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Abstract We prove an approximation theorem on a class of domains in C" on which the
d-problem is solvable in L°°. Furthermore, as a corollary, we obtain a version of the Axler—
Cuckovi¢-Rao theorem in higher dimensions.

Keywords Bishop’s theorem - Pseudoconvex domain - Toeplitz operator

Mathematics Subject Classification Primary 46J15; Secondary 32A65

Let € be a domain in C" and ¢ be a complex-valued function on Q. Let H*(2) and
H>(2)[¢] denote the set of bounded holomorphic functions on Q2 and the algebra gen-
erated by ¢ over H™(£2), respectively. In 1989, Christopher Bishop proved the following
approximation theorem (see [6, Theorem 1.2]).

Theorem (Bishop) Let Q be an open set in C and f be a bounded holomorphic function

on 2 that is non-constant on every connected component of 2. Then H () f]is dense in
C(K2) in the uniform topology.

In the same paper, Christophe Bishop also proved a stronger approximation result, [6,
Theorem 1.1], on a more restrictive class of domains on which £ is only assumed to be a
non-holomorphic harmonic function. Such a result for the unit disc goes back to Sheldon
Axler and Allen Shields [4]. Recently, Guangfu Cao gave an incorrect statement [8, Theorem
5] in an attempt to give a higher dimensional version of Bishop’s Theorem. Alexander Izzo
and Bo Li [14, pg 246] noticed that the statement is incorrect. Hikan Samuelsson and Erlend
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Wold in [24, Theorem 1.3] proved a partial extension of Bishop’s Theorem for pluriharmonic
functions and C'-smooth polynomially convex domains in C".

This article is motivated by these papers and is an attempt to contribute an approximation
theorem akin to Bishop’s Theorem on domains in C”. We are not able to generalize Bishop’s
theorem to C" and this is still an open problem. However, we prove approximation results
under some restrictions on the functions and the domains. Furthermore, we apply our results
to prove a version of the Axler—Cuckovié—-Rao Theorem [2] in higher dimensions.

To present our first result we need to make some definitions. Let 2 C C” be a pseudo-
convex domain and C Lfg. 2 (£2) denote the set of (0, ¢)-forms with coefficient functions that

are C°°-smooth and bounded on 2. That is, CL‘(’&q)(Q) = Lfqu)(Q) N C(O‘(iq)(ﬂ). We call

Q a L*°-pseudoconvex domain if for 1 < g < n,and f € CL‘(’S’q)(Q) such that 3 f = 0
there exists g € L5 ) (€2) such that 3g = f.

The class of L>-pseudoconvex domains include the products of C2-smooth bounded
strongly pseudoconvex domains [23], smooth bounded pseudoconvex finite type domains
in C2 [22], smooth bounded finite type convex domains in C” [12], and some infinite type
smooth bounded convex domains in C? [13].

Given a holomorphic mapping f : 2 — C™ (where 2 C C")and A € C™, we denote the
union of all non-isolated points of f~1(1) by Q f.%- Since f —1(}) is a complex subvariety
of © (for A in the range of f), it follows that 2 is the union of all positive dimensional
connected components of f~'(1). In the case f extends smoothly up to the boundary of
2, we define Q’f , to be the union of all non-isolated points of f ~1(x) within Q. Clearly
Q/ﬂ 5, C Qp,5 UbSQ where bQ2 denotes the boundary of 2. We define

Q= @
reCm

It is clear that €2 s is a subset of the set where the Jacobian of f has rank strictly less than 7.
Now we are ready to present our first approximation result.

Theorem 1 Let Q2 be a bounded L*-pseudoconvex domain in C" and f; € H> () for
j=1,...,m. Assume that g € C(RQ) such thatgleUQf = O0where f = (f1,..., fm)-

Then g belongs to the closure of H®(Q)[fi, ..., fm] in L¥().
Theorem 1 and [14, Theorem 4.2] lead to the following corollary.

Corollary 1 Let Q be a bounded L™ -pseudoconvex domain in C" and f; € H*(Q) for
j=1,....,mandn < m. Then the following are equivalent.

i HX(Q[f1. ..., ful is dense in LP(Q) for all 0 < p < oo,
ii. H®(Q)[f1,..., fm]is dense in LP(Q2) for some 1 < p < o0,
iii. the Jacobian of f = (fi, ..., fm) has rank n for some z € Q.

