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Abstract

In this paper, we consider an iterative system of singular multipoint boundary value prob-
lems on time scales. The sufficient conditions are derived for the existence of infinitely
many positive solutions by applying Krasnoselskii’s cone fixed point theorem in a Banach
space.
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1 Introduction

Differential equations with state-dependent delays have attracted a great deal of interest to
the researchers since they widely arise from application models, such as population models
[4], mechanical models [19], infection disease transmission [28], the dynamics of econom-
ical systems [5], position control [9], two-body problem of classical electrodynamics [15],
etc. As special type of state-dependent delay-differential equations, iterative differential
equations have distinctive characteristics and have been investigated in recent years, e.g.
equivariance [30], analyticity [31], convexity [27], monotonicity [16], smoothness [12].
Recently [17], Feckan, Wang and Zhao established the maximal and minimal nondecreas-
ing bounded solutions of the following iterative functional differential equations
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* (1) = g(t,xV0),x2@), ..., x" 1),

where x® () := x(x*V)(r) indicates the i-th iterate of x, where i =1,2,...,n, by the
method of lower and upper solutions.

On the other hand, the theory of time scales was created to unify continuous and dis-
crete analysis. Difference and differential equations can be studied simultaneously by stud-
ying dynamic equations on time scales. A time scale is any closed and nonempty subset of
the real numbers. So, by this theory, we can extend the continuous and discrete theories
to cases ”in between.” These types of time scales play an important role for applications,
since most of the phenomena in the environment are neither only discrete nor only continu-
ous, but they possess both behaviours. Research in this area of mathematics has exceeded
by far a thousand publications, and numerous applications to literally all branches of sci-
ence such as statistics, biology, economics, finance, engineering, physics, and operations
research have been given. Moreover, basic results on this issue have been well documented
in the articles [1, 2] and monographs of Bohner and Peterson [7, 8]. There is a great deal of
research activity devoted to positive solutions of dynamic equations on time scales, see for
example [14, 20, 21, 24-26] and references therein.

In [22], Liang and Zhang studied countably many positive solutions for nonlinear singu-
lar m—point boundary value problems on time scales,

((p(XA(t)))v +af(x(n) =0, t € [0,aly
m—2

x(0) = ) a;x(&), x*(a) =0,

i=1

by using the fixed-point index theory and a new fixed-point theorem in cones.
In [13], Dogan considered second order m—point boundary value problem on time
scales,

($,2@)" + o) (1,x(1)) =0, 1 € [0,T]y
m=2

m—2
x(0) = Y ax(&), G, = Y b, xA(E)),
i=1

i=1

and established existence of multiple positive solutions by applying fixed-point index
theory.

Many researchers have concentrated on studying first order iterative differential equa-
tions by different approaches such as fixed point theory, Picard’s successive approximation
and the technique of nonexpansive operators. But the literature related to the equations of
higher order is limited since the presence of the iterates increases the difficulty of studying
them. This motivates us to investigate the following second order dynamical iterative sys-
tem of boundary value problems with singularities on time scales,

220 + Mg, (x,1(0) =0, 1 <€ <, 1€ (0, G(a)]T}

- (D
X1 () = %,(1), 1 € (0,06(a)ly,
n—-2
x2(0) =0, x,(c(@) = Y ex, (G, 1< <m, )

k=1
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where neN, ¢ €R*:=[0,400)  with Z"j g <1, 0<{ <o(a)/2,
ke {1,2,....n=2,}, Mt) = []_, M(») and each A1) € LI};"((O, o(a)]ly)(p; > 1) has a sin-
gularity in the interval (0,c(a)/2];. By applying Holder’s inequality and Krasnoselskii’s
cone fixed point theorem in a Banach space, we establish the existence of infinitely many
positive solutions for the system (1). Equation (1) in real continuous time scales describes
diffusion phenomena with a source or a reaction term. For instance, in thermal conduction,
it can be interpreted as the one-dimensional heat conduction equation which models the
steady-states of a heated bar of length a with a controller at x = a that adds or removes heat
according to a sensor, while the left endpoint is maintained at 0°C and g is the distributed
temperature source function depending on delayed temperatures. We refer the interested
reader to [10, 11] and the references therein for more details.
We assume the following conditions are true throughout the paper:

(H;) g, :[0,4+00) — [0, +00) is continuous.
(H,) there exists a sequence {7,}%, such that0 < 7,,; <1, < 6(a)/2,

lim 1, = 1* < o(a)/2, limA,(1) = +o0, i = 1,2, ..., m.
r—00 =1,

Further, for eachi € {1,2,...,m}, there exist ; > 0 such that A,(r) > 9.

