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Abstract

Our objective in this paper is to study a certain class of anisotropic elliptic equations with
the second term, which is a low-order term and non-polynomial growth; described by an
N-uplet of N-function satisfying the A,-condition in the framework of anisotropic Orlicz
spaces. We prove the existence and uniqueness of entropic solution for a source in the dual
or in L!, without assuming any condition on the behaviour of the solutions when x tends
towards infinity. Moreover, we are giving an example of an anisotropic elliptic equation
that verifies all our demonstrated results.

Keywords Anisotropic elliptic equation - Entropy solution - Sobolev—Orlicz anisotropic
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1 Introduction

In this paper, we focused on the study of existence and uniqueness solution to aniso-
tropic elliptic non-linear equation, driven by low-order term and non-polynomial growth;
described by n-uplet of N-function satisfying the A,-condition, in Sobolev—Orlicz aniso-
W@

tropic space V'Vllg(Q) = C>°(Q) . To be more precise, Q is an unbounded domain of RY,

N > 2, we study the following equation:
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N
Py AW+ Z; bi(x,u, Vi) =f(x) in Q,
u=0 on 0Q2.

where A(u) = Zi\i] (a;(x,u, Vu)),. is a Leray—Lions operator defined from Wé(ﬂ) into its
dual, B(0) = (B,(0), ...,By(0)) are N-uplet Orlicz functions that satisfy the A,-condition,
and fori=1,...,N, b;(x,u, Vu) : QX R X RY — R the Carathéodory functions that do
not satisfy any sign condition and the growth described by the vector N-function B(#).
In the recent studies, specifically the case of bounded domain Q which is a well known
for operators with polynomial, non-standard and non-polynomial growth (described
by N-function). We refer the reader to [13-18, 28, 33] for the classical case, and for the
Sobolev-Spaces with variable exponents Mihdilescu, M. et al. in [35]; were they proved the
existence of solutions on the following nonhomogeneous anisotropic eigenvalue problem:

N

P Z 9, (10, u ™20, u) = A u|®™2u  inQ,
i=1

u=0 on 0Q2.

where Q ¢ RV (N > 3)is a bounded domain with smooth boundary, A is a positive number
and p;, g are continuous functions on Q such as 2 < p;i(x) < N and g(x) > 1 for any x € Q
andi={1,...,N }. For more detail we refer the reader to [36, 37], and [2, 3, 5, 9, 10,
25-27, 32, 34, 38, 39] for Orlicz Spaces.

In the case where Q is an unbounded domain, without any assumption on the behaviour
of solution where |[x]| — +o0 . The existing result has been established by Brézis [19] for
the semi-linear equation:

—Au + |ulo"%u = f(x).

Where x € RY, py > 2, f € L;;,.(R"). Karlson and Bendahmane in [8] solved the
problem <P=> in the classic case such as b(x, u, Vi) = div (g(u)), with g(u) has a growth
like |u|97!, g € (1,p, — 1). For more result we refer to [24]. In the Sobolev-Spaces with
variable exponent, in [20] have demonstrated the existence of solutions to the following
problem: A yu + | u [PO72u = f(x,u) in Q = R, in both situations were p : Q — R is
a log-Hoélder continuous functions satisfying

1 <p~ = inf p(x) < p* = supp(x) < min { n, " }
reQ xXEQ n—p
and f(x,u) = A (x,u) — 6f,(x,u) + nf5(x,u) with A,6,n as real positive parameters,
fi:1o.f3 xR — R are Carathéodory functions with subcritical growth. The depend-
ence among the parameters makes f; a perturbation of f; and, in turn, f, a perturbation
of f;. For more result we refer to the work of Aharrouch Benali and al. [6], for the Orlicz-
Anisotropic Spaces L. M. Kozhevnikova [30] solved the problem <P=> without the lower
order b;(x, u, Vu) and f(x) = 0, we also cite [7, 23, 29, 31] for more detail.

Our goal, in this paper, is to show the existence and uniqueness of entropy solution
for the equations (P); governed with growth and described by an N-uplet of N-functions
satisfying the A,-condition. The function b;(x, u, Vu) does not satisfy any sign condition
and the source fis merely integrable, within the fulfilling of anisotropic Orlicz spaces. An
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Existence and uniqueness of entropy solution of a nonlinear... 1581

approximation procedure and some a priori estimates are used to solve the problem, the
challenges that we had were due to behaviour of solution near infinity.

Definition 1.1 A  measurable function u: Q—R is called an
entropy solution of the problem (P) if it satisfies the following conditions:
1/ ueT”(Q) ={u:Q— R measurable, T, (1) € Wy(Q) for any k > 0}

2/ b(x,u,Vu) € L'(Q)3/ For any k>0

/ a(x,u, Vu) - VT (u — &) dx + / b(x,u, Vu) - Ty(u — &) dx
Q Q
< /f(x) STu—&) dx VEE WHQ) NL®(Q).
Q

The paper is organized as follows: in Sect. 2, we recall the most important and relevant
properties and notation about N-functions and the space of Sobolev—Orlicz anisotropic, in
Sect. 3, we show the existence of entropy solutions for the problem (P) in an unbounded
domain, in Sect. 4, we demonstrate the uniqueness of the solution to the problem (P) in an
unbounded domain and in Sect. 5 appendix.

2 Framework space: notations and basic properties

In this section, we briefly review some basic facts about Sobolev—Orlicz anisotropic space
which we will need in our analysis of the problem P. A comprehensive presentation of
Sobolev—Orlicz anisotropic space can be found in the work of M.A Krasnoselskii and Ja.
B. Rutickii [32] and [23].

