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Abstract  The reduction of wheel-rail wear is a fundamental task in railway engineering 
that significantly affects the operating performance in the lifecycle. To improve the dynamic
response and profile wear evolution performance of wheel-rail interaction, a shape optimization 
procedure for the railway wheel profile is proposed. First, the geometry modeling method,
which ensures the continuity of first-order derivation of the wheel profile, is introduced to gener-
ate a large number of candidate profiles, and multibody dynamics simulation is conducted to 
analyze the dynamics response of the wheel profiles, including wear index, lateral force, lateral
acceleration of the frame and derailment coefficient. Then, the Kriging model is constructed to
establish the relationship between the design variables and objectives obtained by multibody 
dynamics simulation, and particle swarm optimization (PSO) is employed to evaluate the opti-
mal parameters for wheel profile that simultaneously considers wheel wear, stability, and lateral
force. Finally, the performance of the wheel-rail interaction is evaluated to demonstrate the 
effectiveness of the proposed method. The numerical simulation result indicates that the opti-
mized wheel profile not only has good performance, including contact state, pressure, and fric-
tion at the design stage, but also the physical performance is acceptable after a long-term pro-
file evolution during service, which the maximum wear depth of the optimal wheel profile aver-
agely decreases over 10 % in long-term wear evolution. 

 
1. Introduction   

As the electric multiple unit train develops towards high-speed and heavy-duty in China, 
which causes the wheel-rail wear phenomenon to get more and more severe, with a mainte-
nance cost of wheel and rail over billions of dollars [1]. If the geometry of the wheel cannot 
suitably match the rail profile, abnormal profile wear will occur, which not only leads to high cost 
for reprofiling and grinding, worsens the wheel-rail contact relationship, and also decreases the 
running stability and safety, reducing the life cycle of the wheel-rail system [2-5]. 

The wheel-rail profile matching analysis is a long-standing and still challenging topic in rail-
way engineering, which directly affects the operation performance, cost and safety of a service 
train. Compared to optimizing the rail profile, wheel profile optimization is more acceptable and 
easier to conduct in the industry; even if the wheel is in service, the modification can be imple-
mented in the reprofiling cycle [6, 7]. Hence, wheel profile optimization at the design and ser-
vice stages has drawn much attention. 

Wheel profile optimization can be broadly summarized into two categories: reverse shape 
design and top-down shape design. The former, the reverse design method, uses the wheel-
rail contact parameters such as rolling radii difference and contact angle to inversely construct 
the optimal wheel profile shape. Markine et al. [8] proposed an inverse wheel profile design 
method by minimizing the difference between the target rolling radii difference function and the 
optimal one. Shevtsov et al. [9] designed the wheel profile shape by considering rolling contact 
fatigue and profile wear. A similar profile design method was proposed by Jahed et al. [10], 
which developed computation efficiency by reducing the design variables. Shen et al. [11] pro-
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posed a target-oriented method for wheel profile design based 
on the contact angle function between the wheel and rail. 
Based on the field measurement and numerical analysis [12], 
Ren et al. optimized the S1002 profile to mitigate the flange 
wear and improve the vehicle curving performance by minimiz-
ing the rolling radius difference of the desired and design one. 
In Ref. [13], Polach proposed a wheel profile design method to 
satisfy target conicity and wide tread wear spreading. The re-
verse problem can be efficiently solved as the design variables 
of the objective function are limited; however, the forthcoming 
drawback is that the optimal wheel profile cannot ensure an 
acceptable dynamics performance of a service train as the 
optimization objective is simple [14]. In the meantime, it is fairly 
troublesome to determine the target function curve. 

