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Abstract

This paper is concerned with the Cauchy problem of nonlinear Klein—-Gordon equations
with general nonlinearities. We use the potential well and convexity methods to prove the
global existence and finite time blow up of solution with low and critical initial energy lev-
els. And a finite time blow up of the solution with arbitrarily positive initial energy level is
proved.
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1 Introduction

In this paper, we consider the following nonlinear Klein—-Gordon equation with general
nonlinearities

u, —Au+u=fu), xeR" >0, (1.1)
u(x,0) = ug(x), xeR", (1.2)
u,(x,0) =u;(x), xeR”, (1.3)

where R"(n > 1) is a unbounded domain, A is the Laplacian operator on R”,
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uy € H'[R"), u, € L*(R"),

! s (1.4)
fu) =a|ul’r + Zaklul”k_lu - ij|u|q/“1u,
k=2 j=1

and q, > 0,1 sksl,b_- >0,1 <j<s, a4, >0,pkandqjsatisfy

Q) if n23,1<q,<q_ <= <q=q<p=p <p,<- <p <

(H){(l) ifn=12,1<q,<q¢ 1 < <qg =qg<p=p <Py <+ <p; <0
n-2"

The three-dimensional Klein—Gordon equation (1.1) was simplified as

1 0%u

———-Au+Vwu=0

c2 or? @)
to describe the quantum behavior of free particles [1]. For the one-dimensional Klein—Gor-
don equation

u, —au, +f(u)=0, (1.5)

when the nonlinear source f(u) = sinu, sinhu, e*, e* + e~2* or e™* + e~ 2, the equations

(1.5) are called Sine-Gordon equations, Sinh-Gordon equations, Liouville equations,
Dodd-Bullough—Mikhailov equations or Tzitzeica—Dodd—Bullough equations respectively.
Sine-Gordon equations and Sinh-Gordon equations are used to describe the propagation of
fluxons in Josephson junction between two superconductors and the motion of a rigid pen-
dulum attached to a stretched line, which is often seen in solid state physics and nonlinear
optics [1-3]. Liouville equations are used to describe the vibration of uniformly charged
plasma [4]. Dodd-Bullough-Mikhailov equations and Tzitzeica—Dodd-Bullough equa-
tions appear in various problems in fluids and quantum field theory [2, 5]. In addition, the
Eq. (1.5) with nonlinear source f(u) = —|u|*u + |u|*u are used to describe the quantum
behavior of particles with spin O [6, 7].

In order to give a theoretical explanation from a mathematical point, we start from the
well-posedness of the solution for the problem (1.1)-(1.3) to reveal the dynamic behavior
of the solution. For the Cauchy problem of the Klein—-Gordon equations (1.1)—(1.3) with
f(u) = |ul”~'u, Xu [9] proved the global existence and finite time blow up of the solution at
low initial energy level E(0) < d. Li and Zhang [10] extended the result of finite time blow
up and global existence to the critical initial energy level E(0) = d for the Cauchy problem
of the Klein-Gordon equation (1.1)=(1.3) with f(u) = u?> + u®. Wang [8] proved the finite
time blow up at the arbitrarily positive initial energy level E(0) > 0 to the Cauchy prob-
lem of the Klein—-Gordon equation (1.1)-(1.3) with f(u) = u?~'u. Kutev et al. [11] con-
sidered Klein—-Gordon e[quation (1.1)=(1.3) with f(u) = Zizl alulPtu — Z}Ll bj|u|‘7.r’1u
and f(u) = a;|ulP + Y, _, aplulP " u — Z;=1 b;lu|%~"'u, where a; >0, a; >0, 2 <k <1,
b; 20,1 <j<s, p; and g; satisfy (H). The global existence and finite time blow up of
the solution at the critical initial energy level £(0) = d is proved in [12]. Kutev et al. [11]
considered the same Cauchy problem and proved the finite time blow up of the solution at
arbitrarily positive initial energy level E(0) > 0.

