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Abstract. In this paper we consider a class of nonlinear elliptic problems of
the type {−div(a(x,∇u))−div(Φ (x,u)) = f in Ω

u= 0 on ∂Ω ,

where Ω is a bounded open subset of RN , N ≥ 2, f is a L1 (Ω) function or
a Radon measure with bounded total variation. We fix some structural condi-
tions on a and Φ to prove uniqueness results when f ∈ L1 (Ω) .
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1 Introduction

In this paper we consider a class of nonlinear elliptic problems of the type

{−div(a(x,∇u))−div(Φ (x,u)) = f in Ω
u= 0 on ∂Ω , (1)
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where Ω is a bounded open subset of RN , N ≥ 2 and f is a function be-
longing to L1 (Ω). Here a : (x, z) ∈ Ω ×RN → a(x, z) = (ai (x, z)) ∈ RN is
a Carathéodory function satisfying the following conditions. First, constants
λ , p, Λ and C exist such that λ > 0, 2− 1

N < p< N,

a(x,ξ ) ·ξ ≥ λ |ξ |p , (2)

|a(x,ξ )| ≤Λ |ξ |p−1+C, (3)

for almost every x ∈RN and every ξ ∈ RN . Second,

(a(x,ξ )−a(x,η)) · (ξ −η) > 0, (4)

for almost every x ∈RN and for every ξ , η ∈RN such that ξ �= η.
Furthermore ΦΦΦ : (x, s) ∈ Ω ×RN → ΦΦΦ (x, s) = (Φi (x, s)) ∈ RN is a Cara-

théodory function, differentiable with respect to s, satisfying the following
conditions

|Φs(x, s)| ≤ c(x) (1+ |s|)γ−1 , c(x)> 0, (5)

with

c(x) ∈ Lr(Ω), r >
N

p−1
, (6)

and
1≤ γ ≤ p−1, (7)

when p≥ 2, while

c(x) ∈ Lr(Ω), r >
N(p−1)

1+N(p−2)
, (8)

and

1− 1
N
< γ < p−1, (9)

when 2− 1
N < p < 2.

Under these hypotheses it can be proved that there exists a weak solution u
to problems of the type (1) with Φ = 0 (see [11], [12]); such a solution is found
by a natural approximation method and is known as SOLA, that is, Solution
Obtained as Limit of Approximation (see [15], [16] and [18]). Existence and
uniqueness for SOLA to problem (1) has been obtained also in [2] with Φ = 0
and in [3] when the lower order term is of the type b(x) |∇u|p−1 (see also [8]).

Further notions of solutions, for which both existence and uniqueness re-
sults have been proved, are well-known: we recall the entropy solutions ([6],
[13]) and the renormalized solutions ([28], [30], [17]). In particular, unique-
ness results for renormalized and entropy solutions to (1) are well known when
f is an L1 function and Φ is a function which does not depends on x (see [32]
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and [20]). Other uniqueness results for elliptic equations with L1 data can be
found in [9], [5].

In this paper we prove the uniqueness of a weak solution to (1) when f is
an L1 function and Φ is locally Lipschitz. For f ∈ L1(Ω), we say that u is a
weak solution to (1) if u ∈W 1,1

0 (Ω), a(x,∇u) ∈ L1(Ω) and
∫

Ω
a(x,∇u) ·∇vdx+

∫
Ω

Φ (x,u) ·∇vdx =
∫

Ω
f vdx for v ∈ C∞

0 (Ω) .

The novelty respect to the previous literature consists in allowing Φ to possibly
depend on x.

The uniqueness follows immediately from a continuity result with respect
to the data. To this aim, we assume that the function a satisfies stronger mono-
toniticy conditions

(a(x,ξ )−a(x,η)) · (ξ −η) ≥ β
|ξ −η|2

(|ξ |+ |η|)2−p , β > 0, ξ �= η, (10)

if 2− 1
N < p< 2, or

(a(x,ξ )−a(x,η)) · (ξ −η)≥ δ (1+ |ξ |+ |η |)p−2 |ξ −η |2 , δ > 0, ξ �= η . (11)

if p ≥ 2.
The uniqueness results are stated in the following theorems.

