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Abstract In this paper we approximate the quartic functional equations in Lipschitz spaces.
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1 Introduction

Let G be an Abelian group and E a vector space. Let S(E) be a family of subsets of E. We
say that S(FE) is linearly invariant if it is closed under the addition and scalar multiplication
defined as usual sense and translation invariant, i.e, x + A € S(E), for every A € S(E)
and every x € E (see [1]). It is easy to verify that S(E) contains all singleton subsets of E.
In particular, C B(E) the family of all closed balls with center at zero is a linearly invariant
family in a normed vector space E. By B(G x G, S(E)) we denote the family of all functions
f G x G —> Esuchthat Imf C A for some A € S(E), where G x G is the Cartesian
product of G with itself. Obviously, this family is a vector space and contains all constant
functions.

We say that B(G x G, S(E)) admits a left invariant mean (briefly LIM), if the family
S(E) is linearly invariant and there exists a linear operator M : B(G x G, S(E)) — E
such that

(i) if Imf C A for some A € S(E), then M[f] € A,
(i) if f € B(G x G, S(E)) and (a, b) € G x G, then M[f*?] = M[f],

where f a.b(x, y) = f(x + a,y + b). Following [2,3] and for 2-variable functions let d :
(G x G) x (G x G) —> S(E) be a set-valued function such that
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d((x+ta,y+b),(wta,z+b)=d(@+x,b+y),(@a+w,b+2)
=d((x, ), (w,2))
forall (a, b), (x,y), (w,z) € G x G. Afunction f : G x G —> E is said to be d-Lipschitz
if f(x,y)— f(w,z) €d((x,y), (w, 7)) forall (x, y), (w,z) € G xG.
Let (G x G, d) be a metric group and E a normed space. A function my : RT —
R is a module of continuity of f : G x G —> E if d((x,y), (w,z)) < & implies

lf(Gx,y) — f(w,2)|| < my(8) for every § > 0 and every (x,y), (w,z) € G x G. A
function f : G x G — E is called Lipschitz function if it satisfies the condition

I/ G, y) = f(w, 2l = Ld((x, y), (w, 2)) (1.1)

for every (x, y), (w, z) € G x G. The smallest constant L with this property is denoted by

1ip(f).
We define Lip(G x G, E) to be the Lipschitz space consisting of all bounded Lipschitz
functions with the norm

WAl Lip = [ fllsup + 11D(f)-

The study of stability problems for functional equations is related to a question of Ulam
[4] concerning the stability of group homomorphisms, which was affirmatively answered for
Banach spaces by Hyers [5] (see for example [6,7] and references therein).

In Lipschitz spaces the stability type problems for some functional equations were studied
by Czerwik and Dlutek [8] and Tabor [3,9]. Czerwik and Dlutek [8] established the stability
of the quadratic functional equation

Ja+)+fx—y)=2f(x)+2f1)

and the author of the present paper [10] proved the stability of the cubic functional equation
in Lipschitz spaces. The stability problem for the following quartic functional equation

JRx+y)+fQx —y) =4(f(x +y) + f(x =) +24f(x) =6/(y)

first was considered by Rassias [11] for mappings from a real normed space into a Banach
space. Najati [12] proved the generalized Hyers—Ulam stability for the above quartic func-
tional equation for functions from a linear space into a Banach space. Bae [13] obtained the
general solution and the stability of the following 2-variable quadratic functional equation

faet+zy+tw) + fx—zy-—w)=2f(x,y)+2f(z,w)

in complete normed spaces. In this paper, we verify the stability of the quartic functional
equation in the Lipschitz norms.

2 Approximation with d-Lipschitz approach

For a given function f : G x G — E we define its quadratic difference as follows

Of(x,y,z,w) :=2f(x, ) +2f(z,w) — fx+z,y+w) — flx —z,y —w)
for all (x, y), (z, w) € G x G. By A(G) we denote the diagonal set on G, i.e.,
AG) ={(x,x) e GxG:x €G}.
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Theorem 2.1 Let G be an Abelian group, and let E be a vector space. Assume that the

family B(G x G, S(E)) admits LIM. If f : G x G —> E is a function and Qf(t,s, -, ") :

G X G —> E isd-Lipschitzfor every (t,s) € G x G, then there exists a quartic function Q
.1 . .

such that fi, g, — Q is 5 d-Lipschitz.