Definition 2.1 We say that B : Rt — R™* is a N-function if B is continuous, convex,
B(9) B(0)

with B(#) >0 for 6 >0, T—>0 when 6 — 0 and —0—>oo when 6 — oo. This
N-function B admit the following representation: B(6) = b(t) dt, with b : Rt — R+
which is an increasing function on the right, with b(O)| 9=| 0 iI;) the case @ > 0 and b(0) — oo
when 8§ — co. Its conjugate is noted by B(6) = /0 q(t) dt with ¢ also satisfies all the

properties already quoted from b, with

B(0) =sup(u|6|~Bu), 6>0. )

u=0
The Young’s inequality is given as follow
VO, u>0 0u<Bu)+B©). 2)
Definition 2.2 The N-function B(0) satisfies the A,-condition if 3¢ > 0, 6, > 0 such as
BQ2O)<cB®) 1626, 3)
This definition is equivalent to, Vk > 1, 3 c(k) > 0 such as

B(K ) < c(K)B(®) for |0]2>6,. 4)
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1582 0. Benslimane et al.

Definition 2.3 The N-function B(6) satisfies the A,-condition as long as there exists posi-
tive numbers ¢ > 1and 6, > 0 such as for 6 > 6, we have

0 b(0) < cB(0). )
Also, each N-function B(0) satisfies the inequality
B(u+6)<cB@)+cBu) 6, u>0. (6)
We consider the Orlicz space Lg(€2) provided with the norm of Luxemburg given by

||u||3,9=inf{k>0//B(@)&su. o
Q

According to [32] we obtain the inequalities

u(x)
B dx <1
/g (IIMIIB,9> = ®

IIMIIB,QS/QB(u)dxH- 9)

and

Moreover, the Holder’s inequality holds and we have for all u € Lg(€2) and v € Ly(Q)
|/u(x)V(x)dXIS2IIM|IB,9'|IVIIB,Q~ (10)
Q

In [32] and [23], if P(#) and B(f) are two N-functions such as P(f) < B(f) and
meas < oo, then Lz(L2) C Lp(€2), furthermore

lullpg <Ag( meas Q)||ullgg u€ Ly(L). (11)

And for all N-functions B(0), if meas € < oo, then L (Q) C Lz(Q) with
Nullpo <A (meas Q) ||ulloo u € Lp(Q). (12)

Also for all N-functions B(8), if meas Q < co, then L,(Q) C L'(Q) with
Hullig <A llullpg u € L) (13)

We define for all N-functions B,(0), ..., By(0) the space of Sobolev—Orlicz anisotropic
Wé(Q) as the adherence space Cg°(€2) under the norm

N
el = 21 it s, (14)

Definition 2.4 A sequence { u,, } is said to converge modularly to u in V)Vllg(Q) if for some

k > 0 we have
U, —u
/B< >dx—>0 as m — oo. (15)
Q k
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Existence and uniqueness of entropy solution of a nonlinear... 1583

Remark 2.5 Since B satisfies the A,-condition, then the modular convergence coincide
with the norm convergence.

6B'(9) = B(B'(6)) + B#),0 >0, 16
Proposition 2.6 © (B6) @ (16)
with B' is the right derivative of the N-function B(0).

Proof By (2), we take u = B’(6), then we obtain
B'(0)6 < B(#) + B(B'(9))

and by Ch. I [32], we get the result. O

Let w C Q, be a bounded domain in RY. The following Lemmas are true:

Lemma 2.7 [27] Forallu € WLl (w) with meas @ < oo, we have

/B(liil>dx§/3(|Vu|)dx

where A = diam (), is the diameter of @.

N p-1 1
BII(®) \ ¥ (e
Note by A(t) = <H ! ; > and we assume that / % dt converge, so we con-
i=1 0
. o i "<l n(r)
sider the N-functions B*(z) defined by (B*)™'(z) = - dt.
0

Lemma 2.8 [29] Letu € W(w). If

/ @ dt = oo, (17)
1

H N-1
then, Wé(a)) C Lp(@)and||ullp., < -~ [l ””W;(wy If

/ @dISOO,
1

t

@ dt.

then, Wé(a)) CLy(@and||ully, < Bllu ||Wg(m)’ with f = /0 ;

Lemma 2.9 Suppose that conditions (20)—(23) are satisfied, and let (u™),,cn be sequence
in Wé(a}) such as

(@ u"—wu in W};(w).

(b) a™(x,u™, Vu™) is bounded in Ly(w).

(c) Zj\;l / [a;."(x, u™, Vu'"y — alf' (x, u™, Vu;(s)] -(Vu" = Vu y,) de —> 0as m - 400, s = 0.
Where y is the characteristic function of o = {x € w : | Vu| < s }.Then,

Vu" — Vu ae in o, (18)

and
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1584 0. Benslimane et al.

B(|Vu"|) — B(| Vu]) in L'(w). (19)

Proof Let d > 0 fixed and s > 9, then from (21) we have

/

o
IA
.MZ

i
e
%

[a:"(x, u, Vu") —al(x,u", Vu)] - (Vu" — Vu)dx

Il
.Mz

[a;”(x, u, Vu") —al(x,u™, Vu )(S)] - (Vu™ = Vu y)dx

[alf"(x, u", Vu™) = al(x,u", Vu )(S)] < (Vu™ = Vu y)dx.

IA
[ \gE
T~

According to (c), we get

=

lim
m—oo 4
I

[al’.”(x, u™, Vu™) — a;"(x, u”, Vu)] - (Vu"™ = Vu) dx = 0.

Proceeding as in [4], we obtain

Vu" — Vu ae in w.

On the other hand, we have

N N
Z / al(x,u™, Vu™) - Vu"dx = Z / [a:”(x, u", Vu") = a'(x, u", Vu y,)
i=1 Jo i=1 Jo

X (Vu" —Vu y,) dx

N
+ Z / al'e,u™, Vu y) - (Vu™ = Vu y) - dx

N
+ ;-/wal'.”(x, u™, Vu™) - Vuydx,

using (b) and (18), we obtain

N N
D aMu™, V) = Y a(x,u, Vi) weakly in (Lg(e))".

i=1 i=1
Therefore

N

N
Z / al' (e, u™, Vu™) Vu y dx — Z/ai(x, u,Vu) - Vu
o] =1 Jo

i=1

asm — o0, s = 0. So,

N
2/ [a;”(x, u™, Vu™) —al(x,u™, Vu ;(_Y)] -(Vu" = Vu y,) dx — 0,
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Existence and uniqueness of entropy solution of a nonlinear... 1585

and
N
2 /a:"(x, u",Vu y) - (Vu™ = Vu y,) - dx — 0.
=1 Jo

Thus,

WIILII.}OZ/ (x, ™, Vu™) - Vul dx—Z/a(xuVu) Vu dx,

from (22) and vitali’s Theorem, we get

N N
3 Z/Bi(IVu’"I)dx—/d’(") dx>a Z/Bi(|Vu|) dx—/d)(x) dx.
=] J@ [ i=1 Jo 2]

Consequently, by Lemma 2.6 in [27], we get
B(| Vu™|) — B(| Vul) in Wi().
Thanks to Lemma 1 in [29], we have

B(| Vu™|) — B(| Vu|) in LY (w).