2 Preliminaries

In this section, we introduce some basic definitions and lemmas which are useful for our
later discussions.

Definition 2.1 [7] A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows
that the jump operators 6,p : T — T, and the graininess ¢ : T — [0, +o0) are defined by
o)=inf{t €T : ©>t},p(t) =sup{t € T : T < t},and u(t) = o(¢) — ¢, respectively.

e The point r € T is left-dense, left-scattered, right-dense, right-scattered if p(¢) =1,
p(t) < t,0(t) = t,0(t) > t, respectively.
If T has a right-scattered minimum m, then T, = T\ {m}; otherwise T, = T.
If T has a left-scattered maximum m, then T* = T\ {m}; otherwise T* = T.
A function f : T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of all
rd-continuous functions f : T — Ris denoted by C,;, = C,,(T) = C,,(T,R).

e A function f : T — R is called 1d-continuous provided it is continuous at left-dense
points in T and its right-sided limits exist (finite) at right-dense points in T. The set of
all 1d-continuous functions f : T — R is denoted by C;; = C,(T) = Cp, (T, R).

¢ By an interval time scale, we mean the intersection of a real interval with a given time
scale. i.e., [a, bly = [a,b] N T. Other intervals can be defined similarly.

Definition 2.2 [6] Let u, and py be the Lebesgue A— measure and the Lebesgue V—meas-
ure on T, respectively. If A C T satisfies u, (A) = py(A), then we call A is measurable on T,
denoted p(A) and this value is called the Lebesgue measure of A. Let P denote a proposi-
tion with respecttoz € T.
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(i) If there exists I'; C A with u, (I';) = 0 such that P holds on A\I';, then P is said to
hold A-a.e. on A.

(ii) If there exists I'; C A with uy(I",) = 0 such that P holds on A\I',, then P is said to
hold V-a.e. on A.

Definition 2.3 [3, 6] Let E C T be a A—measurable set and p € R = R U {—o0, +o0} be
such that p > 1 and let f : E — R be A—measurable function. We say that f belongs to
L’ (E) provided that either

/ FIP(5)As < 0 i p € [1,+o0),

E
or there exists a constant M € R such that
fl <M, A—a.e.onE if p=+oco.
Lemma 2.4 [29] Let E C T be a A—measurable set. If f : T — R is A—integrable on E,
then
/ F(s)As = / F)ds + Y (o(t) = 1)f(1) + r(f. E),
E E i€l

where

_ o mEY M), it NeT,
. E) = { O,Nif NegT,

Ip :={i€l :t;e E}Yand{t;};c;, 1 C N, is the set of all right-scattered points of T.

Definition 2.5 [29] Let £ C T be a V-measurable set and p € R = R U {—c0,4c0} be
such that p > 1 and let f : E — R be V—measurable function. Say that f belongs to L@ (E)
provided that either

/[flp(s)Vs <o if peR,
E
or there exists a constant C € R such that

fI<C, V—ae.onE if p=+co.