As the nonlinear source terms reflect the influence of the nonlinear factors on the
Cauchy problem of the Klein—-Gordon equation (1.1)—(1.3), while the complex com-
bined source terms describe the superimposition of these related factors. Obviously, the
signs of the source terms greatly affect the size and direction of the combined source
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terms. The coefficients a; > 0, a;, > 0 and bj > 01in [11, 12], which mean that the direc-
tions of external force are positive, positive and negative respectively, and this nonlin-
ear term is more general than the nonlinear term which appear in the damped semilinear
wave equations [14], the fractional Laplacian parabolic [15], variable exponent parabolic
equation [16], the parabolic systems [17], the pseudo-parabolic equation with singular
potential [18], nonlinear Schroinger equation with a harmonic potential [19] and frac-
tional p-Laplacian evolution equations [20]. In this present paper, we consider the non-
linear source f(u) = a,|ul’ + 25{:2 a|ulPu — Zj.:l b;|u|%'u, where a; <0, @, >0,
2<k<l, bj >0,1<j<s, p,and q; satisfy (H) to reveal the negative effects of the term
a,|ul”, a; < 0 and prove the well-posedness of the solution to the Cauchy problem of the
Klein—Gordon equation (1.1)—(1.3).

2 Preliminaries

We commence this section by introducing the norms ||ull, := [ull g, 12l 2= Null 2@
and the inner product (1, v) := fRﬂ uvdx. Also we introduce the norm for H!(R")

2 . 2 2
el == Neell” + 1 Vel

We define two C! functionals on H'(R") — R, known as potential functional and Nehari
function respectively as follows

1

g0 5= Sl =3 S 2 |u|”1udx+2 +1|| !
2.1
and
1 K
1) 2=l = Y, allull?s) - a, /R Jul? udx+ Y bl 2.2)
k=2 " j=1

We also define Nehari manifold
N = {ueH R I(u)=0,||Vul| #0}
and the depth of the potential well (the so-called mountain pass level in [21])
d .= L}gj{/ J(u).
Now, we define the potential well
W= {u e H (R"|Iu) > 0,Ju) <d} U {0}
the outer of the potential well
Vi={ueH R <0,Ju)<d}

and the family of potential wells
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qi+1

1 s
. — 2 petl
I5) 2= 8llull}, — ay /R Jul? Zzaknuu,,;H + Z:,b,-uunqﬁl, 5> 0.

= =

The corresponding Nehari manifolds and the depth of the family of potential wells are

defined respectively by

N; 1= {u e H' R"|I;w) =0,]|Vul| # 0}
and
Next we introduce the stable set W and the unstable set V; defined by
W, 1= {u € H'R")|I;(u) > 0,J(u) < d(6)} U {0}
and

Vs 1= {(u € H'®R")|I;w) < 0, J(u) < d(5)}.

Definition 2.1 Function u(x, f) is called a week solution to problem (1.1)-(1.3), if it
satisfies

u € L™ ([0, T);H'(R"), u, € L= ([0, T);L*(R"))
and there holds
(g v) + Vi, Vo) + (u,v) = (f(), v) (2.4)

for any v € H'(R"), t € [0, T), where {-,-) denotes the duality pairing between H~!(R")
and Hé([R”), and the following energy equality holds

E(r) = EQ0), 1 € (0,T), (2.5)

where
1

E@) := zllu,ll2 +J(u). 2.6)

Lemma 2.2 Assume f(u) satisfy (H), then we have
@+ DF(u) <uf(u) for all u € R, 2.7)

where F(u) := fouf(s)ds.
Proof When u > 0, then by (i) in (H), we have

uf’ () > pf (u)

and
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/ sf/(s)ds > p/ f(s)ds = pF(u) forall u>0,
0 0
which implies
uf (u) — / f(s)ds > pF(u) forall u >0,
0

that is
(» + DF(u) < uf(u).

The proof of the case u < 0 is similar to the case u > 0. a

Lemma 2.3 Let f(u) satisfy (H), then

D [Fw)| < Zk - a‘ ILtIkarl + o |u|"1+1f0rallu €R;
(i) F(u) > B|u|”+1f0rB F(l)and alllul > 1.

