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Abstract

Recently, fixed point results via E -contractions (also called P- contractions in some papers)
for self-mappings in metric spaces have been investigated. Some results generalize the well
- known Edelstein’s theorem. In this paper, we provide some new fixed point theorems for
mappings satisfying conditions of Edelstein - Suzuki type involving E -contractions. We
also present several illustrative examples to compare our finding with some know results in
the literature.

Keywords E-contractions - Contractive mapping - P-contractive mappings - Edelsteins—
Suzuki type - Fixed point

Mathematics Subject Classification 54H25 - 47H10

1 Introduction

Fixed point theory plays a fundamental role in nonlinear analysis and its applications. One
of the basic and important fixed point results is the Banach contraction principle. It states
that if T is a contraction mapping on a complete metric (X, d), i.e., there exists k € [0, 1)
such that

d(Tx, Ty) < kd(x,y) Vx,y € X, (1

then T has a unique fixed point. This principle has been a powerful tool for proving the
existence of solutions of differential equations, integral equations, nonlinear equations, etc.,
and for solving various problems in mathematical science and engineering. The Banach
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principle has been extended, generalized and improved in several directions. In 1962, Edel-
stein [8] proved the following fixed point theorem.

Theorem 1 [8] Let (X, d) be a compact metric space and T : X — X be a self-mapping. If
d(Tx,Ty) < d(x,y) Vx,ye X, x#y, )
then T has a unique fixed point.

Examples show that the compactness of the metric space (X, d) cannot be replaced by
its completeness. The following is such an example which may be known.

Example 1 Let X = [2, 00) with the usual metric d(x,y) = |x —y| for all x,y € X. Then,
(X, d) is a complete metric sgace but it is not compact. We consider the mapping

T : X — X defined by Tx = x + = for all x € X. For all x,y € X with x # y, we have
X

d(Tx, Ty) = [x + z -y— 2' <lx—y|l= <1 - £>d(x,y) =d(x,y).
X y Xy

Thus, condition (2) is satisfied. However, T has no fixed point in X.

It is noted that if 7 : X — X satisfies condition (2), then T is continuous on X. Thus,
the function f : X — R defined by f(x) = d(x, Tx) is continuous on X. The standard proof
of Theorem 1 is based on the fact that the continuous function f on the compact space X
attains its minimum on X. Many results which generalize and extend Edelstein’s result use
this proof technique and require some continuity properties of the considered mappings,
see, for examples [6, 9, 13, 14, 20] and references therein.

In 2009, Suzuki [23] obtained a very interesting generalization of Edelstein’s theorem
which is stated as follows.

Theorem 2 [23] Let (X, d) be a compact metric space and let T : X — X. Assume that
%d(x, Tx) <d(x,y) = d(Tx,Ty) <d(x,y) 3)
holds for all x,y € X. Then T has a unique fixed point in X.

Note that a mapping 7 : X — X satisfying condition (3) is not necessarily continuous
and Theorem 2 is a real generalization of Theorem 1. The idea of the proof of Theorem 2
may be used to prove some generalizations of Edelstein’s theorem without assuming that
the involving mappings are continuous (see, e.g., [7, 15, 16]). For further fixed point results
involving Suzuki or Suzuki—Edelstein type contractions, we refer the reader to [2, 3, 17,
18] and references therein.

Recently, Altun et.al. [4] proved a new extension of Edelstein’s theorem.

Theorem 3 [4, Theorem 2.11] Let (X, d) be a compact metric space and T : X — X be a
P-contractive mapping, i.e.,

d(Tx, Ty) < d(x,y) + |d(x, Tx) — d(y, Ty)|, for all x,y € X,x # y. 4)

If f(x) = d(x, Tx) is lower semi-continuous, then T has a unique fixed point.
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In [4], the authors also presented several examples showing that Theorem 3 and The-
orem 2 are independent. We refer the reader to [5] for further results concerning P- con-
tractive mappings.