3 Existence result in unbounded domain

In this section, we assume they have non-negative measurable functions ¢, ¢ € L'(Q) and
a, a are two positive constants such that

N
Z|a(xs:>|< Z B'B(I£]) + o), (20)
=1 i=1
N
D (a65,8) = aix,5,€)) - (& - &) >0, @n
i=1
N
D ax,5.8)- §>aZB(I§I)—¢(x) 22)

i=1
and there exists h € L'(Q) and [ : R — R* a positive continuous functions such that

I e L'(R) n L®(R).

N N
Db, s, &)1 <Us)- Y B(IE D)+ h(o). (23)
i=1 i=1
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Theorem 3.1 Let Q be an unbounded domain of RN . Under assumptions (20)—(23), there
exists a least one entropy solution of the problem (P) on the sense of Definition 1.1.

— . m — f&x) .
Proof LetQ(m)={x€Q : |x| <m}and f™(x) = Yy XoGm):
We have f™ — f in L'(Q), m — oo, [f"(x)| < |f(x) |and [f™] < myg,.-
a™(x,s, &) = (a}'(x,5,8),...,ay(x,s,8))
where a;”(x, 5,8) =a;(x,T,(s),¢) for i=1,...,N.

b"(x,5,8) = T, (b(x,5,£)) * Xom

and for any v € V'V;;(Q), we consider the following approximate equations
P, : / a(x, T,,u™), Vu™) Vvdx + / b, u™, Vu™) vdx = /f’" vdx.
Q Q Q
For the proof. See Appendix 5. We divide our proof in six steps.
Step 1 A priori estimate of { u™ }.
Proposition 3.2 Suppose that the assumptions (20)—(23) hold true, and let (u™),, be a

solution of the approximate problem (P,,). Then, for all k > 0, there exists a constant ¢ - k (
not depending on m ), such that

/ B VT, ") < c-k
Q

N
Il
Proof Taking v = exp(G(u™)) - T(u™), as a test function with G(s) = @ dt and a is
a

0
the coercivity constant, we obtain

M=

/ al'(x,u™, Vu™) - V(exp(G™)) - T, (u™)) dx
Q
N
+ ) / b Cx, ™, Vi) - exp(Gu™) - T (u™) dx
Q

i=1

< /f’” -exp(G(u™)) - T, (u™) dx.
Q
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Existence and uniqueness of entropy solution of a nonlinear... 1587

Then,

™=

/ al' (e, u™, Vu™) exp(Gu™)) VT, (™)) dx
Q

14

+ Z / "o, u, Vuy - V" - iC m) . exp(Gu™)T, (u™)dx

=z

< Z/|b’"(x u, Vu")| - exp(Gu™)) - T, (u™) dx + /f'” exp(Gu™)) - T, (u™) dx

=

Z / [A(x) + 1™ - B{(Vu™) | - exp(GW™)) - T (u'™) dx

+ /f’” -exp(G(u™)) X T, (u™) dx
Q
N
< Z / W™ - B(Vu™) - exp(G(u™)) - T, (u™) dx
i=1 JQ
+ /Q (f™ + h(x)) - exp(Gu™)) - T, (u™) dx,
S0,

N
Z / al' (e, u™, Vu™) - Vu'" - exp(G(u™)) dx
i=1 Q:lum| <k}

l(? | - exp(Gu™) T, (u™) dx

< / [fm(x) + h(x) + P(x)
Q
by (22), we get
N
a B;(Vu™) exp(G(u™)) dx
; /[sz Clum | <k)

< / $(x) exp(GQ™) dx
(Q: |um| <k)

/ 76 + hCo) + ) © ] exp(G™) T, (™) dx,

since ¢, h and f™ € L'(Q), and the fact that exp(G(xo0)) < exp ( H”ﬂ ) we deduce

that,
/ B(VT,(u™) dx < k-c k> 0.
{Q: |um| <k
Finally
/B(VTk(u"‘)) dx <k-c k>0.
Q
O
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1588 0. Benslimane et al.

Step 2 Almost everywhere convergence of { u™ }.

Lemma 3.3 For all u™ measurable function on Q, we have
meas {x € Q, |[u"| >k} — 0.
Proof According to Lemma 2.7 and Lemma 2.8, we have
T ™) g <A -1 VT (™) |1
<A-e(k) / B(VT,(u™) dx (24)
SC-k-e(k)w for k> 1

with e(k) — 0 as k — oo.
Form (24) we have

B*<;> meas {x € Q : |u’”|2k}§/3*<ﬂ>dx
| T (™) || - Q [ T (™) || -

Ry
Q [| T (u™) || g

IA

by (24) again, we obtain

B*<;> —> o0 as k—> oo.
||Tk(”m)||3*

Hence,

meas {x€Q : |u"|>k}— 0 as k—> oo for all meN.

Lemma 3.4 For all u™ measurable function on Q, such that
T, (™) € W) Vk>1.

We have,

meas { Q : B(VuW")>r} — 0 as r — co.

meas {x€ Q: B(Vu")>0}=meas { {xe€Q: |[u"|>k B(Vu")>r}

uf{xeQ: |u"| <k B(Vu™)>r}}
Proof

if we denote
g(r,k)= meas {xe Q: |u"| >k, B(Vu")>r}
we have
meas {x € Q 1 |u"| <k B(Vu") 2 r} =g(r,0) - g(r. k).

