
Vol.:(0123456789)

Rendiconti del Circolo Matematico di Palermo Series 2 (2023) 72:1437–1452
https://doi.org/10.1007/s12215-022-00738-7

1 3

Instability of solitary waves of two‑dimensional Benjamin 
equation

Amin Esfahani1 

Received: 3 December 2021 / Accepted: 25 February 2022 / Published online: 22 April 2022 
© The Author(s), under exclusive licence to Springer-Verlag Italia S.r.l., part of Springer Nature 2022

Abstract
In this paper, we study instability of solitary wave solutions of the generalized two space-
dimensional Benjamin equation (ut + uxxx − �Huxx + (up)x)x = uyy . This equation gov-
erns the evolution of waves at the interface of a two-fluid system in which surface-tension 
effects cannot be ignored. We improve the previous work by Chen et  al. (Proc R Soc A 
464:49–64, 2008, https:// doi. org/ 10. 1098/ rspa. 2007. 0013) to the case 𝛽 < 0 and p > 7∕3 , 
and show that solitary waves of this equation are unstable by the mechanism of blow-up.
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1 Introduction

This paper is concerned with the following generalized two-dimensional Benjamin 
equation

where u = u(x, y, t) is a real valued-function, p > 1 and H  is the Hilbert transform in 
x-direction defined by

Here p.v. denotes the Cauchy principle value. Equations (1.1) combines the KDV and the 
Benjamin–Ono dispersive terms with the transverse variation term of the KP equation. 
It was introduced by Kim and Akylas [10] to model interfacial gravity-capillary (water) 

(1.1)

⎧
⎪⎨⎪⎩

ut + uxxx − �Huxx − vy + (up)x = 0,

uy = vx, (x, y) ∈ ℝ
2, t ≥ 0,

Hu(x, y, t) = p.v.
1

� ∫
ℝ

u(z, y, t)

x − z
dz.
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waves. Hunt also in [8] derived (1.1) in modeling magnetohydrodynamics surface waves. 
Hunt et  al. [9] considered nonlinear potential free surface flows in the presence of ver-
tical electric fields and obtain (1.1) when both the effects of gravity and surface tension 
are included in the dynamic boundary condition. When the KdV dispersive term uxxx is 
ignored, (1.1) reduces to the two-dimensional Benjamin–Ono equation derived by Ablow-
itz and Segur [1] for internal waves in stratified fluids of large depth. See also [6]. In the 
absence of the BO term �Hux , (1.1) is reduced to the classical KP equation that governs 
long dispersive weakly nonlinear waves which travel predominantly in the x-direction with 
weak transverse effects.

In comparison to the the full interfacial-wave equations, as was stated in 
[10], Eq. (1.1) describes almost uni-directional waves and it is not isotropic, so x is the 
preferred direction. This may seem to suggest that this model equation’s possible lump 
(localized solitary wave) solutions depend on the propagation direction which is strange 
in the physical relevance. In addition, solitary plane waves are unstable againt trans-
verse perturbations. Numerical simulations for p = 2 indicate that this instability results 
in the formation of elevation lumps that tend to propagate stably, thus assuming the 
role of asymptotic states of the initial-value problem in two spatial dimensions. Further-
more, the mechanism of bifurcation of lumps and the transverse instability of solitary 
waves were formally obtained in [10]. Since lumps and plane solitary waves of elevation 
co-exist, it was shown that the latter are unstable to transverse perturbations, similar to 
what happens for the KP equation case.

In the present paper, we are interested in studying dynamical behavior of solitary 
waves of (1.1). By a solitary wave of (1.1) with the wave speed c > 0 , we mean a solu-
tion of (1.1) of the form u(x, y, t) = �(x − ct, y) decaying to zero at infinity. More pre-
cisely, � ∈ X is a solution of

The aforementioned space X is defined as the closure of �x(C∞
0
(ℝ2)) under the norm

The space X was introduced in [5] for the KP equation. As noticed there, by using standard 
embedding theorems, one can see that, if u ∈ X , there exists a unique, up to a constant, 
� ∈ L

q

loc
(ℝ2) , 2 ≤ q ≤ 6 , such that u = �x and v = �y . So, we take the norm in X:

We say that � ∈ X is a solution of (1.2) if and only if S�(�) = 0 , where S(u) = E(u) + cF(u) 
with the energy and mass functionals

and

respectively, where

(1.2)−c� + �xx − �H�x − �−2
x
�yy = �p.

‖�x‖2X = ‖�xx‖2L2(ℝ2)
+ ‖∇�‖2

L2(ℝ2)
.