It is worth noting that the expression

E(x,y) 1= d(x,y) + |d(x, Tx) — d(y, Ty)|

in the right-hand side of (4) was first appeared in the papers [10, 11] by A. Fulga and
A. M. Proca where they presented some fixed point theorems for a self-mapping T in a
metric space (X, d) satisfying some generalized contractive conditions which involve the
expression E(x,y) = d(x,y) + |d(x, Tx) — d(y, Ty)|. For more interesting fixed point results
for mappings satisfying conditions involving E-contractions (i.e., conditions which involve
the expression E(x,y) = d(x,y) + |d(x, Tx) — d(y, Ty)|), we refer the reader to, e.g., [12, 19]
and references therein.
Some questions may arise:

Question 1
(1) Do the conclusion of Theorem 3 still hold true if we do not require any assumption
on the function f?
(i) Can we provide a Theorem which generalize both Theorem 2 and Theorem 3?
(iii)) Can we replace the compactness of X in Theorem 2 by other conditions on X?
Our aim is to answer these questions and provide some new fixed point of Edelstein
- Suzuki type involving E-contraction mappings. Our results extend, improve and unify

some known results in the literature. Several examples are also given to illustrate our
results.

2 Fixed point results
Our first result is a generalization of Theorem 3.

Theorem 4 Let (X, d) be a compact metric space and let T be a self mapping on X. Assume
that there exists C > 0 such that

%d(x, Tx) < d(x,y) 5)
=  d(Tx,Ty) <d(x,y) + |d(x, Tx) — d(y, Ty)| + Cd(y, Tx)

forall x,y € X. If f(x) = d(x, Tx) is lower semi-continuous, then T has a fixed point in X.

Proof Since f(x)=d(x,Tx) is lower semi-continuous, there exists x, € X such that
f(xg) < f(Txy), ie., d(xy, Txy) < d(Tx, szo) (see, e.g., [1]). Assume that x, # Tx,. Then

%d(xo, Tx,) < d(xy, Txo) < d(Txy, T*xp).

By (5), we have
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912 N. H. Hoc et al.

d(Txg, T*xy) <d(xy, Txg) + |d(xy, Txg) — d(Txo, T*xo)| + Cd(Txg, Tx)
=d(x,, Txy) + d(Txy, T*xy) — d(xo, Tx,)
=d(Tx,, T*x)

which is a contradiction. Thus, x, = Tx; and T has a fixed point. O

The following simple example showing that if C > 0, then 7 may have more than one
fixed point.

Example 2 Let X =[0,1] with the usual metric d(x,y) = |x—y| for all x,y € X and
T:X— X be defined by Tx=x for all x€X. For all x,y€ X, x#y, we have
d(Tx,Ty) = |x — y| and

d(x,y) + 1d(x, Tx) = d(y, Ty)| + Cd(y, Tx) = |x = y| + Clx —y| = (1 + O)|x — y|.
Since C > 0, we have
dTx, Ty) = |x —y| < (1 + O|x —y| = d(x,y) + |d(x, Tx) — d(y, Ty)| + Cd(y, Tx).

Thus all conditions of Theorem 4 are satisfied. Of course, every x € X is a fixed point of 7.
The following corollary is a generalization of Theorem 2.11 and Theorem 2.14 in [4].

Corollary 1 Let (X, d) be a compact metric space and let T be a self mapping on X. Assume
that

%d(x, Tx) <d(x,y) = d(Tx,Ty) <d(x,y)+ |d(x,Tx) —d(y, Ty)|

Jor x,y € X. If f(x) = d(x, Tx) is lower semi-continuous, then T has a unique fixed point in
X.

Proof According to Theorem 4, T has a fixed point z € X. Assume that 7 has another fixed
point y € X with y # z. Then %d(z, Tz) = 0 < d(z,y). Hence, by (6), we have

d(z,y) = d(Tz, Ty) < d(z,y) + L|d(z, Tz) — d(y, Ty)| = d(z,y),

a contradiction. Therefore, T has a unique fixed point. |

Question 2 Does the conclusion of Theorem 4 still hold true if we remove condition
“f(x) = d(x, Tx) is lower semi-continuous”?

In the next theorem, we give a partial answer to the above question. This is also a
partial answer to Question 1(ii).

Theorem 5 Let (X, d) be a compact metric space and let T be a self mapping on X. Assume
that there exist L € [0, 1) and C > 0 such that
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%d(x, Tx) < d(x,y) ©
=  d(Tx,Ty) < d(x,y) + L|d(x, Tx) — d(y, Ty)| + Cd(y, Tx)

forx,y € X. Then T has a fixed point in X.