Then,
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Existence and uniqueness of entropy solution of a nonlinear... 1589

/ B(Vu™) dx = / (g(r, 0) — g(r, k)) dr<c-k (25)
{xeQ: |um|<k} 0

with r — g(r, k) is a decreasing map. Then,

g0y < / ¢(r.0) dr
rJo

% / (g(r,0)— g(r,k))dr+% / g(r. k) dr (26)
0

0

IA

% / (g(r,0) —g(r, k) ) dr+ g(0, k)

0

IA

combining (25) and (26), we obtain

2r,0) < <K 1 00,0
r
by Lemma 2.7,
klim 2(0,k) =0.
Thus

g(r,0) — 0 as r — 0.

We have now to prove the almost everywhere convergence of { «” }
" — u ae in Q. 27)
Let g(k) =sup meas {x€Q : |u"| >k} — 0 as k —> .

meN
Since Q is unbounded domain in RY, we define # % aS

1 if r <R,
@) =3 R+1-r ifR<r<R+1,
0 ifr >R+ 1.
For R, k > 0, we have by (6)
/B(VnR(IxI)-Tk(u’”))dxs c/ B(Vu™) dx
Q {xeQ:|um|<k}
+c /B(Tk(u’") - V([ x|) dx

Q
< c(k, R),

which implies that the sequence { #;(| x|) Tx(u™) } is bounded in W;(Q(R + 1)) and by
embedding Theorem, for P < B we have

WLHQR + 1)) & Lp(Q(R + 1)),
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1590 0. Benslimane et al.

and since 7z = 1in Q(R), we have

g T, (") — v, in Lp(QR+ 1)) as m — oo.
Fork=1,...,

T,(u™) — v, in Lp(Q(R+ 1)) as m — oo,

by diagonal process, we prove that there is # : Q — R measurable such that ™ — u a.e
in Q. This implies the (27).
Lemma 3.5 Let an N-functions B(t) satisfy the Ay-condition and u”, m =1, ..., 00, and u
be two functions of Lg(Q) such as

u"|lp<c m=1,2,....

u™ — u almost everywhere in Q, m — oo.
Then,
u™ — u weakly in Lg(Q) as m — .

Proof See Lemma 1.3 in [34]. O

Step 3 Weak convergence of the gradient.
Since W;}(Q) reflexive, then, there exists a subsequence

T,(u™) = v weakly in W;(Q), m — oo.

And since,
W) = Ly(Q),
we have
VT,(u™) = Vv in Lg(Q) as m — oo,
since
" — u ae in Q as m — oo,
we get

Vu" — Vu ae in Q as m — oo.
Then, we obtain for any fixed k > 0
VT,(u") — VT, (u) ae in Q.
Applying Lemma 3.5, we have the following weak convergence
VT,(u™) = VT, (1) in Lg(Q) as m — oo,

for more detail see page 11 in [10].
Step 4 Strong convergence of the gradient.
For j > k > 0, we introduce the following function defined as
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Existence and uniqueness of entropy solution of a nonlinear... 1591

1 if[s| </,
hi(s)=q 1—=[s—j| ifj<|s|<j+1,
0 ifs>j+ 1.

and we show that the following assertions are true:
Assertion 1

N
lim lim Z/ al (e, u™, Vu™) - Vu" - ng(| x|) dx = 0. (28)
Jzoom=ee i3 Jiglun |<j+1)

Assertion 2

Vu™ — Vu ae in Q(m). (29)

Proof We take v = exp(G(u™)) Ty ;™) np(| x |) = exp(G(u™) Ty (u™ — T;(u™) ng(| x |) as a
test function in the problem (P,,), we obtain

N
Z / al' e, u”, V') - V( exp(Gu™)) - Ty (™ = T,(u™)) - ng(| x |)) dx
i=1 JQ

N
< Z | b7 (x, u™, V™) | - exp(G™)) - Ty (u™ = T,u™)) - ng(| x |) dx
= Ja

+ /Qf’”(x) -exp(G™) - Ty (" — T;(u™)) - ng(| x|) dx

according to (22) and (23) we deduce that

N
> / P, ", Vi) - Vil - exp(GQu™) - (| x ) v
i=1 < {j<lum|<j+1}

1™

a

< / [f "(x) + h(x) + () - ] -exp(G™) - Ty (" — T;(u™)) - ng(| x|) dx
Q

a

since ¢ € LY(Q), h € L'(Q), f" € (L'(Q))", and the fact that exp(G(+)) < exp <”’”—<>>

we deduce from vitali’s Theorem that

lim lim / [f’"(x) + h(x) + $(0) - l(”;m)] - exp(G™) - Ty (" — T(u™)
Jjooo m=oo [
X np(|x|]) dx=0.
Hence,
lim lim al' (e, u™, Vu™) - Vu" - np(| x|) dx = 0.

Jmeo m=eo ficium<j1)
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1592 0. Benslimane et al.

And to show that assertion 2 is true, we take

v =exp(Gu™) (T, (u™) = Ty (w) hy(u™) ng(| x ),

as a test function in the problem (P,,). We have
N
2 / ae,u”, V") - V ( exp(G™) - (T (u™) = Ty(w)) - (™) - ng(| x|) ) dx
i=1 JQ
N
+ Z / b (e, u™, Vu™) - exp(G(u™)) - (Ty(u™) = T, (w)) - hy(u™) - ng(| x|) dx
i=1 JQ

< /fm(X)'EXP(G(M’”)) (T ™) = Ty () - hy(u™) - ng(| x ) dx,
Q

which implies

N
l m
Z / al' (e, u”, Vu™) - Vu™" - % - exp(G(u™) - (T (u™) = Ty (w)) - hy(u™)
i=1 /Q
X g x|) dx
N

+ Z a;' (e, u”, Vu™) - exp(G™)) - (VT (u™) — VT (w)) - hj(u’") (| x]) dx

i=1
N

+ ) / a" (", Vi) - exp(G™) - (T, ") = Ty(w) - Vi) - mgl(| x1) dx
i=1 JQ

N
+ Y / a" (e, u™, Vi) - exp(G™)) - (T, (u") = T(w)) - by(u™) - Vigg(| x|) dx
i=1 J/Q

