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Abstract

The definition of a common global vertical coordinate system is nowadays one of the key points in Geodesy. With the advent
of GNSS, a coherent global height has been made available to users. The ellipsoidal height can be obtained with respect to
a given geocentric ellipsoid in a fast and precise way using GNSS techniques. On the other hand, the traditional orthometric
height is not coherent at global scale. Spirit levelling allows the estimation of height increments so that orthometric heights
of surveyed points can be obtained starting from a benchmark of known orthometric heights. As it is well known, this verti-
cal coordinate refers to the geoid, which is assumed to be coincident to the mean sea level. By means of a tide gauge, the
mean sea level is estimated and thus a point of known orthometric height is defined. This assumption, which was acceptable
in the past, became obsolete given the level of precision which is now required. Based on the altimetry observation, one can
precisely quantify the existing discrepancy between geoid and mean sea level that can amount to 1 + 2 m at global scale.
Therefore, different tide gauges provide biased estimates of the geoid, given the discrepancy between this equipotential
surface and the mean sea level. Also, in the last years, another vertical coordinate was used, the normal height that was
introduced in the context of the Molodensky theory. In this paper, a review of the existing different height systems is given
and the relationships among them are revised. Furthermore, an approach for unifying normal height referring to different
tide gauges is presented and applied to the Italian test case. Finally, a method for defining a physical height system that is
globally coherent is discussed in the context of the definition of the International Height Reference System/Frame, a pro-
ject supported by the Global Geodetic Observing System of the International Association of Geodesy (IAG). This project
was established in 2015 during the XX VI IAG General Assembly in Prague as described in IAG Resolution no. 1 that was
presented and adopted there.
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1 Introduction Teunissen 1988). In more recent years, several works have

analysed the physical height datum unification problem. The

The definition and the realization of a physical vertical
datum and its connection to the mean sea level (MSL) have
been central problems in Geodesy. The discussion on these
relevant topics traces back to the seventies (see, e.g. Balazs
1973; Sturges 1974; Lelgemann 1977), with further devel-
opments in the 80s (see, e.g. Colombo 1980; Rummel and
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methods proposed for datum unification exploit the avail-
ability of precise geoid models and GNSS observations at
levelling benchmarks (see, e.g. Ardalan et al, 2002; Amos
and Featherstone 2009) or are discussed in the theoretical
frame of the Geodetic Boundary Value Problem (see, e.g.
Xu 1992; Nahavandchi and Sjoberg 1998; Sanso and Venuti
2002; Sacerdote and Sanso 2004; Sjoberg 2011). The avail-
ability of satellite only Global Geopotential Models (GGM)
has then opened new perspectives on the height datum unifi-
cation problem as described, among the others, in Rummel
(2012), Gatti et al. (2013) and Amjadiparvar et al. (2013)
where the contribution of the GOCE mission (Drinkwater
et al. 2003) is analysed.

This paper deals with the definition of a global physical
height datum. In Sect. 2, the different definitions of physical
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and geometrical heights are reviewed and discussed. In
Sect. 3, the method for solving the physical height unifica-
tion problem described in Barzaghi et al. (2015) is revised.
In Sect. 4, a possible approach for establishing a global
physical height system is illustrated. This is done in the
framework of the activities of Focus Area “Unified Height
System” of the Global Geodetic Observing System (GGOS)
of the International Association of Geodesy (IAG) and of the
International Height Reference System/Frame (IHRS/IHRF)
project (Ihde et al. 2017; Sanchez 2013; Sanchez and Sideris
2017). Conclusions are then given in Sect. 5.

2 The different definitions of height

Basically, we can define two kinds of heights, i.e. the physi-
cal heights defined in terms of the Earth gravity potential
W(P) and the geometric heights from GNSS that are only
weakly dependent on the gravity field (via the satellite
orbits). As said, the physical height definition is strictly con-
nected to the gravity potential of the Earth W(P). In a given
point, W(P) is the sum of the gravitational potential V(P) due
to the Earth masses and of the centrifugal potential CP(P)
due to the Earth rotation. Thus, we can write
p(Q)va + %wz (xlz, + yi),
)]
where p(Q) is the Earth mass density in the Earth volume
Vi, rpg = ’rp - rQ|,  is the angular velocity of the Earth

W(P) =V(P)+ CP(P) = /

v, Tpo

and xp, yp are the cartesian coordinates of P in a geocentric
reference frame.