‖u‖2
X
= ‖�x‖2X = ‖�xx‖2L2(ℝ2)

+ ‖∇�‖2
L2(ℝ2)

.

E(u) =
1

2 ∫
ℝ2

(
u
2
x
+ �uHux + v

2
)
dxdy − K(u),

F(u) =
1

2
‖u‖2

L2(ℝ2)
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It is well-known that H  commutates with �x , and for any f that (see [11]) H f (𝜉) = (i𝜉 f̂ (𝜉)∨ , 
where ∧ and ∨ denote the Fourier and inverse Fourier transforms, respectively. Moreover,

where �D1∕2
x f (𝜉) = |𝜉|1∕2 f̂ (𝜉).

Zaiter in [16] used the concentration-compactness principle of Lions [12] and proved the 
existence of solitary waves of (1.1) for f (u) = u2. He also showed that solitary waves are 
smooth and symmetric with respect to the transverse variable, and decay algebraically at 
infinity (see Remark 1.1). In [7] the authors showed that when 𝛽 > 0 , the Cauchy problem 
associated to (1.1) is locally well-posed in C([−T , T];Hs(ℝ2)) ∩ C1([−T , T];Hs−3(ℝ2)) for 
s ≥ 3 . The results in [16] can be extended to the nonlinearity f (u) = up with 1 < p ≤ 5 and 
𝛽 > −2

√
c by considering the minimization problem

where

and

with 𝜆 > 0 . Notice that ‖u‖2
X
≅ G(u) . In [4], the authors considered the case � ≥ 0 and 

defined the minimization problem

where

and proved the minimum is achieved by � which is a ground state. We recall that � is a 
ground state solution of (1.2) if S�(�) = 0 and S(�) ≤ S(w) for any w ∈ X satisfying 
S�(w) = 0 . Moreover, Chen et al. defined some submanifolds of X, including the homoge-
neous space Ẋ with the seminorm ‖u‖2

Ẋ
= ‖ux‖2L2(ℝ2)

+ 𝛽‖D1∕2
x u‖2

L2(ℝ2)
+ ‖v‖2

L2(ℝ2)
 , which 

are invariant under the flow of the Cauchy problem associated to (1.1), and showed that the 
solitary waves of (1.1) are strongly unstable (see Definition 4.1) if � ≥ 0 and p ≥ 2 . In this 
paper, we extend this result to 𝛽 < 0 and p > 7∕3 . But (1.1), contrary to the KP equation 
( � = 0 ), does not possess any scaling invariance, so that the techniques used in [13, 14] 
cannot be directly used. Another difficulty arises in the case 𝛽 < 0 where the sign of the 
Pohozaev identity corresponding to the normalized solutions of (1.1) cannot be deter-
mined. Moreover, the semi-norm of Ẋ does not make sense when 𝛽 < 0 , because 
�‖D1∕2

x u‖2
L2(ℝ2)

 cannot be controlled. To overcome these difficulties, we will use the varia-

K(u) =
1

p + 1 ∫
ℝ2

u
p+1 dxdy.

∫
ℝ

fH fxdx = ∫
ℝ

|D1∕2
x

f |2dx,

I� = inf
u∈N�

G(u),

G(u) = G(u;c, �) = ∫
ℝ2

(
u
2
x
+ �uHux + v

2 + cu
2
)
dxdy,

N� =

{
u ∈ X, K(u) =

�

p + 1

}

(1.3)d ∶= inf
w∈N

S(w),

(1.4)N = {w ∈ Xs; w ≠ 0, I(w) = ⟨S�(u), u⟩ = 0},
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tional characterizations of the ground states of (1.1) by modifying the manifolds presented 
in [4] and show that the ground states of (1.1) are actually the Mountain-pass solutions of 
(1.1), and then we define some new invariant set to control the x-half-derivative of u and 
shown that the solitary waves of (1.1) are unstable by the mechanism of blow-up when the 
wave velocity c is sufficiently large.

Remark 1.1 Due to the presence of the Benjamin-type term Huxx , the solitary waves have 
prominent oscillatory tails when � is close to −2

√
c and whose maximum excursion from 

the rest state decreases as � approaches −2
√
c . See Fig. 1. The same phenomenon occurs 

for the Benjamin equation (see [1, 2, 10])

This suggests the instability of the solitary waves in this regime 𝛽 < 0.

ut + uxxx − �Huxx + (up)x = 0.

Fig. 1  The projections of the solitary waves (1.1) on xz-plane (up) and the yz-plane with p = 2 , c = 1 and 
� = −1.9,⋯ , 1.5
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Theorem 1.2 Let p ∈ (7∕3, 5) and c > 0 . Then there exists c0 > 0 , depending on c, such 
that any ground state � of (1.1) is strongly unstable when 𝛽 > −c0.