Theorem 1 Let p≥ 2. Let us assume conditions (2), (3), (5)–(7) and (11) and
f ∈ L1(Ω). Then problem (1) has one weak solution at most.

Theorem 2 Let 2− 1
N < p < 2. Let us assume conditions (2), (3), (5) and

(8)–(10) and f ∈ L1(Ω). Then problem (1) has one weak solution at most.

We remark that the uniqueness is obtained under the hypotheses (7) and
(9) on γ for which the existence is already known (see [10] and [5]; see also
[19], [21] and [22]).

2 Preliminaries and a technical result

In this section we first recall some definitions and properties which will be used
throughout, then we prove a result which gives an estimate of the difference
of the two gradients in terms of the difference of two solutions.

Let Ω be a measurable subset of RN and u : Ω →R a measurable function
in Ω . The distribution function of u is the decreasing map μ from [0,+∞[
into [0,+∞[ defined at any point t ≥ 0 as the measure of a level set of u,
{x ∈ Ω : |u(x)|> t} . The decreasing rearrangement u∗ of u is the distribution
function of μ , that is
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u∗ (s) = sup{t ≥ 0 : μ(t)> s} , s ∈ (0, |Ω |) .
The main property of rearrangements is the fact that the distribution of u∗ is
μ , in other words u and u∗ are equidistribuited. For an exhaustive treatment of
rearrangements see [14] and [25].

Now we recall a comparison result between the solution of the nonlinear
elliptic problem (1) with regular datum and the solution of a suitable problem
with radially symmetric data; it will be useful throughout the paper. The result,
contained in [7], is

u∗ (s) ≤ 2p−1

(Nω
1
N

N )
p′

∫ |Ω |
s

1

t p′(1− 1
N )

(∫ t

0
f ∗ (τ)dτ

) 1
p−1

exp

⎛
⎝∫ t

s

C (r)
1

p−1

Nω
1
N

N r1− 1
N

dr

⎞
⎠dt, (12)

for a.e. s ∈ (0, |Ω |] , where ωN is the measure of the unit ball of RN .
Here the function C (r) is defined by

∫
|u|>t

c(x)p
′
dx =

∫ μ(t)

0
C (r)p

′
dr, for every t ∈ (0,+∞) .

In [4] and [33] it is shown that C (r) can be obtained as weak limit of functions
having the same rearrangement of c(x). As consequence of this any Lebesgue
or Lorentz norm of C (r) can be estimated from above with the same norm of
c(x). This implies that C (r) and c(x) have the same sommability and so (12)
implies

u∗ (s)≤ K‖ f‖
1

p−1

L1 s−
N−p

N(p−1) , a.e.s ∈ (0, |Ω |] , (13)

where K is a constant depending on |Ω | , N, p, ‖c‖Lp′ .
We explicitly remark that analogous inequalities have been proved in the

linear case in [29] and [36].
For 1< δ < +∞ and 1≤ r ≤ +∞, the Lorentz space Lδ ,r (Ω) is the class

of the measurable function u such that:

‖u‖∗δ ,r =
(∫ +∞

0

[
u∗ (s)s

1
δ

]r ds
s

) 1
r

< ∞, (14)

‖u‖∗δ ,∞ = sup
s>0

u∗ (s)s
1
δ < ∞. (15)

In order to prove the uniqueness of a weak solution stated in Theorem 1 and
Theorem 2 we need a result of continuity with respect to the data. To this aim
we get the following preliminary result.
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Proposition 1 Let us assume conditions (2), (3), (5)–(7) and (11) with when
p≥ 2, (2), (3), (5) and (8)–(10) when 2− 1

N < p< 2. Let u, v be weak solutions

to problem (1) with data f , g ∈ C∞ (Ω) respectively and assume q < N(p−1)
N−1

and m< q∗ = Nq
N−q .