N
< Z/ | b7 (x, u™, V™) | - exp(Gu™)) - (Ty(u™) = T (w)) - ™) - ng(| x|) dx
i=1 JQ
+ /f’”(X)-EXp(G(u’”)) (T ™) = T, (W) - (™) - ng(| x |) dx,
Q

thanks to (22) and (23), we obtain
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N
2/a}”(x,um,Vu’”)-eXP(G(u’"))~(VTk(um)—VTk(u))'hj(u’”)wR(IXI) dx
i=1 JQ

N
+ / al' (e, u™, Vu'™) - Vu™ - exp(G(u™))
i=1 J{Quj<um|<j+1)

X (T (™) = T, (w) - ng(| x|) dx

N
+ Y / a(x,u™, V") - exp(G™) - (T (™) = T w)) - h(u™)
i=1 JQ

X Vip(|x]) dx
l m
< / [f'"(x)+h(x>+¢>(x)- (”;) - exp(G™)) - (T ™) = Ty ) - hy(u™)
Q
X np(|x|) dx

sine h; > 0, np(| x|) = 0 and u™ (T;.(u™) — T;.(w)) > 0 we have

N
>/ a5, Ty ™), VT, ™) exp(GQu™) - (VT ™) = VT, ()
i=1 J{Q:|um|<k}

X np(|x 1) dx

+ / al"(e, u™, Vu™) Vu" exp(Gu™)) (T (u™) — T () ng(| x |) dx
[Qj<lum |<j+1 )

N
+ Z/a,'-”(x, u™, Vu™) - exp(G™)) - (T, (™) — T, (w)) - Viip(| x |) dx
i=1JQ

</
Q
N

+y / 0405, Ty (0), VT () - exp(G Q™) - | VT () |
i=1 J{QkL|um |<j+1}

™)

a

S + h(x) + $(x) -

-exp(G™) - (T,(u™) = T, (w)) - ng(| x|) dx

X ng(lx|) dx
N
+ / al'(e,u™, Vu™) - Vu™ - exp(Gu™)) - | T(u™) — Ty (u) |
i=1 J{Quj<|um |<j+1}

X np(|x ) dx.

The first term in the right hand side goes to zero as m tend to oo, since T,(u™) — T,(u)
weakly in W(Q(m)).

Since a(x, Ty (u™), VT (u™) is bounded in Lz(Q(m)), there exists a” € Lz(Q(m))
such as

|06, Ty ("), VT @) | = @ i Ly(Qm). (30)
Thus, the second term of the right hand side goes also to zero.
Since T, (™) — Ty (u) strongly in Wz]; IOC(Q(m)). The third term of the left hand side

increased by a quantity that tends to zero as m tend to zero, and according to (28) we
deduce that
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1594 0. Benslimane et al.

N
2/ a;(x, T, (™), VT, (u™)) - exp(Gu™)) - | VT (u™) = VT;(w) |
i=1 J{Q:|um|<k}

X np(| x|) dx
<e@, m).
Then,

N

Z / [ai(x, T.W™), VT, (u™) — a;(x, T,w™), VT, (w) | - (VT (u™) — T (u))
i=1 J/Q

X ng(| x 1) dx

N
<= / a0, T, (™), VT, () - exp(Gu™) - | VT, (™) = VT, (u) |
i—1 Q

X nr(lx]) dx
N

-y / g GO VTG - exp(GUM) - VT ) - (|31
i=1 J{Q: |um|<k}

+ €(j, m).
(1)
According to Lebesgue dominated convergence Theorem, we have T (") — T, (u) in
W) . (Q) and VT, (™) = VT, () in WA(Q), then the terms on the right had side of (31)
goes to zero as m and j tend to infinity. Which implies that

N
Z / [ai(x, T,(™), VT,,(u™)) — a;(x, T, (u™), VT, (1))
i=1 JQ

(32)
X (VT (u™) — Tg(u)) dx — 0.
Thanks to Lemma 2.9, we have fork =1, ...,
VT, — VT, (1) a.e in Q(m) (33)
and by diagonal process, we prove that
Vu" — Vu ae in Q(m).
O

Step 5 Equi-integrability of ™ (x, u™, Vu™).
Let v=exp G(|u™|)) - T,(W™ — Tr(™)) - ng(] x|) as a test function in the problem
(P,,), we obtain
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Z/a;"(x, u", Vu™) - V( exp G(|u™ |)) - Ty (" — Tr™) - ng(| x 1)) dx
— Q

N
+ Z / b, u™, Vu™) - exp G(| u™ |)) - Ty (™ — Tr™)) - ng(| x|) dx
- JQ
< [ 570 exp@ Gl ) Ty = Ty - g )
Q

which implies that

2/ al' (e, u™, Vu™y - Vu" - —— ( ) -exp2G(|u™ ) - T, (U™ — Tr(™))

X ng(| x|) dx
N

+ 2/ e, u, Vu"y - V" - exp2 G(|u" |)) - ng(| x |) dx
i1 J1Q: RS um |<R+1)

+ Z al' (e, u™, Vu™) - expQ G(|u™ |) - Ty (™ — Tr™)) - Vg(| x|) dx
- Jo

N
< 2/ | B (x, u™, Vu™) | - exp(2 G(| u™ ) - Ty (u™ — Tp™)) - ng(| x |) dx
i=1 JQ

+ /f'"(X) -exp2G(|u™ ) - Ty (u™ = Tp('™)) - ng(| x ) dx,
Q

by (22) and (23), we obtain

N
a Z/ Bi(| Vi |) - exp(2 G(| u™ |) - mg(| x |) dx
i=1 J{Q:R|um |<R+1}

N
+ 2 / al"(e, ™, Vu™) - exp G(| u™ |) - Ty (u™ — Tp(u™)) - V(| x|) dx
i=1 JQ

l m
/ [f’"(x)+h(x)+¢(x) (w )] L expQ G(| " ) - Ty (" — To(u™)
SERCED dx+/ ¢ - exp2 G(| " |) - ng(| x|) do.
{Q: R<|um |<R+1}

Since ng(| x 1) 2 0, exp(G(00)) < exp (2 P ® >,fm € (L), ¢ and h € L'(Q).
Then, Ve > 0, 3R(e) > 0 such as

N
Z/ B(| Vu™ |) dx <
i=1 J{Q:|u" |>R+1}

Let ‘o/(Q(m)) be an arbitrary bounded subset for Q, then, for any measurable set
E C V(Q(m)) we have

€ VR>R(e).