Proof (i) From (H), it implies that

u l 5
/ (Zak|u|pk_lu+a1|u|”‘—ij|u|qf_lu du
0 \ k=1 j=1

(i) When u > 0, by (H), we have F(«) > 0. Then Lemma 2.2 tells

|[F(u)| <

N

b.
|u|pk+| Z q,_.|j_1|u|qf+l’

j=1 1

dF(u)
p+1 < fw T
u ~ Fu) Fuw’

“q “ dF(s)
(p+1)/I ;dsS/l Ok

Inuw’™' <InF(u) — In F(1).

which gives

that is

Then F(u) > BuP*!, B = F(1). Similarly to the case u > 1, we obtain F(u) > BuP*! for all
u<-1 O

Lemma 2.4 (Relations between I(u) and ||Vul||) Let 6 > 0.

(D) IfO < |[ullgn < y(8), then I5(u) > 0. In particular, if O < ||ull;n < y(1), then I(u) > 0;
2) IfI;(u) <0, then |||l > y(6). In particular, if I(u) < 0, then ||u||;n > y(1);
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964 Y.Luo, M. S. Ahmed

(3) If15u) = Oand|lull,y # O, then ull ;1 > y(8). In particular, if I(u) < O and |jull; # 0,
then ||ull ;1 > y(1),

where y(6) is the unique real root of equation @(y) = 6,

I+1

+1 _
o(y) =) qCl P, G = sup ,
k=1 u€H} (R") [lee] g1

lull 41

1<k<L

Proof (1) From 0 < ||u]|l;1 < y(6), we have ||u||q/Jrl > 0,1 <j <s.Hence by

1

N
P+l gi+1
Zak||u||pk+l+al/ |u|mudx—2b,-||u||q"_+l
k Rn j=l : j

k=2
1 1
prtl Dr+1 P+l
< Y allull < D a ull
k=1 k=1
_ 2 <5 2
= o(llull )2, < Sllull?,,

we get I5(u) > 0.
(2) The inequality I;(u) < O gives

1 s
2 P+l q;+1
llully, < D arllull) ) = D byllully,
k=1 Jj=1
1
Pt 2
< Y adlully %y < elullg)llully,,
k=1

which implies ||u|| ;1 > y(6).
(3) If I;(u) = 0 and ||u|| ;n # O, then by

1 K
2 i+l g;+1
llullzy = Y aellully sy = % byllully,
k=1 Jj=1
1
Pt 2
< Y adlull? %y < elullg)llully,
k=1

we get ||u]l ;1 > y(6). O

Lemma 2.5 Let f(u) satisfy (H),u € H'(R"), ||u|; # 0 and

@A) = %/ uf (Au)dx.

Then

(1) @A) is strictly increasing on [0, +0);
(ii) }1111(1) @A) =0, Alim @(4) = +o0.
— —+00

Proof (i) For A > 0, the conclusion follow from
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dp() 1 [ 50 0 1 /
A —A/Rnuf(iu)dx 2 e uf (Au)dx

1
13

Au(,luf (Au) — f(Au))dx > 0

and (i) in (H).
(ii) It follows directly from (ii) in (H) that

! !

1 1 - 1

(Al Sﬁ/ | Auf Gl < ﬁ/ 3 il e = Y a g,
R R® =1 =

which implies that llir% @(4) = 0. From Lemma 2.2 and (ii) in Lemma 2.3, we get

_1 ptl
o) == /R A ldy > =3 F(Au)dx

n
R}

+1
>? /Buuw“dx:(pﬂ)mp—l/ |ulP* dx,
2 Jry &

where R = {xlx e R", |u| > %}.Hence from

lim luPHdx = ||u||f’+1 > 0,
A=+ Rn

we have
lim @(4) =+
A—+00
O

Lemma 2.6 (Properties of J(Au), Lemma 2.2 in [23] and Lemma 6 in [24]) Let u € Hé (Q)
and ||u|| g # 0. Then

