Rendiconti del Circolo Matematico di Palermo Series 2 (2021) 70:45-56
https://doi.org/10.1007/512215-020-00485-7

®

Check for
updates

Rank-Engel conditions on linear groups

B. A. F. Wehrfritz'

Received: 14 February 2019 / Accepted: 15 January 2020 / Published online: 29 January 2020
© The Author(s) 2020

Abstract

We study linear groups G for which for every g in G there exists a subgroup E of G satisfy-
ing some sort of rank condition and such that for every x in G there is a positive integer
m such that for all n>m the repeated commutator [x, ,g] lies in E. If E can always be
chosen to be a Chernikov group (resp. a polycyclic-by-finite group) such G can be com-
pletely described (Wehrfritz in Adv Group Theory Appl 7:143-157, 2019; Wehrfritz in
Boll Unione Mat Ital, to appear). For more general rank conditions our analyses below are
complete for positive characteristics but are less so for characteristic zero.
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If g is an element and H a subgroup of a group G, adapting slightly terminology from [8],
call a subgroup E of H a sink for g (or a g-sink) in H if for each h in H there exists a posi-
tive integer m(h) such that [h, ,g] €E for all n>m(h). If X is a class of groups, say that a
group G is X-Engel if every g in G has a sink in G belonging to X.

There are many different rank conditions on groups, but by Lemma 1 below for lin-
ear groups, apart from the Chernikov groups and the polycyclic-by-finite groups, the only
classes of interest for the Engel-type conditions here are just three (four in positive charac-
teristic). Below X, denotes the class of all groups of finite (Priifer) rank, X, the class of
all soluble-by-finite groups of finite abelian total rank (see below) and X, the class of all
minimax groups, i.e. poly (groups that satisfy the minimal-by-maximal condition). Also
let X;;, denote the class of all groups with finite Hirsch number; that is all groups G with a
series of finite length each factor of which is either locally finite or infinite cyclic, the num-
ber of infinite cyclic factors in such a series being the Hirsch number h(G) of G.

Further let F denote the class of finite groups, Ch the class of Chernikov groups and
P the class of polycyclic groups, so PF denotes the class of polycyclic-by-finite groups.
Also LF denotes the class of locally finite groups; that is, the class of all groups G with
h(G)=0.)
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Let G be a linear group. A special case of Shumyatsky’s main theorem in [8] says
that G is F-Engel if and only if G is finite-by-hypercentral. By Theorem 1.2 of [14]
G is Ch-Engel if and only if G is Chernikov-by-hypercentral and by Theorem 1.4 of
[14] if G has positive characteristic, then G is PF-Engel if and only if G is PF-by-
hypercentral. PF-Engel linear groups of characteristic zero are much more varied. They
are completely characterized in [15]. Among the linear groups G of characteristic zero
they are exactly the ones with a normal series <1>=T,<T,; <--<T,=T <G with s and
the index (G : T) finite and each T;/T;_, polycyclic-by-finite, or G-hypercentral with [T;,
T]<T,_,, or G-hypercentral, abelian and Chernikov.

Theorem 1 Let G be a subgroup of GL(n, F), where n is a positive integer and F is a
field of positive characteristic and let X be one of the five classes X, Xy Xpm» Xpp, and
LF. Then G is X-Engel if and only if G has a normal X-subgroup N such that G/N is
hypercentral.

X, is the main case in Theorem 1, the other four cases can be thought of as corollar-
ies of it or its proof. If the group G is linear of characteristic zero, then G €Xj, if and
only if GEX, so G is Xy -Engel if and only G is X -Engel. Thus in characteristic zero
we have really only three cases to consider.

Theorem 2 Let G be an X-Engel subgroup of GL(n, F), where n is a positive integer, F is
a field of characteristic zero and X is Xy, Xy, or X .. Then G has a normal series

<1>=U,<V,<U, <<V, <U=U<T<G

such that t<n(n—1)/2, G/T is finite, T/U is abelian, U is unipotent and for each i with
1<i<t, [U, UI<U,_,, U)/U,_, is torsion-free (abelian) and either U,/U;_€X with V;=U,,
or [U,, TI<U,_; with VJ/U,_,€X and U/V; G-hypercentral. Also there is a normal sub-
group S of G with ULS, S/IUEX,, (even S/UEX ., if X=X,.) and G/S hypercentral.
Further if X=X, then each T/IC(U,/U,_,) is finitely generated (and abelian).