The paper is organized as follows. After introducing some notation, in Sect. 2 we obtain 
the conditions under which existence and some variational characterizations of the soli-
tary waves of (1.1) are assured. They will be important in our analysis of stability. Indeed, 
we show that Mountain-pass solutions of (1.2) are equivalent to the solutions obtained by 
the Nehari manifold in [4]. Section  3 is devoted to several minimization problems with 
multiple constraints to construct submanifolds of X that are invariant under the flow gener-
ated by the Cauchy problem associated to (1.1). In Sect. 4, we show that the solutions of 
(1.1) blows up in finite time if initial data is in some invariant sets must blow up in a finite 
time which shows in turn that the solitary waves of (1.1) if p > 7∕3 and 𝛽 > c0 is strongly 
unstable.

Throughout this paper, we consider p = p1∕p2 where p1 is odd and p2 is even.

1.1  Notations

For s ∈ ℝ , the nonhomogeneous Sobolev space is denoted by Hs
(
ℝ

2
)
 and defined by

where

and S′
(
ℝ

2
)
 denotes the space of tempered distributions. Define

with the norm

where ’ ∨ ’ is the Fourier inverse transform.

2  Existence and variational characterizations

In this section, we study the existence and some variational characterizations of the solitary 
waves of (1.1). They will be important in our analysis of stability.

Theorem 2.1 Equation (1.2) does not possess nontrivial solitary wave u = �x ∈ X satisfy-
ing u ∈ H1(ℝ2) ∩ L∞

loc
(ℝ2) and �yy ∈ L2

loc
(ℝ2) if one of the following cases holds: 

 (i) c > 0 , � ≥ 0 and p ≥ 5,
 (ii) c > 0 , p > 5 and 

H
s
�
ℝ

2
�
=
�
𝜑 ∈ S

�
�
ℝ

2
�

∶ ‖𝜑‖Hs(ℝ2) < ∞
�
,

‖�‖Hs(ℝ2) =
���
�
1 + �� �2� s

2 �̂(� )
���L2(ℝ2)

,

Xs =
{
u ∈ H

s(ℝ2);
(
𝜉−1û(𝜉, 𝜂)

)∨
∈ H

s(ℝ2)
}
,

‖u‖Xs
= ‖u‖Hs(ℝ2) +

���
�
𝜉−1û

�∨���Hs(ℝ2)
,
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 (iii) c ≤ 0 and p ≤ 7∕3.

Proof The proof follows from the standard truncation argument and the fact 
∫
ℝ
xgHgxdx = 0 and the following Pohozaev-type identities:

To obtain these identities, we multiplied formally (1.2) by u, xux and yuy and use some inte-
gration by parts following [16]. After some straightforward calculations, we have

The result comes from the above Pohozaev identities.   ◻

Define the minimax value

with

Problem (2.6) indeed gives the mountain-pass solutions of (1.1). Recall from [3, 5] that the 
following anisotropic Sobolev-type inequality

holds and then the embedding

is continuous for any q ∈ [2,∞) , and is compact for q ∈ (2,∞) . It is worth noting by inter-
polation for any q ∈ [0, 2(p − 1)] with p + q ≤ 5 that

�2 ≤
(

4

3p − 7

)2

(p − 1)(p − 5)
c

2
,

(2.1)∫
ℝ2

(u2
x
+ cu

2 + �uH ux) dxdy − (p + 1)K(u) = 0,

(2.2)∫
ℝ2

(3v2 − u
2
x
+ cu

2) dxdy − 2K(u) = 0,

(2.3)∫
ℝ2

(v2 + u
2

x
+ cu

2 − �uH ux) dxdy − 2K(u) = 0.

(2.4)∫
ℝ2

(
(p − 1)u2

x
+

3p − 7

4
�uH ux +

p − 5

2
cu

2

)
dxdy = 0,

(2.5)∫
ℝ2

(
(p − 1)u2

x
+

7 − 3p

p − 1
v
2 − cu

2

)
dxdy = 0.

(2.6)dMP = inf
�∈Γ

max
t∈[0,1]

S(�(t)),

Γ = {𝜔 ∈ C([0, 1],X); 𝜔(0) = 0, S(𝜔(1)) < 0}.