To formulate our next result we will need the following notation. The set of holomorphic
functions on  that have smooth extensions up to the boundary is denoted by A*°(£2). Given
a compact set K C Q, we will denote by Ag(K) the norm closed subalgebra of continuous
functions on K spanned by restrictions of A®° (U N ) onto K, where U runs through open
neighborhoods of K.

Theorem 2 Let Q2 be a smooth bounded pseudoconvex domain in C" and f; € A®(Q) for
j=1,...,m. Then g € C(Q) belongs to the closure of A°(Q)[f1, ..., fn] in L®(Q) if
and only if for any X in the range of f = (f1, ..., fm) we have g|Q/fx € Aﬁ(Q/ﬁ/\)‘
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Alexander Izzoin [15, Theorem 1.3] proved (among other things) the following interesting
result.

Theorem (I1zzo) Let A be a uniform algebra on a compact Hausdorff space X whose maximal
ideal space is X and E C X be a closed subset such that X \ E is an m-dimensional manifold.
Assume that

i. for any p € X \ E there exists fi, ..., fn € A that are C'-smooth on X \ E and
dfi A Ndfm(p) #0,

ii. the functions in A that are C'-smooth on X \ E separate points on X.
Then A ={g € C(X) : g|E € A|E}.

As pointed out to us by Alexander Izzo, a result along the lines of Theorem 1 (for a similar
class of domains) can be obtained from [15] as follows. Let us take X to be the maximal ideal
space (spectrum) of H°°(£2) and X \ E to be the set of points in £ where the Jacobian of f
has rank n with A being the closure of H®(2)[fi, ..., fu]. Then one obtains Theorem 1 if
the set €2 ¢ is replaced by the set of points where J 7, the Jacobian of f, has rank strictly less
than n (usually a larger set than Q7).

Next we will present our generalization of the Axler—-Cuckovié—-Rao Theorem to C", but
first we will state the commuting problem for Toeplitz operators.

Let A2(Q2) denote the space of square integrable holomorphic functions on € and P :
L?%(2) — A?(Q) be the Bergman projection, the orthogonal projection onto AZ(2). For
g € L°°(R2), the Toeplitz operator T, : A%2(Q) —> A%(Q) is defined as T, f = P(gf) forall
f e A2(Q).

The commuting problem can be stated as follows: Let ¢ be a non-constant bounded function
on Q. Determine all ¢ € L*°(Q2) such that [Ty, Ty, ] = 0.

The commuting problem was solved by Arlen Brown and Paul Halmos on the Hardy space
of the unit disc in a famous paper [5]. However, on the Bergman space, the problem is still
open. Many partial answers has been obtained over the years. To list a few, we refer the reader
to [1,2,9,20] for results over the unit disc; to [18,19,25] for results over the ball in C"; and
to [3,7,11] for results on Fock spaces.

In this paper, we want to highlight the following result of Sheldon Axler, Zeljko Cugkovié,
and Nagisetti Rao (see [2]).

Theorem (Axler—Culkovié—Rao) Let Q2 be a bounded domain in C and ¢ be a nonconstant
bounded holomorphic function on Q. Assume that  is a bounded measurable function on
Q such that Ty and Ty, commute. Then s is holomorphic.

As an application of our results, we get the following generalization of the Axler—
Cuckovié—-Rao Theorem.

Corollary 2 Let Q be a bounded L°°-pseudoconvex domain in C", g € L°(Q), and f; €
H>®(Q) for j = 1,...,m and n < m. Assume that the Jacobian of the function f =
(fioooos fm) + & — C™ has rank n for some z € Q and Ty commutes with Ty; for
1 < j < m. Then g is holomorphic.

This paper is organized as follows: The next section contains relevant basic facts and

results about 3-Koszul complex. Then we will present the proofs of Theorems 1 and 2. We
will finish the paper with the proof of Corollaries 1 and 2.
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The 9-Koszul Complex

Let Q2 be adomain in C" and V be a vector space of dimension m with abasis {e1, €2, .. ., e}
We define

/\’V:span{ejlAejz/\~-~/\ejr:j1 <j2<"'<jr}

and F(r 5 = = ANV CL(0 5 () where r and s are nonnegative integers. We note that
throughout the paper we use the convention that F(r o ={0tifr =m+1lors =n+1
Finally, CL‘(’(‘)‘ 0) (Q) = CL®(Q).