Theorem 3 Let G be a connected (in the Zariski topology) subgroup of GL(n, F), where n
is a positive integer and F is a field of characteristic zero. If X is Xy, Xy, or X, then G is
X-Engel if and only if G has a normal series

<1>=U0SU1 < e §U1=USG,
where t is finite, G/U is abelian and for each i we have [U;, Ul <U,_, and either U/
U,_ €Xor[U;, GI<LU_,.

Corollary Ler G subgroup of GL(n, F), where n is a positive integer and F is a field of
characteristic zero and let X denote Xy, Xy, or X, Then G is a finite extension of an X-
Engel group if and only if G has a series

<1>=U,<U, < <U, =U<T<G,

where t is finite, G/T is finite, T/U is abelian and for each i we have U; normal in T, [U;,
U]<U,_, and either U/U;_,€X or [U,, TI<U,_,.

@ Springer



Rank-Engel conditions on linear groups 47

The following simple result complements the LF case of Theorem 1. Its short proof
does not depend on any of the theorems above.

Theorem 4 Ler G subgroup of GL(n, F), where n is a positive integer and F is a field of
characteristic zero. Then G is LF-Engel if and only if G is (locally finite)-by-hypercentral.

1 General Lemmas

Let G be a subgroup of GL(n, F), where n is a positive integer and F is a field of character-
istic zero. Consider the following.

(a) G has finite Hirsch number h(G).

(b) Gis an FAR-group (cf. [5]); that is, G is soluble-by-finite with h(G) finite and satisfying
min-q, the minimal condition on g-subgroups, for every prime q.

(¢) G has finite rank.

(d) Gis an FATR-group (again cf. [5]); that is, G satisfies (b) and n(G) = {primes q : G has
an element of order q} is finite.

(e) G is minimax.

Lemma 1a (char F=0) (a), (b) and (c) are equivalent, (d) implies (c) and (e) implies (d).
Now suppose F has characteristic p>0 and consider the following further two
conditions.

(@) h(G) is finite and G satisfies min-p.
(c") G is abelian-by-finite and rankG is finite.

Lemma 1b (charF > 0). (), (b), (¢c) and (¢') are equivalent, (d) implies (c) and () implies
(d).

Thus for linear groups we are effectively reduced to just four rank classes to consider,
namely those defined by (a), (c), (d) and (e); that is, the classes X, Xy, X, and in posi-
tive characteristic X Trivially (a") implies (a). We denote the maximum periodic normal
subgroup of a group G by t(G).

Proof Suppose charF=0. If h(G) is finite, then G/t(G) has a poly(torsion-free abelian of
finite rank) normal subgroup of finite index (e.g. [12] Lemma 4). Also G satisfies min-q
for every prime q ([9] 9.1iv)) and t(G) has an abelian normal subgroup of finite index and
rank at most n. Therefore (a) implies (b) and (c). Trivially (b) implies (a). If G has finite
rank, the G is soluble-by-finite by a theorem of Platonov ([9] 10.9). Thus (c) implies (a).
Trivially (d) implies (b). Let G satisfy (e). Linear groups with the minimal condition are
Chernikov ([9] 9.8) and linear groups with the maximal condition are polycyclic-by-finite
(by a theorem of Tits, see [9] 10.18). Then [9] 5.11 and 6.4 yield that G is soluble-by-finite.
Hence (e) implies (d).

Now assume charF=p> 0. Suppose G is periodic and satisfies min-p. Then the Sylow
p-subgroups of G are finite and hence (see [9] 9.7) G is a finite extension of an abelian
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p’-subgroup of rank at most n. Thus as in the proof of the characteristic zero case we obtain
that (a’), (b) and (c) are equivalent. Also (c) and (c) are equivalent by [9] 10.9. As in the
previous case we deduce that d) implies (b) and (e) implies (d). The proof of Lemma 1 is
complete. O

If = is any infinite set of primes then the direct product D(zn) of cyclic groups of order
q one for each q in & satisfies (c) but not (d). The additive group Q of the field Q of
rational numbers satisfies (d) but not (e). Also D(n) embeds into GL(1, C). If p & x then
D(m) embeds into GL(1, F) where F is the algebraic closure of the field of p elements.
Further Q embeds into GL(1, C) (even into GL(2, Q)) and if p >0 also into GL(1, F) for
F any large enough field of characteristic p (see [9] 2.2).

Lemma 2 Let G be an X-Engel subgroup of GL(n, F), where the class X satisfies S X=X
(i.e. X is subgroup closed) and does not contain the free group of rank 2. If charF=0,
then G is soluble-by-finite. If charF=p >0, then G is soluble-by-(locally finite and linear of
characteristic p).

Proof Suppose H=<x, y><G is free of rank 2 on {x, y}. Then H is X-Engel, so a sink for
y in H is either trivial or infinite cyclic. But

[x, m}’]h =y ™Dy~ xy™ forallm>1 andh> 1.