Then if p ≥ 2

‖|∇(u−v)|‖Lq ≤ K‖u−v‖
1
p
Lm (1+‖ f‖L1 +‖g‖L1)

γ
p(p−1) , (16)

or if 2− 1
N < p< 2

‖|∇(u−v)|‖Lq

≤ K ‖u−v‖
1
2
Lm

(
‖ f‖

1
2
L1+‖g‖

1
2
L1

)(
‖ f‖

1
p−1

L1 +‖g‖
1

p−1

L1

)1− p
2

. (17)

The constant K depends on N, p, q, γ , |Ω | , ‖c‖Lr .

Proof Denoted by μ the distributionfunction of |u−v|, let us consider the test
function

ϕ (x) = sign(u−v)
∫ |u−v|(x)

0
[μ (t)]α dt,

with α > 0. Taking ϕ in appropriate equations defining weak solutions with
data f and g, and subtracting we get

∫
Ω
[(a(x,∇u)−a(x,∇v)) ·∇(u−v)] [μ (|u−v| (x))]α dx

=

∫
Ω
[Φ (x,u)−Φ (x,v)] ·∇(u−v) [μ (|u−v| (x))]α dx

+

∫
Ω
( f −g)ϕdx. (18)

We have to distinguish the cases p≥ 2 and 2− 1
N < p< 2.

Case 1 (p ≥ 2) Firstly we estimate from below the right-hand side of (18).
From (5) and Hölder inequality we have

I =
∫

Ω
|Φ (x,u)−Φ (x,v)| · |∇(u−v)| [μ (|u−v| (x))]α dx

≤ ‖c‖Lr ‖1+ |u|+ |v|‖γ−1
Lq∗ ‖|∇u| + |∇v|‖Lq

×
(∫

Ω
|u−v|σ [μ (|u−v| (x))]ασ dx

) 1
σ

,
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with σ such that
1
σ
+

γ−1
q∗
+

1
r
+

1
q
= 1.

Since u belongs to W 1,q
0 (Ω) with q < N(p−1)

N−1 , the following a priori estimate
of the gradient of u (see [11], [12] and [19]) holds

‖|∇u|‖Lq ≤ K ‖ f‖
1

p−1

L1 ; (19)

for the rest of the paper K is a constant which can vary from line to line, but
depends only on the data of the problem.

So, from the Hardy-Littlewood inequality, the coarea Formula, the com-
parison result (13) applied to u∗ and v∗ and (19) , we finally have

I ≤ K ‖c‖Lr (1+‖ f‖L1 +‖g‖L1)
γ

p−1 ‖u−v‖ σ
ασ+1 ,σ

. (20)

We assume that

α >
N− p

N(p−1)
. (21)

If 1
α <m< q∗, then σ

ασ+1 < m and consequently (20) becomes

I ≤ K (1+‖ f‖L1 +‖g‖L1 )
γ

p−1 ‖u−v‖Lm . (22)

Now, let us consider the last term in (18); we have∫
Ω
| f −g| |ϕ|dx≤ ‖ f −g‖L1 ‖ϕ‖L∞. (23)

From (21) we deduce

sup
Ω
|ϕ (x)|=

∫ +∞

0
[μ (t)]α dt

= α
∫ |Ω |

0
sα−1 (u−v)∗ (s)ds= α ‖u−v‖ 1

α ,1
. (24)

So from (22) and (24) we have the following estimate of the left-hand side of
(18)∫

Ω
[Φ (x,u)−Φ (x,v)] ·∇(u−v) [μ (|u−v| (x))]α dx+

∫
Ω
( f −g)ϕdx

≤ K (1+‖ f‖L1 +‖g‖L1)
γ

p−1 ‖u−v‖Lm . (25)

Now we have to estimate from below the left-hand side of (18). From (11) we
have ∫

Ω
[(a(x,∇u)−a(x,∇v)) ·∇(u−v)] [μ (|u−v| (x))]α dx

≥ β
∫

Ω
|∇(u−v)|p [μ (|u−v| (x))]α dx. (26)
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So using (25) and (26) we obtain
∫

Ω
|∇(u−v)|p [μ (|u−v| (x))]α dx

≤ K (1+‖ f‖L1 +‖g‖L1 )
γ

p−1 ‖u−v‖Lm . (27)

From Hardy-Littlewood inequality, and choosing once again α so that q<
p

1+α , we get

∫
Ω
|∇(u−v)|p [μ (|u−v| (x))]α dx

≥ K ‖|∇(u−v)|‖p
p

1+α ,p
≥ K ‖|∇(u−v)|‖p

Lq .

