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Abstract  Linearized dynamic bearing coefficients are commonly used to determine the 
vibration response of rotors supported by journal bearings. Journal bearings can, however,
behave nonlinearly, particularly in the presence of bearing wear. This work was undertaken to
examine the effect of bearing wear severity on the linear and nonlinear responses of a rigid
rotor at low, moderately, and highly loaded operating regime. Numerical results showed that the
center of the nonlinear orbit coincides with the center of the linear orbit for all three operating 
regimes in non-worn bearing. However, in worn bearings, the center of the nonlinear orbit shifts
away from the center of the linear orbit for all three operating regimes. The nonlinear analysis
also showed that super-synchronous vibration response may occur, particularly at highly 
loaded operating regimes and at the maximum wear depth investigated in this work. 

 
1. Introduction   

Journal bearings play an important role in the dynamics of rotating machines and are widely 
utilized in industry. However, these bearings are exposed to a gradual wear development 
amidst the rotating machine’s operation, particularly during starts and stops or when passing 
through the rotor’s critical speed [1]. As such, the bearing’s geometry gets altered, thereby al-
tering its dynamic characteristics, and inducing vibrations, which may lead to destructive fail-
ures [2]. Wear is amongst the most frequent failure that affects the bearing clearance at first 
hand and causes alterations to the rotating machine dynamics [3]. In the presence of wear, the 
pressure distribution, the rotor’s equilibrium position, the bearing’s dynamic coefficients and the 
system’s response changes due to the alteration in oil film thickness [4].  

For the computation of the vibration response of rotors in journal bearings, linearized dy-
namic coefficients are widely utilized. Lund et al. [5, 6] established a technique to linearize the 
bearing forces to obtain the stiffness and damping coefficients by infinitesimal perturbations. 
Despite these coefficients being mathematically accepted for infinitesimal amplitudes, the au-
thor stated that, in practice, they would be consistent for journal movements up to 40 % of the 
radial clearance. In the same articles, discrepancies between linear and nonlinear orbits were 
observed, nevertheless it was asserted that they were still in accord. Thenceforth, the investi-
gation of linear coefficients behavior and their representativeness in the dynamic response of 
rotating machines expanded, becoming the popular method for illustrating how the journal 
bearings affect the behavior of rotating systems [7, 8]. Although adopting linear stiffness and 
damping coefficients for bearings are more convenient, these bearings occasionally exhibit 
nonlinear behavior that affects the response of the rotating machines, as has been reported by 
Viana et al. [7] and Machado et al. [8]. Rotor-bearing systems have been observed to exhibit 
sub- and super-synchronous responses, chaos and thermally induced instability due to nonlin-
earity in the journal bearings and the structures that surround them [9]. Consequently, several 
authors have developed, examined, and reviewed nonlinear rotor models [7-9]. 

In Machado et al. [8], journal bearings were subjected to several operating conditions to 
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evaluate different nonlinear behaviors such as the structural 
damping effect, the gyroscopic effect, journal eccentricity and 
external excitation force. The differences between linear and 
nonlinear models could be seen through simulation of the jour-
nal orbits inside the bearings, which was then supported by 
experimental results. It was determined that external excitation 
had the largest nonlinear impact on hydrodynamic forces. As 
the unbalance mass increased, the results from linear and 
nonlinear techniques diverged, showing that the linear model 
was inadequate for system representation under these circum-
stances. Moreover, in Viana et al. [7], with the system running 
under high loading conditions, the limits of linear approximation 
of the hydrodynamic forces present in lobed hydrodynamic 
bearings was examined. Several simulations with varying pre-
load parameters and rotating speed were conducted. For both 
linear and nonlinear models, the responses of the system were 
compared in the time domain and the frequency domain. The 
results showed that the trilobed bearings were more sensitive 
to nonlinearities, even in cases of low vibration amplitudes, 
whereas elliptical bearings were only sensitive in conditions 
with high vibration amplitudes. 

