensional Benjamin
equation

U+ tyy — P, — vy + (WP), =0,

(1.1)
u,=v, (x,y)E[RZ, t>0,

y X
where u = u(x,y,t) is a real valued-function, p > 1 and 57 is the Hilbert transform in
x-direction defined by

FU(x,y, 1) = p.V.l/ Mdz.
T

R X—2

Here p.v. denotes the Cauchy principle value. Equations (1.1) combines the KDV and the
Benjamin—Ono dispersive terms with the transverse variation term of the KP equation.
It was introduced by Kim and Akylas [10] to model interfacial gravity-capillary (water)
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waves. Hunt also in [8] derived (1.1) in modeling magnetohydrodynamics surface waves.
Hunt et al. [9] considered nonlinear potential free surface flows in the presence of ver-
tical electric fields and obtain (1.1) when both the effects of gravity and surface tension
are included in the dynamic boundary condition. When the KdV dispersive term u,,, is
ignored, (1.1) reduces to the two-dimensional Benjamin—Ono equation derived by Ablow-
itz and Segur [1] for internal waves in stratified fluids of large depth. See also [6]. In the
absence of the BO term f.77,, (1.1) is reduced to the classical KP equation that governs
long dispersive weakly nonlinear waves which travel predominantly in the x-direction with
weak transverse effects.

In comparison to the the full interfacial-wave equations, as was stated in
[10], Eq. (1.1) describes almost uni-directional waves and it is not isotropic, so x is the
preferred direction. This may seem to suggest that this model equation’s possible lump
(localized solitary wave) solutions depend on the propagation direction which is strange
in the physical relevance. In addition, solitary plane waves are unstable againt trans-
verse perturbations. Numerical simulations for p = 2 indicate that this instability results
in the formation of elevation lumps that tend to propagate stably, thus assuming the
role of asymptotic states of the initial-value problem in two spatial dimensions. Further-
more, the mechanism of bifurcation of lumps and the transverse instability of solitary
waves were formally obtained in [10]. Since lumps and plane solitary waves of elevation
co-exist, it was shown that the latter are unstable to transverse perturbations, similar to
what happens for the KP equation case.

In the present paper, we are interested in studying dynamical behavior of solitary
waves of (1.1). By a solitary wave of (1.1) with the wave speed ¢ > 0, we mean a solu-
tion of (1.1) of the form u(x,y,t) = @(x — ct,y) decaying to zero at infinity. More pre-
cisely, @ € X is a solution of

—CQ + @y — P, — 070, = @ (1.2)
The aforementioned space X is defined as the closure of OX(C8°(IR2)) under the norm
10,2 = Nl + V012 g

The space X was introduced in [5] for the KP equation. As noticed there, by using standard
embedding theorems, one can see that, if u € X, there exists a unique, up to a constant,
@ €E L;’OC([RZ), 2 < q <6, suchthatu = @, and v = @,. So, we take the norm in X:
_ 2
el = N3 = Nl oy + IVOIZ, o

We say that ¢ € X is a solution of (1.2) if and only if §'(¢) = 0, where S(u) = E(u) + cF ()
with the energy and mass functionals

E) = % / (u)zr + pusti, + v2) dxdy — K(u),
RZ
and

F(M) ”u”LZ(RZ)

respectively, where

@ Springer



Instability of solitary waves of two-dimensional Benjamin... 1439

1
Ku) = —— P+ dxdy.
(u) p+ 1 R2 " Y
It is well-known that .7 commutates with d,, and for any fthat (see [11]) SZF(€) = (GEF (€)Y,
where A and V denote the Fourier and inverse Fourier transforms, respectively. Moreover,

/ A dx = / D12,
R R

where D,/f(&) = [£]'/2] ().