(1) lim,_,J(Au) =0,lim,_, J(Au) = —
(ii) there exists a unique A* € (0, 00) such that

4a -0
/)

(iii) J(Au)is increasing on 0 < A < A*, decreasing on A* < A < oo and takes the maximum
at A= A%
@iv) 1(Au) > O0for0 < A < A*, I(Au) < O for A* < A < oo and I(A*u) =0

Lemma 2.7 (Properties of d(6), Lemma 3 in [25]) d(6) possesses the following properties

() d(8)> a(®)r*(6)for0 < & < 22, where a(6) := 5 — %

(i) }Sir% d(6) = d(0) and there exzsts a unique b > p+1 such that d(6,) = 0 and d(6) > 0
for0<é6<b.
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966 Y.Luo, M. S. Ahmed

(iii) d(0) is increasing on 0 < 6 < 1, decreasing on1 < 6 < 6, and takes the maximum
d=d(l)até =1

Lemma 2.8 (Invariance sets for E(0) <d) Let flu) satisfy (H), uy(x) € H (R,
u,(x) € L*(R"). Suppose that 0 < e < d, 8, and 8, are the two roots of equation d(5) = e.
Then,

(1) the solution of problem (1.1)—(1.3) with 0 < E(0) < e belongs to Wsfor 6, < 6 < 6,,
provided that I(uy) > 0 or ||uy |l = 0;

(ii) the solution of problem (1.1)—(1.3) with 0 < E(0) < e belongs to Vsforé, < 6 < 6,,
provided that 1(u,) < 0.

Proof Assume u = u(t) is the solution to problem (1.1)—(1.3) with 0 < E(0) < e, I(uy) > 0
or ||ug|lyr = 0 and T is the maximum existence time of u(f). If ||uy|| ;n = O, then u, € W; for
6 € (6, 6,). If I(uy) > 0, then by (2.3) and

%Ilul | + J(uy) = E0) = d(6,) = d(6,) < d(6), 6 € (5,,6),

it follows that I;(u,) > 0 and J(u,) < d(d), i.e., uy(x) € W; for 6 € (6,, 5,). Next we prove
u(t) e Wy for 6 € (6,,6,),t € (0, T). Arguing by contradiction, we suppose that there exists
aty € (0,7) such that u(ty) € oWy, i.e.,

Lug) = 0, uGt)ll #0 and  J(u(ty)) = d(5), 5 € (5,.5,).

From (2.5), we obtain
1
3 llu, 1> + J () = E0) < d(8), & € (5,,8,), t € (0, T), 2.8)

which implies that J(u(ty)) = d(6) is impossible. If I;(u(t,)) =0 and |[u(t)||; # 0, by
(2.3), it follows that J(u(t,)) > d(6), which contradicts (2.8). Similarly, we can achieve the
second statement. O

3 Global solution and finite time blow up for E(0) < d

Theorem 3.1 (Global existence for E(0) < d) Let f(u) satisfy (H), ug(x) € H'(R") and
u,(x) € L*(R"). Suppose that E0) < d and I(uy) > 0 or ||uy||y = 0. Then problem (1.1)—
(1.3) admits a global weak solution

u(t) € L ((0, co);H'(R™))
with
u (1) € L ((0, 00);L*(R"))

and u(t) € W fort € (0, +0).
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Proof Let { w;(x)} be a system of base functions in Hé(IR”). Construct approximate solu-
tions of problem (1.1)—(1.3) as

1,06 ) = Y (D0 (0),m = 1,2, -
j=1

satisfying

(Upyr @) + (Vu,,, Vo) + (u,,, 0,) = (f(u,,), o), s=1,2,...,m,

_ . 1 n
u,(x,0) = 2 8im(0);(x) = uy(x) € Hy(R")
j=1

and

m

U, (x,0) = Z g}m(O)a)j(x) - u;(x) € L*(R").
j=1

Then by the same arguments used in the proof of Theorem 3.2 in [13], for sufficiently large
m and ¢ € (0, +oc0) we obtain