Several researchers have studied the behavior of worn bear-
ings utilized in rotating machines. Dufrane et al. [2] examined 
the wear present in steam turbine bearings by taking meas-
urements at predetermined time frames to determine the na-
ture and extent of wear. For a more in-depth examination of the 
effect of wear on journal bearing, two wear geometry models 
were developed and utilized. Machado and Cavalca [10] de-
veloped a mathematical representation for the static analysis of 
journal bearing by utilizing the Reynolds equation. They com-
puted the pressure distribution in the bearing and examined the 
performance of dissimilar geometries in severe conditions, high 
speeds, and high-applied load. Papanikolaou et al. [11] investi-
gated the effect of wear of a short journal bearing on the dy-
namic stiffness and damping coefficients. Machado and 
Cavalca [12] introduced a mathematical model to represent 
geometric discontinuities in journal bearing. They further pre-
sented a mathematical model that described the wear present 
in journal bearings and the effect of the wear on the dynamic 
response of the rotor-bearing system in frequency domain. 
Jamil et al. [13] investigated the impact of wear in journal bear-
ings on the dynamic behavior of rotor bearing system using 
linearized dynamic stiffness and damping coefficients of worn 
journal bearing. Turaga et al. [14] utilized the linearized pertur-
bation method and the nonlinear transient analysis method to 
examine the sub-synchronous whirl stability limit of a rigid rotor 
supported on two symmetrical finite journal bearings. They 
demonstrated that the results from the linear analysis are pre-
dicted with reasonably accuracy for steady-state eccentricity 
ratio less than 0.7. However, the nonlinear analysis revealed 
noticeably higher stability limits at higher steady-state eccen-
tricity ratio, especially for lower length / diameter ratios of the 
bearings. 

This study differs from previous studies on rotor responses 
in nonlinear journal bearings in the sense that most previous 

studies have focused on comparing only linear and nonlinear 
responses in non-worn journal bearings [7, 8]. The present 
study aims to make a comparison between the linear and 
nonlinear responses of rotor mounted in worn journal bear-
ings to investigate the effect of bearing wear severity on the 
dynamic behavior of the rotor-bearing system. This study 
also differs from the work of Jamil et al. [13], which utilized 
linearized dynamic coefficients, a linear approach, to predict 
the response of the rotor, whereas the current work uses 
nonlinear bearing forces, a nonlinear approach. A compari-
son on the rotor response produced by using the linearized 
dynamic coefficients and the nonlinear bearing forces are 
made to explore the limitations of using linearized dynamic 
coefficients to model wear in journal bearings. The necessity 
to carry out this work stems from the fact that as wear depth 
increases in journal bearings, the oil-film clearances also 
increase, which in turn causes the bearings to behave 
nonlinearly. 

 
2. Mathematical treatment  

This section focuses on the derivation of nonlinear bearing 
forces. The derivation of linearized dynamic stiffness and 
damping coefficients of the bearing can be referred to the work 
of Papanikolaou et al. [11] and Jamil et al. [13].  

 
2.1 Wear model  

The wear model used in this paper is the model proposed by 
Dufrane et al. [2], and it is shown in Fig. 1 [11]. 

bO  is the bearing center; jO  is the journal center; e  is the 
eccentricity, defined as the distance between the bearing cen-
ter and the journal center (m); 0h  is the fluid film thickness in 
the non-worn region (m); wh  is the fluid film thickness in the 
worn region (m); γ  is the circumferential coordinate, meas-
ured counter-clockwise from the negative X-axis (rad); θ  is 
the circumferential coordinate (rad); 0ϕ  is the attitude angle at 
the static equilibrium position (rad); sθ  is the circumferential 
coordinate of the starting point of the worn region (rad); fθ  is 
the circumferential coordinate of the final point of the worn 
region (rad); ω  is the angular speed of the rotor (rad/s); 0d  
is the maximum wear depth (m); W is the bearing load (N); X 
and Y are coordinates of the journal center. 

The region of positive pressure in the state of worn journal 
bearing can be divided into three sub regions. Following an 
anticlockwise direction, the 1st sub region (1st yellow shading) is 
the 1st non-worn region ( )sθ θ≤ ≤0 , the 2nd sub region (green 
shading) is the worn region ( sθ ≤ θ ≤ fθ ) and the 3rd sub 
region (2nd yellow shading) is the 2nd non-worn region ( fθ ≤ θ  
≤ π ). The starting and final angles of the region where the 
wear takes place (refer to Fig. 1) are given by [13]: 

 

( ) 0
0  1 1dcos

C
θ ϕ δ+ = − = −  (1) 



 Journal of Mechanical Science and Technology 38 (6) 2024  DOI 10.1007/s12206-024-2204-4 
 
 

 
2743 

 

where 0d 
C

δ = ; δ  is the wear depth parameter. 

sθ  and fθ  are represented by the following equations [13]: 
 

( )0 arcos 1sθ π ϕ δ= − − −  (2) 

( )0 arcos 1fθ π ϕ δ= − + − . (3) 
 
The derivation of equations for fluid film thickness in non-

worn and worn bearing regions has been presented in Ref. [13]. 