(2.7)‖u‖p+1
Lp+1(ℝ2)

≲ ‖u‖2
L2(ℝ2)

‖ux‖
p−1

2

L2(ℝ2)
‖𝜕−1

x
uy‖

p−1

2

L2(ℝ2)

(2.8)X ↪ L
q(ℝ2), 2 ≤ q ≤ 6.
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By employing the mountain-pass lemma without the Palais–Smale condition [15] by using 
the above embedding and the fact G(u) ≊ ‖u‖2

X
 for 𝛽 > −2

√
c , one can show that (1.1) has 

a nontrivial solitary wave through (2.6) for 1 < p ≤ 5 . We should notice for every u ∈ X 
that there is a unique t = tu such that tuu ∈ N (see (1.4)),

and tu depends continuously only u ∈ X . Indeed, it is obvious to see that t = tu > 0 is only 
root of d

dt
S(tu) = 0 . Then, S > 0 on N. So we can observe from S(0) = 0 that S(tuu) achieves 

its maximum in tu.
It is worth remarking that the uniqueness of ground states, modulo the symmetries, 

is still unknown. This is an challenging open problem (even when � = 0 ). Indeed, since 
the uniqueness shows that the set of ground states of (1.1) matches with the orbit of any 
single ground state, the stability the set of ground states leads to orbital stability of the 
ground state.

In the following, we present some variational characterizations of the solitary waves 
which are useful in the instability analysis of solitary waves.

Recall the minimization problem (1.4).

Lemma 2.2 There exists a nontrivial minimizer u of (2.10). Moreover, u is a solitary wave 
solution of (1.1) and dMP = d+ = d.

Proof Existence of a nontrivial minimizer for (1.4) is similar to Theorem 2.5 in [4] with 
natural modification and using the fact G(u) ≊ ‖u‖2

X
 for 𝛽 > −2

√
c.

To prove d+ = d = dMP , first we note that as K is subquadratic function at zero, we 
observe that I is positive in neighborhood Br(0) ⧵ {0} ⊂ X . Thereby, I(𝛾(t)) > 0 , � ∈ Γ , for 
some t > 0 . Now, we have for u ∈ X+ that

This means that if � ∈ Γ , then I(𝛾(t)) < 0 , and therefore crosses N. This shows that 
dMP ≥ d . Now for u ∈ X+ , we have K(tu) ≥ Ct� , for some C, 𝜚 > 0 , if t > 0 is sufficiently 
large. This means for every u ∈ X+ that S(tu) < 0 for t ≫ 1 . Hence, the half-axis {tu}t>0 
generates an element of Γ , that is dMP ≤ d+ . Finally assume that u ∈ N . We have from defi-
nition of I that K(u) > 0 and d

dt
K(tu) > 0 provided t ≥ p1∕p . Hence, we have for t > 0 large 

enough that K(tu) > 0 . The definitions of d+ and d show that d+ ≥ d . This completes the 
proof.   ◻

The following lemma was reported in [4, Proposition 2.8] for the case � ≥ 0 . We give 
the proof for the sake of completeness.

Lemma 2.3 Let s ≥ 3 and 𝛽 > −2
√
c . Then there holds that d = d̃ ∶= infu∈Ñ S(u) and

‖u‖p+1
Lp+1(ℝ2)

≲ ‖u‖
5−p−q

2

L2(ℝ2)
‖D1∕2

x
u‖q

L2(ℝ2)
‖ux‖p−1−

q

2

L2(ℝ2)
‖𝜕−1

x
uy‖

p−1

2

L2(ℝ2)
.

(2.9)S(tuu) = max
s>0

S(su)

(2.10)d+ = inf
u∈X+

sup
t>0

S(tu), where X+ = {u ∈ X, K(u) > 0}

2S(u) = ‖u‖2
X
− 2K(u) > I(u).
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Proof It is easy to see that d̃ ≥ d . To show d̃ ≤ d , it is enough to prove for any 𝜖 > 0 and 
any ũ ∈ N that

We find from the density Xs into X that there is a sequence {un} ⊂ Xs such that wn = ũ − un, 
where limn→∞ wn = 0 in X. Since I(ũ) = 0 , we know that

and

One can see from Lemma 2.2 that N is a nonempty manifold. Furthermore, it is uni-
formly bounded from below in X. Furthermore, for any 0 ≠ u ∈ X , there is a unique 
𝜁u > 0 such that �uu ∈ N . It can be also seen that �u ∈ (0, 1) , if I(u) < 0 . Therefore, 
there exists a sequence �n (see 2.9) such that 𝜁nun ∈ Ñ and limn→∞ �n = 1 . Now, denote 
ũ − wn = 𝜁nun + (1 − 𝜁n)un . we have by comparing S(ũ) with S(�nun) that

Consequently, since limn→∞ wn = 0 in X, then

and

And the proof of lemma is complete.   ◻

3  Invariant submanifolds

Now, in this section, we present some dynamical properties of the ground state solutions 
of (1.1) to construct several sets that are invariant under the flow generated by the Cauchy 
problem associated to (1.1).