Therefore, by (27) and by last inequality we obtain (16).

Case 2 (2− 1
N < p < 2) As for the case p ≥ 2, firstly we evaluate the right-

hand side of (18). Since γ < 1, from (5) and Hölder inequality we have

I =
∫

Ω
|Φ (x,u)−Φ (x,v)| · |∇(u−v)| [μ (|u−v| (x))]α dx ≤

≤ ‖c‖Lr ‖|∇u|+ |∇v|‖Lq

(∫
Ω
|u−v|σ [μ (|u−v| (x))]ασ dx

) 1
σ
,

with σ such that
1
σ
+

1
r
+

1
q
= 1,

and so, proceeding as before,

I ≤ K ‖c‖Lr (‖ f‖L1+‖g‖L1)
1

p−1 ‖u−v‖ σ
ασ+1 ,σ

. (28)

If 1
α <m< q∗, then σ

ασ+1 < m, and consequently (28) becomes

I ≤ K (‖ f‖L1+‖g‖L1)
1

p−1 ‖u−v‖Lm . (29)

From (29) and (24) we have the following estimate of the left-hand side of
(18)
∫

Ω
[Φ (x,u)−Φ (x,v)] ·∇(u−v) [μ (|u−v| (x))]α dx+

∫
Ω
( f −g)ϕdx

≤ K (‖ f‖L1 +‖g‖L1 )
1

p−1 ‖u−v‖Lm . (30)

Let us consider the function

G(x) =
|∇(u−v)| 2p
(|∇u|+ |∇v|) 2−p

p

.
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Coming back to (18), by (10) and (25) we get∫
Ω

G(x)p [μ (|u−v| (x))]α dx≤ K (‖ f‖L1+‖g‖L1)
1

p−1 ‖u−v‖Lm . (31)

Now we estimate from below the left-hand side of (31). By Hardy-Littlewood
inequality we have∫

Ω
G(x)p [μ(|u−v|)(x))]α dx ≥ ‖G‖p

p
1+α ,p
.

If we choose once again α in way that q< p
1+α , we obtain

‖G‖p
Lq ≤ K (‖ f‖L1+‖g‖L1)

1
p−1 ‖u−v‖Lm . (32)

Since (see [2])

‖∇(u−v)‖Lq ≤ K ‖G‖p/2
Lq

(
‖ f‖

1
p−1

L1 +‖g‖
1

p−1

L1

)1− p
2

, (33)

then from (32) and (33) we have

‖|∇(u−v)|‖Lq ≤ K‖u−v‖
1
2
Lm

(
‖ f‖

1
2
L1+‖g‖

1
2
L1

)(
‖ f‖

1
p−1

L1 +‖g‖
1

p−1

L1

)1− p
2

,

where K depends on N, p, q, |Ω | , ‖c‖Lr , γ . 
�

3 Uniqueness results

In this section we prove the uniqueness of a weak solution to problem (1)
stated in Theorem 1 and Theorem 2. Proposition 1 is not enough to achieve
the continuity with respect to the data. We need, in fact, also an estimate of
rearrangements of the difference of two solutions in term of L1 norm of the
difference of data.

Proposition 2 Let p ≥ 2 and let us assume (2), (3), (5)–(7) and (11). Let u
and v be weak solutions to problem (1) with data f , g ∈ L1(Ω) respectively,
then

(u−v)∗ (s)≤ K ‖ f −g‖L1 s−
N−2

N , a.e.s ∈ (0, |Ω |] , (34)

where K depends on N, |Ω | , δ , p, ‖ f‖L1, ‖g‖L1, r, γ ; furthermore K is bound-
ed when f , g belong to bounded subset of L1.
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Proof Set w = u− v and h = f − g. For any positive constants t and k, we
consider the function

Ψ =

⎧⎨
⎩

k signw if |w|> t+k
w− tsignw if t < |w| ≤ t+k
0 otherwise.

