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Abstract. In this paper we consider a class of nonlinear elliptic problems of
the type
—div(a(x,Vu)) —div(® (x,u)) = f in Q
{ u=0 on 0,

where € is a bounded open subset of RV , N > 2, f isa L' (Q) function or
a Radon measure with bounded total variation. We fix some structural condi-
tions on @ and @ to prove uniqueness results when f € L' (Q).
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1 Introduction

In this paper we consider a class of nonlinear elliptic problems of the type

—div(a(x,Vu)) —div(® (x,u)) = f in Q |
u=0 on 0, M
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304 R. Di Nardo, A. Perrotta

where Q is a bounded open subset of RY, N > 2 and f is a function be-
longing to L' (Q). Here a: (x,z) € @ x RN — a(x,z) = (a;(x,z)) € RV is
a Carathéodory function satisfying the following conditions. First, constants
A, p, A and C exist such that A > 0, 2—1{, < p <N,

a(x,é)-§27L|§|p, (2)

la(x, &) <AEP +C, 3)

for almost every x € RY and every £ € R". Second,

(a(xag)_a(xan))'(g_n)>0a “4)
for almost every x € RV and for every &, n € RY such that £ # 7.
Furthermore @ : (x,s) € Q xRN — @ (x,5) = (®; (x,s5)) € RV is a Cara-
théodory function, differentiable with respect to s, satisfying the following
conditions

|@y(x,5)| < c(x) (1+ s, e(x) >0, (5)
with
(x) el (Q2), r> N (6)
c ) p_1’
and
I<y<p-1, (7
when p > 2, while
r N(p_l)
clx) e L'(Q), r> 1 N(p—2)° ®)
and |
1— —1 9
v <¥r<p-L ©)

whenZ—I{, <p<2.

Under these hypotheses it can be proved that there exists a weak solution u
to problems of the type (1) with @ =0 (see [11], [12]); such a solution is found
by a natural approximation method and is known as SOLA, that is, Solution
Obtained as Limit of Approximation (see [15], [16] and [18]). Existence and
uniqueness for SOLA to problem (1) has been obtained also in [2] with @ =0
and in [3] when the lower order term is of the type b(x) |Vul’ ~! (see also [8]).

Further notions of solutions, for which both existence and uniqueness re-
sults have been proved, are well-known: we recall the entropy solutions ([6],
[13]) and the renormalized solutions ([28], [30], [17]). In particular, unique-
ness results for renormalized and entropy solutionsto (1) are well known when
fis an L! function and @ is a function which does not depends on x (see [32]
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Symmetrization methods to nonlinear elliptic problems 305

and [20]). Other uniqueness results for elliptic equations with L' data can be
found in [9], [5].

In this paper we prove the uniqueness of a weak solution to (1) when f is
an L' function and @ is locally Lipschitz. For f € L'(€Q), we say that u is a
weak solution to (1) if u € W, (), a(x, Vu) € L' () and

/a(x,Vu)-Vvdx—l—/ @(x,u)'Vvdx:/fvdx forve Cy (2).
Q Q Q

The novelty respect to the previous literature consists in allowing @ fo possibly
depend on x.

The uniqueness follows immediately from a continuity result with respect
to the data. To this aim, we assume that the function a satisfies stronger mono-
toniticy conditions

&—nf?

(a(x,é)—a(xm))'(g —TI) ZB(|§|—|—|1’]|)27P’

B>0, &#n, (10)

if2— \ <p<2,or

(a(x,&) —alem)-(E—n) = 8(1+[&[+[n)"2E-nP, §>0, &#n.  AD

if p>2.
The uniqueness results are stated in the following theorems.

Theorem 1 Let p > 2. Let us assume conditions (2), (3), (5)—(7) and (11) and
f € LY(Q). Then problem (1) has one weak solution at most.

Theorem 2 Let 2 — 1{, < p < 2. Let us assume conditions (2), (3), (5) and
(8)—(10) and f € L'(Q). Then problem (1) has one weak solution at most.

We remark that the uniqueness is obtained under the hypotheses (7) and
(9) on y for which the existence is already known (see [10] and [5]; see also
[19], [21] and [22]).