Lemma 2.6 [29] Let E C T be a V-measurable set. If f : T — R is a V-integrable on E,
then

/ f(s)Vs = / F&)ds+ Y (t; = p(t))f @),
E E

iely

where Iy :={i €l . t; € E}and {t;};c;,] C N, is the set of all left-scattered points of T.
Lemma 2.7 For any y(t) € C,;((0, o(a)ly), the boundary value problem,

V@ +y@) =0, t € (0,6(a)]y, (3)
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n-2
x2(0) =0, x,(6(a)) = ). €%,y @)
k=1
has a unique solution
o(a) o(a)
x,(1) = / R(, 7)y(t)Vt e S 2 c / R(C, Dy (T)V, (5)
0 imt Gk k= 0
where
_Jol@~—t if 0<t<L1t<0(a),
R )_{G(a)—‘c, if 0<1 <t <o) ©
Proof Suppose x, is a solution of (3), then
t T
x, () = —/ / y(t,)Vt At + Ar+B
0o Jo
t
- / (t—71)y(t)Vt + At + B,
0
where A = XIA(O) and X = x,(0). Using conditions (4), we get A = 0 and
o(a) n—2
B= / (6(a) = DY@V + ). 0%, ().
0 k=1
So, we have
t o(a) n—2
X =- / t—7y(t)Vt + / (o(a) —vy(r)Vt + Z %1 (&)
0 0 k=1
@)

n—2

o(a)
= / N DYOVT+ Y %, (Go).
0 k=1

Plugging ¢ = {;, and multiplying with ¢, then summing from 1 to n — 2 in the above equa-

tion (7), we obtain

o(a)
x1(G) = S S— Ck / NG, Dy () V.
1

). Ck k=
Substituting (8) into (7), we get required solution (5). This completes the proof.
Lemma 2.8 Suppose (H,(H,) hold. Let n e (0,0(a)/2);y with (, € [n,o(a)
ke {1,2,:--,n—2}, the kernel N(t, T) have the following properties:
1) 0<N(,1) <N(t,7)forallt,t € [0,06(a)ly,

(i) %N(’C,T) <N(t,7) forallt € [n,0(a) —nlyand T € [0,06(a)ly.

Proof (i) is evident. To prove (ii), let # € [, 6(a) — n]y and © < ¢. Then

®)

|

- T]]ﬂ',
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N(,1)  ola)—t S n
N(t,7) o@ -1t o)

Fort <,
NIt ol@-t > n
N(t,7) o@-1t o)
This completes the proof. a
Notice that an n—tuple (x,(?), X,(¥), x3(9), ..., x,(?)) is a solution of the iterative boundary
value problem (1)—(2) if and only if

o(a)
x.() = / N, Mg (X441 (T))VT
0

+ 1,, 2 Ck /"(‘0 NG, Mg, (%41 (D) VT
k=1 Ck k=1
and
Xp (O =x(), t€0,aly, 1 £ <n.
That is

o(a) o(a) o(a)
x,(® =/ N, )M )8, [/ N(Tl,‘cz)}»(rz)gz[/ N(Ty, T3) -
0 0 0

o(a)
X 8n-1 [A N(Tn—l’Tn)x(’rn)gn(xl(rn))A’cn:l o ATS:l ATZ] AT]

o(a) o(a)
PE———— ch/ R, TDMT))8) [/ R(T), T)MT,) -+
0 0

k=1 Ck k=1

o(a)
X g, 1 [/ N('r”_l,T,Z)M'rn)gn(xl(rn))A'cn] s Ar3] Arz] Aty
0

Let X be the Banach space C,,((0,0(a)ly,R) with the norm ||x|| = (rglax |x(#)|. For
n € (0,0(a)/2)y, we define the cone P, CcXas °

P = {xeX: x@)isnonnegativeand min  x(r) > ——||x()|| b,
n r€[n, o(a)—nly o(a)

For any x; € P, define an operator £’ : P, — X by
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o(a) o(a) o(a)
(L)) = / N, 1)MT))g) [/ N(TlaTz)MTz)gz[/ N(T,,T3) -
0 0 0

o(a)
X En-1 [/ N(‘Cn—l’ﬂl:}l)}\'(‘tn)gn(xl(’Cn))A’l'-njl e AT3:| ATZ:| ATI
0

n=2 o(a) o(a)
s Y / N(f;k,rl)x(mgl[ / R(T), T)MT) -
0 0

- k=1 Ck k=1

o(a)
X g1 [/ N(rn_l,rn)}\(rn)gn(xl('cn))Arn] cee A'r3] Afcz] At,.
0

Lemma 2.9 Assume that (H,)<(H,) hold. Then for each n € (0,0(a)/2)y, ,i”(Pn) CP,and
£ P, — P, are completely continuous.