Zaiter in [16] used the concentration-compactness principle of Lions [12] and proved the
existence of solitary waves of (1.1) for f(u) = u*. He also showed that solitary waves are
smooth and symmetric with respect to the transverse variable, and decay algebraically at
infinity (see Remark 1.1). In [7] the authors showed that when f > 0, the Cauchy problem
associated to (1.1) is locally well-posed in C([-T, T];H*(R?)) n C'([-T, T];H*~3(R?)) for
s > 3. The results in [16] can be extended to the nonlinearity f(u) = u” with1 < p <5 and
p> —2\/E by considering the minimization problem

L= jnf, 600,
where

G(u) = G(use, p) = / (42 + pustis, +v* + cu®) dxdy,

R2

and

N, = {ueX, K(u) = L}
p+1
with 4 > 0. Notice that ||u||)2( =~ G(u). In [4], the authors considered the case f > 0 and
defined the minimization problem

d .= MI)Iélf\;S(\/V), (1.3)

where
N={weX;w#0, Iw)=(S(u),u) =0}, (1.4)

and proved the minimum is achieved by ¢ which is a ground state. We recall that ¢ is a
ground state solution of (1.2) if (@) =0 and S(p) < S(w) for any w € X satisfying
S’(w) = 0. Moreover, Chen et al. defined some submanifolds of X, including the homoge-
neous space X with the seminorm ||u||)2.( = ||ux||22(Rz) + ﬂ||D)lc/2u||iz(R2) + ||v||22(R2), which
are invariant under the flow of the Cauchy problem associated to (1.1), and showed that the
solitary waves of (1.1) are strongly unstable (see Definition 4.1) if § > 0 and p > 2. In this
paper, we extend this result to f < 0 and p > 7/3. But (1.1), contrary to the KP equation
(p = 0), does not possess any scaling invariance, so that the techniques used in [13, 14]
cannot be directly used. Another difficulty arises in the case f < 0 where the sign of the
Pohozaev identity corresponding to the normalized solutions of (1.1) cannot be deter-
mined. Moreover, the semi-norm of X does not make sense when p < 0, because

ﬂllD,]C/ 2u||22 ®) cannot be controlled. To overcome these difficulties, we will use the varia-
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tional characterizations of the ground states of (1.1) by modifying the manifolds presented
in [4] and show that the ground states of (1.1) are actually the Mountain-pass solutions of
(1.1), and then we define some new invariant set to control the x-half-derivative of u and
shown that the solitary waves of (1.1) are unstable by the mechanism of blow-up when the
wave velocity c is sufficiently large.

Remark 1.1 Due to the presence of the Benjamin-type term .7, the solitary waves have
prominent oscillatory tails when f is close to —2\/2 and whose maximum excursion from
the rest state decreases as f approaches —2\/2. See Fig. 1. The same phenomenon occurs
for the Benjamin equation (see [1, 2, 10])

u, + uy — P, + W), = 0.

This suggests the instability of the solitary waves in this regime § < 0.

Fig.1 The projections of the solitary waves (1.1) on xz-plane (up) and the yz-plane with p =2, ¢ = 1 and
p=-19,-,15
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Instability of solitary waves of two-dimensional Benjamin... 1441

Theorem 1.2 Let p € (7/3,5) and ¢ > 0. Then there exists c, > 0, depending on c, such
that any ground state @ of (1.1) is strongly unstable when p > —c,

The paper is organized as follows. After introducing some notation, in Sect. 2 we obtain
the conditions under which existence and some variational characterizations of the soli-
tary waves of (1.1) are assured. They will be important in our analysis of stability. Indeed,
we show that Mountain-pass solutions of (1.2) are equivalent to the solutions obtained by
the Nehari manifold in [4]. Section 3 is devoted to several minimization problems with
multiple constraints to construct submanifolds of X that are invariant under the flow gener-
ated by the Cauchy problem associated to (1.1). In Sect. 4, we show that the solutions of
(1.1) blows up in finite time if initial data is in some invariant sets must blow up in a finite
time which shows in turn that the solitary waves of (1.1) if p > 7/3 and f > ¢, is strongly
unstable.

Throughout this paper, we consider p = p, /p, where p, is odd and p, is even.

1.1 Notations

For s € R, the nonhomogeneous Sobolev space is denoted by HS(RZ) and defined by
H(R) = {9 e (R) : ol <},

where

el ey = || (1+16P) 6(©)

2(R?)’
and ./ (Rz) denotes the space of tempered distributions. Define
X, = {ue @) (e 'aen)’ e HE)),

with the norm

\Y%

— -5
llly, =l + | (67'2) |, o

where "V’ is the Fourier inverse transform.