[\
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N
/Bi(| Vi) dx <) /B,u VTr(w™) ) dx
i=1 JE

E

™=

’ N (34)

+ / B,(| Vu™|) dx
; { L |>R+1}

we conclude that VE C V(Q(m)) with meas (E) < f(e) and Ty(u") — Tp(u) in WL(Q)
N
Y [ Bavianas S, 35)
i=1 VE 2
Finally, according to (34) and (35), we obtain
N
Z /B,'(| Vu"|)dx<e VEC XO/(Q(m)) such as meas (F) < f(e).
i— E

Which gives the results.

Step 6 Passing to the limit.

Let £ € VV;(Q) N L*(Q), using the following test function v =9, T,(u™ — &) in the
problem (P,,) with

9 — 1 for Q(m),
E71 0 forQ@m + D\Q(m).

and |u"| =&l <lu" =& <j. Then, {|u" =& <jC{lu"|<j+]|é]l,) we
obtain

N
)y / a;6, T, (™), Vu") - 9 VT, (" = £) dx
i=1 4 Q
N
+ Z / ai(xa Tm(um)a Vum) : Tk(um - f) Vlgk dx
o (36)

N
+ )0 B, Va9, T (u" = &) dx
=1 JQ

< /f’"(X) O T W" = &) dx
Q
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which implies that
N
D / a;(x, T, (™), V™) - Ty (u" — &) dx
i=1 J Q(m)

N
=2 /g( )a"(x’ Tinien @™ Ve W) - Treqy " = &) - Xy um—g <y
i=1 m

N
= Z/Q( ) [“i(xa Tiiien @™ VT ey, ™) = a;(x, Ty gy ™), VE)
i=1 JQm

X Ve, " =) X(jun-gi<jy dx
N

" Z/Q( )a,.(x, T W, VE) - VT e " = &) 2y um_e <y dX.
i=1 m

(37
By Fatou’s Lemma, we have

N
lim inf ) / a,(x, T, (™), V™) - VT, (" — £) dx
i=1 < Q(m)

m—oo

N
Z Z/Q( ) [“i(x’ Tiiien @™ VT, ") = a;(x, Ty ) ™), VE)
i=1 m

(38)

X VT e, @ =& xg gy &

N
+ lim 3 / ;6 Ty g1, @) VOV Ty " = &) Xy gy X

m=e it Jaom

The second term on the right hand side of the previous inequality is equal to
/ i T g1, (W, VE) - Ve (0 =) - I jug<jy X
Q(m)

Then, since T, (™ — &) = T, (u — £) weakly in W}_};(Q), and by (29), (33) we have

N N
2 / b;"(x, ", Vu™) - 9, T,(u" — &) dx — Z / b;(e,u, Vu) - 9, Tp(u — &) dx
i=1 JQ i=1JQ

(39)

and
/f'"(X) 9, (" = &) dx — /f(X) -9, T (u— &) dx. (40)
Q Q

Combining (36)—(40) and passing to the limit as m — oo, we have the condition 3 in Defi-
nition 1.1. O
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4 Uniqueness result in unbounded domain

In this section, we demonstrate the Theorem of uniqueness to the solution of problem
(P) in an unbounded domain; using the the fact given in [1, 11, 12] such as b;(x, u, Vu)

are a contraction Lipschitz continuous functions.

Theorem 4.1 Under assumptions (20)—(23), and b;(x,u, Vu) : QX R xRY — R for
i=1,...,N contraction Lipschitz continuous functions do not satisfy any sign condition,

and

N
Y (@, V8) —aix. &, VE)] - (VE = VE) > 0.
i=1
The problem (P) has a unique solution.
Proof Let u' and u? be two solutions of problem (P) with u' # u? then,
N N
Z/ai(x,ul,Vul) -Vvdx+ Z / bl-(x,ul,Vul) cvdx = /f(x) -vdx
i=1 JQ i=1 JQ Q

and

N

N
Z / a;(x, W, Vi?) - Vv dx + Z / b;(x, W, Vi?) v dx = /f(x) -vdx
i=1 JQ i=1 J/Q Q

we subtract the previous inequality, we get
N
Z / [ai(x, u', Vul) —a;(x, u?, Vuz)] - Vv dx
i=1 J/Q

N
+ Z/ [bl-(x,ul, Vul') — bi(x,uz, Vuz)] -vdx=0
i=1/Q
we take v = n(x) - (u' — u?)(x) with
0 if x >k,
ne) =19 k=L i) <k,
0

if x < —k.

Combine to (41), we obtain

™=

/ [ai(x,ul, Vu') — a;(x, W, Vuz)] @ = u?) - V) dx
1/7Q

i

N

+ Z / [bi(x, ul, vul) - b;(x, u, Vuz)] S = W) () dx
i=1 JQ

<0
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according to (2) and the fact that b,(x,u, Vu) contraction Lipschitz functions for
i=1,...,N, we get

N

N
Z Bi(ai(x, ul, vuly — a;(x, w, Vuz)) dx + Z / Bi(ul —u?) Vy(x)) dx
i=1 JQ

i=1 JQ
N N

< Z/Bi(ai(x,ul,Vul)—ai(x, 2, Vi) ) dx+2 Z/Bi(ul ¥ dx  (42)
i Q i=1/Q

N N
<a 2 / Bi(u' —u?) dx +a Z/B[(n(x) (' = u?)) dx
i Q i=1 JQ

then

N
Z / Bi( a;(x, u', Vu') — a;(x, u?, Vu?) ) dx
Q
. . 43)
< (a _ 2) Z/B,(ul _ Lt2) dx+a Z/Bl(r](x) . (ul _ uz)) dx.
i=1 /Q i=1 /Q