Proof From Lemma 2.8, ¥(¢,7) > 0 for all ¢, € (0,0(a)]y. So, (Z%,)(#) > 0. Also, for
X € Pn’ we have

o(a) o(a)
[|-Z%,]| = max / N(t,t))MT))8, [/ N(T},T)MT,) -+
0 0

te(0,0(a)lr

o(a)
X g, [/0 N(Tnl,'rn)k(rn)gn(xl('cn))A'cn] <. A'r3] A’L‘z] At

n-2 o(a) o(a)
1
o MG / (G T g, [ / Rty T)MT,) -
L= ) ¢k k=t 0 0

o(a)
X gn—l [/ N(Tn—l ’ Tn)x(’rn)gn(xl (Tn))ATn:| e ATS] A’.|:2:| A"'-1
0
o(a) o(a)
< / N(tr, T MT))8; [/ N(T), TMTy) -
0 0

o(a)
X &n-1 |:/0‘ N(Tn—l’Tn)x(rn)gn(xl(rn))ATn] e AT3] ATZ] A’Cl

1 n-2 o(a) o(a)
> ck/ R(t;, TMT))g, [/ R(T), T)MTy) -+
1- k=1 Ck k=1 0 0

o(a)
X8, [/0 N(Tnl,'rn)k(rn)gn(xl('cn))A'cn] <. A'r3] ATZ] Az,

Again from Lemma 2.8, we get
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o(a) o(a)
min  {(Z%)(0)} = pr )[/ N(rl,rl)ml)gl[/ R(T), T)MTy) -
0

t€[n.a-nly

o(a)
X 1 [/ N(rn_l,rn)x(rn)gn(xl(rn))Atn] cee AT3] AT2] At
0

1 o(a) o(a)
— ck/ N(Tl,rl)Mrl)gl[/ N(T, TMTy) -

k=1 Ck k=1
o(a)
X &1 [/ N(’cn_l,Tn)K(rn)gn(xl(rn))Arn] cee AT3] Arz] A’L’l].
0
It follows from the above two inequalities that

min  {(Z%)®)} > %lliﬂxl Il

t€n.a—nly

So, %%, € P, and thus ,,2”(13“) C P,. Next, by standard methods and Arzela-Ascoli theorem,
it can be proved easily that the operator . is completely continuous. The proof is com-
plete. a

3 Infinitely many positive solutions

For the the existence of infinitely many positive solutions for iterative system of boundary
value problem (1)—(2). We apply following theorems.

Theorem 3.1 (Krasnoselskii’s [18]) Let B be a cone in a Banach space £ and Q;, Q, are
open sets with0 € Q;,Q; C Q,.Let K : Bn (QZ\Q ) = B be a completely continuous oper-
ator such that

@ NI <Ivll, ve BnaQ,,and||Kv|| > |Iv|l, v € BN dQ,, or
®) vl = Ivll, ve BnoQ,, and ||Cv|| < [[v]], v € BN Q.

Then K has a fixed point in BN (ﬁz\Q ).

Theorem 3. 2 (Holder s Inequality [3, 23]) Let f € Ly,(I) with p > 1, g € L{(I) with
qg>1, and + - =1.Then fg € L1 ) andl[fg||L1 < |[f||Lp ||g||Lq where

[[anwrweR,

Wl <=
inf{K €R/VISKV ~ae,onl}, p=co,

and I =la,bly. Moreover, if fELIV(I) and g€ Ly(I). Then fgele(I) and
el < N Ngls-

Consider the following three possible cases for A; € LZ" 0,0(a)ly
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Infinitely many positive solutions for an iterative system... 685