Sl + ) = E,(0) < d G.1)

and u,,(f) € W. From (3.1) and

[
1
T, 2 2l 12, —m(Z ayllully 3y + /|u|mudx Zbﬂuﬂﬁi)
k=2 (3.2)

Jj=1

1
(2 p+1>|| il + ) > 5P I,

for sufficiently large m it follows that

1 2, P 2
5 e lI” + T 1)IlumllHl <d, t € (0,+c0), (3.3)
for sufficiently large m which implies that
20+ 1)
Nt 17, < /(:Td’ 1 € (0,+00) (3.4)
and
llu,, |I* < 2d, t € (0, +c0). (3.5)

From the definition of C, and (3.3), for sufficiently large m we have

2p+ 1)
C2
k p—l

llu < Chlluy, |12, d, 1<k<l te0,+). (3.6)

Wl <
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From (3.4)—(3.6) and compactness method it follows that problem (1.1)—(1.3) admits a
global weak solution u(t) € L* ([0, co);H,(R")) with u,(1) € L™ ([0, 00):L*(R")). Finally by
Lemma 2.8, fort € (0, +00) we have u(r) € W. O

Theorem 3.2 (Finite time blow up for E(0) < d) Let f(u) satisfy (H), uy(x) € H'(R"),
u,(x) € LX(R"). Assume that E0) < d and I(u,) < 0, then the solution to problem (1.1)-
(1.3) blows up in finite time.

Proof Arguing by contradiction, we assume the maximum existence time 7 = +oo. First,
for any T > 0 we define

M(@) = [lu(@)|)?, (3.7

then
M' () = 2(u,, u) (3.8)

and
M (2) = 2|u,|I* = 21(u) (3.9)

due to (2.4). From (3.1) and (3.2), we have

21(u) < 2(p + DEO) = (p + Dl I = (o = Dllull7,. (3.10)
Substituting (3.10) into (3.9), we obtain

M'H>p-DM®@+ @+ 3)||“t||2 —2(p + DE(0). 3.11)

Now, we consider the following two cases respectively.

(1) If 0 < E(0) < d, then from Lemma 2.8, it follows that u(¢) € V; for 1 < 6 < 6, and
t > 0, where 6, is the same as that in Theorem 2.8. Thus I;(x) < 0 and ||u|| ;1 > y(6) for
1 <6 <6, and t > 0. Therefore, we obtain Iﬁz(u) <0 and ||u||;n = y(6,) for > 0 and by
(3.9), fort € [0, T) we have

M (8) 2 =20(u) =2(8, = Dllully, — 215 (u)
22(6, — 1)72(52) > 0,

then
M' (1) 22(8, = D)y*(8y)r + M'(0),
which shows that there exists a #, > 0 such that
M'(t) > M'(t;) > 0
and
M) 2 M (1)t = ty) + M(1), t > 1.
Hence for a sufficiently large ¢, we get

(p—DM(@) > 2(p + 1)EQ)
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and
M"(t)> (p+3)lu,ll*. (3.12)

Finally, Schwarz inequality tells

MnM" (1) - I%(M’(t))z > M@0 (M" (1) = (p + 3)llu,|I*) > 0,
then
M) = —=— (M(OM" (1) = (@ + DM (D))?) <0, a = p-1
M(t)*+2 4
and

lim M(t) = +oo
t—=T*

for some 7% > 0, which contradicts 7T = +co.
(i) When E(0) < 0, by (3.11), we obtain (3.12). The remaining proof is similar to the
case (i). O

4 Global existence and finite time blow up for E(0) = d

Theorem 4.1 (Global existence for E(0) =d) Let flu) satisfy (H), ug(x) € HY(R),
u,(x) € L*(R"). Suppose that E(0) =d and u, € W, then problem (1.1)=(1.3) admits a
global weak solution u(t) € L* ([0, T);H'(R")) with u,(r) € L® ([0, T);L*(R")).