Taking Ψ in appropriate equations defining weak solutions with f and g as
data, subtracting and dividing by k, we have

1
k

∫

t<|w|≤t+k

[a(x,∇u)−a(x,∇v)] ·∇wdx

=
1
k

∫

t<|w|≤t+k

[Φ (x,u)−Φ (x,v)] ·∇w dx+

+

∫

|w|>t+k

h signw dx+
1
k

∫

t<|w|≤t+k

h [(w− t) signw]dx. (35)

We set
ν(x) = (1+ |∇u|+ |∇v|)p−2. (36)

On using assumptions (11) , (5) and the definition of ν(x), (35) becomes

δ
k

∫

t<|w|≤t+k

ν(x) |∇w|2 dx≤ (t+k)
k

∫

t<|w|≤t+k

c(x)(1+ |u|+ |v|)γ−1 |∇w|dx+

+

∫

|w|>t+k

|h|dx+
∫

t<|w|≤t+k

|h|dx.

Since ν(x)≥ 1, by applying Hölder inequality and letting k go to zero in the
previous inequality, we obtain

− d
dt

∫
|w|>t

ν(x) |∇w|2 dx≤ 1
δ

t

(
− d

dt

∫
|w|>t

ν(x) |∇w|2 dx

) 1
2

×
[(
− d

dt

∫
|w|>t

c(x)2(1+ |u|+ |v|)2(γ−1)dx

) 1
2

]
+

1
δ

∫
|w|>t
|h|dx.

If μ denotes the distribution function of w, proceeding as in [4] allows one to
define a function T such that

T (μ(t))
∣∣μ ′(t)∣∣=− d

dt

(∫
|w|>t

c(x)2(1+ |u|+ |v|)2(γ−1)dx

)
. (37)

The function defined in (37) is a weak limit of functions having the same
rearrangement of c(x)2(1+ |u|+ |v|)2(γ−1).
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By Hardy-Littlewood inequality and by the definition of T, we obtain

− d
dt

∫
|w|>t

ν(x) |∇w|2 dx

≤ t
δ
∣∣μ ′(t)∣∣ 1

2 [T (μ(t))]
1
2

(
− d

dt

∫
|w|>t

ν(x) |∇w|2 dx

) 1
2

+
1
δ

∫ μ(t)

0
h∗(s)ds.

(38)

On the other hand, denoted by kN = ω1/N
N N, the isoperimetric and Schwarz

inequalities and the inequality ν(x)≥ 1 give (see [35])

kNμ(t)1−
1
N ≤− d

dt

∫
|w|>t
|∇w|dx

≤
(
− d

dt

∫
|w|>t

ν(x) |∇w|2 dx

) 1
2 ∣∣μ ′(t)∣∣ 1

2 . (39)

By (38) , (39) we obtain

− d
dt

∫
|w|>t

ν(x) |∇w|2 dx ≤ t
δ

(
− d

dt

∫
|w|>t

ν(x) |∇w|2 dx

) 1
2 ∣∣μ ′(t)∣∣ 1

2 [T (μ(t))]
1
2

+
1
δ

k−1
N μ(t)

1
N−1

(
− d

dt

∫
|w|>t

ν(x) |∇w|2 dx

) 1
2 ∣∣μ ′(t)∣∣ 1

2

∫ μ(t)

0
h∗(s)ds. (40)

Using again (39) , (40) becomes

1≤ k−1
N tμ(t)

1
N−1

∣∣μ ′(t)∣∣ [T (μ(t))]12 +k−2
N μ(t)2(

1
N−1)

∣∣μ ′(t)∣∣
∫ μ(t)

0
h∗(s)ds.

Integrating the previous inequality between 0 and t, and using the definition
of w∗(s), we have

w∗(s)≤ K
∫ |Ω |

s
w∗(t)t

1
N−1T (t)

1
2 dt+K

∫ |Ω |
s

t2( 1
N−1)

(∫ t

0
h∗(τ)dτ

)
dt.