Firstly, we seek infinitely many positive solutions for the case 2 1 <1

i=1 pi
Theorem 3.3 Suppose (H|)}(H,) hold, let {n,}% | be a sequence with t,,| <m, <t,. Let
{I',}2, and {A,}2, be such that

n, n, 1
o(a) ola) 2’

l—‘r+1 < —
where
m o(a)-n, -1
m /
0 = max —_— S: N(r, T)A’C] s
{ [G(a) 11;1[ l m
m

n—2 -1
c o(a)-n,
%"_1 Hai/ R(t, T)V1 }
1- Y0 ¢ 0@ i,

Assume that g, satisfies

n,r
(J) g/(x) < 12 'Vt e (0,6(a)ly, 0 <x <T,, where

n-2

m -1 -
N, < min lIINlng H ||7w||Lg] ; l ; o I3 H 1% ”L”’] ;
i=1 k=1 Ck

0A, n,
J) g2 TVf € n,,0(a) —n,ly, @A, <x <A,

Then the iterative boundary value problem (1)—(2) has infinitely many solutions
(G, x)y such that xU(7) > 0 on (0,6(a)]y, £ = 1,2, ~,nand r € N.
Proof Let

Q,={xeX: |zl <}, Q, ={xeX: |zl <A}
be open subsets of X. Let {n, }**, be given in the hypothesis and we note that

o(a)
<ty <n, <t <=

for all » € N. For each r € N, we define the cone Pn, by

P ={XEXZXIZO, min > }
r ® reln,.o(@-n,Jy o(a)

Let x; € P, NdQ,,. Then, x,(7) <T, =|[x|| for all T € (0,6(a)ly. By (J;) and for
T,-1 € (0,0(a)ly, we have
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686 M. Khuddush et al.

o(a) o(a)
/ N(Tn—l > Tn)}\(’rn)gn (Xl (Tn))VTn S / N(’I'-n’ Tn)}\'(’cn)gn(xl (Tn))v’cn
0 0

nr /“(“) .
< —= N(z,,7,) | | Ai(T,) VT,
2 0 g
There exists a ¢ > 1 such that -+ Z =1.So,
q i=1 Di

o@ 9’zll—‘r
/ N(t,_1, TIMT,)E, (X (T,)AT, <
0

]l

D:

m

[T

i=1 L'V'
m

: ]3 %1l

IA
Sl R
A
—

It follows in similar manner (for t,_, € (0, 6(a)ly, ) that
o(a) o(a)
/ N(Tn—Z’ Tn—l)}\(rn—l)gn—l [/ N(Tn—l’ Tn)}\'(’cn)gn(xl(’rn))vrn] Vt —
0 0
o(a)
S / N(Tn—Z’ Tn—l)}L(Tn—l)gn—l(rr)v‘cn—l
0
o(a)
< / N(Tn—l s Tn—l)}\/(’rn—l )gn—l (rr)VTn—l
0
nr, o

m
< 12 - R(T,_1, T,y) H}\i(Tn—l)VTn—l

0

< TN H Pl < % <

Continuing with this bootstrapping argument, we get

o(a) o(a) o(a)
/ N(t, TMT))E, [/ N('cl,rz)k('rz)gz[/ N(T,, T3)
0 0 0

o(a) r
X €, [ / N(rn_l,rn)x(rn)gn(xl(rn))wn] . -V‘t3]VTz] V1, < ?
0

Also, we note that
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o(a) o(a)
T_Nm2 . ch/ R TDIMTE) [/ N(Ty, T)MTy) -+
0 0

1- klckk

o(a)
X g, [/ N('c,,_l,rn))»(‘cn)gn(xl(‘cn))V‘cn] s V‘cz] V1,
0

1 o(a)
<—— ch/ N(t,,7)MT,)g, (T,) V7,
1- —1 Ck k=1 0
n-2 m
1 9IZIFF r
< = IRy ] %illz < 5
=TS 2 ’ 11:1[ v
Thus, (Zx,)(1) < = + % =T.Since I, = ||x, || for x, € P, N0Q, . we get
[EZ (bR )
Next, letz € [n,,6(a) —n,]t- Then,
, n,
A =] =% > min x( — A
=zl =2 %0 = e 1()_ || = 0@