Proof For every (a,b) € G x G wedefine F,, : G x G — E by

1 1
Fap(x,y) = Ef(x+a,y+b)+§f(x—a,y—b)—f(x,y)-

We prove that F, , € B(G x G, S(E)). We have for (x, y), (a,b) € G x G,
1 1
Fape.y)=sfx+a,y+b)+5fx—ay—b)—fx.y) - fla.b)

1 1
—Ef(x,y)—Ef(x,y)+f(x,)’)+f(0,0)
+ f(a,b) — f(0,0)
1 1
:EQf(xvy’OVO)_EQf(xry’a’b)+f(azb)_f(oao)

Set A := %d((O, 0), (a, b)) + f(a,b) + f(0,0). Itis clear that A € S(E). In view of our
assumptions it follows that ImF, , C A and so we obtain the result. The fact that the family
B(G x G, S(E)) admits LIM ensures there exists a linear operator M : B(G x G, S(E)) —
E such that

(1) M[F,p] € Aforsome A € S(E),
(i) iffor (z, w) € G x G, F‘f;" : GxG —> E isdefined by Fi’;}”(t,s) = Fyp(t+z,s+w)
for every (t,s) € G x G, then F;;j” € B(G x G, S(E)) and M[F, 5] = M[Faz”;f].

Define the function K : G x G —> E by K(x,y) := M[F, ] for (x,y) € G x G. We
know that B(G x G, S(E)) contains constant functions. By using property (i) of M it is easy
to verify thatif f : G x G — E is constant, i.e., f(x,y) = c for (x,y) € G x G, where
¢ € E,then M[ f] = c. We now show that f — K is % d-Lipschitz. Letforany (x, y) € G xG
the constant function Ry, : G x G —> E be the function Ry y(z, w) := f(x, y) for all
(z,w) € G x G. We have

(f(x,y) =K@, y) — (f(z, w) — K(z, w))
= (M[Rx,y] - M[Fx,y]) - (M[Rz,w] - M[Fz,w])
= M[Rx,y - Fx,y] - M[Rz,w - Fz,w]

=M [%Qf(! X, )’) - %Qf(a 5 <, w)]
for all (x, y), (z, w) € G x G. On the other hand
1 1 1
EQf(lvssx’ )’) - EQf(tv s, 2, w) € Ed((xz y)v (Z, w)) (21)

for all (x, y), (z, w) € G x G. From this we deduce that

d((x,y), (z,w)).

N | =

Inm (% OF (k1) = 30FC. .2, w)) c

In view of property (i) of M we conclude that

1 1 1
M |:§Qf(a X, y) - EQf(’ EES) w)] € Ed((xv )’), (Z7 w))
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for all (x, y), (z, w) € G x G. This shows that
1
(f(xa )’) - K(.X, y)) - (f(zv U)) - K(Z7 U))) € Ed((x! y)7 (Z’ w))

forall (x,y), (z,w) € G x G,ie., f—Kisa % d-Lipschitz function. We now have
2K (x,y) + 2K (z, w) = 2M[Fy y(t, )] + 2M[F. s (t, 5)].

Furthermore, applying property (ii) of M, one gets

MIF. )= M[Fiy]

M[F, 1= M [ij§~—w]
for (z, w) € G x G. Consequently, we have

2K(x,y) +2K(z, w) =2M[Fy y] + 2M[F; v]
= M[Fey |+ M [P |+ 2MIF ).