 
2.2 Solution to nonlinear bearing forces  

The fluid film pressure is obtained by solving the Reynolds 
equation for infinitely short bearing. For convenience purposes, 
polar coordinates are employed instead of Cartesian coordi-
nates to solve the Reynolds equation. 

The following assumptions are made in the determination of 
the pressure distribution in the bearing: (i) short journal bearing, 
(ii) laminar fluid flow, (iii) iso-viscous fluid, (iv) incompressible 
fluid, and (v) π -film cavitation model [13]. 

By integrating the Reynolds equation with respect to the axial 
coordinate, Z, the pressure distribution for the non-worn and 
worn regions are obtained [13]. 

The pressure distribution in the non-worn region, P, is ex-
pressed by Eq. (4) below. 

 

( )
2

2
3

6, ,
2 4

h h LP Z t Z
h t
μθ

θ
⎛ ⎞∂ ∂⎛ ⎞= + −⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠⎝ ⎠

Ω  (4) 

 
where L is the journal bearing length (m), Z is the axial distance 
in the direction of Z-axis and h  is the fluid film thickness in the 
non-worn region of the journal bearing. 

The pressure distribution in the worn region, wP , is ex-
pressed by Eq. (5). 

 

( )
2

2
3

6, ,
2 4

w w
w

h h LP Z t Z
h t
μθ

θ
⎛ ⎞∂ ∂⎛ ⎞= + −⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠⎝ ⎠

Ω  (5) 

 
where wP  is the pressure in the worn region of the journal 
bearing and wh  is the fluid film thickness in the worn region of 
the journal bearing. 

The radial and tangential bearing forces, presented in Eq. (6), 
are obtained by integrating the pressure distribution given in 
Eqs. (4) and (5) along the axial coordinate, Z. 

 
( )

( )

( ) ( )( )

( )
( )
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1
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 (6)

 

 

where 
( )1 0.5

εθ
ε ϕ ω

⎛ ⎞
= −⎜ ⎟⎜ ⎟−⎝ ⎠

. 

The forces in the radial and tangential directions, given in Eq. 
(6), can be transformed into forces in the Cartesian coordinates 
(X- and Y-directions) using the following equations [15]. 

 
cos sin

 .
sin cos

x r t

y r t

F F F
F F F

ϕ ϕ
ϕ ϕ

−⎧ ⎫ ⎧ ⎫⎪ ⎪ =⎨ ⎬ ⎨ ⎬+⎪ ⎪ ⎩ ⎭⎩ ⎭
 (7) 

 
2.3 Equations of motion of a rigid rotor in jour-

nal bearings 

A rigid rotor model is considered in this work, and only mo-
tion in the X- and Y-directions is considered. The axial motion 

 
 
Fig. 1. Geometry of a worn journal bearing indicating the worn region within
the circumferential extent of the oil-film for a specific static equilibrium posi-
tion (adapted from Ref. [11]). Starting and final points of the worn region are 
respectively denoted by the circumferential coordinate sθ  and fθ .  
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of the rotor is neglected. Let the rotor mass be 2M and the 
journal center amplitudes x  and y .  

The equations of motion for the nonlinear model are given 
by: 

 
2

2
2

2
2

2

  cos

  sin .

x

y

d xM F MU t W
dt
d yM F MU t
dt

ω ω

ω ω

= + +

= +
   (8) 

 
The equations are made dimensionless following the work by 

Lund et al. [16], and they are expressed as follows: 
 

1

.
x

y

mx f mucos
my f musin

τ σ
τ

−= + +
= +

   (9)  

 
3. Numerical simulation 

The wear model proposed by Dufrane et al. [2], as shown in 
Fig. 1, was used in the present work. The bearing was mod-
elled using the short journal bearing (L/D≤0.5) approximation, 
where L is the length of the bearing and D is the diameter of 
the journal. Half Sommerfeld (Gumbel’s) boundary condition 
was used to model the extent of the oil-film. The numerical 
simulation to examine the effect of wear on the nonlinear and 
linear vibration responses of the rotor was undertaken for 3 
different operating load regimes, namely low loaded operating 
regime (0.1≤ 0ε ≤0.2), moderately loaded operating regime 
(0.3≤ 0  ε ≤0.5) and highly loaded operating regime (0.6≤ 0ε
≤0.75) [17]. 0ε  is the steady-state eccentricity ratio, which is 
the ratio of the eccentricity, defined as the distance between 
the bearing center and the journal center, to the radial clear-
ance of the bearing under static equilibrium condition. The 
unbalance parameter U was set at 0.05. The dimensionless 
journal mass m was set at 0.993 for low loaded operating re-
gime, 4.717 for moderately loaded operating regime and 
28.599 for highly loaded operating regime. The wear depth 
parameter ratio δ  was varied from 0 to 0.1 and the results are 
presented for δ  increments of 0.02. 