The definition of the physical heights is based on that of
geopotential number Cp

Cp =Wy —Wp, 2

where W, = W(P,), with P, on the geoid, and W, = W(P),
with P on the Earth surface. Since, along the plumb line, it
holds that

dW = —gd! ?3)

with g = |VW]|, we can also write

P

PU

where the integral is taken along the plumb line from P
to P.
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By dividing Cj for a conventional value y, = |VU]| (e.g.
7o = v(@ = 45°)), where U is the normal potential associated
to the Earth ellipsoid (Moritz 1980), we get the Dynamic
Height Hiy "
C
dyn P
H" = —. 5)
Yo
In a similar way, one can define the orthometric height
H(P)

Cp
HP) = = ©)
g (P)
with
— 1 P
8§(P)=— dl.
* HP/POg @

Finally, the normal height can be defined. For that, we
consider the normal potential U and the modulus of the nor-
mal gravity y = |VU]|. If we assume that on the ellipsoid
Uy = W, and in a point Q along the plumb line U, = W,
we have

9]
/ydh:UO—UQ=W0—WP=CP, (8)
0

where the integral is along the ellipsoidal normal.
The normal height H* is then defined as

* CP
H*(P) = — )
Yo
with
_ 1 0
= — dh. 1
Vo= 1 / ! (10)

Thus, we can say that the normal height of P, H*(P), is
the height of Q above the ellipsoid. The definitions given
above show that the different height coordinates are strictly
related in the sense that they all depend on Cp, i.e. on the
gravity potential. Among them, the most frequently used are
H and H*. Particularly, H* are used in Europe for the defi-
nition of the European Vertical Reference System (EVRS)
(Ihde and Augath 2001).

H®" H and H* can be obtained by spirit levelling incre-
ments properly corrected for gravity. As it holds that

B
Cp—Cy=(Wy—Wy) = (Wy—Wy) = (W, — Wg) = /Agdl.

an



Rendiconti Lincei. Scienze Fisiche e Naturali (2020) 31 (Suppl 1):527-534

529

One can get for H®" the so-called dynamic correction
AH®™:

d d 1 1 [ B

n n

H"—H = —(Cp—C,) = —/ gdl=/ sl
Yo Yo A A

B —
+ / 81041 = ALy, + AH®"
A Y

12)

with

AL = ffél measured levelling increment and AH®"
dynamic correction.

We can also see that, by (12), geopotential number differ-
ences are obtained from levelling increments as

Cp—Cy =y)ALyp + Y()Aden- (13)

Similarly, orthometric correction AH and normal correc-
tions AH* can be obtained. The orthometric correction is
derived starting from the following identity:

c, C —g(P
HP: P =—P+HPJ/0 ()’

é (P) Yo Yo (14

where y, is a given constant value of the normal gravity.
Hence, we have, taking (14) into account

c, C, C -8 C -8
Hy-Hy=—2_ZA="8, g T0"% =a_ gy 70”5
g5 g, Yo Yo Yo Yo
1 -8 —g
=L(c-c,) +H, =28 g T
Yo Yo Yo

B
- p -8
:ALAB+/ 041+ 0 =28 g 10”24 AL+ AHT,
A Y 70 Y0
(15)

where AL, is, as in (12), the measured levelling increments
and AH°" is the orthometric correction. In the same way, we
can get normal height increments from AL, as

. -
- Yo =7 -7
H;—HZ:ALAB+/ §H0q 4 g0 T8 _ el T
A Y 70 o >

= ALy, + AH*
(16)

where AH* is the normal correction.

Furthermore, it has to be mentioned that, in recent years,
due to the availability of atomic clocks, Cj (and thus heights)
can be determined via the general relativity formula (Shen
etal. 2011)

A fo—fo  We=W, C

In (17), fp is the oscillator frequency at P having potential
Wp while f is its frequency in P, with potential W; c is the
speed of light. Thus, by highly precise observations of the
frequency shift, Cp can be obtained.