Proof We prove this theorem considering two cases (i) and (ii).
(i) In the case ||ug|lzn #0,let 4, =1— i and u,, = A,uy, m=2,3,---. Consider the
initial conditions

u(x, 0) = ug, (0),  u,(x,0) = u;(x) 4.1

and the corresponding problem (1.1), (4.1). From I(x;) > 0 and (iii), (iv) in Lemma 2.6, we
have

A =A(uy) 2 1 and J(uy,,) = J(A,,uy) < J(ug). 4.2)
From (2.1), we replace ||u0m||p1 by I(uy,,) to have
LY ®
1 1 2 1
J(u()m) Z_”VMOmH + ”uOm” - 1 uOmf(MOm)dx
2 2 P +1 R?
-1 , | 4.3)
= + —1 > 0.

200 + 1)”“0"1”H1 P+l (Ugm)

From (4.2) and (4.3), we have
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1 1
0 < E,(0) = J(u,,) + E||u1||2 < E||u1||2 +J(ug) = E0) = d.

Similar to the proof of Theorem 3.1, we finish this proof.
(i) We discuss the case ||um||i[l = 0, which implies J(u,) = 0 and %””1“2 =E@0)=d.
Letd,=1- i, Uy, (x) = A,u (x), m = 2,3, ... We take initial conditions

u(x, 0) = ug(x), u,(x,0) = uy,,(x) 4.4)

and consider the corresponding problem (1.1) and (4.4). From J(;) = 0 and (2.6), we have
1 1 1
0 < E,0) = 3 lluy, |+ Jtp) = S M4t I < 3l |> = E©O) = .
The remainder proof is similar to part (i) of this Theorem. O

Lemma 4.2 (Invariance of V' for E(0) =d, Lemma 2.7 in [22]) Let f(u) satisfy (H),
ug(x) € HY(R™), u,(x) € L*(R"). Suppose that E(0) = d and (uy, uy) > 0, then the set

V' ={ueHR"|Iu) <0}
is invariant under the flow of problem (1.1)—(1.3).

Theorem 4.3 (Finite time blow up for E(0) =d) Let fiu) satisfy (H), uy(x) € H'(R"),
u,(x) € L*(R"). Assume that E) =d, I(uy) <0 and (ugy,u;) > 0. Then the solution to
problem (1.1)—(1.3) blows up in finite time.

Proof Let u(f) be any weak solution to problem (1.1)—(1.3) with E(0) = d, I(u,) < 0 and
(uy,u;) > 0 and T be the maximum existence time of u(f). We prove T < +oco. Arguing by
contradiction, we suppose T = oo. Recalling auxiliary function M(¢) as (3.7) shows and
from Lemma 4.2, we have

M (@) = 2|lu 1> + 2(u,, u) = 2|lu,||* = 21w) > 0, t € (0, +c0), 4.5)
which implies that M’ (7) is strictly increasing on (0, o). Hence for any #, > 0, we get
M' () > M'(t;) > M'(0) > 0, t € (0, +00),
then
M(t) > M (to)(t — tg) + M(tg) > M'(ty)(t — to), t € (0, +00).

Similarly arguments to Theorem 3.2, we derive the conclusion. O

5 Finite time blow up for E(0) > 0

Lemma 5.1 Let uy(x) € H'(R"), u, € L*(R") and (uy,u;) > 0. Suppose that u is a solu-
tion of the problem (1.1)~(1.3), then the map {t — ||ul|*} is strictly increasing as long as
u(®) e vV'.
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Proof Recalling the function M(z) as (3.7) shows and by (3.9) and u € V’, we have
M" () = 2(u, u,) + 2||u||* = =21(u) + 2||u,||* > 0, t € (0, +00).

Similarly arguments to Theorem 4.3, we know that M(¢) is strictly increasing on [0, +c0).
O

Lemma 5.2 (Invariance of the unstable set V' for E(0) > 0) Ler uy(x) € H'(R") and
u,(x) € L*(R"). Assume that (H), (ug,uy) = 0,uy € V' and

2(p+l)

llugll* > E©0) > (5.1)

hold, thenu € V' for all t € [0,T).