First we should report the existence of local solution of the Cauchy problem associated 
with (1.1). This result was obtained by [7].

Theorem 3.1 Let s ≥ 3 and u0 ∈ Xs . Then there exists T > 0 such that (1.1) has a unique 
solution u(t) with u(0) = u0 satisfying

and if �−2
x
(u0)yy ∈ L2(ℝ2) , one has

Ñ = {u ∈ Xs; u ≠ 0, I(u) = 0}.

S(ũ) ≥ inf
u∈Ñ

S(u) − 𝜖.

lim inf
n→∞

K(u) ≠ 0

lim
n→∞

I(un) = 0.

‖ũ‖2
X
≥ ‖𝜁nun‖2X −

2𝜖

3
.

K(ũ) ≤ K(𝜁nun) +
𝜖(p + 1)

3

S(ũ) ≥ −𝜖 + S(𝜁nun) ≥ −𝜖 + inf
u∈Ñ

S(u).

u ∈ C([0,T);Xs) ∩ C
1
(
[0, T);Hs−3(ℝ2)

)
, �−1

x
uy ∈ C

(
[0, T);Hs−1(ℝ2)

)
;
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Moreover, if |y|u0 ∈ L2(ℝ2) , then |y|u ∈ L∞((0,T); L2(ℝ2)) . Furthermore, we have 
E(u(t)) = E(u0) and F(u(t)) = F(u0).

Define the following two submanifolds

where

and

Lemma 3.2 If � ∈ X is a weak solution of problem (1.2), then Qj(�) = 0 , j = 1, 2.

Proof The identities Qj(�) = 0 are obtained by combining identities (2.1)–(2.3) after some 
straightforward computations.   ◻

The following variational characterization of the ground states of (1.1), based on 
cross-constrained submanifolds of X, will be vital to show the strong instability.

Lemma 3.3 Let p > 7∕3 , 𝛽 > −c0 ∶= −
4

3

√
2c and � be a ground state of (1.2). Then 

Q1(�) = 0 and S(�) = infu∈Λ1
S(u) , where

Proof We show for any u ∈ Λ1 that there exists a path � ∈ Γ such that

Define u� (x, y) = �5∕4u(�1∕2x, �y) , where 𝜏 > 0 . One can see that

Moreover, � ↦ S(u� ) increases for � ∈ (0, 1) , attains its maximum at � = 1 and tends to −∞ 
on (1,+∞) . More precisely, one can observe by some easy computations that

and

ut ∈ L
∞
(
(0, T);X

0

)
, �−1

x
uyt ∈ L

∞
(
[0, T);H−1(ℝ2)

)
.

Qj = {u ∈ Xs ⧵ {0}, Qj(u) = 0}, j = 1, 2,

(3.1)Q
1
(u) = ∫

ℝ2

(
u
2

x
+ v

2 +
3

4
�uH ux +

c

2
u
2

)
dxdy −

5p − 1

4
K(u),

(3.2)Q
2
(u) = ∫

ℝ2

(
u
2

x
+

3

4
�uH ux +

c

2
u
2

)
dxdy −

3p + 1

4
K(u).

(3.3)Λ1 = {u ∈ X, u ≢ 0, Q1(u) = 0}.

(3.4)max
t∈[0,1]

S(�(t)) = S(u).

lim
�→0+

‖u�‖2X = 0.

lim
�→+∞

S(u� ) = −∞

d

d𝜏
S(u𝜏 )

{
> 0 𝜏 ∈ (0, 1)

< 0 𝜏 ∈ (1,+∞),
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provided p > 7∕3 and 𝛽 > −c0 holds. Now by choosing � large enough to have S(u𝜏 ) < 0 , 
we can define � ∶ [0, 1] → X by �(t) = ut� to obtain the desired path.   ◻

Lemma 3.4 Let p > 7∕3 , 𝛽 > −c0 and � be a ground state of (1.2). Then Q2(�) = 0 and 
S(�) = infu∈Λ2

S(u) , where

Proof The proof is analogous to the one of Lemma 3.3. For any u ∈ Λ2 , to find the appro-
priate path in Γ , we define u� (x, y) = �3∕4u(�1∕2x, y) , where 𝜏 > 0 . Next, we need to show 
that � ↦ S(u� ) increases for � ∈ (0, 1) , tends to −∞ on (1,+∞) and achieves its maximum 
at � = 1 . But the conditions p > 7∕3 and 𝛽 > −c0 assure that

and

The path � ∶ [0, 1] → X , by �(t) = ut� , is what we need, if we � is sufficiently large to have 
S(u𝜏 ) < 0 .   ◻

Remark 3.5 One can easily see that

where S−
j
= S − 4qjQj,

and

In the following, one can see the equivalence between the ground states and the mini-
mizers of Lemmas 3.3 and 3.4. The proof proceeds along the same lines of the proof of 
Lemma 2.11 in [13] with essential modifications, and we omit it.