We define the unbounded operator 9 F(r 5 F(r s+1) 38 dley @ W) =ej ® 0W where
ejeN'Vand W e CLE’S S)(Q). The operator 9 is defined on

Domoc@ = {1 € T3 :3f €T}

Let f = (f1,..., fm) : 2 — C" be a bounded holomorphic mapping. Then for0 <s <n
and 0 < r < m we define the operator

Tr T = Ty
with the following properties:
() Trle; @ W) = f;W
(2) T(AAB) =T;(A) A B+ (—1)!AN A ATy B (here |.|; is the order of A in U™_ A" V),
3) Tf5=5Tf ongomoo(g) forO0<s <nand 0 <r <m,
4) T;T5 =0and 39 = 0.

We note that 7y W = 0 for W € T’ )

Lemma 1 Let Q be a bounded domain in C",0 < s < n,0 < r < m, and f =
(fi,ooos fm) : @ — C™ be a bounded holomorphzc mapping. Assume that W € T'°

such that supp(W) C Q and supp(W) N f~1(0) =
i. IfTfW =0, then there exists Y € T'0°

and0 <s <n.

(r,s)
ey )such that

a. TrYy =Ww

b. supp(Y) C Q and supp(Y) N f~10) =

i IfTyW =0and 3W € T,

a. oY € F(r+l s+1) and TpY = W,
b. supp(Y) C Q and supp(Y) N f~1(0) =

then there exists Y € '™ such that

(r+1,s)

Proof First let us prove the lemma in case r = m. In this case one can show that 7, W =0
and supp(W) N f~1(0) = @ imply that W = 0. So we can choose ¥ = 0 € I‘?;H 5" For
the rest of the proof we will assume that 0 <r <m — 1.

Now let us prove i. Let x € C§°(£2) be a smooth compactly supported cut-off function
such that x = 1 on a neighborhood of supp(W) and supp(x) N f —1(0) = . We define

8j = 7X7j
PN AR

and

X:Zej Rgj € F(oﬁo).
j=1
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Theng; e CP(Q) for j=1,2,..., mand Ty X =1¢€ Ff’&o) on the support of W because
x = 1 on a neighborhood of supp(W) and Z?‘:l fi(@)gj(z) =1 whenever x(z) = 1.

Let us define ¥ = X A W € Ffr"HJ). Then supp(Y) is a compact subset of 2 and
supp(Y) N f~1(0) = @. Furthermore, 7y X = 1 on the support of W and

TY =T/ X)AW—XATW=1AW=W

because 7y W = 0.
To prove ii. we observe that, in the proof of i. above, X is smooth compactly supported in
Q. Therefore, if 0W is bounded thensois dY asY = X A W. O

If f; € A%°(Q) for j = 1,2, ..., m in the lemma above, we have the following lemma.

Lemma 2 Let Q be a bounded domain in C",V be an m-dimensional vector space, and
fi € A®(Q) for j =1,2,...,m. Assume that W € A"V ® C?’&‘Y)(ﬁ)foro <r<m,0<
s < n, and supp(W) N f~1(0) = & where f = (fi1,..., fn). If Ty W = O then there exists

YeAntlv® C{y.s) () such that supp(Y) N fH0) =g and T,y = W.

Proof The proof of this lemma is very similar to the proof of Lemma 1. The only difference
is that we choose x € C*(R2) be a smooth function such that x = 1 on a neighborhood of
supp(W) and supp(x) N 10 = o. ]

Lemma 3 Ler Q be a bounded L*°-pseudoconvex domain in C", f = (f1,..., fm) : Q@ —
C™ be a bounded holomorphic mapping, and W € F(or‘fs)forO <r<mandl <s <nsuch
that

i. supp(W) C Q2 and supp(W) N f’l(O) =g,
ii. oW =0andT;W =0.

Then there exists Y € T’

(ri1.5—1) Such tharY € Domoo(9) and T;9Y = W.

Proof In case r = m, as in the proof of Lemma 1, one can show that if W satisfies the
conditions of the lemma then W = 0. So we can choose ¥ = 0. For the rest of the proof we
will assume that0 <r <m — 1.