Proof Set
m = inf{d(x, Tx) : x € X}.
Then, there exists a sequence {x, } in X such that

lim d(x,, Tx,) = m.
n—oo

Since X is compact, we may assume that

limx,=a, and lim7Tx,=0>

n—oo n—oo
for some a, b € X. Hence,
m = lim d(x,, Tx,) = lim d(x,, b) = lim d(a, Tx,) = d(a, b).
n—oo n—oo n—oo

We are going to show that m = 0. Assume to the contrary that m > 0. Then, there exists
ny € Nsuch that

n

d(x ,b) > %m and d(x,,Tx,) < gm
for all n > ny. That is,
%d(xn, Tx,) < d(x,,b) for all n > n,.

By (6), one has, for all n > ny, that
d(Tx,, Tb) < d(x,,b) + L|d(x,, Tx,) — d(b,Tb)| + Cd(b, Tx,).
Letting n — o0, we get
d(b,Tb) < m+ L|m — d(b, Tb)| + C.0.
By the definition of m, it follows from the latter inequality that
db,Tb) < m+ L(d(b,Th) — m) = (1 — LYym + Ld(b, Th)

which yields d(b,Th) < m since L € [0,1). Again, by the definition of m, we obtain
d(b,Tb) = m. This implies that Ed(b’ Tb) < d(b, Th). By (6), we have

d(Th, T*b) < d(b, Tb) + L|d(b, Tb) — d(Tb, T*b)| + Cd(Tb, Tb) = m + L|m — d(Tb, T*b)|.

Again, by the definition of m and by the fact that L € [0, 1), we arrive at d(7b, T?b) <m
which is a contradiction. Thus, m = 0 and

lim x, = lim Tx, = a.

n—0o0 n—-oo
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914 N. H. Hoc et al.

We shall show that T has a fixed point in X. Assume to the contrary that 7 has no fixed
point. Then d(x,,, Tx,) > 0 for all n € N. This implies that

%d(xn, Tx,) <d(x,,Tx,) for al neN.

By (6), we have for all n that

d(Tx,, T*x,) <d(x,, Tx,) + L|d(x,, Tx,) — d(Tx,, T*x,)| + Cd(Tx,, Tx,)

2 @)
=d(x,, Tx,) + L|d(x,, Tx,) — d(Tx,, T x,)|.
Suppose that there exists k € N such that d(Tx,, T?x,) > d(x,, Tx,). By (7),

d(Txy, T*x) <d(xy, Txy) + L(d(Txy, T*x;) — d(x, Tx)
=(1 = L)d(x;, Tx;) + Ld(Tx,, T*x;)

which yields d(Tx,, szk) < d(x;, Tx,), a contradiction. Thus,
d(Tx,, T*x,) < d(x,,Tx,) for all neN.
We have
lim d(a, T%x,) < lim [d(a, T,) + d(Tx,. T%x,)]

< lim[d(a, Tx,) + d(x,, Tx,)] = 0.

Hence, lim,,_,  T%x, = a.
Assume now that there exists N € N such that

%d(xN, Txy) > d(xy,a) and %d(TxN, T%xy) > d(Txy, a).
Then, by the triangular inequality, one has
d(xy, Txy) <d(xy,a) +d(a,Txy) < %d(xN, Txy) + %d(TxN, T2xN
<%d(xN, Txy) + %d(xN, Txy) = d(xy, Txy),
a contradiction. Thus, for eachn € N,
%d(xn, Tx,) < d(x,,a) or %d(Txn, T%x,) < d(Tx,, a)

holds true. For the first case, one gets
d(Tx,, Ta) < d(x,,a) + L|d(x,, Tx,) — d(a, Ta)| + Cd(a, Tx,), (8)
and for the second case, one gets
d(T%x,,, Ta) < d(Tx,,a) + L|d(Tx,, Tx,) — d(a, Ta)| + Cd(a, T*x,). )

If (8) holds true for n in an infinite subset / of N, then passing to the limit when n € I,
n — oo, we obtain
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d(a,Ta) < d(a,a) + Lld(a,a) — d(a, Ta)| + Cd(a,a) = Ld(a, Ta)

which implies d(a, Ta) = 0, or Ta = a since L € [0, 1).