The journal bearing forces given in Eq. (6) were solved using 
the Simpson’s 1/3 rule in MATLAB. The non-linear equations of 
motion, presented in Eq. (9), were solved using MATLAB’s 
Runge-Kutta (4, 5) algorithm. The linear equations of motion, 
on the other hand, were solved using the MATLAB’s linear 
solver. The numerical results were presented as rotor whirl 
orbits, average shaft centreline plots, and power spectrum. 

 
4. Results and discussion 

This section focuses on the results obtained from the nu-
merical simulation. The results are discussed to examine the 
differences between the nonlinear and linear responses in 
worn journal bearing, and the effect of wear on nonlinear re-
sponses in worn journal bearing. 

4.1 Nonlinear and linear responses in worn 
journal bearing  

Fig. 2 show the nonlinear and linear whirl orbit plots of the ro-
tor response in the lightly loaded operating regime, moderately 
loaded operating regime, and highly loaded operating regime 
for δ = 0 and δ = 0.1, respectively.  

It is observed that in Fig. 2(a), when δ  = 0, the shaft centre-
line of the nonlinear orbit coincides with the shaft centreline of 
the linear orbit. However, as δ  increases, as in Fig. 2(b), the 
shaft centerline of the nonlinear orbit shifts further away from 
the shaft centerline of the linear orbit with a significant shift in 
the X-direction by 71.7 % for the lightly loaded operating re-
gime and 39.1 % for the moderately loaded operating regime. 
As for the highly loaded operating regime, a significant shift in 
the Y-direction by 156.8 % is noticed. Also, the size of the 

 

Lightly loaded operating regime ( ε0 = 0.15) 
 

Moderately loaded operating regime (  ε0 = 0.45) 
 

Highly loaded operating regime ( ε0 = 0.75) 
 

 (a) (b) 
 
Fig. 2. Nonlinear and linear whirl orbit plots of the rotor response in the 
lightly loaded operating regime ( ε0 = 0.15), moderately loaded operating 
regime ( ε0 = 0.45), and highly loaded operating regime ( ε0 = 0.75 ) for (a) 
δ = 0; (b) δ = 0.1. 
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nonlinear orbit is larger than the linear orbit when δ  = 0.  
Moreover, when δ  = 0, in lightly loaded operating regime, 

the orbital shape and orientation for nonlinear and linear re-
sponse is similar. The nonlinear orbit remains elliptical as δ  is 
increased from 0 to 0.1. As for moderately loaded operating 
regime, when δ  = 0, the nonlinear orbital shape is elliptical, 
and the orientation is almost like the linear response. The 
nonlinear orbital shape becomes less elliptical with increasing 
δ . While highly loaded operating regime shows a nonlinear 
orbital shape and orientation that follows much closely to the 
linear response when δ  = 0. The nonlinear orbital shape be-
comes less elliptical and more deformed with increasing δ . In 
all these figures, it is observed that the nonlinear orbital shape 
and the orientation does not follow the linear response as δ  
is increased from 0 to 0.1.  

 
4.2 Effect of wear on nonlinear responses in 

worn journal bearing 

Fig. 3(a) shows the nonlinear whirl orbits in the lightly loaded 
operating regime, moderately loaded operating regime, and 
highly loaded operating regime respectively. It is observed that 
the size of the nonlinear orbit reduces and a significant shift in 
nonlinear orbit orientation in the anticlockwise direction is ap-
parent when δ  is increased from 0 to 0.1. In addition, in the 
highly loaded operating regime, it is observed that the nonlin-
ear orbit deforms considerably as δ  is increased from 0 to 
0.1. As a result, at δ = 0.1, a super-synchronous response is 
seen. 

Furthermore, Fig. 3(b) shows the nonlinear shaft centerline in 
the lightly loaded operating regime, moderately loaded operat-
ing regime, and highly loaded operating regime respectively. 
As δ  is increased from 0 to 0.1, this figure shows that the 
nonlinear shaft centerline moves closer towards the center of 
the unit circle. In Fig. 3(b), in the lightly loaded operating re-
gime, there seems to be a smaller displacement in the Y-
direction (horizontal axis) by 26 % than the displacement in the 
X-direction (vertical axis) by 58 %. Whereas in moderately 
loaded operating regime, there seems to be a smaller dis-
placement in the Y-direction (horizontal axis) by 1.3 % than the 
displacement in the X-direction (vertical axis) by 25 %. How-
ever, in contrast to lightly loaded operating regime and moder-
ately loaded operating regime, there seems to be a larger dis-
placement in the Y-direction (horizontal axis) by 15 % than the 
displacement in the X-direction (vertical axis) by 10 % as ob-
served in the highly loaded operating regime. 