Besides the physical heights discussed above, geometric
heights are nowadays frequently used. As stated at the begin-
ning of this section, geometric heights are obtained from
GNSS observations. The geometric height of a point P is the
ellipsoidal height A(P). It refers to the ellipsoid and is
defined as the distance from the point P on the surface and
the point P, onto the ellipsoid along the perpendicular to the
ellipsoid in P. As already pointed out, although it is claimed
that A(P) = |P—PO‘ is a purely geometric quantity, a weak con-

nection to gravity is present. This is through the satellite
orbits that enter in the estimation of the point coordinates
obtained via GNSS techniques. The geometric heights h(P)
are then linked to the physical heights H(P) and H*(P) via
the very well known formulas (Heiskanen and Moritz, 1967;
Sanso et al., 2019)

h(P) = H(P) + N(P), (18)

h(P) = H*(P) + {(P), (19)

where N(P) is the geoid undulation and {(P) is height
anomaly.

3 Physical height system unification:
estimating the biases

The traditional definition of a national height system is based
on spirit levelling starting from a tide gauge. The assumption
is that the tide gauge benchmark refers to the geoid. As it is
well known, this is not a correct statement. The tide gauge
benchmark has a known height with respect to the mean sea
level, which is close to the geoid but not coincident with
it. Since, as said, the discrepancy between geoid and mean
sea level can reach 1 + 2 m, inconsistencies among physical
height systems referred to different tide gauges can have the
same order of magnitude. This has been accepted in the past
since the global unification of the physical height systems
faced some practical difficulties. Merging different national
height systems requires a common adjustment of national
levelling networks which are to be referred to a unique tide
gauge. Although in recent years this has been done at conti-
nental level (e.g. in Europe with the EVRS, Thde and Augath
2001), this cannot be managed at global level. Due to the
availability of GNSS techniques, the unification problem can
be tackled in a different way (Gatti et al. 2013; Barzaghi
et al. 2015). By Egs. (8) and (9), in a given tide gauge point
Pi) to which heights in the j,, area refer, we can write that
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e Wo— Wy
P ;o (20)
9
where W(P{)) is the gravity potential at the tide gauge point
P}, and Q) is defined by the condition W(P’ ) = U<Q’ )
in P’ the geoid and the mean sea level were coincident, we
should have W, = W(P’ )and hence, H *. =0. Slnce, in gen-

eral, this is not, we have biased normal helghts H in the j,,
area, being the bias b(P’ ) equal to

b( ,‘) 3 WO—W(PZ)) _ Wo— Wy +6W)) _ oW,
’g, "g, ’o,

@n

where 6W; is the difference between the gravity potential

in P’ and 1ts value W, on the geoid. If we now consider the

elhpso1dal heights from GNSS, we can write in any given
point P of the j,, area the following equation:

WE) = H,(®) = ) = (P + (P, )
=g(P)—b(Pf>) T((;))) b<P{>)

as, by definition, h(P) — H*(P) = {(P) and by Bruns’ for-
mula {(P) = T((;))) (Heiskanen and Morltz 1967). Then by
introducing the biased height anomaly g“ (P) = h(P) — H]. (P),
the following observation equation for the bias b(Pg) can

(22)

be written
N TP -
b<P6> % — {(P)VP € jarea. 23)

Then, by least squares adjustment, having 7(P) and ¢ ;(P)
in a suitable number of point P, we can get the estimate of
b(P,)

However, an important remark on the 7(P) values has to
be stressed. T(P) cannot be estimated using local gravity
data because they are biased too since height information are
used in observing and reducing them. For the same reason,
high d/o GGMs are not suitable. As a matter of fact, ground
gravity data are used in estimating these models and thus the
problem detailed above holds also for them. One possible
solution of this problem is to use a combination of a satellite
only GGM and of a high d/o GGM. In this way, T(P) can be
represented as

@ Springer

T(P) = T*(P) + T (P) (24)

In (24), TX(P) could be given as one of the GOCE models
to d/o 200 and T (P) as a high-degree model, e.g. EGM2008
from d/o 201 to full resolution (Pavlis et al. 2012). It has been
proved that in this way the impact of the bias effect in T(P)
is minimized (Gatti et al. 2013). This can be heuristically
explained in the following way. The T*(P) s bias independent
since no ground data have been used for estimating it. On the
other hand, the high-frequency component T (P) is biased
but has a limited impact on T(P) since this high-frequency
component is less than 10% of the whole T'(P) signal. Based
on the assumption in (24), we can then write the observation,
Eq. (23), as

) L
() = Ty(g @)

where {;(P) is an observed value coming from combined
GNSS and spirit levelling measurements. The covariance
structure of the observed value in the left hand of (25) must
be also carefully detailed. By assuming independence of the
three terms, we have

TH(P) =
P ¢ 25)

C= CTL + CTH + CE, (26)
The covariance of {;(P) can be set equal to

_ 2

with ¢ obtained by error propagation from GNSS and level-
9
ling observations. Cy. can be computed as in, e.g. Gerlach

and Fecher (2012) propagating the block diagonal structure
of the GOCO model. Finally, C;» can be estimated from, e.g.
EGM2008 global model error geographically rescaled (Gatti
et al. 2013).