Thus [x, my]h #[x, er2y]k for all m>1, h>1 and k€Z. Consequently <[x, ,yl, [X,
m4+2¥]>1s not cyclic and hence neither is <[x, ,y] : n>m> for any m > 1. Therefore no such
H exists and the claims of Lemma 2 follow from [9] 10.17 (Tits’ theorem), 5.11 and 6.4. OJ

Lemma 3 Let A be a module over a group G with A additively a q-group for some prime
q. Foreachi>1 set A;={a€A : q'a=0}. If A, is G-hypercentral, then so is A.

Proof Clearly each A, is a G-submodule of A, A;<A,,, for each i and A=[J; A;. Also
multiplication by q' determines a G-embedding of A, /A, into A,. Thus each A; /A, is
G-hypercentral and consequently so is A. O

Lemma 4 Let G be a subgroup of GL(n, F), where F is an algebraically closed field of
positive characteristic. Suppose A is an abelian normal subgroup of G of finite rank. Then
there exists a normal subgroup D <A of G with A/D finite and the index (G : C5(D)) divid-
ing n!.

Proof Let a=a a, denote the Jordan decomposition of the element a of A (see [9] 7.2) and
set A,={a,; a€A} and Ayj={a;: a€A}. The (Zariski) closure of A in GL(n, F) is abelian
([9]15.11) and contains A, and A, ([9] 7.3). Then A, and A are subgroups of GL(n, F) (see
[9] 7.1) that are normalized by G. Also AA;=A A=A XA,

Now A, is unipotent and A, is diagonalizable ([9] 7.1). Further A =~ AA /A has finite
rank, as well as being abelian of finite exponent. Therefore A, is finite and consequently so
is AIANAY = A,. Set D=ANA,. Finally (G : C5(D)) divides n! by [9] 1.12. O

For any group G denote its upper central series by {{(G): 0<s <o}, s and ¢ ordinals
and its hypercentre by £(G) =, {(G). Recall, F denotes the class of finite groups.
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Rank-Engel conditions on linear groups 49

Lemma 5 Let X be a class of groups and A <T normal subgroups of a group G with [A,
T]=<1> and GIT finite such that for each g in G there is a sink A(g)€X in A. If

(a) X=SX and whenever U, V<W, where W is an abelian group and U and V lie in X,
then UV €X, or

(b) X=SX=QX=DyX (Q the quotient operator and D, the (direct product of finitely many
groups) operator), or

(C) X= Xftr’

then there exists a normal X-subgroup B <A of G with A/B <{ (G/B). If also A=T,
then G is XF-by-hypercentral.

Note that X;; and X both satisfy (b) but X, does not. Also XF=X for X=X, Xy,
or X .

Proof (a) Let X be a (finite) transversal of T to G. Now for each g in G, a in A and large
enough n we have [a, ,g] €A(g). Clearly g=by for some b in T and y in X and then
A(x)Y=A(x)8. Set

B=<AxE:xeX,geiG>=<ARX) : x,yeX>.

Clearly B <A is normal in G and B €X. Also A/B consists of right Engel elements of G/B.
Consequently A/B <{ (G/B) by [9] 8.1.

Suppose A=T. Then (G/B : {(G/B)) is finite, so by [3] (or see Theorem C of [13])
there exists N/B, a finite normal subgroup of G/B, such that G/N is hypercentral. Trivially
NEXF.

(b) UV=(UXV)/{(u, v):u€lU,v eV, uv=1}€QD X =X. Now apply a).

(c) By (b) there exists B <A with B normal in G, A/B G-hypercentral and rankB finite.
Let P=1(B). Now for any g in G, A(g)nPESX =X, so A(g)NP is Chernikov and hence
s0 is Sy=<AX)NP : xE€EX>. There is a finite set © of primes such that S, <S=0,(P).
Choose = to contain all the prime divisors of (G : T). Note that S is also Chernikov. Further
P/S consists of right Engel elements of G/S and C;(P) > T has finite index in G. Therefore
P/S is G-hypercentral by [9] 8.1 again.