2 Existence and variational characterizations

In this section, we study the existence and some variational characterizations of the solitary
waves of (1.1). They will be important in our analysis of stability.

Theorem 2.1 Equation (1.2) does not possess nontrivial solitary wave u = @, € X satisfy-
ingu € H(R*) n Lf(‘)’c(le) and @, € L? (R?) if one of the following cases holds:

loc

(i) ¢>0,>0andp >5,
(i) ¢>0,p>5and
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P () - np-58
=\3p—7 2’

(iii)) c¢<0andp <7/3.

Proof The proof follows from the standard truncation argument and the fact
fR xg.#%,.dx = 0 and the following Pohozaev-type identities:

/ (i + cu® + pustu,) dxdy — (p + DK(u) =0, @2.1)
R2
(3v* —u? + cu®) dxdy — 2K(u) = 0, (2.2)
R2
/ 0 +u? + cu* — pusu,) dxdy — 2K (u) = 0. 2.3)
R2

To obtain these identities, we multiplied formally (1.2) by u, xu, and yu, and use some inte-
gration by parts following [16]. After some straightforward calculations, we have

3p-17 -5
/ <(p - l)ui + P puitu, + P cu2> dxdy =0, 2.4)
R2 4 2
7-3
/ ((p — il P cu2> dxdy = 0. 2.5)
R2 pP— 1
The result comes from the above Pohozaev identities. O

Define the minimax value

dyp = inf max S(@(®), (2.6)

with
I'={w e C([0,1],X); ®(0) =0, S(w(l)) <0}.

Problem (2.6) indeed gives the mountain-pass solutions of (1.1). Recall from [3, 5] that the
following anisotropic Sobolev-type inequality

p=1 p-1
p+l1 2 2 -1 =
el ey S Mt g Ml 2 g 19 a1 2 e 2.7

holds and then the embedding
X & LY(R?), 2<g<6. (2.8)

is continuous for any g € [2, 00), and is compact for g € (2, 00). It is worth noting by inter-
polation for any g € [0,2(p — 1)] with p + g < 5 that

@ Springer



Instability of solitary waves of two-dimensional Benjamin... 1443

5-p=q =l

1 —
llull?: D ullf llo;!

U’“([RZ) s ||u||LZZR2)|| LZ(RZ)”u ”L’(RZ) '”Lg(RZ).

By employing the mountain-pass lemma without the Palais—Smale condition [15] by using
the above embedding and the fact G(u) & ||u||§( for § > —2\/5, one can show that (1.1) has
a nontrivial solitary wave through (2.6) for 1 < p < 5. We should notice for every u € X
that there is a unique # = 7, such thatz,u € N (see (1.4)),

S(t,u) = max S(su) (2.9)

and ¢, depends continuously only u € X. Indeed, it is obvious to see that = 7, > 0 is only
root of %S(tu) = 0. Then, § > 0 on N. So we can observe from S(0) = O that S(z,u) achieves
its maximum in ¢,,.

It is worth remarking that the uniqueness of ground states, modulo the symmetries,
is still unknown. This is an challenging open problem (even when f = 0). Indeed, since
the uniqueness shows that the set of ground states of (1.1) matches with the orbit of any
single ground state, the stability the set of ground states leads to orbital stability of the
ground state.

In the following, we present some variational characterizations of the solitary waves
which are useful in the instability analysis of solitary waves.

d, = inf sup S(tu), where X, ={u € X, K(u) > 0} (2.10)

UEX, >0

Recall the minimization problem (1.4).

Lemma 2.2 There exists a nontrivial minimizer u of (2.10). Moreover, u is a solitary wave
solution of (1.1) and dyp = d, = d.

Proof Existence of a nontrivial minimizer for (1.4) is similar to Theorem 2.5 in [4] with
natural modification and using the fact G(u) & ||u||§( for f > -2 \/E

To prove d, =d = d;p, first we note that as K is subquadratic function at zero, we
observe that / is positive in neighborhood B,(0) \ {0} C X. Thereby, I(y(r)) > 0,y €T, for
some ¢t > 0. Now, we have for u € X that

28(u) = |lull} — 2K @) > I(u).