Compared with the reverse shape design methods, the top-
down shape design pipeline is more convenient to implement. 
A direct optimization method for wheel profile by minimizing the 
wheel/rail normal gap at contact points was proposed by Cui et 
al. [15], which decreases the contact mechanics and improves 
the performance of curve negotiation; however, the imposed 
objective function introduces numerous constraints to ensure 
the monotonicity and convexity of the profile curve with a gra-
dient-based method, which easily sinks into local optimal and 
cannot ensure a global optimal solution. To develop the degree 
of conformity between the wheel and rail profiles, Zhang et al. 
[16] adopted the partial rail expansion method for wheel profile 
optimization, which can be applied for metro train and railway 
freight cars with low running speeds. Qi et al. [17] introduced a 
rotary-scaling fine-tuning method to fine-tune metro wheel pro-
files by combining radial basis function and particle swarm 
optimization, which improves the wheel-rail contact relationship 
for metro trains. Lin et al. [18] proposed using the non-uniform 
rational B-spline method to optimize the LM wheel profile by 
considering the geometrical characteristic of the wheel shape, 
which improves the operation safety and material removal of 
the wheel. In Ref. [19], Ye et al. presented a wheel profile fine-
tuning framework based on radial basis function and particle 
swarm optimization, which realizes multi-objective including 
profile wear reduction, improvement of the shape stability, 
hunting stability, and derailment safety. Due to limited length of 
the article, interested readers can refer to Refs. [20-24]. Overall, 
the top-down design method can effectively design a wheel 
profile to some extent; nevertheless, there are still many diffi-
cult challenges such as curve fitting error, profile smoothness, 
and manufacturability of the optimized wheel shape. 

With an insight into shape optimization, we attempted to op-
timize the geometry parameters of the wheel profile to reduce 
the numbers of design variables and ensure the smoothness 
and manufacturability of the optimized wheel profile. Taking the 
LMA wheel profile as the example generally used in Chinese 
high-speed trains, it has attracted much attention to reduce 
profile wear [7, 25], contact stress [15, 26], and develop lateral 
stability [1], and other dynamics indicators [27]. However, the 
current methods mainly focus on dynamics performance of the 
wheel profile on tangent line at the design stage; only a few 

papers simply validate the dynamics performance on the 
curved line, which does not directly consider the dynamics 
performance of the wheel profile on both the tangent and curve 
lines. In addition, even though much progress has been made 
for wheel profile optimization, how to combine surrogate model 
and optimization method to efficiently and reliably design wheel 
profile remains to be further investigated. The above-
mentioned challenges urge this paper to establish the dynam-
ics response of the wheel-rail system and the geometry pa-
rameters, considering dynamic behavior on both the tangent 
and curve lines by using the kriging model and the weighted 
particle swarm optimization method to obtain the optimal wheel 
profile, of which the dynamics performance is improved com-
pared to LMA profile. 

The rest of this paper is organized as follows: Sec. 2 de-
scribes the geometry modeling method for wheel profile. The 
objective formulation and optimization procedure are detailed 
in Sec. 3. In Sec. 4, the numerical analysis for the optimal re-
sult is conducted. Sec. 5 summarizes the proposed shape 
optimization procedure for the railway wheel profile. 

 
2. Parametric modeling of wheel profile 

The geometry of the wheel profile is constructed with multiple 
arcs and straight lines, as shown in Fig. 1. Compared with the 
shape-fitting method for wheel profile representation, the pri-
mary benefit of the arcs-lines-based shape descriptor is that it 
ensures the smoothness of the wheel profile without additional 
constraints. Additionally, it is easy to manufacture and maintain, 
resulting in cost savings and a fast production time. Therefore, 
parametric modeling for wheel profiles is utilized for shape 
optimization. 

The main area for contact with the rail is constructed with 
three arcs and a straight line; thus we attempt to optimize this 
area to obtain an optimal wheel profile which is of good per-
formance on wheel-rail contact. The design variables of the 
optimization issue are the radii r1, r2, and r3, as well as slope 
degree N, and the abscissa of tangent point tx. 

The start point S is set at the point with the maximum contact 
angle of the wheel and the end point E is on the straight line 
and its abscissa is 30 mm [15]. The slopes of the points S and 
E are given in Eq. (1); please note that lE is the slope of the 
right straight line of the point e, 

 

tan(70 )Sl =     1
40El = . (1) 

 

 
Fig. 1. The expression of the wheel profile. 
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It is known that three arcs are tangent to each other, and 
both the red and blue arcs are tangent to the straight lines; thus, 
the geometry of the wheel profile can be constructed as the 
radii are determined. First, the centers of the arcs can be de-
rived by Eqs. (2)-(5): 

 

1 1

1 ( )y x x y
S

c c s s
l

= − +   (2) 

2 2 2
1 1 1( ) ( )x x y yc s c s r− + − =  (3) 

3 3

1 ( )y x x y
E

c c t t
l

= − +   (4) 

2 2 2
3 3 3( ) ( )x x y yc t c t r− + − =  (5) 

 
where ( )1 1 1,x yc c c  and ( )3 3 3,x yc c c  are the centers of the 1st 
and 3rd arcs, respectively, ( ),x ys s  and ( ),x yt t  are the start 
and end points of the arcs, respectively, and r1 and r3 are the 
radii of the1st and 3rd arcs. 