On the other hand we have

MIFEY 1+ MIF ™"+ 2M[F; )

1 1
=M[Ef(tﬂ+z,s+y+w)+§f(t—x+z,s—y+w)—f(t+z,s+w)]

+M[%f(t+X—z,s+y—w)+%f(t—x—z,s—y—w)—f(t—z,S—w)}

FMIf(+zs+w)+ [t —z,5 —w) —2f(t,5)]
=K&x+z,y+w)+Kx—2z,9y—w).
This shows that K is 2-variable quadratic. Define Q : G — E by Q(x) := K(x,x). We

have

Jiawy = € = Jiaw — Kiaw = (f = Kla)-

The function f — K is % d-Lipschitzand so is fj,, — Q. The following equality entails that
Q is quartic.
4Qx +y)+ Q(x —y) +240(x) — 60(y)
=4Kx+yx+y)+Kx—yx—y)+24K(x,x) —6K(y,y)
=32K(x,x)+2K(y,y)
=2K(2x,2x)+2K(y,y)
=K2x+y,2x+y)+ KQ2x —y,2x —y)
=0Q2x+y)+ 0Q2x —y).
O

Remark 2.2 Assuming the hypotheses of Theorem 2.1 and ImQf C A for some A € S(E),
we then obtain Im(fj, — @) C %A. In fact,

(507 y.)) cIn(50f) € 34
m| - SRR m{ - =
Pl 2 2
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and so %Qf(x, v,+ ) € B(G x G, S(E)) for all (x,y) € G x G. Thus, property (i) of M
implies

1 1
f(x’y)_K(x»)’) :M[EQf(xﬁyv’):I S EA

forall (x, y) € G x G. Therefore, Im(fj,;, — Q) C Im(f — K) C JA.

3 Approximation with Lipschitz norm

Consider an Abelian group (G x G, +) with a metric d invariant under translation, i.e.,
satisfying the condition
d((x+a,y+b),(w+a,z+b)=d((a+x,b+y), (a+w,b+2)
=d((x,y), (w,2))
forall (a, b), (x, y), (w, 7) € G x G. We say that ametric D on G X G x G x G is a product
metric if it is an invariant metric and the following condition holds
D((a,b,x,y),(a,b,w,2)) = D((x,y,a,b), (w,z,a,b))
=d((x,y), (w,2) (a,b), (x,y), (w,2) € G xG.

Theorem 3.1 Let (G x G, +, d, D) be a product metric, and let E be a normed space such
that B(G x G, CB(E)) admits LIM. Assume that f : G x G —> E be a function. If
Of € Lip(G x G x G x G, E), then there exists a quartic function Q such that

1
1 Aae = QllLip = SO lLip-

Proof Assumethatmgy : Rt — R™ is the module of continuity of Of : GXxGxGxG —
E with the product metric D on G x G x G x G. It is immediate that

t,8,x,y) — t,s,w, < inf m )
||Qf( y) Qf( Z)” D((t,s,x,y),(t,5,w,z))<8 Qf( )

= inf mor(8)
dxoywanzs 2

forall (¢, s), (x, ), (w, z) € G x G. Define the set-valued functiond : G x G —> CB(E)
by

d((x, y), (w,2)) = moy(8)B(0, 1),

inf
d((x,y),(w,2))<d
where B(0, 1) is the closed unit ball with center at zero. We now conclude that Q f (¢, s, -, -) is
d-Lipschitz and so Theorem 2.1 implies there exists a quartic function Q such that f}, ;, — Q
is % d-Lipschitz. Hence,

1
inf —mor(d),
A((xx),(2,2))<8 2 0r(®)

I1Cf(x, x) = Q(x)) = (f(z,2) = QI =

which shows that My —0Q = %me. Moreover, ||Qf|lsup < o0 and clearly ImQf C

1O f lsupB(0, 1). Using Remark 2.2 we get

1
||f|A(G) - Q||sup = §||Qf||sup 3.1
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We may also prove that mgy = 1ip(Qf) and so 1ip(fj,; — Q) < %1ip(Qf). Applying
the inequality (3.1) we get

||f|A(G) - Q”Lip = ||f|A(G) - Ql'sup + lip(f\A(G) - Q)
1 1
= s 1Qfllsup + Elip(Qf)

1
= 5 1QflILip-
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