2 Preliminaries and a technical result

In this section we first recall some definitions and properties which will be used
throughout, then we prove a result which gives an estimate of the difference
of the two gradients in terms of the difference of two solutions.

Let £ be a measurable subset of RV and u : £ — R a measurable function
in Q. The distribution function of u is the decreasing map u from [0, +oo|
into [0, 4oo| defined at any point # > 0 as the measure of a level set of u,
{x € Q : |u(x)| > t}. The decreasing rearrangement u* of u is the distribution
function of u, that is
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306 R. Di Nardo, A. Perrotta

u*(s) =sup{r >0:pu(r)>s}, s € (0,]Q]).

The main property of rearrangements is the fact that the distribution of u™* is
U, in other words u and u* are equidistribuited. For an exhaustive treatment of
rearrangements see [14] and [25].

Now we recall a comparison result between the solution of the nonlinear
elliptic problem (1) with regular datum and the solution of a suitable problem
with radially symmetric data; it will be useful throughout the paper. The result,
contained in [7], is

= (Nz::)lfl,’l)l” KQ tl”(llﬂlz) </Otf* ) dT) :

1
1 C p—1
exp / (r): dr | dr, (12)
K NCOIG]rliN

for a.e. s € (0,]€|], where wy is the measure of the unit ball of RV.
Here the function C (r) is defined by

/ u(1) /
/ c(x)? dx :/ C(r) dr, foreveryt e (0,+o).
u|>t 0

In [4] and [33] it is shown that C (r) can be obtained as weak limit of functions
having the same rearrangement of ¢(x). As consequence of this any Lebesgue
or Lorentz norm of C (r) can be estimated from above with the same norm of
¢(x). This implies that C (r) and ¢(x) have the same sommability and so (12)
implies 1 o

w () SK|flpt s, aese (0@, (13)

where K is a constant depending on |Q|, N, p, ||c|[, -

We explicitly remark that analogous inequalities have been proved in the
linear case in [29] and [36].

For 1 < § < +e0and 1 < r < oo, the Lorentz space L% (Q) is the class
of the measurable function u such that:

Jully, = ( [ <s>s%}”ff): <o, (14)

ull .. = supu* (s) 59 < . (15)
’ s>0

In order to prove the uniqueness of a weak solution stated in Theorem 1 and
Theorem 2 we need a result of continuity with respect to the data. To this aim
we get the following preliminary result.
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Symmetrization methods to nonlinear elliptic problems 307

Proposition 1 Let us assume conditions (2), (3), (5)—(7) and (11) with when
p>2,2),(3), (5 and (8)—(10) when 2 — 1{, < p < 2. Letu,v beweak solutions

to problem (1) with data f, g € C* (L) respectively and assume q < Nl(fjll)
andm < q* = NNf
Then ifp >2
! v
IV e =v)llg < Kllu—=vlifw A+ fl + 8l e, (16)

orif2— v <p<2
[V (e =) [l 2o

| 1 1 1 1N\ 14
<Klu—vl}n (||f||z. +||g||z.) (||f||g.' +||g||g.') an
The constant K depends on N, p, q, v, |2/, ||c||,--

Proof Denoted by u the distribution function of |u — v|, let us consider the test
function

[u—v|(x)
0 () =sign(u—v) [ [u )" d,

with ¢ > 0. Taking ¢ in appropriate equations defining weak solutions with
data f and g, and subtracting we get

/_Q[(a(x,vu)—a(x,VV))'V(M—V)][H(|M—V|(x))]adx
:/_Q[‘P(x,u)—‘b(x,v)]'V(M—V)[H(|M—V| (x))]* dx
+ [ (F-g)odr. 3)

We have to distinguish the cases p > 2 and 2 — 1{, <p<2.

Case 1 (p > 2) Firstly we estimate from below the right-hand side of (18).
From (5) and Holder inequality we have

I= /QI‘P(%M)—‘P(JC,V)I-IV(M—V)I [t (= v[ (x))]" dx

—1
< llelly 11+l + [l11 7, 1Vl + V9]l

(vl <x>>]““dx)"’,
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with ¢ such that
1 y—1 1 1
+7 O+ 4+ =1
o q roq
Since u belongs to WO1 1(0) with g < Nl(j’:ll), the following a priori estimate
of the gradient of u (see [11], [12] and [19]) holds
1

1Vulllo <K (19)
for the rest of the paper K is a constant which can vary from line to line, but
depends only on the data of the problem.