First we will assume that 2 is a bounded L°°-pseudoconvex domain. We will use a

descending induction on s to prove this lemma. Solets =n,0 <r <m—1,and W € Ffro”)

such that supp(W) C €2, supp(W)N f~1(0) = @, and W= 0(dW = Oasany (0, n)-form
is 0-closed). Then i. in Lemma 1 implies that there exists Y € Ffroﬂ.”) with the following
properties: '

i. supp(¥1) C Q and supp(¥1) N f~1(0) = 2,

i. TrY = W.
o0

Furthermore, since Y| € F(r 1) it is -closed. Then (since  is L>°-pseudoconvex) there
exists ¥ € [0, ;) such that Y = Yy. Thatis, 7;9Y = W.

Now we will assume that the lemma is true for s = k+ 1,k +2,...,n and r =
0,1,...,m — 1. Let 0 < r < m — 1 and assume that W € Ffrf’k) with the following
properties:

i. supp(W) C €2 and supp(W) N 10 =2,
ii. 9W =0and 7y W = 0.

Then ii. in Lemma 1 implies that there exists Y] € F?f—s-l I such that
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8Y1 IS l"(erH) andW:Tle,
ii. supp(Yl) C Qand supp(Yy) N £~10) =

Then
TrY) = 0T7Y =0W = 0.

So 3Y; satisfies the conditions in the lemma for s = k + 1. Thatis, 8Y; € I'™® such

that

(r+1,k+1)

i. supp(@Y1) C Q and supp(@Yy) N f~1(0) =
ii. 99Y) =0and T79Y; =W = 0.

By the induction hypothesis, there exists Y, € F(l £2.5) such that 3Y,> € F(r 2.k and
Tf@YQ = 9Y;. Then

5’2} Y, = ng)/z = 9Y].

We define Y3 =Y —TyY, € I'7° Then the equality above implies that

r+1,k)*
TV =T - LT =W

and 9Yz = 9Y| — 5’2} Y, =0. Since Qis Lw—pseudqzonvex domain we conclude that there
exists ¥ € F( S 1k—1) such that 3Y = Y3. Thatis, 7;0Y = W. Hence the proof of Lemma 3
is complete. o

Lemma 4 Let Q2 be a smooth bounded pseudoconvex domain in C", V be an m-dimensional
vector space, and f; € A®(Q) fori = 1,...,m. Assume that W € A"V ® C(0 s)(Q) for
O<r<mandl <s < nsuchthatsupp(W)ﬂf Lloy=g,9w =0, and TyW = 0. Then

there exists Y € /\r+l Ve C(o o 1)(Q) such that ngY =W.

Proof This proof is similar to the proof of Lemma 3 with the following changes: Instead
of Lemma 1 we use Lemma 2 and, at the last step (since and f; € A®(Q)), we use the
following result of Joseph Kohn [16] (see also [10, Theorem 6.1.1]): Let 2 be a smooth
bounded pseudoconvex domain in C*,1 < g < n,andu € CY . )(Q) with du = 0. Then

there exists f € Ci, () such that 3 f = u. O

Lemma 5 Let Q be a bounded domain in C" and f; € H*(Q) for j =1, ..., m such that
Z;" 1 |fj|2 > ¢ on Q for some ¢ > 0 and df; € L(ofo)(Q)forj =1,..., m. Assume that
W e F )forO <r<mand0 <y <nsuchthatTfW_Oand3W e '’ Then

(rls) such that Y € l"(oro_H s41) and TrY = W.

(r,s+1)°
there exlsts Y eI'®

Proof The proof will be similar to the proof of Lemma 1. Let V be a vector space of dimension

m and {e}, ey, ..., e, ]} be abasis for V. We define
g = .
LI AP

and X =37 e; ®g; € T Then g; € L*(2) and

g = aifl _ T/Z?:l fio fi c
TN IAR (>, |f1|2)2

L‘(’g’l)(Q).
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Furthermore, 3X = Y7 e; ® 9g; € '} 1y Then ¥ = X AW e e . satisfies the

following properties: 3Y =X AW + X AW e I'®

(r+1,s)

(41,541 and

T Y =T(X)AW-XANT/W=1AW=W
asTfW =0. ]

Proposition 1 Let Q be a bounded Lw-pseudoconvex domain in C" and f; € H* () for
j = 1,...,m such that Z/ 1 |fj > ¢ on Q for some ¢ > 0 and 0f; € L(1 0)(Q)f0r

j=1,...,m. Assume that W € Foos)for() <r<mand0 < s < n such that 3W = 0 and

TfW = 0. Then there exists Y € F( F1s) such that Y = 0 and Y = W.