By (J,) and for 7,_; € [n,,0(a) —n,];, we have
o(a)
[ R i) v,
0

o(a)-n,
> / N(r, .7, )MT,)8, (x, (5,) V',
n,

n, 0A
= o) 2

o(a)—n,
! / N(t,,7,)M1,))VT,
n,

n, OA, /G(a)—ﬂr i
> R(t,,7,) | | M(t)V7,
cla) 2 N, ,l:!
Tll o(a)-n,
z c(a) 3 / N TV
vy
-2

and
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o(a) o(a)
T_Nm2 . ch/ R TDIMTE) [/ N(Ty, T)MTy) -+
0 0

1- klckk

o(a)
X g, [/ N('c,,_l,rn))»(‘cn)gn(xl(‘cn))V‘cn] s V‘cz] V1,
0

o(a)

1
1 _ \ywn— ZCk ;Ckc(a) N(TI’TI)}\(TI)gl(Fr)VTI
-2 o(a)-n,
1 e
> —1 o ZCk pa Cp G(a) - H / N(t,,7)VT

Continuing with bootstrapping argument, we get (Z%)(t) > = + = = A,. Thus, if

x; € P, NOP,,, then
125, 1 = M= ]l- (10)

It is evident that 0 € Q,, C Q2k C Q4. From (9),(10), it follows from Theorem 3.1
that the operator % has a fixed point x’ € P, n (Q;,\Qy,) such that x"(r) > 0 on
(0,aly, and r € N. Next setting x,,,; = x;, we obtam infinitely many positive solutions

{(x[I’], [2'], ...,x}e of (1)-(2) given iteratively by

o(a)
(1) = / N, DOMDg,(xpp (T)VT, t € 0,6@]y, £ =n,n—1,...,1.
0

The proof is completed. O
m
1 .
For Z — =1, we have the following theorem.
i=1 Pi

Theorem 3.4 Suppose (H,)-(H,) hold, let {n,}% be a sequence with t,.; <, <t,. Let
{T',}2, and {A,}2, be such that

[, <—A, <A, <0A,<T, ,
() c(a) 2

Assume that g, satisfies (J,) and

2)221—‘r
(J3) g < - Vi€ (0,6(a)ly, 0 <x <T,, where

-1

m -1
. i
N, < min [HNHL? I1 ||x,.||L,3] , [ e 2" Nl H [
i=1 Zk 1 Sk

Then the iterative boundary value problem (1)—(2) has infinitely many solutions
{(x[l'], [r], .. x[r])}r such that X[r](l‘) > 0on(0,6(a)]y,Z =1,2,...,nand r € N.
Proof For a fixed r, let Qy, be as in the proof of Theorem 3.3 and let x; € P, NdQ,,.

Again
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x(0) T, = I,

for all T € (0, 6(a)]y. By (J5) and for t,_; € (0,c(a)ly, we have
o(a)

o(a)
/ N(Tn—l’ Tn)x(ﬂrn)gn(xl(rn))vrn S / N(Tn’ Tn)}\(Tn)gn(Xl(T”))VTn
0 0

N, [ @ "
‘2 r / X(r,.7,) [ [z V7,
0 i=1

m

[T

i=1

NI,
]

IA

Pi
Ly

N Fr m Fr
IR H Pl < 5 <1

IA

v

It follows in similar manner (for t,_, € (0, 6(a)ly. ) that
o(a) o(a)
/ N(Tn—Z’ Tn—l)}\(rn—l )gn—l [ / N(‘tn—l ’ Tn)}\‘(‘cn)gn(xl (Tn))v‘cn:| th—l
0 0
o(a)
< / N(Tn—27 Tn-1 )}\(tn—l)gn—l (Fr)VTn—l
0

o(a)
S / N(Tn—] ’ Tn—l )}\(Tn—l )gn—l (Fr)v’rn—l
0

nr, row -
< ITA N(Tn—l”cn—])H}\i(’rn—l)v’rn—l

i=1

N
<

r - r
SN H alls < 5 <

Continuing with this bootstrapping argument, we get

o(a) o(a) o(a)
/ N, T)MT))8E; [/ N(‘cl,'rz)?»(rz)gz[/ N(ty,T3) -+
0 0 0

o(a) T
X 8, 1 [/ N('rn_l,'rn)k('rn)gn(xl('rn))V'rn] e VT3] VTZ] Vt, < ?’
0

Also, we note that
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n-2 o(a) o(a)
—— Ck/ R TMT1)8) [/ N(ty, T)IMTy) -+
0