This means that if y €', then I(y(¢)) < 0, and therefore crosses N. This shows that
dyp > d. Now for u € X, we have K(tu) > Ct°, for some C, ¢ > 0, if ¢ > 0 is sufficiently
large. This means for every u € X, that S(tu) < 0 for > 1. Hence, the half-axis {tu},
generates an element of I, that is dMP <d,. Finally assume that u € N. We have from defi-
nition of / that K(u) > 0 and 7 K(tu) >0 prov1ded t > p'/P. Hence, we have for t > 0 large
enough that K(fu) > 0. The definitions of d, and d show that d, > d. This completes the
proof. a

The following lemma was reported in [4, Proposition 2.8] for the case § > 0. We give
the proof for the sake of completeness.

Lemma2.3 Lets > 3and f > —2\/5. Then there holds that d = d := inf,_5 S(u) and
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N={ueX;u#0, I(u) = 0}.

Proof Tt is easy to see that d > d. To show d < d, it is enough to prove for any ¢ > 0 and
any it € N that

S(i) > inf S(u) — e.
ueN

We find from the density X; into X that there is a sequence {u,} C X such thatw, =it — u,,
where lim w, = 01in X. Since I(i1) = 0, we know that

n—oo

liminf K(u) # 0
n—oo

and

lim I(u,) = 0.
n—-oo

One can see from Lemma 2.2 that N is a nonempty manifold. Furthermore, it is uni-
formly bounded from below in X. Furthermore, for any 0 # u € X, there is a unique
¢, >0 such that {,u € N. It can be also seen that ¢, € (0,1), if I(u) < 0. Therefore,
there exists a sequence ¢, (see 2.9) such that {,u, € N and lim,_,, ¢, = 1. Now, denote
it—w, =Cu,+ 1 —{)u, wehave by comparing S(it) with S(¢,u,,) that

2e

~112 2
llally > &l = =

Consequently, since lim w, = 0in X, then

n—o00

ep+1)

K(in) < K(G,u,) + 3

and

S@) > —e+ S(¢,u,) = —€+ in}%S(u).

And the proof of lemma is complete. a

3 Invariant submanifolds

Now, in this section, we present some dynamical properties of the ground state solutions
of (1.1) to construct several sets that are invariant under the flow generated by the Cauchy
problem associated to (1.1).

First we should report the existence of local solution of the Cauchy problem associated
with (1.1). This result was obtained by [7].

Theorem 3.1 Let s > 3 and u, € X,. Then there exists T > 0 such that (1.1) has a unique
solution u(t) with u(0) = u, satisfying

u€ C([0,T):X)nC ([0, T: H'(R?), 9 'u, € C([0,T): H™(R?));

and ifd;z(uo) € L*(R?), one has

Yy
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u, € L2((0,7):Xy),  0;'u, € L*([0,T); H'(R?)).

Moreover, if |yluy € L*(R?), then |ylu € L®((0,T); L*(R?)). Furthermore, we have
E(u()) = E(uy) and F(u(t)) = F(u).

Define the following two submanifolds

0, ={ue X\ {0}, Q;(w) =0}, j=12,

where
5p—1
0,(u) = / <u2 4 putu, + 5u2) ddy — 22~ k), 3.1)
g \ X 1 2
and
_ 5 E [ _ 3p+1
0,(u) = /[Rz (ux + 4,Bu<%”ux + 214 ) dxdy 7 K(u). 3.2)

Lemma3.2 If @ € X is a weak solution of problem (1.2), then Qi(¢) =0, j = 1,2.

Proof The identities Q;(¢) = 0 are obtained by combining identities (2.1)~(2.3) after some
straightforward computations. O

The following variational characterization of the ground states of (1.1), based on
cross-constrained submanifolds of X, will be vital to show the strong instability.

Lemma 3.3 Let p>7/3, f> —¢, := —%\/2(‘ and @ be a ground state of (1.2). Then
Q,(p)=0and S(p) = infueAl S(u), where

Ay={ueX, u#0, Q;u =0} 3.3)
Proof We show for any u € A, that there exists a path w € I" such that
trer}(zi)l(] S(w(1)) = S(u). (3.4)

5/4u(z'/2x, ty), where 7 > 0. One can see that

Define u,(x,y) = 7
. 2 _
i el = 0.