If (9) holds for infinitely many # in N, then we can treat in the same way with the first
case and arrive at Ta = a. Hence, in any case, Ta = a. This contradicts to the assumption
that 7 has no fixed point. Therefore, there exists z € X such that 7z = z. O

Corollary 2 Let (X, d) be a compact metric space and let T be a self mapping on X. Assume
that there exist L € [0, 1) such that

%d(x, Tx) < d(x,y) implies d(Tx,Ty) < d(x,y)+ L|d(x, Tx) — d(y, Ty)| (10)
for x,y € X. Then T has a unique fixed point in X.
The following corollary is a partial answer to Question 1(i).

Corollary 3 Let (X, d) be a compact metric space and let T be a self mapping on X. Assume
that there exist L € [0, 1) such that

d(Tx, Ty) < d(x,y) + L|d(x, Tx) — d(y, Ty)| (11)

for x,y € X. Then T has a unique fixed point in X.

Remark 1 In Corollary 2, if we let L = 0, then we get Theorem 2 - the Suzuki fixed point
theorem. We do not know whether the conclusion of Corollary 3 hold or not if we let L = 1
in Corollary 3.

Example 3 Let X = [—1, 10] with the usual metric and let 7 : X — X be defined by

X .

= if -1,1
ez d 5 1 x€(EL10]

5 if  x=-1

Then

(i) T has a unique fixed point. 39

(i) T satisfies condition (10) with L = 0
(iii)) T does not satisfy Suzuki’s condition (3).

(iv) x> d(x, Tx) is not lower semi-continuous.

Proof (i) It is obvious that T has a unique fixed point x = 0.

(i) Case 1: For x,y € (—1,10] and xX#y, we have
d(Tx,Ty) = |x—y|/2 < |[x—y| =d(x,y). Thus, T satisfies condition (10) for all
x,y € (—1,10].

Case 2: Letx = —land y € (-1, 10]. We have

%d(x, Tx)=3<14+y=dx,y)
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916 N. H. Hoc et al.

when y > 2. In this case,

L Tx) —d(y, Ty)| = 1 Zle-=
d(x,y) + L|d(x, Tx) — d(y, Ty)| +y+406 2

39 y _137+ﬁ
T 20 0 80

>5- % = d(Tx, Ty),
that is, condition (10) is satisfied for x = —1, y € (-1, 10].
Case 3: Let x € (—1,10] and y = —1. We have

1 |J’C|
— Ix) = — 1+x=dx
d(x, x) <Il+ d( ’ y)

when x > —;1. In this case,
39
d(T)C, T)’) < d(-xs )’) + E |d(-xs TX) - d(y’ Ty)'
if and only if
39

X
S—=<1+x+—
2 T

o
2

Similar to Case 2, the latter inequality holds for x > 0. When —g < x < 0, the latter ine-
quality is equivalent to

4<§x+£+£x
2 20 80

or

> 148
159°

Thus, condition (10) is satisfied for x € (—1,10]and y = —1.

Therefore, T satisfies condition (10) with L = 0

(>iii) For x = 0 and y = —1, we have
%d(x, Tx)=0<1=dx,y) and d(Tx,Ty)=5>1=d(x,y)

and then (3) does not hold.
(iv) One has

Il
0 Tx) = {7 if x&(-1,10],
6

if  x=-1.
It is easy to see that x — d(x, Tx) is not lower semi-continuous at x = —1. Thus, we cannot
apply Theorem 4 and Theorem 3 to this example. a

Example 4 Let X = [0, 1] with the usual metric d. Then, (X, d) is compact. We define a
mapping T : X — X as
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X .

= if 0,1
w=da ! xe[0,1),

1 if x=1.

We first check that condition (10) is not satisfied. Assume to the contrary that (10) is satis-
fied. Since

%d(l, TH=0<1-y=d(,yVye]l0,1),
we have for all y € [0, 1) that
1= 2 = d(T1LTy) <d(l.y)+ LId(1,T) = d0. Tp)| + Cd(. T1) = 1 =y + L + C(1 =)
or, equivalently,
y
1 - L)E < C(l-y).

Letting y — 17 in both sides of the latter inequality, one gets 1 — L < 0 which contradicts to
L < 1. Thus, condition (10) is not satisfied.
For x,y € X, set

R =d(x,y) + |d(x, Tx) — d(y, Ty)| + Cd(y, Tx).