As the centers of the 1st and 3rd arcs are determined, the next 
step moves to the solution of solving the center of the 2nd arc. 
To ensure the smoothness of the geometry, which means the 
first-order derivation of the wheel profile should be continuous 
mathematically, thus the 2nd arc is tangent to the 1st and 3rd 
arcs at m ( ),x ym m  and n ( ),x yn n , respectively, which means 
that the line ( )2 2 ,x yc c  to ( ),x ym m  and line ( )1 1,x yc c  to 
( ),x ym m  are perpendicular to a same tangent line at point m, 
thus ( ),x ym m , ( )2 2,x yc c  and ( )1 1,x yc c  on a straight line, as 
well as ( ),x yn n , ( )2 2,x yc c  and ( )3 3,x yc c  share a straight line. 
Then, we can get: 

 
1 1

1 2 1 2

y y x x

y y x x

m c m c
c c c c

− −=
− −

  (6) 

3 3

3 2 3 2

y y x x

y y x x

n c n c
c c c c

− −=
− −

. (7) 

 
Meanwhile, the tangent point ( ),x ym m  on the 1st arc and 

( ),x yn n  on the 3rd arc, we can obtain: 
 

2 2 2
1 1 1( ) ( )x x y ym c m c r− + − =  (8) 

2 2 2
3 3 3( ) ( )x x y yn c n c r− + − = . (9) 

 
Combining Eqs. (6) and (8), we get: 
 

2

1 22 2
1

1 2

1 2 1 2
1 1

1 2 1 2

2

1 2 1 2
1 1 1

1 2 1 2

1 2 2 2 2
1 1 1 1 1 1

1 2

2

2

2

2 .

y y
x

x x

y y y y
x y

x x x x

y y y y
y x y

x x x x

y y
y x y y x

x x

c c
x x c x

c c

c c c c
x c c
c c c c

c c c c
c x c c

c c c c

c c
c c c c c r

c c

−⎛ ⎞
+ −⎜ ⎟−⎝ ⎠

− −⎛ ⎞
− ⋅ ⋅ ⋅ −⎜ ⎟− −⎝ ⎠

− −⎛ ⎞
− ⋅ + ⋅ −⎜ ⎟− −⎝ ⎠

−⎛ ⎞
+ ⋅ ⋅ − + + =⎜ ⎟−⎝ ⎠

  (10) 

We can obtain a solution of ( ),x ym m  with respect to 
( )2 2,x yc c  by solving Eq. (10). 

 
2 4

2
m m m m

x
m

b b a c
m

a
− + −

=   (11) 

( )1 2
1 1

1 2

y y
y x x y

x x

c c
m m c c

c c
−

= − +
−

 (12) 

 
where ma , mb  and mc  can be solved via quadratic formula. 
Applying the same process to Eqs. (6) and (8), we can obtain: 

 
2

3 22 2
3

3 2

3 2 3 2
3 3

3 2 3 2

2

3 2 3 2
3 3 3

3 2 3 2

3 2 2 2 2
3 3 3 3 3 3

3 2

2

2

2
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y y
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x x
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x x x x

y y y y
y x y

x x x x

y y
y x y y x

x x

c c
x x c x

c c

c c c c
x c c
c c c c

c c c c
c x c c

c c c c

c c
c c c c c r

c c

−⎛ ⎞
+ −⎜ ⎟−⎝ ⎠

− −⎛ ⎞
− ⋅ ⋅ ⋅ −⎜ ⎟− −⎝ ⎠

− −⎛ ⎞
− ⋅ + ⋅ −⎜ ⎟− −⎝ ⎠

−⎛ ⎞
+ ⋅ ⋅ − + + =⎜ ⎟−⎝ ⎠

  (13) 