Gronwall’s Lemma yields

w∗(s)≤K
∫ |Ω |

s

{
t2( 1

N−1)
(∫ t

0
h∗(τ)dτ

)(
exp

∫ t

s
τ

1
N−1T (τ)

1
2 dτ
)}

dt. (41)

Now we have to impose conditions on γ which ensure that

∫ |Ω |
0

τ
1
N−1T (τ)

1
2 dτ <+∞.
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This happens if the function T belongs to some space Lϑ with ϑ > N
2 . But

we have already observed that T has the same summability of c(x)2(|u|+
|v|)2(γ−1), that is 1

ϑ =
2(γ−1)

q∗ +
2
r . Hence we have to impose that

ϑ > N
2

and q∗ <
N(p−1)

N− p
.

These conditions are satisfied if we choose γ < N−1
N−p− N(p−1)

r(N−p) ; since γ satisfies

(7) and p−1< N−1
N−p − N(p−1)

r(N−p) , then, (41) becomes

(u−v)∗ (s)≤ K
∫ |Ω |

s
t2( 1

N−1)
(∫ t

0
h∗(τ)dτ

)
dt ≤ K ‖ f −g‖L1 s−

N−2
N ,

where K depends on N, |Ω | , δ , p, ‖ f‖L1, ‖g‖L1, r, γ . 
�

Proposition 3 Let 2− 1
N < p< 2 and let us assume (2), (3), (5) and (8)–(10). If

u and v are weak solutions to problem (1) with data f , g∈ L1(Ω) respectively,
then

(u−v)∗ (s)≤ K‖ f −g‖L1 s−
N−2

N −(2−p)ζ , a.e.s ∈ (0, |Ω |] , (42)

for some ζ > N−1
N(p−1) . Here K depends on N, β , |Ω | , p, ‖ f‖L1, ‖g‖L1 , r, q, γ ;

furthermore K is bounded when f , g belong to bounded subset of L1.

Proof As in the proof of Proposition 2, we consider (35) and (36) . By (10) ,
(5) , we get

β
k

∫

t<|w|≤t+k

|∇w|2 (|∇u|+ |∇v|)p−2dx ≤ (t+k)
k

∫

t<|w|≤t+k

c(x)(1+ |u|+ |v|)γ−1 |∇w|dx+
∫

|w|>t+k

|h|dx+
∫

t<|w|≤t+k

|h|dx.

Since p< 2, we have (|∇u|+ |∇v|) 2−p
2 ≤ (1+ |∇u|+ |∇v|) 2−p

2 , and so

β
k

∫

t<|w|≤t+k

|∇w|2 (|∇u|+ |∇v|)p−2dx≤ (t+k)
k

∫

t<|w|≤t+k

c(x)
(1+ |u|+ |v|)γ−1 |∇w|
(|∇u|+ |∇v|) 2−p

2

(1+ |∇u|+ |∇v|) 2−p
2 dx

+

∫

|w|>t+k

|h|dx+
∫

t<|w|≤t+k

|h|dx. (43)
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Using Hölder inequality in (43) and letting k go to 0, we have

− d
dt

∫
|w|>t
|∇w|2 (|∇u|+ |∇v|)p−2dx

≤ Kt

(
− d

dt

∫
|w|>t

c(x)2
(1+ |u|+ |v|)2(γ−1)

ν(x)
dx

) 1
2

×
(
− d

dt

∫
|w|>t
|∇w|2 (|∇u|+ |∇v|)p−2dx

) 1
2

+K
∫
|w|>t
|h|dx. (44)

Arguing as in the previous proof, we introduce two functions
−
T and

−
ν such

that
−
T (μ(t))

∣∣μ ′(t)∣∣ = − d
dt

∫

|w|>t

c(x)2
(1+ |u|+ |v|)2(γ−1)

ν(x)
dt, (45)

−
ν(μ(t))

∣∣μ ′(t)∣∣ = − d
dt

∫

|w|>t

1
ν(x)

dt. (46)