So, from the Hardy-Littlewood inequality, the coarea Formula, the com-
parison result (13) applied to u* and v* and (19), we finally have

Y
T<K el (T4 Al + lgl) ™ =l o o (20)
We assume that N
—p
o> . (21
N(p—1)
If é <m<g*,then , g .1 < m and consequently (20) becomes
Y
F< KA flp+lgllp) = fle=viipn- (22)

Now, let us consider the last term in (18); we have

[ 17 =gllpldx < f gl Il @3)

From (21) we deduce
J,»oc
suplo () = [ (0] dr
0 0

12|
:a/ S ) (s)ds= o fu—vl|i . (4)
0 a’
So from (22) and (24) we have the following estimate of the left-hand side of
(18)
|10 () = @ (x9)] V=) [ (u—v| )+ [ (o) pax

Y
<K+l +llgll) = =il (25)

Now we have to estimate from below the left-hand side of (18). From (11) we
have

/Q [(a(x, Vie) —a (x, V) - V (u = )] [ (Ju—v| (x))]* dx

ZB/QIV(M—V)I” [ (Ju—v| (x))]* dx. (26)
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So using (25) and (26) we obtain

IV =) (v ()
<K+ + gl ) lu=vlln. @)

From Hardy-Littlewood inequality, and choosing once again ¢ so that g <

j2
Lo We get

LIV =) (v ()

> K[V (u—v) > K|V (=)l

1%
14+a P

Therefore, by (27) and by last inequality we obtain (16).

Case 2 (2 — 1{, < p < 2) As for the case p > 2, firstly we evaluate the right-
hand side of (18). Since y < 1, from (5) and Holder inequality we have

I= /Ql‘P(x,u)—‘P(x,V)l-IV(M—V)I[H(IM—VI (x))]%dx <

< el 9+ 190l (] =1 =l 1o ar)

with o such that

and so, proceeding as before,

1
F<K|lelly (LAl + gl =t fle—=vll o o (28)

oo+l

If é <m<gq", then g .1 < m, and consequently (28) becomes

1
< K[| fll+Ngll) e lu=vligm - (29)
From (29) and (24) we have the following estimate of the left-hand side of
(18)

L (5= @ (x,0)]- ¥ (=) [ (=] () dx+ [ (7 =g)

<K(F s +1gl) e = vl (30)
Let us consider the function
IV (u—v)|?
(|Vu| +[Vv])

G(x) =

2—p *
P
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Coming back to (18), by (10) and (25) we get
1
/Q G(x)P [ (lu—=v] (x)]* dx < K (|| fllp +Ngllp) = lu=vllpn. GB1)

Now we estimate from below the left-hand side of (31). By Hardy-Littlewood
inequality we have

/Q G [u(lu—=v) )" dx = |G|, -

If we choose once again o in way that g < | J’r’ o» We obtain

1
1GII7e < KA +1gllz) 7=l =l - (32)
Since (see [2])

1 1 1*]27
IV(u—)ll < KIIG]12) <||f||£1' +||g||£1') : (33)

then from (32) and (33) we have

1 1

1-2
1 1 1 2
IV (=)l < Kllu— |2 (IIfllil +||g||il) <||f||£1' +||g||£1') ,

where K dependson N, p, g, |21, |[c|;-, V- 0
3 Uniqueness results

In this section we prove the uniqueness of a weak solution to problem (1)
stated in Theorem 1 and Theorem 2. Proposition 1 is not enough to achieve
the continuity with respect to the data. We need, in fact, also an estimate of
rearrangements of the difference of two solutions in term of L! norm of the
difference of data.