Moreover, T — S(u,) increases for 7 € (0, 1), attains its maximum at 7 = 1 and tends to —oco
on (1, 4+00). More precisely, one can observe by some easy computations that

lim S(u,) = —c0
T—>+00

and

d >07e€(0,1)
d_TS(“f){ <0 7 e(l,+),
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1446 A. Esfahani

provided p > 7/3 and f > —c, holds. Now by choosing 7 large enough to have S(u,) < 0,
we can define y : [0, 1] = X by y(#) = u,, to obtain the desired path. O

Lemma 3.4 Let p > 7/3, p > —c, and @ be a ground state of (1.2). Then Q,(¢) =0 and
S(p) = inf,¢p, S(u), where
A2= {MGX, u#0, Qz(u)zo}. (3.5)

Proof The proof is analogous to the one of Lemma 3.3. For any u € A,, to find the appro-
priate path in I', we define u_(x,y) = 73/ 4u(r1/ 2y, y), where 7 > 0. Next, we need to show
that 7 — S(u,) increases for 7 € (0, 1), tends to —co on (1, +00) and achieves its maximum
at 7 = 1. But the conditions p > 7/3 and # > —c assure that

lim S(u,) = —o0

T—>+00

and

d >07e€(0,1)
ES(MT){ <0 7€(l,+).

The path y : [0, 1] = X, by y(?) = u,,, is what we need, if we 7 is sufficiently large to have
S(u,) <0. O
Remark 3.5 One can easily see that
inf S = of 570,
where S = S — 44,0,
A ={ueX, u#0, Qiu) <0}

and

_ 1 _ 1
5p—1’ % 3p+1°

91
In the following, one can see the equivalence between the ground states and the mini-

mizers of Lemmas 3.3 and 3.4. The proof proceeds along the same lines of the proof of
Lemma 2.11 in [13] with essential modifications, and we omit it.

Proposition 3.1 Let p > 7/3 and f > —c,. Then ¢ € X is a ground state of (1.1) if o € A;
and S(p) = infueAj S(u)with j=1,2.

Remark 3.6 1t is worth noting that the converse of the above proposition holds. Actually,
if a solitary wave is obtained by minimizing the action S on the submanifold A;, then it is

really a ground state.

Next we define for j = 1, 2 the sets

07 = {u € X;; S(u) <m, Q;(u) > 0}

and
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07 = {u€X,; S) <m, Qju) <0}

The following lemma shows that these sets are invariant under flow generated by (1.1)
which will be important to obtain the blow-up result.

Lemma 3.7 Let s >3, f > —c, and p > T/3. Suppose that the solution u(t) € C([0,T);X,)
with some T > 0, is a solution of (1.1) with initial data u, € X, satisfying F(u(t)) = F(u,)
and Eu()) = E(uy) for 0 <t <T. Then u(r) € QF for any t €[0,7), if uy € Q;—’ for
J=1,2. Moreover, ifuy, € Q, then Q,(u(t)) < —pfor0 <t < T, where

S5p—1
p= ”Tm((p) — Suy)). (3.6)

Proof We only show that that Q7 is invariant under the flow generated by the initial value
problem associated to (1.1). The proofs of invariance of the other sets are similar. Sup-
pose that u(f) with ¢ € [0, T) is the solution of (1.1) with the initial data u(0) = u,. Since
uy € Q7, then d > S(u(z)) for all ¢ by Theorem 3.1. Now suppose O (u(t;)) > 0 for some
1ty € (0, 7). As Q, is continuous with respect to ¢, then we have that Q, (u(t,)) = 0 for some
t; € (0,1]; and thus u(7)) € A7. Finally Remark 3.5 and Lemma 3.3 gives the contradiction
d> S(u(t)) > infueAI_ S(u) =d.