Pick U<B maximal subject to PNU=S. Then B/U is a (periodic) n'-group and hence
s0 is B/Ug for Ug={,eq U¥=[\ex U™ Clearly PNUg=S. Now choose V <B maximal
subject to U;<V<B, V normal in G and PNV =S. Clearly B/V is a n'-group. Let g€’
and set B;={b€B: b1€EV}. Then B/V is a finite (recall rankB is finite) F G-module.
Moreover T<Cq(B) and G/T is a finite n-group. Therefore B/V is completely reducible
as FqG-module (Maschke’s theorem). If I/V is an irreducible FqG-submodule of Bq/V, then
Pnl>S=PnV, so (PN)V =1. Hence B, <PV. Also PV/V=P/S is G-hypercentral. Conse-
quently B/V is G-hypercentral by Lemma 3. We chose B with A/B G-hypercentral. Hence
A/V is G-hypercentral. Also PNV =S, which is Chernikov and V/(PNnV)~VP/P<B/P,
which is torsion-free abelian of finite rank. Therefore V €X,.

Finally suppose A=T. Then (G/V: {(G/V)) is finite. Hence there exists ([3] again) N/V,
a finite normal subgroup of G/V with G/N hypercentral. Clearly N€Xj,. The proof of
Lemma 5 is complete. O

Lemma 6 Let G be a group with G/{(G) locally finite. Then there exists a locally finite
normal subgroup K of G with G/K hypercentral.
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50 B. A. F. Wehrfritz

Proof Let X be a finitely generated subgroup of G. Then X/{(X) is finite, so there exists
Ny a finite normal subgroup of X with X/Ny hypercentral ([3] again). Choose Ny of
least order. If Y is a finitely generated subgroup of G containing X, then XNNy >Ny. Set
N=|Jx Ny. Then N is a locally finite normal subgroup of G with G/N locally nilpotent.
Define K by K/N=1(G/N). Then K is also locally finite and H=G/K is locally nilpotent
and torsion-free with H/C(H) locally finite. Now C;(H) is isolated in H, see [5] 2.3.8, so H/
C,(H) is torsion-free. A simple induction yields that H/C(H) is also torsion-free. But H/{(H)
is locally finite. Therefore H={_(H); that is, G/K is hypercentral. O

2 Positive characteristic case
The proposition below completes the proof of Theorem 1.

Proposition 1 Let G be an X-Engel subgroup of GL(n, F), where 1 is a positive integer
and F is a field of positive characteristic p. Suppose one of the following holds.

(i) Xis a class of groups of finite rank satisfying X=SX=QX=D X =XF.
(1) X=X,
(i) X=X,
(iv) X=LF.

Then G is X-by-hypercentral.
Proof (i) We make heavy use in this case of X=QX, which is why we have to handle (ii)
separately. We mirror the proof of Theorem S in [14].

(a) G is soluble-by-finite.

If this is false, then using Lemma 2 we may assume that G is infinite, periodic and sim-
ple, and then that G is of Lie type. Then, using [1] 6.3.1, we may assume that G is actu-
ally PSL(2, k) for some locally finite, infinite field k of characteristic p. Consider SL(2,
k)NTr(2, k), which is isomorphic to the split extension H=k*k*, where k™ denotes the
additive and k* the multiplicative group of k and k* acts on k* via squares (i.e. b*=ba? for
a€k* and bEL™).

We show that H modulo <— 1> <k¥* is not X-Engel, which will show that PSL(2, k) is
not X-Engel either and will complete the proof of (a). For if otherwise, then h€H would
have a sink E€ X in H with E <k*. But E has finite rank and k™ is elementary abelian. Thus
E is finite, H is finite-Engel and H is finite-by-hypercentral (Shumyatsky’s theorem, [8] or
[14]). Then (H : {(H)) is finite by the theorem of [2]. But if a€k*\<— 1> and b€ k"\<0>,
then b*=ba’#b. Hence k*n¢,(H)=<0>, k*n{(H)=<0> and k is finite, which is false.
Claim a) is now proved.

(b) If GLTr(n, F), then G is finite-by-nilpotent.

For if E is an X-subgroup of G’ <Tr,(n, F), then E has finite rank as well as being nilpotent
of finite exponent. Consequently E is finite, G is finite-Engel and (b) of the proof of Theo-
rem S of [14] applies directly.

(c) G is nilpotent-by-finite.
(c) Follows almost immediately from (b). In fact, cf. the proof of (c) in [14] Theorem 1.1,
the connected component G° of G containing 1 is nilpotent.
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Rank-Engel conditions on linear groups 51

(d) G is X-by-hypercentral.

Let N be a nilpotent normal subgroup of G of finite index. We may reduce to the two
cases where N is unipotent or N is a d-group, see Remark 3.3 of [14].

If N is unipotent, since X-groups have finite rank, every X-subgroup of G is finite. Con-
sequently G is finite-Engel, finite-by-hypercentral and therefore X-by hypercentral (recall
F CX). Suppose N is a d-group. Then N is abelian-by-finite by [9] 7.7 and 3.5 and conse-
quently so is G. Here XF =X. Therefore G is X-by-hypercentral by Lemma 5. The proof of
Part (i) is now complete.