Proposition 3.1 Let p > 7∕3 and 𝛽 > −c0 . Then � ∈ X is a ground state of (1.1) if � ∈ Λj 
and S(�) = infu∈Λj

S(u) with j = 1, 2.

Remark 3.6 It is worth noting that the converse of the above proposition holds. Actually, 
if a solitary wave is obtained by minimizing the action S on the submanifold Λj , then it is 
really a ground state.

Next we define for j = 1, 2 the sets

and

(3.5)Λ2 = {u ∈ X, u ≢ 0, Q2(u) = 0}.

lim
�→+∞

S(u� ) = −∞

d

d𝜏
S(u𝜏 )

{
> 0 𝜏 ∈ (0, 1)

< 0 𝜏 ∈ (1,+∞).

inf
u∈Λj

S(u) = inf
u∈Λ−

j

S
−
j
(u),

Λ−
j
= {u ∈ X, u ≢ 0, Qj(u) ≤ 0}

q1 =
1

5p − 1
, q2 =

1

3p + 1
.

Q
+
j
= {u ∈ Xs; S(u) < m, Qj(u) ≥ 0}
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The following lemma shows that these sets are invariant under flow generated by (1.1) 
which will be important to obtain the blow-up result.

Lemma 3.7 Let s ≥ 3 , 𝛽 > −c0 and p > 7∕3 . Suppose that the solution u(t) ∈ C([0, T);Xs) 
with some T > 0 , is a solution of (1.1) with initial data u0 ∈ Xs satisfying F(u(t)) = F(u0) 
and E(u(t)) = E(u0) for 0 ≤ t < T  . Then u(t) ∈ Q

±
j
 for any t ∈ [0, T) , if u0 ∈ Q

±
j
 for 

j = 1, 2 . Moreover, if u0 ∈ Q−
1
 , then Q1(u(t)) < −𝜌 for 0 ≤ t < T  , where

Proof We only show that that Q−
1
 is invariant under the flow generated by the initial value 

problem associated to (1.1). The proofs of invariance of the other sets are similar. Sup-
pose that u(t) with t ∈ [0, T) is the solution of (1.1) with the initial data u(0) = u0 . Since 
u0 ∈ Q−

1
 , then d > S(u(t)) for all t by Theorem 3.1. Now suppose Q1(u(t0)) ≥ 0 for some 

t0 ∈ (0, T) . As Q1 is continuous with respect to t, then we have that Q1(u(t1)) = 0 for some 
t1 ∈ (0, t0] ; and thus u(t1) ∈ Λ−

1
 . Finally Remark 3.5 and Lemma 3.3 gives the contradiction 

d > S(u(t1)) ≥ infu∈Λ−
1
S(u) = d.

Now suppose u0 ∈ Q−
1
∩ Q

+
2
 . Then we have u(t) ∈ Q−

1
∩ Q

+
2
 , i.e. S(u(t)) < S(𝜑) and 

Q1(u(t)) < 0 ≤ Q2(u(t)) for t ≥ 0 . Since Q1(𝜏u) > 0 for some sufficiently small 𝜏 > 0 , there 
exists �0 ∈ (0, 1) , such that Q1(�0u) = 0 and

where

Then,

  ◻

4  Strong instability

In this section, we show that the ground states of (1.1) is strongly unstable. First we recall 
the definition of the strong instability.

Q
−
j
= {u ∈ Xs; S(u) < m, Qj(u) < 0}.

(3.6)� =
5p − 1

4
(S(�) − S(u0)).

S(𝜑) < S(𝜏0u) =
𝜏2
0

2 ∫
ℝ2

(u2
x
+ 𝛽uHux + cu

2 + v
2) dxdy − 𝜏

p+1

0
K(u)

= 𝜏2
0

�
g1(p)‖ux‖2L2(ℝ2)

+ 𝛽g2(p)‖D1∕2
x

u‖2
L2(ℝ2)

+ cg3(p)‖u‖2L2(ℝ2)
+ g1(p)‖v‖2L2(ℝ2)

�

< g1(p)‖ux‖2L2(ℝ2)
+ 𝛽g2(p)‖D1∕2

x
u‖2

L2(ℝ2)
+ cg3(p)‖u‖2L2(ℝ2)

+ g1(p)‖v‖2L2(ℝ2)

= S(u) −
4

5p − 1
Q1(u) = S(u0) −

4

5p − 1
Q1(u).