Proposition 2 Let p > 2 and let us assume (2), (3), (5)—(7) and (11). Let u
and v be weak solutions to problem (1) with data f, g € L'(Q) respectively,
then v

=v)"(s)<K|f—gllps™ ¥, aese(0,Q], (34)
where K depends on N, ||, 8, p, || fllp1 gl 1, Vs furthermore K is bound-
ed when f, g belong to bounded subset of L'.
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Proof Set w=u—v and h = f — g. For any positive constants ¢ and k, we
consider the function

ksignw  if |w| >r+k
¥ = w—tsignw ifr <|w| <r+k
0 otherwise.

Taking ¥ in appropriate equations defining weak solutions with f and g as
data, subtracting and dividing by k, we have

1
‘ / [a(x,Vu) —a(x,Vv)]- Vwdx
t<|w|<t+k
1
= / [@ (x,u) — @ (x,v)]- Vw dx+
t<|w|<t+k
1
+ / h signw dx + ' / hl(w—t) signw|dx. (35)
|w|>t+k t<|w|<t+k
We set
v(x) = (1+|Vu| +|Vv|)P~2 (36)
On using assumptions (11), (5) and the definition of v(x), (35) becomes
0 t+k
} / v () [Vwdx < ¢ I ) / () (1 4[]+ [v])7~" Vo] ot
t<|w|<t+k t<|w|<t+k
+ / | dx + / Ih|dx.
|w|>t+k t<|w|<t+k

Since v(x) > 1, by applying Holder inequality and letting k go to zero in the
previous inequality, we obtain

1
d 2 1 ([ d 2 \?
= Vwldr< 1 - Vw2 d
o | vVl 6t< o v@ v x)
é
X (-d/ c(x)2(1—|—|u|—|—|v|)2(71)dx) 4! |h| dx.
dt Jiw|>t 0 Jiw|>t

If i denotes the distribution function of w, proceeding as in [4] allows one to
define a function 7" such that

T W0 = g ([ P+ W Va). @

The function defined in (37) is a weak limit of functions having the same
rearrangement of ¢(x)2(1 + |u| + |v])2(r~1.

@ Springer
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By Hardy-Littlewood inequality and by the definition of 7', we obtain

d ,
— v(x)|Vwl|” dx
» / (x) [V

. . 2 ()
MG MONE (— ° e IVledX) *s /ou

(38)
On the other hand, denoted by ky = / N, the isoperimetric and Schwarz
inequalities and the inequality v(x) > 1 give (see [35])
d
fwpt (1) N < — / V| dx
dt Jyw|>t
d 2 i 1 :
< (=5 [ v@velax) wol. 69
dt Jw|>t

y (38), (39) we obtain

_jt/w|>tV(x) |VW‘2dX < ; <—jt/w|>tv(x) |VW2dx> 2 ‘M/([)’é [T(u(r))?

1 Lo _d
+ sy ( dt/w (x) [Vw] dx) ()] / “(s)ds. (40)

Using again (39), (40) becomes

kg O )+ o] [

Integrating the previous inequality between 0 and ¢, and using the definition
of w*(s), we have

@ . @)
(s <K/ v 2dt—|—K/ (/ W (t dr)dt

Gronwall’s Lemma yields

s)SKKQ{ v (/ n*(t dr) (exp/ Nl 2dr)}dt. (41)

Now we have to impose conditions on y which ensure that

el |
/ TN T(7)2dT < oo
0
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This happens if the function 7 belongs to some space L? with 9 > 1;’ . But
we have already observed that T has the same summability of c(x)?(|u| +
[v))2=1), that is 5= 2(7;:1) + 2. Hence we have to impose that

N N(p—1)
d ¢* .
1‘}>2 and ¢ < N—p

These conditions are satisfied if we choose y < %:Il’ — I:’(%r:;))

(7Yand p—1< %i}, - zrv(%a:;)) , then, (41) becomes

; since 7 satisfies

N-2

|Q2] t
@ <k [ U ([ )ar< kgl
K 0
where K depends on N, 121, 8, p, I/l gl 7 7. 0

Proposition 3 Let2 — 1{, < p <2andletus assume (2), (3), (5) and (8)—(10). If
u and v are weak solutions to problem (1) with data f, g € L' (Q) respectively,
then

=) () <K||f—glus ¥ "CPE aese(0,]Q, (42

for some § > Nl(\;ill)_ Here K depends on N, B, |Q|, p, | fll gl na, v
furthermore K is bounded when f, g belong to bounded subset of L'.