(ii) Here X is X, By Part (i) there is a normal subgroup X of G of finite rank with
G/X hypercentral. Using Lemma 1 it follows that X° is abelian, normal in G and of finite
index in X. By Lemma 4 there exists a normal subgroup Y <X° of G with (X : Y) finite
and (G : C4(Y)) dividing n!. By Lemma 5 there is a normal X, -subgroup Z<Y of G with
Y/Z <{(G/Z). Now X/Y is finite and G/X is hypercentral. Hence (G/Y : {(G/Y)) is finite by
the theorem of [2]. But then (G/Z : £{(G/Z)) is also finite, so by [3] there exists N/Z a finite
normal subgroup of G/Z with G/N hypercentral. Finally Z and hence N lie in Xj,.

(iii) Here X is Xj. By Lemma 2 there is a soluble normal subgroup N of G with G/N
locally finite. We may choose N triangularizable (over an extension of F) and closed in G.
Then O,(N) is also closed in G and hence H=G/O,(N) is isomorphic to a linear group of
characteristic p, see [9] 6.4, such that the image M of N is abelian and contains no non-
trivial unipotent (i.e. p-) elements. Hence there is a linear representation of H faithful on
M and such that the image of M is diagonalizable (see Remark 3.3 of [14]). Then 1.12 of
[9] yields that (G: CG(N/OP(N)):(H:CH(M)) is finite. Set T:r(N)ZOp(N). Then N/T is
torsion-free abelian, so any Xy -subgroup of N/T lies in X;;. By Lemma 5 there exists S a
normal subgroup of G with T<S <N, with S/T €Xj; and with N/S <{(G/S). By Lemma 6
applied to G/S there is a normal subgroup K of G with S <K, with K/S locally finite and
G/K hypercentral. Clearly K € X,. This completes the proof of (iii).

(iv) Here X is LF. Set T=’L‘(G)ZOP(G). Now Op(G) is closed in G, so G/OP(G) 18 180-
morphic to some linear group of characteristic p ([9] 6.4). Therefore G/T is also isomorphic
to a linear group of characteristic p, see [10]. Consequently we may assume that T=<1>.
Certainly G is Xp,-Engel so by iii) there is a normal subgroup N of G with G/N hypercen-
tral and NE€Xj,. Also T(N) <T=<1>, so N is soluble-by-finite with Op(N)= <1>. Hence
N contains a normal subgroup M of G with N/M finite and M torsion-free abelian.

Now G is LF-Engel. If g€G there exists a locally finite subgroup of M that is a g-sink in
M and yet M is torsion-free. Hence M consists of right Engel elements of G and consequently
M<{(G) by [9] 8.1. Finally G/M is finite-by-hypercentral, so (G/M : {(G/M)) is finite by [2].
But then (G : {(G)) is finite, so there exists a finite normal subgroup K of G with G/K hyper-
central by [3]. Consequently G is LF-by-hypercentral. (Actually here K=<1> since T=<1>
and G itself is hypercentral.) The proof of Proposition 1 is now complete. O

3 Characteristic zero case

Lemma 7 Let F be a field of characteristic 0, A a non-trivial subgroup of the multipli-
cative group F* of F and B a non-zero subgroup of the additive group F* of F such that
BA =B. Suppose the split extension G of B by A is X-Engel. Then B has finite rank. If G
is actually X -Engel then A is finitely generated and B is minimax.
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52 B. A. F. Wehrfritz

Note that B is torsion-free abelian, so total-rankB =rankB. In particular the G in Lemma
7 is X;-Engel if and only if G is X,-Engel.

Proof Choose a€ A\<1>. By hypothesis there is a subgroup E of B of finite rank such
that for all b in B there exists an integer m(b)>1 such that for all n>m(b) we have
b(a—1)"€E. Subject to this we choose our E of least possible rank. Set E; =<b(a—1)":
n>m(b), bEB><E. Then E, is also of finite rank (even minimax if E is minimax), so we
may assume that E=E,. Clearly now E(a—1)<E.

Since a# 1, so a— 1 EF* is an (additive) automorphism of F*. Thus E(a— 1)~E and

~ 2 Ba—1)" > - 2 E@a-1)"' 2 E > E(a-1) > - > E@a—1)' > -~

where i runs over the positive integers. Set E,=|J;5, E(a—1)"". If bEB, then for some
n>1 we have b(a— 1)"€E, so bEE(a—1)™". Therefore B <E,. Clearly E, and B have finite
rank, in fact rank equal to the rank of E.