Now suppose u, € Q7 N QF. Then we have u(r) € Q; N Q5. ie. S(u(t)) < S(p) and
O,u@®) <0 <L Qy(u(r)) fort > 0. Since Q, (zu) > 0 for some sufficiently small z > 0, there
exists 7, € (0, 1), such that O, (rqu) = 0 and

2
T,
S() < S(tou) = 70 W + pustis, + cu® +v*) dxdy — o7 K(u)
R2

= ré(gmmnuxn%mz) + B (MID, 2l o) + cgs Pl o) + gl(p>||v||§z(R2))
< gl(p)lluxlliZ(Rz) + ﬂgZ(p)||D)lc/2u”i2(R2) + Cg3(p)||u”i2(R2) + gl(p)”VIIEZ(RZ)

4 4
= S(u) - Sp——lQl(u) = S(uy) — ﬁQl(u)'

where

&) ==

4 1 1
s =s-—7 &P =5- 2T 1 (3.7)

2 s5p-=-1’ 5p—1

Then,

S5p—1
0,(u() < _PT(S((,,) — Suy)).

4 Strong instability

In this section, we show that the ground states of (1.1) is strongly unstable. First we recall
the definition of the strong instability.
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1448 A. Esfahani

Definition 4.1 We say that a solitary wave ¢ to (1.1) is strongly unstable if, for all § > 0,
there exists u, € X (s > 3) such that ||u, — ||y < 6 and the solution u(¢) of (1.1) with ini-
tial data u(0) = u, blows up in finite time in the space X.

Theorem 4.1 Let p > 7/3, p > —cy and u, € o n Q;’. Suppose that the solution u(t) is a
solution (1.1) with the initial data u(0) = u,, then u(t) blows-up in finite time, that is
11_131 lay Dl 22y = +00 4.1)

for some 0 < 7 < 0.

Proof If u(¢) remains in X, we define
I = / YA (1) dxdy,
[RZ

where u is the solution of (1.1). Similar to [4], one can employ Theorem 3.1 to show that
the virial identity

2 ~1
10 = W2y — K0 = 0,0 - 0,0 @2

holds. It follows from Lemma 3.7 that

1 d?
——It)<—-p<0,
3 d7 ® p

where p is as in (3.6). Therefore, it follows that /(z) = 0 for some 7 < oo, and the blow-up
result can be deduced by combining the conservation law F(u(f)) = F(u,) and the classical
Weyl-Heisenberg inequality. O

Remark 4.2 One can easily observe when u, € Q7 that the energy of initial data is positive
it p>7/3.

If uy € OF, then the conservation laws imply that the solution u(r) of (1.1) remains
globally in X for ¢ > 0.

Proposition 4.1 Let f > —c, and u, € QT. Then the solution u(t) in Theorem 3.1 exists
globally in time.

Proof First we note that QT #0. Lety, € QT and u(f) be the corresponding solution of
(1.1) for t € [0, T) with the initial data u,. Suppose by contradiction that T < +oo. Then by
Theorem 3.1,

lim [Jull} = +oo. (4.3)

It follows from the conservation laws E and Fin 0 < ¢ < T that
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4 _ 4
S(up) = Sp—_lQl(u(t)) = S(u() - Sp-1

= [ (esn + Beatphusti, + cas(on + 5,p)?) iy

O, (u(®)

& |lull}
provided f > —c,, where g;(p) are the same as (3.7). Thus, we deduce from (4.3) that
lim Q, (u(0) = —co.

By continuity, we infer that there is ¢, € (0, T) such that O, (u(#,)) = 0. The conservation
laws imply that E(u(?,)) > d. This contradicts the fact E(u(f)) = E(u,) < d. O

The following lemma suggests suitable initial data, near to the solitary wave, to con-
struct blow-up solutions. The proof is similar to one of Lemma 5.4 in [4].