A numerical test of this procedure has been performed
in Italy. In fact, the levelling lines of the peninsular part of
Italy refer to the main tide gauge in Genova while those of
Sicily and Sardinia refer to tide gauges in Catania and Cagli-
ari, respectively. Thus, the Italian levelling network does not
refer to a common reference point and the proposed unifica-
tion method based on Eq. (25) can be applied. The results of
this test are described in Barzaghi et al. (2015). The estimated
biases, of the order of 10 + 20 cm, are coherent with the mag-
nitude of the Mean Dynamic Ocean Topography of the Medi-
terranean Sea (Barzaghi et al. 2009). Furthermore, the bias
between Italy mainland and Sicily is consistent with a direct
estimate based on spirit and trigonometric levelling obtained
by the Istituto Geografico Militare. Some other approaches
similar to the one described in this section are currently used.
They are based on the same hypotheses assumed here and are
documented in, e.g. Fotopoulos (2013).



Rendiconti Lincei. Scienze Fisiche e Naturali (2020) 31 (Suppl 1):527-534

S31

4 The global physical height system
definition according to the IHRS/IHRF
approach

This approach for unifying the physical heights has been pro-
posed during the IAG/IUGG assembly held in 2015 in Prague,
Czech Republic. It has been adopted by the International
Association of Geodesy (IAG) as Resolution 1: Definition
and Realization of an International Height Reference System
(IHRS).

In that resolution, it was stated to establish a physical
height system following these conventions:

(1) The vertical reference level is an equipotential surface
of the Earth gravity field with potential value W, (at the
geoid).

(2) Parameters, observations and data shall be related to
the mean tidal system/mean crust.

(3) The unit of height is the metre and the unit of time is
the second (IS).

(4) The vertical coordinates are the differences — AW,
between the potential W, of the Earth gravity field at
the considered point P and the geoidal geopotential
value Wj; the potential difference —AW/ is also desig-
nated as Cp: —AWp = Cp = Wy — Wp.

(5) The spatial reference of the position P for the potential
Wy, = W(X) is related as coordinate X of the Interna-

tional Terrestrial Reference System.

It is then further stated that the conventional value of
W, is

W, = 62636853.4m>s>. (28)

More details on IHRS can be found in Ihde et al. (2017).
The realization of the IHRS is now in progress. In the years,
the International Height Reference Frame (IHRF), i.e. the
realization of IHRS, will be established as a global network
of points with known Cp values. The aim is to define Cp
at 1 cm level in terms of geoid undulation/height anomaly.
This process is nowadays carried out by the Global Geodetic

Observing System, the International Gravity Field Service
of TAG and TAG Commission 2. The first design of the
IHRF network has been proposed at the IAG/IUGG General
Assembly in Montreal, Canada, in 2019 and is described in
Sanchez et al. (2020).

With this approach, it is clearly recognized that any physi-
cal height system is basically derived as a function of W(P),
as is stated in Sect. 2. Thus, to establish the IHRS, one has to
give a proper estimate of W(P) at any given point P. Usually,
the gravity potential in P is defined as

W(P)=UP)+T(P), (29)

where U(P) is the normal potential of the reference ellipsoid
GRS80 and T'(P) is the anomalous potential (Heiskanen and
Moritz 1967). Since in IAG Resolution 1 the W, reference
value is different from U onto the GRS80 ellipsoid, USRS,
one has to consider the modified equation:

Wp = Up + Tp + AW, = U(P) + T(P) + (W, — USF),

(30)
where the AW, term accounts for this discrepancy. Given
that U(P) can be analytically computed (Moritz 1980) and
that U, and W,, are known, the estimation of W(P) is equiva-
lent to the estimation of T(P).