(Further E(a—1)<E yields that Ea<E. Also BA=B, so E;=E<a>= Uiz() Ea~'<B.
Suppose bE€B with ba€E. There exists n> 1 with b(a— 1)"€E. Then (- 1)"b €E. For any
bEE, we have ba™ €EE for some m> 1, so (ba™')aEE and thus ba™ ! €E. A trivial induc-
tion yields that bE€E. This shows that E;=E and hence E is normalized by <a>. It follows
that every a-sink in <a>B contains a normal such a-sink.)

Since we chose E of least rank, so E/E(a— 1) periodic. But

E(a—1)"'/E(a—1)"*!

is isomorphic to E/E(a— 1) for each i. Therefore E,/E is a periodic. Now assume E is mini-
max. Then E/E(a—1) is a Chernikov n-group for some finite set &t of primes. It follows that
B/E is a m-group of finite rank and therefore B/E is Chernikov. Consequently B is minimax.

Finally it remains to prove in the minimax case that A is finitely generated. Let J be the
subring of F generated by A. Then J is a domain and B is a faithful J-module. Also B is
torsion-free and, by the above, minimax. Hence B has a free abelian subgroup B, of rank
r=rankB with B/B, a periodic n-group for some finite set = of primes. Let t denote the
product of all the elements of n. Then the tensor product Z[t™'1B of Z[t™!] by B over Z
is equal to Z[t‘l]B0 and hence is isomorphic to Z[t ™9, the free Z[t"']-module of rank r.
Therefore J embeds into the endomorphism ring of this module and hence into the matrix
ring Z[t™']", where r' denotes rxr.

There exists a finitely generated subring R > Z[t™"] of the complex numbers, an element
x of GL(r, R) and a subgroup A, of A of finite index such that (A;)* <Tr(r, R). (We now
regard JD A as a subring of R" via the obvious embeddings J <Z[t']" <R".) If a€ A, with
a* unipotent, then (a*—1)"=0 in R" and hence (a—1)"=0 in the domain J. Consequently
a=1 and the unipotent radical of (A,)" is trivial. It follows that A, is isomorphic to a sub-
group of the full diagonal group D(r, R) and the latter is isomorphic to the direct product of
r copies of the group U of units of R. But R is a finitely generated domain so U is finitely
generated (e.g. [7]). Therefore A, and A are also finitely generated. This completes the
proof of Lemma 7.

Lemma 8 Let X<Y <T be subgroups of the group G with X normal in T, T normal in
G and GIT finite. Set Xg= ﬂgGG X8 and similarly for Y. If Y/X lies in some class X of
groups, then Yg/Xg lies in SDyX. If also Y is normal in T and if Y is any class of groups
containing T/C1(Y/X), then T/IC(Y5/Xg) €ESDQY.
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Rank-Engel conditions on linear groups 53

Our only application here of the second part of Lemma 8 is where Y is the class of
finitely generated abelian groups.

Proof Clearly X5<XnYg, so Xg<(XNYp)g<Xg and X;=(XNYg)g Now Y/XEX
implies XYg/XESX. Hence Yo/(X8NY5)=XEY/X8xXY/XESX for all g in G.
Therefore

Yo/Xg = Yo/(XNYg)g = Yo/ N, (XEN Yg) € SDySX = SD,X,

using that (G : Ng(X)) <(G : T), which is finite.
Suppose Y is normal in T. Since C(XY5/X) > C(Y/X) we have that

T/Cr(Yo/(XENYg) = T/Cr(Ys/(XNYg) = T/Cr(XYs/X) € QY.

Also Cr(Yo/Xg) =, C(Y/(XENY)), s0 T/Cr(Yo/Xg) € SDyQY. O

Proposition 2 Ler G be an X-Engel subgroup of GL(n, F), where n is a positive integer, F
is a field of characteristic zero and X is Xy, Xy, or X,.. Then G has a normal series

<1>=Uy<V,<U; <<V, <U,=U<T<G

such that t<n(n—1)/2, G/T is finite, T/U is abelian, U is unipotent and for each i with
1<i<t, [U;, UILU,_,, UJU,_, is torsion-free (abelian) and either U,/U;_, €X with V;=U,,
or, [U,, TI<U,_, with VJ/U,_, €X and U,/V; G-hypercentral. Also there is a normal sub-
group S of G with ULS, S/IUEX,, (even S/UEX ., if X=X,.) and G/S hypercentral.
Further if X=X, then T/C(U/U,_)) is finitely generated (and abelian) for all i. Also T
can be chosen to be triangularizable (over some extension field of F) and any triangulariz-
able normal subgroup of G of finite index (e.g. the connected component G° of G) can be
chosen to be T.