1- Ck k=1

o(a)
X g, [/ N('c,,_],Tn))»(rn)gn(xl(‘c,,))V'cn] cee Vrz] %
0

1 o(a)
I Zq/ R(t).7)A(T))g; TV,
0

1 = iy Cx h=
1 S T, - r,
1 z C" ”N”L? H ||7‘i||L"Vf < 2
Y= i=1
Thus, (,,%( (D) < % % = Fr. Since Fr = ”X] ”fOI' X, € Pn, N an,w we get
51 < ) an

Now define Q,, = {x; €X : [|x/]| < A,}.Letx; € P, ndQ,, and let T € [n,, 6(a) — n,Iy.
Then, the argument leading to (11) can be done to the present case. Hence, the theorem.
O

m
Lastly, the case 2 1 > 1.

=1 Pi
Theorem 3.5 Suppose (H|)}(H,) hold, let {n,}% | be a sequence with t,,| <n, <t,. Let
(I}, and {A,}72 | be such that

N1
., < A<A <OA, <T, s
r+ () o(a) 2

Assume that g, satisfies (J,) and

0 <x <T,, where
m -1 n-2
. 9%
%<mn“wwﬂmmﬂ,[ - nwmﬂmm
i=1 1= X 1 €k
Then the iterative boundary value problem (1)—(2) has infinitely many solutions

{(x[’] [’], ...,x/}e such that x[;](t) >0on(0,6(a)ly, 2 =1,2,...,nand r €N,
Proof The proof is similar to the proof of Theorem 3.1. So, we omit the details here. O

4 Example
In this section, we provide two examples to check validity of our main results.

Example 4.1 Consider the following boundary value problem on T = [0, 1].
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X (1) + Mg (2, (1) = 0,1 € (0,6(D]y, £ =1,2,3,4, 12
x5(t) = x1(1), 1 € (0,6(D)]y,
1 /1y, 1_/1
KO =0, w0 = 3% (3) + 37(3) (13)
where we take n=4,m=2, ¢, =3, ¢, =3, §; = 1, § = 7 and A1) = 4 (DM, in
which *
MO = —— and ) = ——
lr =217 lr =317

Then Y/: ¢, = 2 < landd, =8, = (4/3)/*. For# = 1,2,3,4,let

0.05x 107, x € (107*, +0),

62x10~4+3-0,05x10~4" —4 —8r
W(X— 107*) 4+ 0.05 x 107",

x € 10—(4r+3)’ 10—4r] ,

g (x) =14 62x 1074+ x % x 10~@r+3) 10—(4r+3)>’

62x10~4+3_0.05x1078" —(Ar+4 —8
m(x—lo @ ))+005X10 r’

x e [ 10-¢r+d 1 % 10—(4r+3)]
b 5 9

0, x=0,

L

for all r € N. Let

r

31 1 1
= ——Z— and n, = E(t,+t,+1), reN,

t =
" 64 = Ak + )4
then
_Is_ 1 s
M= a8~ n
and
1
Ly <M. <1,7M,> ¢
5
Therefore,
n. _n _ 1
—_—=—=> -, N.
1 > 3 re
It is clear that
15 1 1 cnN.

== <=t =l = ———,
I NS T A
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Since Z %4 = —and Z ]12 = —, it follows that
j=1 =1
had 4
. P
t* = lim¢ :———:0.46.
r— " ; A+1)F 64 360

Also, we have

o(@)-n, -S4
/ N(t,7)AT = / (1 —71)dt =0.03.