Proof We prove u(t) € V' for all t € [0,T). By contradiction, suppose that there is a
ty € (0,T) such that u € N and I(u()) < 0 for all 7 € [0, #,). The Lemma 5.1 tells that M(z)
is strictly increasing on the interval [0, #,), which implies that

MO > ull? > (’” D

E(0), t €[0,1).

Thus the continuity of u(?) in time tells

(p+)

M(ty) = llu(ty)ll* > E(0). (5.2)

Then by (2.2) and (2.5), for ¢ € [0, ;] we obtain

i

1 1 1
E0) = @) = [lu,|* + zllulli,l - Z ull” 7] + Z " — Nl
k= (5.3)
1 2y 2y
>— I(u).
25l + 50— e+ I
We substitute ¢ = £, into (5.3) and by the fact that I(u(z;)) = 0 to obtain
2(p + 1)
lluttp)|I* < E(0),
which contradicts (5.2). So we complete the proof. O

Theorem 5.3 (Finite time blow up for E(0) > 0) Let f(u) satisfy (H), uy(x) € H'(R") and
u,(x) € L*(R"). Suppose that E(0) > 0, I(uy) < 0, (g, u;) > 0 and (5.1) hold, then the cor-
responding solution u(x, t) of problem (1.1)—(1.3) blows up in finite time.

Proof By contradiction, we suppose that u(z) is global in time. For any 7 > 0, from (3.7),
the Schwarz inequality and (4.5), we obtain
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3
M (OM(t) — ’%(M’(t))2

> M(0)(M"(t) = (p + 3)lu,|I?) (5.4)
= M(0)(-21(u) — (p + Dllu,|I*)
= M(1)é(r), t €[0,T),

where
E@) :=-2I(u)— (p+ 1)||u,||2, te[0,7). 5.5)
By (5.3), we have
@ + Dl |I> < = = Dllull;, +2(p + DE©) = 2I(w), t € [0, T). (5.6)
We substitute (5.6) into (5.5), by Lemma 5.1 and (5.1) to obtain
&) 2 (p = Dllugll® = 2(p + DE©) > 0, t € [0, T),
then
&0 >6,1€[0,7) (5.7

for a constant 6 > 0. On the other hand, the Lemma 5.2 tells that I(u(r)) < O for all
t € [0,T). Similar arguments in Lemma 5.1, we know that M(¢) is strictly increasing on
[0, 7). The continuity of u(f) in ¢ tells

M@®) zp, 1€[0,T)

for a constant p > 0. Hence from (5.4) and (5.7), we have
+3
M (OM(t) — IDT(M’(t))2 > pé, 1 € 10,T).

Then similar arguments in the proof of Theorem 3.2, we achieve the conclusion. a

References

—

Drazin, PJ., Johnson, R.S.: Solitons: An Introduction. Cambridge University Press, Cambridge (1989)

2. Duncany, D.B.: Symplectic finite difference approximations of the nonlinear Klein—-Gordon equation.

SIAM J. Numer. Anal. 34, 1742-1760P (1997)

Perring, J.K., Skyrme, T.H.: A model unified field equation. Nucl. Phys. 31, 550-555 (1962)

4. Keller, J.B.: Electrodynamics. I. The equilibrium of a charged gas in a container. J. Ration. Mech.
Anal. 5, 715-724 (1956)

5. Wazwaz, A.M.: The tanh and the sine—cosine methods for compact and noncompact solutions of the
nonlinear Klein—Gordon equation. Appl. Math. Comput. 167, 1179-1195 (2005)

6. Shatah, J.: Stable standing waves of nonlinear Klein—-Gordon equations. Commun. Math. Phys. 91,
313-327 (1983)

7. Lee, T.D.: Particle Physics and Introduction to Field Theory. Harwood Academic Publishers, New
York (1981)

8. Wang, Y.J.: A sufficient condition for finite time blow up of the nonlinear Klein—-Gordon equations

with arbitrarily positive initial energy. Proc. Am. Math. Soc. 136, 3477-3482 (2008)

w

@ Springer



Cauchy problem of nonlinear Klein-Gordon equations with general... 973

10.