Lemma 4.3 Let f > —cy, p > 7/3. Suppose that @ is a ground state of (1.1) such that
@y = y,. Then there exists 8, > 0 and 0, > 0 such that for Wo, 0, (x,y) = 0,0(x, 0,y),
S0wg ) <m. Qi(Wg g,) <O and  Qr(wy ) > 0. 4.4)

Proof Let ¢ be a ground state solution of (1.1). First, by some straightforward computa-
tions (see (2.1)-(2.3)), one has

2p-1) ( 3 ¢
2 2 2
ey S + S po A, + = ) dxdy,
il =775 3 | @ gpeXe + 0 y (4.5)
K(p) = 4 / <q)2 + é/}(pffqo + E(/12> dxdy (4.6)
14+3p Ja: \7F 4 Y2 '
and
p+3 2 <3 c 2)
—K(p) = yeny T =P, + = dxdy.
7 K@) =l /R2 oo + 0 y (4.7)

On the other hand, we have

92
Sw, 4,) =_201 / Z (c® + B Ko, + @ + 02y?) dxdy — 7707 'K (@), (4.8)
2 JR

2

0 3 ¢ 5p—1
Q(wg,0,) =5 / (02 +p100, + 507 +027) dxdy - 0707 L—Kg).
2 JR?
(4.9)
912 2 3 C 2 2 9 pil,_1 3P+ 1
0> (Wo,0,) =5 (wx + 700+ 50" + 0y > drdy = 070, ——K(9).
2 JR2
(4.10)

Reciprocally, by some computations and using (4.5) and (4.7), we obtain that the condi-
tions (4.4) are equivalent to conditions
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3
0,(Wg, 4,) = 81(6,.6,) /2 ((p§ + P00, + g(pz) dxdy < 0,
R

4.11)
3 c
0:00,0) = 0200 | (243000, + o) axty > 0
R:
and
2,3 C 2
S0, = 8501.0) | (92 + 3P0, + 507) dxdy
RZ
3 4.12)
< / (cp2 + > poHep, + 5(02) dxdy,
w VX4 2
where
6 2p-1) sp-16"
81(0,.6,) =0_ M 3 - —_—,
2 p+1
© 9)=—‘—9‘— (4.13)
8201, U 02 02 P .

0]

g3 (01 ) 02) =

2

Thus, conditions (4.11) and (4.12) are equivalent to

O <1, 3p+1+2p-DE2<Gp-D, g50,.6,) < 1.

Consequently, by taking 0% =1—¢, where ¢ > 0 is small enough such that 6)’1' € (0%,1)

with
-1 -1
9T=max 1—p €,1—2p € p,
4 5p—1

the conditions (4.4) hold for w, , . This completes the proof. O

Before proving Theorem 4.1, we need the following lemma.

Lemma4.4 Suppose that u and w are in X such that ||w||y < C, there exist the constants C,,
C, and Cs, independent of u, such that

O,w+u)—01(w) < Cylwlly, 4.14)
O,(u) — Or,(w +u) < G|lwlly, (4.15)

and
Sw +u) — Su) < Gsl|wl- (4.16)

Proof First, note from the inequality,

lalP*! + 16"+ — Ja + b1 S |bllal” + [bI7|al
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and embedding (2.8) that
K@) — K(u+w) < Cllwlly.

Hence, by using

DS+ WlI7s ey < Cliwlly + I1DSull7,

1
@) a=031

(R?)’
and

-1 2 -1 2
”a/\ (M + W))"”LZ(RZ) S C”W”X + ”ax uy” 2

(R2)
we have that
Q1+ w) = Q) S Wl + Kw) = K +w) S [Iwlly,

and this completes (4.14). Inequalities (4.15) and (4.16) can be proved similarly. O
Now, we are able to prove our main result.

Proof of Theorem 1.2 Let 6 > 0 be fixed. Assume that 0 < & < 1, and 6,, 0, and w, , are as
in Lemma 4.3 such that

6/2 > ||W91,92 - (p”X.

By the density X, < X, we can find u, € X such that

g — wel,gzllx < min { é, _° }’
2°Ci+GC+C
where C,, C, and Cj; are defined in the proof of Lemma 4.4 and
o =min{d — S(wy, 9,), —Q1(Wy 4,), =Qr(Wy, 4,),6/2}.
Therefore, we deduce that
llug = @llx < llug —wo, o,1lx + llwg, o, — @llx < 6.

This means from Lemmas 4.3 and 4.4 that uy € 07 N Q; Consequently, the solution u(?)
of the generalized two-dimensional Benjamin equation (1.1) with the initial data u(0) = u,
blows up in a finite time by Theorem 4.1. a
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