M 278

Thus, we get

1 1
0 = max { 0.0163° 5% 0.0163 } 6135

Next, let 0 < a < 1be fixed. Then A, A, € L'+0,1]. A simple calculations shows that

o(1)
/ M(OMDdt = 1 — In(7 — 4/3).
0

So, let p; = 1fori = 1,2. Then
[T 1%l = 7= 07 - 4v/3) » 5.78,
i=1 v

and also ||R]| L= 1. Therefore,

m -1
< luanan,.nL@,.] ~ 0.173.
i=1

Taking N, = 1—10 In addition if we take
[, =107, A, =107+,
then

1

: s 10-@r+3) o T]r

Fr+] — 10—(4r+4) < =
<A, =100%*) <T = 10-‘”,

BA, = 61.35x 107W* < = x 107" =M, r€N and g, (¢ =1,2,3,4) satisfies the
following growth condltlons

g,(x) <N T, = % X107, x e [0, 10—4’],

g,(x) 20A, =6135x 107% ) x € L 107 10|
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for r € N. Then all the conditions of Theorem 3.3 are satisfied. Therefore, by Theo-
rem 3.3, the iterative boundary value problem (1) has infinitely many solutions

(= < =)y such that xU(#) > 0on [0, 1], # =1,2,3,4and r € N.

Example 4.2 Tet T ={0}U[l/2,1]U {% ke N}. Consider the boundary value
problem

V() + Mg, (xp (0) = 0, 1 € (0,6(D]y, £ = 1,2, 3,} .

%, =x,@), t € (0,6(1)]y,

%,(0) =0, x,(1) = %fol), (15)

where we take n.=3,m = 2,¢; = £,§; = 7 and Mt) = &, ()A,(¢) in which
1 1

MOl=——— and M0l =—7F—.
S =2 -

Then Y/: ¢, = 3 <landd, =8, =(4/3)/*. For# = 1,2,3, let
(%107, x € (107, +00),

62x10~6r9— L 10=Gr+D
5 —(8r+1 1 —(8r+1
10-Gr+3)_10-®r+D) (x = 107Dy + 3% 1076+,

x e 10—(8r-+—3)7 10—(8r+l)] ,

g, =4 62x 10767+ x e ( L x 106+, 10—<8"+3>>,

621073 — 1106+

% x10—0r+3) 10~ ®r+4)

x e <10—(8r+4) 1 x 10—(8r+3)]
9 5 9

(X _ 10—(8r+4)) + 1 X 10—(8r+4)
5 s

L0, x =0,
forallr € N.

Lett,,n, be the same as in el)scamlile 4.1. Thenn, = 5 - $ < g,tﬂrl <N, <t,m > %
and = ) < 3 tr_t£+l = m, reN. Also,
S =3 _yoo 1 _ 4T _
r=lim,_ ot =2 — X7, eyl 0.46. Also, we have

o(a)—n; 1—5+$
/ N(t,T)AT = / (1 —7t)dt = 0.03.
15 1

M 327 68

Thus, we get

0 = max ! s 1 =61.79.
0.0161845 4 x0.0161845

By Lemma 2.4, we obtain
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/ " O(0d = / oo + 2 [oar) -3t (3 ) (50)

2

=~ 2.311909422
So, let p; = 1fori = 1,2. Then

H %]z 7~ 2.311909422,

i=1
and also ||R]| Ly = 1. Therefore,

. -1
7, < |[INIL ] Il | = 04325428974,
i=1

Taking M| = % In addition, if we take
[ =10"% and A, = 107®+3,
then

T, =106 < Lyqomes <oy oA — 10769 <1 = 107
r 5 a r r r ’
0A, = 61.79 x 107+ < % X107 =M, reN
and g, (¢ = 1,2, 3) satisfies the following growth conditions:

)

g,(x) <N T, = % X107, x e [o, 107%

g,(x) >0A, =61.79x 107+ x % x 107@+3) 10=@+3) [

for r € N. Then all the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3,
the iterative boundary value problem (1) has infinitely many solutions {(xll”, X'z",xgr])}jil
such that x/'(r) > Oon [0, 1], # =1,2,3and r € N.
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