Proof Now G is soluble-by-finite by Lemma 2, so there is a triangularizable (over some
extension field of F) normal subgroup T of G of finite index and we can choose T to be any
one of these, e.g. T=G°. Set U=u(T), the unipotent radical of T, so U is normal in G and
T/U is abelian.

There is a normal series<1>=U,<U,;<--<U;=U of T such that for each i>1 we
have [U;, U] <U;_, with Lemma 7 applicable to each U;/U,_; and T/C(U;/U,_,). Thus for
each such i

() [Ui, U] < U;_;.U;/U,_, is torsion-free abelian and
either U;/U,_; € X or [Ui, T] <U_,.

Since U;_; >[U;, U], so U;_; >[(U))g, U] and the latter is normal in G. Consequently
[(U)g, UI<(U;_)g- In the same way if [U;, TI<U,_; then [(U;)g, TI<(U;_;)g. By Lemma
8 (U)g/(U,_))g is torsion-free abelian. Similarly if U,/U,_; €X, then (U)q/(U;_))gEX.
Thus the series {(U)g, i=1, 2, ...} also satisfies (*). Further if X=X and [U;, T] is not
contained in U;_;, then T/C(U/U,_,) is finitely generated and abelian (since T/U is abe-
lian). It follows that T/C((U;)¢/(U;_,)¢) is also finitely generated and abelian (Lemma 8
again). Hence to simplify notation assume we have already chosen the U to satisfy (*) with
all U; normal in G.
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If U/U,_,€X, set V;=U,. Suppose [U;,, TI<U,_,. If X=X, or X .. then G/U_, is
X-Engel and so by Lemma 5 there exists a normal subgroup V; of G with U;_; <V;<U,,
with Vi/U,_, €X and with U,/V; G-hypercentral. Let X=Xj,. Now a torsion-free abelian
group in Xj, is also in Xy, X, €Xj;, and U/U;_; is torsion-free abelian. Thus by the X,
case there exists a normal subgroup V; of G with U;_, <V, <U;,, with V;/U;_; €EX and with
U,/V; G-hypercentral. Finally if X is X, or X, we can also apply Lemma 5 to T/U < G/U.
Hence in these cases (and using [2] and [3] again) there is a normal X-subgroup S/U of

G/U with G/S hypercentral. The proof of the proposition is complete (since X, €X;,). O

Remark Note that Theorem 2 follows from Proposition 2. For the proof of Lemma 7 all
we need of the class X is that X=SXCX,, and that whenever B a torsion-free abelian
group, E an X-subgroup of B and ¢ is an monomorphism of B into itself with E¢ <E, then
Uis1 E¢~'E€X. Note that the latter condition holds if also X; NLX =X. Further the proof
of Proposition 2 is valid if X satisfies these conditions for Lemma 7 to hold and also satis-
fies X=QX=PX=XF.

For any group G denote the lower central series of G by {y'G:i>1}.

Lemma 9 Let X be a class of groups which contains every homomorphic image of the
tensor product of any two abelian X-groups. If G is a group with a central subgroup Z. such
that GIG'ZEX, then Y'GIY*'\GEX for every integer i>2. In particular if G is nilpotent,
then G' €PX.

Proof 1If Z=<1>, this is 2.26 of [6] and a very small modification of its proof (or alterna-
tively of the proof of b) on Page 10 of [11]) will produce a proof of Lemma 9. O

Lemma 10 Let A| and A, be abelian groups and denote the tensor product of A, and A,
by T.

(1) Ifeach A, can be generated by r;< co elements then T can be generated by at most
1,1, elements.
(i1) IfrankA;=r; for each i, then rankT <r1r,.
(iii)) If A, and A, are minimax, then so is T.

Proof (i) is obvious and (ii) follows easily from it. For (iii) if each A, is minimax, there are
finitely generated subgroups B; of A; with C;=A,/B; divisible, abelian and Chernikov ([6]
10.31). The tensor product of C, and C, is <0> by (D) of Section 59 of [4] and the tensor
product T;; of A; and B, is minimax, being a direct sum of finitely many copies of images of
A,;, ibid. (H) and (I). Thus the tensor product of the exact sequences

B,-A—-C—-0 i=12

([4] 60.3) yields that T is an image of T,, @ T,; and as such is minimax. O

Lemma 11 Let N be a subgroup of the group G and g an element of G with N8 <N. Set
M=N<®_IfN has finite rank, then so does M. If N is soluble and minimax, then so is M.