In Geodesy, there are very well known methods for
estimating T(P) (Sanso and Sideris 2013; Sjoberg 2003;
Vanicek et al. 2013). A straightforward way of getting T(P)
is to use a high d/o GGM. However, in view of what we
discussed in Sect. 3, this value is biased since high d/o
GGMs contain ground (biased) gravity data. As a mat-
ter of fact, some tests performed in Sanchez et al. (2020)
proved that biases at the level of decimeters in terms of
geoid undulation exist among 7'(P) estimates from different
GGMs in a given point.

So, to properly estimate T(P), we should rely on satel-
lite only GGMs and newly collected local gravity data hav-
ing GNSS surveyed coordinates. Following this approach,
one possible scheme for estimating 7'(P) at a point P on the
Earth surface can be designed as

@ Springer
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8g(P) = g(P)—vy(P)

Gravity disturbance in P (¢, A, h) where (¢, A, h) are from GNSS

896em(P)

i 8grre (P)

—>

Satellite only GGM (d/o = 200-300)

REMOVE

¢ Residual Terrain Effect

l

69,(P) = 6g(P) — 89¢6m(P) — 6grre (P)

i

{-(P) = collocation(8g,)

{eem(P)

i {rre (P)

Satellite only GGM (d/o = 200-300)

RESTORE Residual Terrain Effect

{(P) = $.(P) + {eem(P) + Crre (P)

l

T(P) = y(P)S(P)

This is the standard remove—compute—restore adopted in the
Molodensky context and based on collocation for the estimation
of T(P). In this scheme, no biased height information enters.
The 6g(P) values are not biased since GNSS heights A(P) are
not affected by the tide gauge problem described in Sect. 3. The
same holds for the satellite only GGM that does not contain
ground gravity information. Similarly, the SRTM derived DTM
that is frequently used in the RTE computation can be given in
terms of ellipsoidal height. Thus, the g (P) is bias free too.

Finally, ?(P) is estimated by applying Bruns’ equation,
which depends on Z‘\ (P) and the known y(P) value computed
at the ellipsoidal height 2(P). Hence, by a proper combination
of gravity data, satellite data and GNSS positioning, we can
obtain the unbiased estimation of 7(P) and, by (30), of W(P).

5 Conclusions

The physical height datum problem has been thoroughly
studied from the theoretical point of view and different
approaches have been devised to solve it. However, in
recent years, GNSS techniques allowed the estimate of

@ Springer

the ellipsoidal heights in a fast and reliable way and the
problem of getting physical heights on a global scale was
considered less important in the geodetic community.

Nevertheless, physical heights are still important since
they are strictly related to the gravity potential and are
suitable when dealing with problems like water flows. As
an example, the problem of estimating the mean dynamic
ocean topography (and its changes in time) at global scale
can be mentioned.

In the last decades, mainly due to availability of a new
generation of satellite only GGMs, the problem of estimat-
ing a global physical height system was revisited and new
efforts were performed to practically implement it. In this
paper, two possible methods for physical height system
unification are presented. The first method has been widely
applied and is based on the estimation of the bias between
the gravity potential W, at the geoid and the gravity poten-
tial in a point P on the mean sea level as measured at a
given tide gauge. This bias is different from one tide gauge
to another so that heights referred to different tide gauges
are not coherent. The solution proposed in the paper allows
the estimate of these biases based on the availability of
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spirit levelling, GNSS data and a proper GGM. An appli-
cation of this method to the Italian case proved its feasi-
bility with an estimate of the bias between the physical
heights in the peninsular part of Italy and those in Sic-
ily close to the direct estimate obtained by IGM. Even
though this method is suitable for the unification of differ-
ent physical height systems at global scale, a more general
solution has been recently proposed in the frame of the
IHRS/IHREF project of IAG. This approach is based on the
estimate of the gravity potential of the Earth W(P) in any
given point P and the assumption of a conventional value
of W,, the gravity potential on the geoid. In this way, the
geopotential numbers Cp can be computed and orthometric
and normal heights can be derived. The scheme proposed
in this paper, based on a satellite only GGM, local grav-
ity data and GNSS observations, can lead to the unbiased
estimate of the Earth gravity potential W(P) with a preci-
sion, in terms of geoid/height anomaly, of the order of 2 +
3 cm at global scale. Thus, in this way, a global physical
height system can be obtained that improves the present
day situation by two orders of magnitude.
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