If x,y €[0,1) and x # y, then d(Tx, Ty) = %Ix —y| < |x —y| =d(x,y). That is, (5) is satis-

fied in this case.
Ifx=1and y € [0, 1), then

R=1—§+CU—ﬁ>1—%=dGLD)

Thus, (5) is satisfied in this case.
Ifx€[0,1)and y = 1, then

X X X
R=1-% @—-) 1= % = arx, ).
S+c(1-3)>1-F =dax)

Thus, (5) is satisfied in this case.
We have checked that condition (5) is satisfied. Moreover, since

X .

it xeqo, 1),
AT =42 Tx€l0D

0 if x=1

the function f(x) = d(x, Tx) is lower semi-continuous on X. Thus, all conditions of Theo-
rem 4 are satisfied and Theorem 4 is applicable to this example.

Remark 2 From Example 3 and Example 4, one can see that the results in Theorem 4 and
Theorem 5 are independent.

Existence of fixed points of a mapping T : X — X satisfying condition (5) is still

guaranteed if we replace both the lower semi-continuity of x — d(x, Tx) and the com-
pactness of X by another condition on 7 and the completeness of X. We recall here two
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918 N. H. Hoc et al.

results ( [22, Theorem 5] and [24, Theorem 5]) given by Suzuki in which compactness
are replaced by other conditions; see [21] and references therein for more interesting
results.

Theorem 6 [22] Let (X, d) be a complete metric space and T be a mapping on X. Assume
that for each € > 0, there exists 6 > 0 such that

(cl) ld(x, Tx) <d(x,y) and d(x,y)<e+d6 imply d(Tx,Ty) <eand
(c2) Ed(x, Tx) < d(x,y) implies d(Tx,Ty) < d(x,y)
for all x,y € X. Then, there exists a unique fixed point z of T. Moreover, {T"x} con-

verges to z for any x € X.
Theorem 7 [24] Let T be a mapping on a complete metric space (X, d). Assume that

(dl) %d(x, Tx) < d(x,y) implies d(Tx,Ty) < d(x,y)forall x,y € X and

(d2) for any x € X and € > 0, there exists § > 0 such that d(T'x, T'x) < € + & implies
d(TH*'x, T*'x) < e for any i,j € N.

Then T has a unique fixed point z and {T"x} converges to z for any x € X.
Similarly, we next replace the compactness of X in Theorem 5 and provide a gener-
alization of both Theorem 6 and Theorem 7. For our aim, recalling that if 7 : X — X

and x € X, then the orbit of T at x is the set O(T, x) = {x, Tx, T?x, ---, T"x, -+ }.

Theorem 8 Let (X, d) be a complete metric space and T : X — X be a mapping. Assume
that

(a) there exists C > 0 such that

1
Ed(x’ Tx) < d(x,y) (12)

=  d(Tx,Ty) < d(x,y) + |d(x, Tx) — d(y, Ty)| + Cd(y, Tx)

forx,y € X,
and
(b) forany x € X and € > 0, there exists 6 > O such that
%d(u, Tu) < d(u,v) and du,v)<e+d6 imply d(Tu,Tv)<e
forallu,v € O(T, x).

Then, T has a fixed point in X and for any x € X, the sequence of iterates {T"x} con-
verges to a fixed point of T.
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Proof Let x, € X be arbitrary but fixed and define the sequence {x,} in X by x, = T"x for
each n € N. If there exists n, € N such that x, =ux, ., then x, 1is a fixed point of 7" and
the sequence {x, } converges to x, . Assume now that x,, # x,, for all n € N. Then, for each
neN,

%d(xn, Tx,) = d(x,,x,,.1) < d(x,,X,,1).

By (a), we have

d(xn+1’xn+2) =d(TXn, Txn+l)
<d(xn’x +1) + Id(xn, T)Cn) - d(xn+1’ Txn+2)| + Cd(xn+1, Txn)

n

:d(xn’xn+1) + |d(xn’xn+l) - d(xﬂ+1’xll+2)|

This implies that d(x,,,x,.,) <d(x,,x,,), ie., {d(x,,x,, )} is a strictly decreasing
sequence of positive real numbers. Thus there exists @ > 0 such thatlim,_,  d(x,,x,, ) = a.
We shall show that « = 0. Assume to the contrary that & > 0. Then d(x,, x,,;) > « for each
n. Moreover, there exist 6 > 0 and N € N such that

d(T"x, T 'x) = d(x,,, x,

n

) <a+d

for all n>N. By condition (b), the latter inequality  implies
d(X,,1,X,,5) = A(T"'x, T™2x) < « for n > N. This is a contradiction. Hence, @ = 0. We
now prove that {x,} is a Cauchy sequence. Let € > 0 be arbitrary but fixed and let 6 > 0
be fixed. Since lim,_,  d(x,,x,,;) = 0, there exists p € N such that d(x,,x,,,) < é for all

n > p. We shall show by induction that
dXpy 15 Xpim) S € (13)

for all m € N. It is evident that (13) holds for m = 0 and m = 1. Assume that (13) holds for
some m € N, m > 1. We have

d(xps Xp ) < d(x,,X,0 1) +d(X,0, X

pim) < E+0.