Proof We will use a descending induction on s as in the proof of Proposition 1. Let s = n.
Any form of type (r, n) for 0 < r < m is d-closed. Then 3Y = 0 and Lemma 5 implies that
there exists Y € I'e?, | ) such that 7Y = W.

Now we will assumethatthe lemmaistruefors =/+1,/4+2,...,nandr =0,1,...,m
to prove thatitis alsotrue fors =/ <n—1and0 <r <m.

Assume that W e I‘( 1 such that 3W = 0 and 7, W = 0. Then Lemma 5 implies that

there exists ¥ € F( F1L0) such that Y € F( FLI+1) and W = Tf?. Then

T;9Y = 9T;Y = 9W = 0.
So a7 satisfies the conditions in the lemma for s = [+ 1. That s, Y e F( F1LI41) 39Y =0
and 7 faY = W = 0. Then, by the induction hypothesis, there exists Y| € F(r F2.04+1)

that 3Y; = 0 and T, o= 3Y. Then since Q is a L*-pseudoconvex domain there exists
Y, eI'™® such that Y, = Y;. Then

such

(r+2.0)

AT Yy = T;0Ys = TpY; = 0Y.
We define ¥ = ¥ — TsYr, € I'YY
8TfY2 =0 and

0411+ Then the equality above implies that 9Y = Y —

TiY =T;Y — TpTpYa = W.
Hence the proof of Proposition 1 is complete. O
As a corollary to the previous proposition (with W = 1 and r = 5 = 0) we get the

following Corona type result. We refer the reader to [17] and the references therein for more
information about Corona problem on domains in C”.

Corollary 3 Let Q2 be a bounded Lw-pseudocanvex domain in C" and f; € H*(Q) for
j=1,...,m such zhatz |fj > ¢ on Q for some ¢ > 0 and 0f; € L?lo’o)(Q)for
j=1,...,m. Then there exists g; € H>®(Q2) for j = 1, ..., m such thatzy':l figi=1

Proofs of results

The proofs of the theorems are mainly inspired by the proof in Christopher Bishop’s paper

[6].

Proofs of Theorems 1 and 2 The proofs of both theorems are very similar. So we will present

the proof of Theorem 1 and comment on how the proof of Theorem 2 differs as we go along.
Lete > 0and A € C™. Since g € C(2) and glhaua, = 0, there exist g* € C*® () such

that
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i sup{lg(z) — ¢* () :z2 € Q} <,
i supp(@g) NGBQU ') =02

In the proof Theorem 2 the second condition above is replaced by supp(dg*) N f~1 (1) = @
This can be seen as follows: We choose an open set Uy in C” containing f~'(1) and g, €
A®(Us N ) such that |g — g¢| < /2 on £~ (1). Then we choose x, € C°(Ue) such that,
0 < x¢ <1, x¢ = 1 on a neighborhood of f_l(k), and

supp(Xe) nQc {Z elU,NQ: lg(z) — g (2| < 3} .
Then we define g% = (1 — x.)g + xe8e. Since g* is holomorphic on a neighborhood

of f~1(A) we have 3g* = 0 on the same neighborhood. Furthermore, |g*(z) — g(z)| =

Xe(2)|ge(2) — g(2)| < eforallz € Q. B
Using Lemma 3 withr = 0,5 = l,and W = 9g* we get Y = Y /', ¢, ® H; € o)
such that m
9gh =T;,0Y = ) (fi —)IH/" )
=1

The above equality implies that

Gr=g - (fi—H

=1

is a bounded holomorphic function. -
In the proof of Theorem 2, we use Lemma 4 and get HlA eC®(Q)forl=1,...,min
the equation (1) and G, is smooth up to the boundary. Therefore, for z € €2 we have

G1.(2) — & @1 < D 1fi) =Ml Y IH Q).

=1 s=1

Then the above inequality implies that for M), = Z;":] Il HXA L) < oo we have

G1.(2) — g @] < M3l f () = 2| 2
forz € Q.