11.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Xu, R.Z.: Global existence, blow up and asymototic behaviour of solutions for nonlinear Klein—Gor-
don equation with dissipative term. Math. Methods Appl. Sci. 35, 831-844 (2009)

Li, K.T., Zhang, Q.D.: Existence and nonexistence of global solutions for global solution for the equa-
tion of dislocation of crystals. J. Differ. Equ. 146, 5-21 (1998)

Kutev, N., Kolkovska, N., Dimova, M.: Global behavior of the solutions to nonlinear Klein—-Gordon
equation with critical initial energy. Electron. Res. Arch. 28, 671-689 (2020)

Kutev, N., Kolkovska, N., Dimova, M.: Sign-preserving functionals and blow-up to Klein-Gordon
equation with arbitrary high energy. Appl. Anal. 95, 860-873 (2016)

Liu, Y.C.: On potential and vacuum isolating of solutions for semilinear wave equations. J. Differ. Equ.
192, 155-169 (2013)

Gazzola, F., Squassina, M.: Global solutions and finite time blow up for damped semilinear wave equa-
tions. Ann. Inst. H. Poincaré Anal. Non Linéaire 23, 185-207 (2006)

Xiang, M.Q., Réddulescu, V.D., Zhang, B.L.: Nonlocal Kirchhoff diffusion problems: local existence
and blow-up of solutions. Nonlinearity 31, 3228-3250 (2018)

Giacomoni, J., Radulescu, V.D., Warnault, G.: Quasilinear parabolic problem with variable exponent:
qualitative analysis and stabilization. Commun. Contemp. Math. 20, 1750065 (2018)

Xu, R.Z., Lian, W., Niu, Y.: Global well-posedness of coupled parabolic systems. Sci. China Math. 63,
321-356 (2020)

Lian, W., Wang, J., Xu, R.Z.: Global existence and blow up of solutions for pseudo-parabolic equation
with singular potential. J. Differ. Equ. 269, 4914-4959 (2020)

Zhang, M.Y., Ahmed, M.S.: Sharp conditions of global existence for nonlinear Schroinger equation
with a harmonic potential. Adv. Nonlinear Anal. 9, 882-894 (2020)

Liao, M.L., Liu, Q., Ye, H.L.: Global existence and blow-up of weak solutions for a class of fractional
p-Laplacian evolution equations. Adv. Nonlinear Anal. 9, 1569-1591 (2020)

Papageorgiou, N.S., Radulescu, V.D., Repovs, D.D.: Nonlinear Analysis-Theory and Methods.
Springer Monographs in Mathematics. Springer, Cham (2019)

Xu, R.Z.: Initial boundary value problem for semilinear hyperbolic equations and parabolic equations
with critical initial data. Q. Appl. Math. 3, 459-468 (2010)

Lian, W., Xu, R.Z.: Global well-posedness of nonlinear wave equation with weak and strong damping
terms and logarithmic source term. Adv. Nonlinear Anal. 9, 613-632 (2020)

Wang, X.C., Xu, R.Z.: Global existence and finite time blowup for a nonlocal semilinear pseudo-para-
bolic equation. Adv. Nonlinear Anal. 10, 261-288 (2021)

Xu, R.Z., Su, J.: Global existence and finite time blow-up for a class of semilinear pseudo-parabolic
equations. J. Funct. Anal. 264, 2732-2763 (2013)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Cauchy problem of nonlinear Klein–Gordon equations with general nonlinearities
	Abstract
	1 Introduction
	2 Preliminaries
	3 Global solution and finite time blow up for 
	4 Global existence and finite time blow up for 
	5 Finite time blow up for 
	References