Since,

N

> / B,(n(x) - (u' = u)) dx
i=1 JQ

S |x 2
< B; k— —— -(ul—u2)>dx
;/ﬂﬂllxlsk} (( k >
N

+ By(n(x) - (u' —u?)) dx
; /Qn{ |x|>k}

—> 0 as k— 0

and since the N-functions B, verified the same conditions and properties of the B; then,
according to (6) and (20), we obtain

N

Z/Bi(ai(x,ul,Vul)—al-(x,u2,Vu2)) dx
Q

i=1
N
<acy / B,(V(u? — u?)) dx
i=1 JQ
<dc|| B@' — u?) .0
Combine to (42) and (43), we deduce that

0<(a+2-a)||Bu' —u?)|l,q <0.
Thus

||B(”1 _”2)”1,9 =0.
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Hence, u' = u?a.e in Q. O

Appendix
Let

A WhQ) — (WLQ)
N
v o< A), v>= / Z <ai(x, u,Vu) - ﬂ + b;(x,u, Vu) - v) dx
Q P 0x

i
- / fx)-vdx
Q
N
and let denote L(Q) = H LB‘_(Q) with the norm

k=1

N
V10 = 2 1villge V=0, ..covy) € Ly(Q).
i=1

Where B,(¢) are N-functions satisfying the A,—conditions. Sobolev-space VVI';(Q) is the
completions of the space C7°(€2).

alx,s, &) = (al(x, 8,8, ..., ay(x,s, f))

and

b(x,s,8) = (by(x,5,8),...,by(x,5,8) ).

Let’s show that operator A is bounded, so foru € VOV;(Q), according to (9) and (20) we get

N
laGu, Vi @) = D 1l aieu, V) I, @

i=1

N
- (44)
< Z/Bi(ai(x, u,Vu)) dx + N
i=1 JQ
<a@) - 1B) o+ 1l elliq+N.
Further, for a(x, u, Vu) € LB,.(Q), v E ‘EV;(Q) using Holder’s inequality we have
| <A), v>q | £ 21lalx,u, Vu) ||LB(Q) |l V”ﬁ/[lf(g)
(45)

+ 2| bCx, u, Vu) ”LB(Q) . ||V||v‘i/}11(g) +cy ||V||W}13(g)-

Thus, A is bounded. And that A is coercive, so for u € VV};(Q)
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<A(u),u>9=2/a(xu Vu) - —dx+ Z/bi(x,u,Vu)-udx

— / f(x) - u dx.
Q
Then,

<A(u),u>Q [ u ( >
d — —
||u||W§(9> ||u||W(Q) az:, X —c; — ¢
_l(u).Z/ < )dx—/h(x)dx]
P Q

1
> — . a(Q) — . B.
> Tl [m<> q)é?é (

According to (20), we have for all k > 0, 3 @, > 0 such that

)dx—co—c]—c3

du
ox;

gl oy
bi(lu, ) > kb, . i=1....N.

1w, g0

Wetake||u, |lp g >ay i=1,...,N.
Suppose that|| u, |lyy1q — 0as j — co. We can assume that
i B

146, 1lp. 0+ + 114, Il5,0=Na,
According to (9) for ¢ > 1, we have
| | b(| 1 |) < ¢ BGY)

then, by (2.8) we obtain

<A(M),M>Q>&(Q)—cz'i/3< u >d o
||uf||ﬁ,;(9) ~ Na, “ /o dx N a,
a(Q) — N ) )
ZM'Z/U/ | b(| |)dx—i
Nao = Xi i Nao
Q) — o)
SR DAL / ( 4| >dx——c4
eN Il g, || u, 5,0 Na

Z(Zz(Q)—cz)-k / < |12, | >dx—c—4
cN 14, 15,0 N ay

L @@-c)k g
- cN Na,

which shows that A is coercive, because k is arbitrary.
And for A pseudo-monotonic, we consider a sequence { ¥ }*_, in the space W;(Q) such
that
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u™ — u weakly in WL(Q) m — co. (46)
: m m __ <
n%l_r}r; sup < A(u™), u u><0 47
we demonstrate that
A@™) — A(u) weakly in (WL(Q)), m — co. (48)
< AW, " —u >— 0, m > oo. (49)
Since B(0) satisfy the A,-condition, then by (9) we have
/B(H) dx < ¢y l101lp 0 (50)
Q
According to (46) we get
||“m||vi/,§(g)5c1 m=1,2,... 5D
and
IB(Vu™) ||, <c;, m=1,2,.... (52)
Combining to (44) and (51) we obtain
N
@G, u, V) [l = D 1@ Ce ™, V") ||, < ey m=1,2, ... (53)

i=1

And form e N*, | b"(x,u, V)| =|T,(b(x,u, Vu) | < m. Then, by (23) and (51) we have

N

(10" (e, u, Vu) || = Z 167 Ce u™, Vu™) || < cg m=1,2, ...

i=1

According again to proof of Lemmas 3.4 and 2.8, we have

WHQR+1)) & Ly (QR+ 1) for R>0 and i=1,...,N.

We set
N
A" (x) = Z [a;"(x, u™, Vu™) — al'(x, u, Vu)] " - u),
i=1
N
+ B, VU = B, Vi) | @ =), m= 1,
i=1
then
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< AW™)—Aw), u" —u >= /A’"(x) dx m=1,....
Q
By (46) and (47), we obtain
lim sup /Am(x) dx <0.
m—oo Q
So,
N
A" =Y (@G u™, V) — @, Vi) | (u" = u),,
i=1
N
+ [a?"(x, u",Vu) — al'(x, u, Vu)] " —u),
; ’ (54
N
+ ) [ BGe, Vut) = B e, Vi) | (" = w)
i=1
=AT@) +AT() +AY(x) m=1,....
We prove that
AT(x) — 0 almost everywhere in Q m — co. (55)
AY(x) — 0 almost everywhere in Q m — oo. (56)
A7(x) — 0 almost everywhere in Q m — co. (57)

=z

A" = ) @G u™, V") — dl' (e ", V) | (" = u),
i=1

N

I
.MZ

Il
-

i i=1

N N
- Z a;"(x, u,Vu) - uzl + Z a;"(x, u,Vu) - U
i=1 i=1
applying (1), (22), (52) and (53) we obtain
AT(x) 2 c(m) — 0 as m — oo.