(3.7)g1(p) =
1

2
−

4

5p − 1
, g2(p) =

1

2
−

3

5p − 1
g3(p) =

1

2
−

2

5p − 1
.

Q1(u(t)) < −
5p − 1

4
(S(𝜑) − S(u0)).
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Definition 4.1 We say that a solitary wave � to (1.1) is strongly unstable if, for all 𝛿 > 0 , 
there exists u0 ∈ Xs ( s ≥ 3 ) such that ‖u0 − 𝜑‖X < 𝛿 and the solution u(t) of (1.1) with ini-
tial data u(0) = u0 blows up in finite time in the space X.

Theorem 4.1 Let p > 7∕3 , 𝛽 > −c0 and u0 ∈ Q−
1
∩ Q

+
2
 . Suppose that the solution u(t) is a 

solution (1.1) with the initial data u(0) = u0 , then u(t) blows-up in finite time, that is

for some 0 < 𝜏 < ∞.

Proof If u(t) remains in X, we define

where u is the solution of (1.1). Similar to [4], one can employ Theorem 3.1 to show that 
the virial identity

holds. It follows from Lemma 3.7 that

where � is as in (3.6). Therefore, it follows that I(�) = 0 for some 𝜏 < ∞ , and the blow-up 
result can be deduced by combining the conservation law F(u(t)) = F(u0) and the classical 
Weyl-Heisenberg inequality.   ◻

Remark 4.2 One can easily observe when u0 ∈ Q
+
2
 that the energy of initial data is positive 

if p > 7∕3.

If u0 ∈ Q
+
1
 , then the conservation laws imply that the solution u(t) of (1.1) remains 

globally in X for t ≥ 0.

Proposition 4.1 Let 𝛽 > −c0 and u0 ∈ Q
+
1
 . Then the solution u(t) in Theorem  3.1 exists 

globally in time.

Proof First we note that Q+
1
≠ � . Let u0 ∈ Q

+
1
 and u(t) be the corresponding solution of 

(1.1) for t ∈ [0, T) with the initial data u0 . Suppose by contradiction that T < +∞ . Then by 
Theorem 3.1,

It follows from the conservation laws E and F in 0 ≤ t < T  that

(4.1)lim
t→�−

‖uy(t)‖L2(ℝ2) = +∞

I(t) = ∫
ℝ2

y
2
u
2(t) dxdy,

(4.2)1

8

d2

dt2
I(t) = ‖v‖2

L2(ℝ2)
−

p − 1

2
K(u) = Q1(u) − Q2(u)

1

8

d2

dt2
I(t) < −𝜌 < 0,

(4.3)lim
t→T−

‖u‖2
X
= +∞.



1449Instability of solitary waves of two‑dimensional Benjamin…

1 3

provided 𝛽 > −c0, where gj(p) are the same as (3.7). Thus, we deduce from (4.3) that

By continuity, we infer that there is t0 ∈ (0, T) such that Q1(u(t0)) = 0 . The conservation 
laws imply that E(u(t0)) ≥ d . This contradicts the fact E(u(t)) = E(u0) < d .   ◻

The following lemma suggests suitable initial data, near to the solitary wave, to con-
struct blow-up solutions. The proof is similar to one of Lemma 5.4 in [4].

Lemma 4.3 Let 𝛽 > −c0 , p > 7∕3 . Suppose that � is a ground state of (1.1) such that 
�y = �x . Then there exists 𝜃1 > 0 and 𝜃2 > 0 such that for w�1,�2

(x, y) = �1�(x, �2y),

Proof Let � be a ground state solution of (1.1). First, by some straightforward computa-
tions (see (2.1)–(2.3)), one has

and

On the other hand, we have

Reciprocally, by some computations and using (4.5) and (4.7), we obtain that the condi-
tions (4.4) are equivalent to conditions

S(u0) −
4

5p − 1
Q1(u(t)) = S(u(t)) −

4

5p − 1
Q1(u(t))

= ∫
ℝ2

�
g1(p)u

2
x
+ �g2(p)uHux + cg3(p)u

2 + g1(p)v
2
�
dxdy

≊ ‖u‖2
X

lim
t→T−

Q1(u(t)) = −∞.

(4.4)S(w𝜃1,𝜃2
) < m, Q1(w𝜃1,𝜃2

) < 0 and Q2(w𝜃1,𝜃2
) > 0.