From (39) , we obtain

kNμ(t)1−
1
N

≤
⎛
⎝− d

dt

∫

|w|>t

|∇w|2 (|∇u|+ |∇v|)p−2dx

⎞
⎠

1
2

−
ν(μ(t))

1
2
∣∣μ ′(t)∣∣ 1

2 . (47)

Therefore, by (47), (44) becomes

− d
dt

∫
|w|>t
|∇w|2 (|∇u|+ |∇v|)p−2dx

≤ Kt
−
T(μ(t))

1
2
∣∣μ ′(t)∣∣ 1

2

(
− d

dt

∫
|w|>t
|∇w|2 (|∇u|+ |∇v|)p−2dx

) 1
2

+Kk−1
N μ(t)

1
N−1−ν(μ(t))

1
2
∣∣μ ′(t)∣∣ 1

2

×
(
− d

dt

∫
|w|>t
|∇w|2 (|∇u|+ |∇v|)p−2dx

) 1
2
∫ μ(t)

0
h∗(τ)dτ . (48)

We proceed as in the case p ≥ 2, use the definition of w∗(s), Gronwall’s
Lemma and integration by parts, we get

w∗(s)≤ K
∫ |Ω |

s

{
t2( 1

N−1)−ν(t)
(∫ t

0
h∗(τ)dτ

)
(

exp
∫ t

s
τ

1
N−1

−
T (τ)

1
2
−
ν(τ)

1
2 dτ

)}
dt. (49)
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The assumptions on γ ensure that

∫ |Ω |
0

τ
1
N−1

−
T (τ)

1
2
−
ν(τ)

1
2 dτ <+∞.

−
T has the same summability of c(x)2 (1+|u|+|v|)

2(γ−1)

ν(x) and
−
ν has the same summa-

bility of 1
ν(x) ; recalling the expression of ν and the estimate (19) , we deduce

that

(−
T
−
ν
) 1

2

belongs to Lϑ (Ω) with 1
ϑ =

γ−1
q∗ +

2−p
q +

1
r . So the integral is

finite for every γ such that

ϑ > N, q∗ <
N(p−1)

N− p
and q<

N(p−1)
N−1

,

which holds true if condition γ < (N−1)(p−1)
N−p − N(p−1)

r(N−p) is satisfied; since γ satis-

fies (9) and p−1< (N−1)(p−1)
N−p − N(p−1)

r(N−p) , then coming back to (49) , we arrive
at

w∗(s)≤ K ‖h‖L1

∫ |Ω |
s

t2( 1
N−1)−ν(t)dt.

Using the summability of
−
ν(t) and the Hölder inequality, we have

w∗(s)≤ K ‖h‖L1

∥∥∥−ν
∥∥∥

L
q

2−p

[∫ |Ω |
s

t2( 1
N−1) q

q−2+p dt

] q−2+p
q

,

and then
(u−v)∗ (s)≤ K ‖ f −g‖L1 s−

N−2
N −(2−p)ζ ,

for some ζ > N−1
N(p−1) ; here K depends on N, β , |Ω | , p, ‖ f‖L1, ‖g‖L1, r, q, γ .


�
From Proposition 2 and 3 we immediately obtain ‖u−v‖Lm ≤K ‖ f −g‖L1

∀m< q∗. Therefore, from Proposition 1 we easily deduce the following conti-
nuity result with respect to the data which implies the uniqueness results given
by Theorems 1 and 2.

Theorem 3 Let us assume hypotheses (2), (3), (5)–(7) and (11) when p ≥ 2
or (3), (5) and (8)–(10) when 2− 1

N < p< 2. If u and v are weak solutions to
problem (1) with data f , g respectively, then we have

‖∇(u−v)‖Lq ≤ K ‖ f −g‖
1
p

L1 , i f p≥ 2,

‖∇(u−v)‖Lq ≤ K ‖ f −g‖ 1
2
L1 , i f 2− 1

N
< p< 2.
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12. Boccardo, L., Gallouët, Th.: Nonlinear elliptic equations with right hand side measures,
Comm. Partial Differential Equations, 17 (1992), 641–655
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