Proof Clearly g~(*VNgi*! < o~i Ng' for each integer i, so M= J; g 'Ng\. If X is a finitely

generated subgroup of M, then X =g~ 'Xg! <N for some i, so rankM =rankN. Suppose N is
soluble and minimax. Clearly then M is soluble (with the same derived length as N).
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Suppose M is abelian. Now N¥2=N, N®<N and N is abelian and minimax. Hence N/N#
is periodic and Chernikov. In particular N/N€ is a n-group for some finite set & of primes.
Clearly g~'Ng'/g=(*UNg!*! ~N/N& for each i. Consequently M/N is a m-group. It also has
finite rank, since M does by the first part. Therefore M/N is Chernikov. Also N is minimax.
Hence so is M. In general

M =u;(g7Ng') = ugN'g' and g"'N'g = (N&) <N

By induction on the derived length of M we may assume that M’ is minimax and by the
abelian case above M/M' is minimax. Consequently M is minimax. O

Proposition 3 Ler <1>=U,<U, < <U,=UXT be a normal series of the group T with
t finite, T/U abelian and for all i we have [U;, UI<U,_, and either U,/U,_ €X or [U,,
TI<U;_,, for X some class of groups.

1) IfXisXyor X, .. thenT is X-Engel.
(i) If'U is torsion-free and X =X, then again T is X-Engel.

Proof (i) Now T/U is abelian and hence Engel. Thus by induction on t we may assume that
T/U, is X-Engel. Since PX =X, if U, €X, then T is also X-Engel. Henceforth assume that
[U, T=<1>.

Let g€T. There exists a g-sink X/U, €X in T/U,. Clearly we may pick X in U. For all
x in T there exists m(x) with [x, ,g] €X for all n>m(x). We may assume that X =<[x, ,g]:
x €T, n>m(x)>U,. Since [x, ,gl*=[x, ,gl[X, ,,,&] we have X8 <X. Set Y=X"¢". Then
U, <Y<U, U is nilpotent and Y/U; €X by Lemma 11. Clearly Y/U, is also a g-sink in T/
U,.

Now Y'€X by Lemmas 9 and 10. Suppose Y'=<1>. Then [Y, g]=Y/Cy(g) and
Cy(g)>U,. Hence [Y, g] €X and clearly it is a g-sink in Y. In general this shows that [Y, g]
Y'is a g-sink in Y and hence in G. Further [Y, g]Y' lies in X since PX=X. This completes
the proof of (i).

(ii) Here X=X, € X}, so if g€T there is a g-sink X in T with U>X€Xj,. But then X
is torsion-free (as U here is by hypothesis) and nilpotent, so its upper central factors are
torsion-free of finite rank and hence X €Xj,.. Consequently T is X-Engel. O

Proof of Theorem 3 If G in Theorem 3 is X-Engel, apply Proposition 2 with T taken to be
G itself. Conversely if G has a series as in Theorem 3, then G is soluble, connected and so
triangularizable. Then G’ is unipotent and hence torsion-free. Replacing each U; by G'nU;
produces a series with the same properties as given in the theorem but now with U torsion-
free (note that X is subgroup closed). Thus G is X-Engel by Proposition 3. O

Proof of the Corollary Tf G has a normal X-Engel subgroup T of finite index, then T° is a
connected normal X-Engel subgroup of G of finite index. Now T° has a normal series as in
Theorem 3, which gives a series for G of the required type. If G has a series as in the Cor-
ollary, then T° is X-Engel by Theorem 3 and G is (X-Engel)-by-finite. O

Proof of Theorem 4 First suppose Q is a torsion-free normal subgroup of an LF-Engel
group R. If g€R there is a g-sink XELF in R. If x€Q there exists m>1 with [X, ,g]
€XNQ=<1>. Therefore Q consists of right Engel elements of R. In particular if either R is
linear or Q is abelian with R/Cy(Q) finite, then Q <{(R), see [9] 8.15 and 8.1.
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Suppose the group G in the theorem is LF-Engel. Then G is soluble-by-finite by Lemma
2. Hence G has a triangularizable normal subgroup T of finite index. By the previous para-
graph u(T) <¢(G) and T/u(T) is abelian. Thus T is locally nilpotent. It now suffices to con-
sider just two cases, the case where T is unipotent and the case where T is diagonalizable,
see Remark 3.3 of [14].

Set S=1(T). If T is unipotent, then S=<1> and T <{(G) by the above. If T is diagonal-
izable, then G/Cg(T) is finite ([9] 1.12). Also T/S is abelian and torsion-free. Consequently
T/S <C(G/S). Thus (G/S : {(G/S)) is finite in both cases, so there exists a finite normal sub-
group N/S of G/S with G/N hypercental ([3]). Clearly N is locally finite. Conversely any
group with such a normal subgroup is LF-Engel. O
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