(4.5)‖�‖2
L2(ℝ2)

=
2(p − 1)

1 + 3p ∫
ℝ2

�
�2

x
+

3

4
��H�x +

c

2
�2

�
dxdy,

(4.6)K(�) =
4

1 + 3p ∫
ℝ2

(
�2

x
+

3

4
��H�x +

c

2
�2

)
dxdy

(4.7)
p + 3

4
K(�) = ‖�‖2

L2(ℝ2)
+ ∫

ℝ2

�
3

4
��H�x +

c

2
�2

�
dxdy.

(4.8)S(w�
1
,�

2
) =

�2
1

2�
2
∫
ℝ2

(
c�2 + ��H�x + �2

x
+ �2

2
�2

)
dxdy − �

p+1

1
�−1
2
K(�),

(4.9)

Q
1
(w�

1
,�

2
) =

�2
1

�
2
∫
ℝ2

(
�2

x
+ �

3

4
�H�x +

c

2
�2 + �2

2
�2

)
dxdy − �

p+1

1
�−1
2

5p − 1

4
K(�),

(4.10)

Q
2

(
w�

1
,�

2

)
=
�2
1

�
2
∫
ℝ2

(
�2

x
+ �

3

4
�H�x +

c

2
�2 + �2

2
�2

)
dxdy − �

p+1

1
�−1
2

3p + 1

4
K(�).
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and

where

Thus, conditions (4.11) and (4.12) are equivalent to

Consequently, by taking �2
2
= 1 − � , where 𝜖 > 0 is small enough such that �p

1
∈ (�∗

1
, 1) 

with

the conditions (4.4) hold for w�1,�2
 . This completes the proof.   ◻

Before proving Theorem 4.1, we need the following lemma.

Lemma 4.4 Suppose that u and w are in X such that ‖w‖X ≤ C , there exist the constants C1 , 
C2 and C3 , independent of u, such that

and

Proof First, note from the inequality,

(4.11)
Q

1
(w𝜃

1
,𝜃

2
) = g

1
(𝜃

1
, 𝜃

2
)∫

ℝ2

(
𝜑2

x
+

3

4
𝛽𝜑H𝜑x +

c

2
𝜑2

)
dxdy < 0,

Q
2
(w𝜃

1
,𝜃

2
) = g

2
(𝜃

1
, 𝜃

2
)∫

ℝ2

(
𝜑2

x
+

3

4
𝛽𝜑H𝜑x +

c

2
𝜑2

)
dxdy > 0,

(4.12)
S(w𝜃

1
,𝜃

2
) = g

3
(𝜃

1
, 𝜃

2
)∫

ℝ2

(
𝜑2

x
+

3

4
𝛽𝜑H𝜑x +

c

2
𝜑2

)
dxdy

< ∫
ℝ2

(
𝜑2

x
+

3

4
𝛽𝜑H𝜑x +

c

2
𝜑2

)
dxdy,

(4.13)

g1(�1, �2) =
�2
1

�2
+ �2

1
�
2(p − 1)

3p + 1
−

5p − 1

3p + 1

�
p+1

1

�2
,

g2(�1, �2) =
�2
1

�2
−

�
p+1

1

�2
,

g3(�1, �2) =
�2
1

�2

p + 3

2(p − 1)
+

�2
1
�2

2
−

2�
p+1

1

(p − 1)�2
,

𝜃
p−1

1
< 1, 3p + 1 + 2(p − 1)𝜃2

2
< (5p − 1)𝜃

p−1

1
, g3(𝜃1, 𝜃2) < 1.

�∗
1
= max

{
1 −

p − 1

4
�, 1 − 2

p − 1

5p − 1
�

}
,

(4.14)Q1(w + u) − Q1(u) < C1‖w‖X ,

(4.15)Q2(u) − Q2(w + u) < C2‖w‖X ,

(4.16)S(w + u) − S(u) < C3‖w‖X .

|a|p+1 + |b|p+1 − |a + b|p+1 ≲ |b||a|p + |b|p|a|
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and embedding (2.8) that

Hence, by using

and

we have that

and this completes (4.14). Inequalities (4.15) and (4.16) can be proved similarly.   ◻

Now, we are able to prove our main result.

Proof of Theorem 1.2 Let 𝛿 > 0 be fixed. Assume that 0 < 𝜀 ≪ 1 , and �2 , �1 and w�1,�2
 are as 

in Lemma 4.3 such that

By the density Xs ↪ X , we can find u0 ∈ Xs such that

where C1 , C2 and C3 are defined in the proof of Lemma 4.4 and

Therefore, we deduce that

This means from Lemmas 4.3 and 4.4 that u0 ∈ Q−
1
∩ Q

+
2
 . Consequently, the solution u(t) 

of the generalized two-dimensional Benjamin equation (1.1) with the initial data u(0) = u0 
blows up in a finite time by Theorem 4.1.   ◻
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