Proof As in the proof of Proposition 2, we consider (35) and (36). By (10),
(5), we get

A I TR

t<|w|<t+k

/ () (1 || + V)7~ [Vw| dx+ / | dx + / Ih|dx.
t<|w|<t+k |w|>t+k t<|w|<t+k

2—p

< (1+|Vu|+ |Vv|)25p, and so

(t+k)
k

Since p < 2, we have (|Vu|+|Vv|)

B

A B\ R (R

t<|w|<t+k
(L [ul + )7 [Vw]

(4 [V 4 V) 2 dx
(|Vu| +|Vv]) 2

c(x

t<|w|<t+k

+ / | dx+ / Ih|dx. @3)

|w|>t+k t<|w|<t+k
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Using Holder inequality in (43) and letting k go to 0, we have

_ d/ Vol (V] -+ | V] )P~ 2dx
dt Jjw|>t

d 5 (14 Ju) 4+ [v)2r=1D )2
<Kt|-—
<Kt < it /w>tc(x) V() dx

1

2

x(—d/ |Vw|2(|Vu|—|—|Vv|)p2dx) +K |h|dx. (44)
dt lw|>t [w|>t

Arguing as in the previous proof, we introduce two functions 7' and v such
that

. |+ o2

rwo ol =—g [ eI
[w|>t

VOO = =5 [ (46)
[w|>t

From (39), we obtain

ki (£) ¥

dt

2
d B — 1
< ( / [Vwl® (|Vu| + |Vv])? de) v(p@): (W@ @D
[w|>t
Therefore, by (47), (44) becomes
= o[ TP Vil + 9]
dt Jyw|>t
1
- Ly ; d 2 -2 :
< KA ()} (1@ (=5 [ 1VwP (Vul+[9v])7 2
dt Jiw|>t
_ 1
Ky (0)» v (p()? (0]
d 5 L, 2 pu()
X <_ / (Vw|? (|Vu| + |Vv])? dx) / W(r)dT.  (48)
dt Jiw|>t 0
We proceed as in the case p > 2, use the definition of w*(s), Gronwall’s
Lemma and integration by parts, we get

W (s) < KKQ {ﬂ@%(t) (/0’ h*(r)dr)
<eprT$IT(r)5v(r)5d‘c> }dt. (49)
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The assumptions on y ensure that
M2‘ 1‘71* 1— 1
/ T8 T(1)2v(7)2dT < 0.
0

- . (r-1) —
T has the same summability of c(x)? (H‘“‘j(‘;)‘)z """ and v has the same summa-

bility of v(lx); recalling the expression of v and the estimate (19), we deduce
1

——\ 2
that QTV belongs to LY (Q) with 119 = 7;*1 + 2;” + 1. So the integral is

finite for every 7y such that

N(p—1)

N(p—1
>N, ¢'< » and ¢ < (p=1)

N — N—-1"~

which holds true if condition y < V=D =D _ Np=1) i¢ catigfied; since y satis-

-p r(N-p)
fies (9)and p—1 < (Nfl\l,)f(gfl) - Irv(gf,’:;)), then coming back to (49), we arrive
at

o] )
Ww*(s) < K ||hl, / 2Dy (1)dr.

Using the summability of v(r) and the Holder inequality, we have

q—2+p
l

W@ <Kl V] o, [P0t

and then v
(—v)*(s) <K|[f—glps v @8
—1

N

for some § > ; here K dependson N, B, [Q, p, Ifll.i, gl 7 4, 7-

p—1)’
O

From Proposition 2 and 3 we immediately obtain |lu —v||;» <K [|f—g||
V m < g*. Therefore, from Proposition 1 we easily deduce the following conti-
nuity result with respect to the data which implies the uniqueness results given
by Theorems 1 and 2.

Theorem 3 Let us assume hypotheses (2), (3), (5)—(7) and (11) when p > 2
or (3), (5) and (8)—(10) when 2 — 1{, < p <2.If uandv are weak solutions to
problem (1) with data f, g respectively, then we have

V=Vl <K =gl ifp=2,

1 _ 1
V=)l <KIf=glf,  if2—, <p<Z
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