Hence, using the diagonal process, we conclude the convergence (55).

a' (e, u”, Vu™) - ul! — Z al' (e, u”, Vu™) - u,
; ;

As in [32], let A;(u) = a;(x,u, Vv) i =1,...,N be Nemytsky operators for v € VV;(Q)

fixed and x € Q(R), continuous in Lz (Q(R)) for any R > 0.

Thus, according to (10), (27) and the diagonal process, we have for any R > 0

AZ'(x) — 0 almost everywhere in Q m — oo.

Applying the inequality (10) we obtain
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N
A7) <2 Y11 e, Vi) = B, Vi) g oy - 116" = i

i=1

<2c(m) - [|u" —u ||vi/lli(g)-

Hence, combining to (27) and the diagonal process, we have for any R > 0

A% (x) — 0 almost everywhere in Q m — oo.

Consequently, by (55), (56), (57) and the selective convergences we deduce that
A™(x) — 0 almost everywhere in Q m — . (58)

Let Q' € Q, meas Q' = meas Q, and the conditions (27), (58) are true, and (20)—(23) are
satisfied.
We prove the convergence

u)’(':(x) — uxl(x) everywhere in Q for i=1,...,N, m—> o (59)

By the absurd, suppose we do not have convergence at the point x* € Q.
Letu™ = u;'lf(x*), u= ux"(x?/’ i=1,...,N,anda = ¢,(x"), a = p(x*).

Suppose that the sequence Z B;(u™) m =1, ..., o is unbounded.
i=1

Lete € (0, ﬁ) is fixed, according to (2), (4) and the conditions (20), (22), we get

N
A"(x*) = Z <a§"(x*, u", Vu™) — al'(x*, u, Vu)> VU™ — u)
i=1
N
+ Z <b;"(x*,um, Vu™) — b u, Vu)) ™ - u)
i=1
N

N
= Z al'(x*,u", Vu™)y Vu" — Z a' (", u", Vu") Vu
i=1

i=1

N N
_ Za;"(x*,u, Vu) Vi + Zal’.”(x*,u,Vu) Vu
i=1 i=1

N N
+

bl'."(x*, W Vu" i — 2 b:"(x*, u",Vu™)u
i=1 i=1

N N
- Zb:"(x*,u, Vu)u™ + Zb;"(x*,u,Vu) u.
i=1 i=1

Applying the generalized Young inequality and (51), we obtain
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N N
A"(x") > Za}”(x*,u, Vu) - Vu + Zaf"(x*,um,Vu’") V"

i=1 i=1

N
—€ ZBi(a;”(x*,um,Vu’"))
i=1
N N N
— () Y\ B(Vu)— € ¥ B(ax",u,Vu)) = cy(€) Y B(Vu")
i=1 i=1 i=1

N
+ 2 b, u™, Vu™) - Vu™" + 2 b (x*, u, Vu) - Vu

N
=1

i=1 i
N
- Z b;”(x*,um, vVu™) - Vu
i=1
N
- Z b;"(x*, u,Vu) - Vu™

i=1

N N
> a ) B(Vu) = wx") + Y B(Vu") — y(x')
i=1 i=1
N
—€ea ) B(Vu") - ep(x")
i=1
N N
— ¢,(e) ZBi(Vu) —e€a ZBi(Vu) - ep(x*)
i=1 i=1
N
= ¢, ) B(Vu") — 4h(x")
=1

N N
= ¢y lw) Y B(Vu) = cy ™) ) B,(Vu™).
i=1 i=1
So
A >a—ce) - ea

N
- ey lw] Y B(Vu) + |a — eac,

i=1
N
— ¢ lw™)] ZBZ.(W’) - ¢5(e).
i=1

So we deduce that the sequence A™(x*) is not bounded, which is absurd as far as what is in
(58).

As a consequence, the sequences u;’:, i=1,...,N, m = ooare bounded.

Let u* = (u*l‘,u;, ,ul*\,) the limits of subsequence u™ = (u’l", ...,u%) with m — oo.
Then, taking into account (27), we obtain

uxml —u, ,i=1,...,N. (60)

i
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As a result, from (58), (60) and the fact that al’."(x*, u, Vu) are continuous in u (because they
are Carathéodory functions), we have

(a;"(x*, u", Vu") — al'(x*, u, Vu)) . (ux’”[ —u,) =0,

N
=1

4

and from (21) we have, u; = u, . This contradicts the fact that there is no convergence at
the point x*. ’

And referring to (27), (60) and the fact that a!'(x*,u, Vu) are continuous u, so for
m — oo we get

a;”(x, u",Vu™) — a;"(x, u,Vu), i=1,...,N almost everywhere in Q.

Using Lemma 3.5 we find the weak convergences

al' (e, u”, Vu™) = a'(x,u,Vu) in Lg ), i=1,...,N. (61)

The weak convergence (48) follows from (61).
Furthermore,to complete the proof, we note that (49) is implied from (46) and (58):

<AW™),u™ —u>=ltA(u"™) — A(w), u™ —u >
+ <A, u" —u>->0,m—- .

We’re ending this section by a suitable example, that checks all the above conditions and
propositions,

Example 5.1 Let Q be an unbounded domain of R, (N > 2). By Theorems 3.1 and 4.1 it
exists a unique entropy solution based on the Definition 1.1 of the following anisotropic
problem (P,):

a

N
(P @ LBBAVUD +1 - FBAVuD =f0)in €.

M=

u=0 on 0Q.

with @ is a positive constant, / : R — R* a positive continuous functions such as
le L'(R) N L*(R), f € L'(Q) and

B@ = |z[”(Ilzl| + 1), b > 1

satisfying the A,-condition.
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