Fig. 4 shows the power spectrum of the nonlinear rotor re-
sponse in the highly loaded operating regime for δ = 0.1. Two 
peaks are observed at 1 X RPM (synchronous) and 2 X RPM 
(super-synchronous). Nonlinearity in the rotor response is 
evidenced by the appearance of higher order harmonic com-
ponent. The nonlinear orbit’s size and shape is influenced by 
the additional harmonic component [7], which can be clearly 
observed in highly loaded operating regime as shown in Fig. 
2(b). 

 
5. Conclusions 

The effect of bearing wear on the linear and nonlinear re-

Lightly loaded operating regime ( ε0 = 0.15) 
 

Moderately loaded operating regime ( ε0 = 0.45) 
 

Highly loaded operating regime ( ε0 = 0.75) 

 (a) (b) 
 
Fig. 3. (a) Nonlinear rotor whirl orbits; (b) nonlinear shaft centerline in the 
lightly loaded operating regime ( ε0 = 0.15), moderately loaded operating 
regime ( ε0 = 0.45), and highly loaded operating regime (  ε0 = 0.75) for δ
= 0.0 to 0.1 (in intervals of 0.02). 

 

 
 
Fig. 4. Power spectrum of the nonlinear rotor response in the highly loaded 
operating regime ( ε0 = 0.75) for δ  = 0.1, m = 28.599 & U = 0.05. 
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sponses of a rigid rotor was investigated for 3 different operat-
ing regimes, namely low loaded operating regime, moderately 
loaded operating regime and highly loaded operating regime. 
The wear depth parameter, δ , was varied from 0 to 0.1, in 
increments of 0.02. Numerical results showed that when δ  = 
0, the vibration amplitude for the nonlinear response was larger 
than the linear response, and the center of the nonlinear orbit 
coincided with the center of the linear orbit for all three operat-
ing regimes. When δ  was increased, however, the center of 
the nonlinear orbit shifts away from the center of the linear orbit 
for all three operating regimes. Synchronous response was 
observed for both linear and nonlinear vibration responses 
except when the rotor operates at 0  ε = 0.75 and δ  = 0.1, 
where a super-synchronous response (2X RPM) was observed 
for the nonlinear response. The outcome of the present work 
indicated that when wear occurs in journal bearings, computa-
tion of the vibration response of the rotor using the linearized 
dynamic coefficients of these bearings may considerably differ 
from that using the nonlinear bearing forces. 
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Nomenclature------------------------------------------------------------------ 

c   : Radial clearance, m 
D  : Journal diameter, m 

0d  : Wear depth, m 
e   : Eccentricity between journal center and bearing center, m 

,x yF F   : X- and Y-component of fluid film journal bearing force, N  
,x yf f  : Non-dimensional X- and Y-component of fluid film journal 

bearing force  
,r tF F  : Radial and tangential component of fluid film journal 

bearing force, N  
h  : Fluid film thickness at non-worn region, m 

0h  : Initial fluid film thickness at non-worn region, m 
 wh  : Fluid film thickness at worn region, m 

L  : Bearing length, m 
M  : Rotor mass, m 
m  : Non-dimensional rotor mass 

bO  : Bearing center 
jO  : Journal center 

P   : Fluid film oil pressure of non-worn region, Pa 
wP  : Fluid film oil pressure of worn region, Pa 

R  : Journal radius, m 
t  : Time, s 
U  : Unbalance force, N 
u  : Non-dimensional unbalance force 
W  : Bearing load, N 

,X Y  : Coordinates of the journal center 
,x y  : Coordinates of the journal center, normalized with re-

spect to c  
,x y  : Journal center amplitudes 

Z  : Axial distance in the direction of Z-axis, m 
γ  : Circumferential coordinate from X-axis, rad  
δ  : Wear depth parameter ratio 
ε  : Eccentricity ratio    

0ε  : Steady-state eccentricity ratio 
θ  : Circumferential coordinate, rad 

sθ  : Circumferential coordinate of the starting point of the 
worn region, rad 

fθ  : Circumferential coordinate of the final point of the worn 
region, rad 

μ  : Viscosity, Pa s 
φ  : Attitude angle, rad 

0φ  : Attitude angle at static equilibrium position, rad 
ω  : Angular speed of the rotor, rad/s 
σ  : Modified Sommerfeld number 
τ  : Non-dimensional time 
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