Then, by condition (b), one has d(xp 15 Xpam 1) =d(Tx,, Txp +m) < €. Thus, by induction,

(13) holds for all m € N. This implies that the sequence {x,} is Cauchy. Since X is com-
plete, the sequence {x, } converges to some z € X. Our attempt is to show that z is a fixed
point of 7. Assume now that there exists k € N such that

1 1
zd(xk’xkﬂ) 2 d(x,,z) and Ed(xn+l’xn+2) 2 d(x,4,2)-
Then,
d(xn’xn+1) Sd(xn’ Z) + d(xn+1’ Z)

1
< 5 [d(xn > Xl )+ d(xn-H > xn+2)]
<d(xn’ 'xn+1)

which is a contradiction. Thus, it holds either
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@) ld(xn,an) < d(x,, z) for all n in some infinite subset / of N, or

(i) Ed(xn+l’xn+2) < d(x,,,2) for all n in some infinite subset J of N.

If (i) holds, then, by Condition (a), we have for all n € I that

d(x,,, Tz) =d(Tx,, Tz) < d(x,,2) + |d(x,, Tx,, ) — d(z, Tz)| + Cd(z, Tx,)
=d(x,,z) + d(x,,x,,1) + Cd(z,x,, ).

This yields

Iim x, , =171z

nel,n—>oo n+l <
that is, {x, } has a subsequence converging to 7z. Similarly, if (ii) holds, then we also get
that {x,} has a subsequence converging to 7z. Since {x, } converges to z and has a subse-
quence converging to Tz, we obtain 7z = z. Therefore, we have shown that 7 has a fixed
point z and the sequence {7"x} converges to this fixed point. a

We next provide a simple example for which we can apply Theorem 8 but cannot apply
Theorem 6 and Theorem 7.

Example 5 Let X = [0, c0) with the usual metric d(x,y) = |x —y| for all x,y € X. Then,
(X, d) is complete but it is not compact. We define a mapping 7' : X — X by

peo J2 0 x22
=0 if x<2.

First, we can see that T has two fixed points z = 0 and z = 2. Thus, we cannot apply Theo-
rem 6 and Theorem 7. to this example. We now check that all conditions of Theorem 8 are
satisfied.

We first check Condition (b). If x € [0,2), then O(T,x) = {x,0,0,---, }. Hence, if
u,v € O(T,x) and u # v, then d(u,v) =x and d(Tu,Tv) = 0. Similarly, if x € [2, ),
u,v € O(T,x) with u # v, then d(u,v) =x and d(Tu,Tv) = 0. Thus, Condition (b) is
satisfied.

We now check that Condition (a) is satisfied with C = 2. If x # y and x,y € [2, o) or
x,y € [0,2), then d(Tx, Ty) = 0 < |x — y| = d(x,y). Thus, (12) holds for this case.

Consider x € [2,00) and y € [0, 2). We have

RHS :=d(x,y) + |d(x, Tx) — d(y, Ty)| + Cd(y, Tx)
=x—-y+|x=2-y|+22-y)
=x+2-2y+|x—y—-2|+2>2=d(Tx,Ty).

Thus, (12) holds.
Ifx €[0,2)and y € [2, ), then

RHS=y—x+|x—y+2|+2y>2y>2=d(Tx,Ty).

Thus, (12) holds. Therefore, all conditions of Theorem 8 are satisfied. It is evident that if
X € [2, ) then {T"x} converges to 2 and if x € [0, 2) then {7T"x} converges to 0.

The following corollary is an answer to Question 1(iii).
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Corollary 4 In Theorem 8, if C = 0, then T has a unique fixed point in X and for any x € X,
the sequence of iterates { T"x} converges to the fixed point of T.
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