Compactness of f(£2) implies that we can choose a finite collection of points {A j}ljzl C
£(R) such that {B(\/, EM;_,-I)}]J‘.:l forms a finite open cover for f(€2). Let {Xj}];-=1 be
a smooth partition of unity on f(£2) such that 0 < x; < 1 and supp(x;) C Uj.
Then {f_l(B()J,eM)?jl))}]]?:1 is an cover for Q and |f(z) — A/| < eM;/.1 for z €
f_l(B()J, eM;jl)). Then for z € Q2 we have

M=~

Z G (X ()@ — g G, (2) — 8(Ix; (f(2))

j=l1

~.
Il

) k )
G (@) — g X (F@) + Y 187 () — 8@1xj (f (@)
j—l

M=

~.
Il
—_

M»

M1/ (@) - Af|x,(f(z))+st,(f(z))
j=1

~.
I
<N

<2e.
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Finally, the Stone-Weierstrass Theorem implies that x;(f) can be approximated uniformly

on Q by elements of C[ f1, ..., fm, fi, ..., fml Hence the proofs of Theorems 1 and 2 are

complete. O
Hartogs Extension Theorem together Theorem 2 lead to the following corollary.

Corollary 4 Let Q be a bounded L°°-pseudoconvex domain in C". Assume that f =
(fis--s f) : @ — C™ be a bounded holomorphic mapping and g € C(RQ) such that
dg is supported away from b2 and the set of points at which the Jacobian of f has rank
strictly less than n. Then g belongs to the closure of H*®(Q)[f1, ..., fm]in L®().

Proof Since dg vanishes near the boundary of 2, Hartogs Extension Theorem implies that
there exists g; € H> () suchthat g = g| near the boundary of Q. Then g, = g—g1 € C(RQ)
and g, is compactly supported in 2. Furthermore, g is holomorphic on a neighborhood of
the set where the Jacobian of f has rank strictly less than n. Therefore, Theorem 2 implies
that g, can be approximated in the sup-norm by functions in H*®(Q)[fi, ..., f,n]. This
completes the proof of the corollary. O

Next we provide the proof of Corollary 1.

Proof of Corollary 1 Obviously i. implies ii. So to prove that ii. implies iii., let us assume
that H*®(Q)[ f1, ..., fin]isdensein LP(Q) forsome 1 < p < co.Let B C Q be aball such
that B C Q. Then, the algebra HOO(B)[E, R fi,n] isdensein L?(B) forsome 1 < p < oo.
Moreover, the algebra generated by {z1, ..., z,} isdensein H*°(B) and f, ..., f,,; are holo-
morphic on a neighborhood of B. Next we adopt [ 14, Theorem 4.2] to our set-up. Namely, [14,
Theorem 4.2] implies that if the algebra generated by {z1, ..., zx, ?1, R 7m} C C*®(B)
is dense in L?(B) for some 1 < p < oo then the real Jacobian of {z1, ..., z,, ?1, R ?m}
is of full rank on a dense open set in B. Hence the rank of J is n on a dense open subset in
B and (by identity principle) in 2. Hence, we have iii.

Finally, to prove iii. implies i. we assume that the rank of J; is n for some z € Q.
Then, the set of points at which J¢ has rank strictly less than n is a closed set of measure 0
(see [21, Theorem 3.7]). One can show that X 7, the set of smooth functions with compact
support in £ and vanish where J; has rank strictly less than n, is dense in L?(€2) for all
0 < p < 00.Onthe other hand, Theorem 1 implies that any functionin X ¢ is in the closure of
H®(Q)[f1, ..., fmlin L®(). Therefore, H®(Q)[ f1, ..., fulis dense in L” (). Hence,
we have i. O

We finally end the paper with the proof of Corollary 2.
Proof of Corollary 2 We will use the fact that T, can be defined by the following formula
(Te, V) a2) = (80, V) 12

for all ¢, ¥ € A%(Q). Since T, commutes with Tp f)» for any holomorphic polynomial P,
we have

(8P V) = (TgTp(p) (1), ) = (P(f)Te(1), ¥)

forall v € A%(€2). Then (T,(1) — g, P(f)y) =0forall € A%(S). Since, by Corollary
1, the subspace generated by {P(f)y : ¢ € A2(Q)} is dense in L?(2), we conclude that
Ty (1) = g. That s, g is holomorphic. O
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