 
Then we can obtain the solution of ( ),x yn n  with respect to 

( )2 2, ,x yc c  which is shown in Eqs. (15) and (16): 
 

2 4
2

n n n n
x

n

b b a c
n

a
− + −

=   (14) 

( )3 2
3 3

3 2

y y
y x x y

x x

c c
n n c c

c c
−

= − +
−

. (15) 

 
Similarly, parameters na , nb  and nc  can be solved via 

quadratic formula. Note that ( ),x ym m  and ( ),x yn n  on 2nd arc, 
and r2 is the radius of the 2nd arc, then we can get: 

 
2 2 2

2 2 2( ) ( )x x y ym c m c r− + − =  (16) 
2 2 2

2 2 2( ) ( )x x y yn c n c r− + − =   (17) 
 
Finally, combining Eqs. (11), (12), (14)-(17), we can obtain 

the center coordination of 2nd arc and the tangent points 
( ),x ym m , ( ),x yn n ) ; please note that it is a system of nonlin-
ear equations; four solution sets will be obtained by formula 
calculation, and we can easily determine a desired solution by 
considering all the arcs are internally tangent to each other and 
both the gradient of tangent points m and n are negative. 

 
3. Profile optimization 
3.1 Optimization objective 

Wheel profile wear is one of the most important factors to re-
strict the running speed of the train, which not only increases 
the operation economy and maintaining cost but also impacts 
the operation safety and riding comfort; serious wheel wear will 
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further speed up the fatigue of the key components of the vehi-
cle. Lateral acceleration of the bogie is a key factor for running 
stability of the vehicle, but a poor wheel-rail profile matching 
due to wheel profile wear enhances the vibration of the frame; 
large lateral acceleration indicates the shake of the car body, 
which may cause the derailment of the running vehicle. Lateral 
force is another important role in ensuring the safety of the 
running train, especially for the curved line. Therefore, three 
objectives, including wheel profile wear index, lateral accelera-
tion, and lateral force, are taken as the objectives in this paper. 

 
3.1.1 Objective to reduce wheel profile wear 

Wear index, a convenient model to predict wheel/rail wear 
rates, is given in Eq. (18), where a large wear index indicates 
the designed profile suffers from a high wear rate during ser-
vice time. To ensure the optimal wheel profile is of good per-
formance in reducing wear rate, the wear index is introduced to 
evaluate the wheel profile wear during their service time. 

 
{ }, ,    ,i x i i y i iW F F i L Rξ η= ⋅ + ⋅ ∈  (18) 

1

1 ( ) ( )L Rt
f W t W t dt

s
= +∫   (19) 

 
where ,x iF  and iξ  are longitudinal creep forces and creep-
age longitudinal of the i wheel profile, respectively, ,y iF  and 
iη  are lateral creep forces and creepage lateral of the i wheel 

profile, and L and R indicate the left and right wheel profiles, 
and s and t are the total running mileage and running time. 

 
3.1.2 Objective to improve stability 

Lateral acceleration of the frame is one of key factors for 
measuring the stability of a running train; an unideal wheel 
profile will significantly worsen the running stability of a service 
train, which further affects the safety and comfort of the train. 
Thus, to improve the stability of the vehicle, the lateral accel-
eration of the frame is introduced to enhance the stability per-
formance of a running vehicle, which is constructed as follows: 

 
2 ( )Lf RMS Acc=   (20) 

 
where LAcc  is the lateral acceleration of the frame, and RMS 
indicates the root mean square operation. 

 
3.1.3 Objective to minimize the wheel-rail lateral 

force 
The lateral force is a key factor affecting the derailment coef-

ficient; theoretically, the large lateral force of the wheel will not 
only cause the phenomenon of derailment, but also cause 
deformation of the rail track. Thus the wheel-rail lateral force is 
introduced to evaluate the performance of a wheel profile, 
which followed by: 

 
3 max{ , }L Rf F F=  (21) 

where LF  and RF  are the lateral force of the wheel on the 
left and right rail track. 

To find an optimal wheel profile, three indicators including 
profile wear index, stability, and lateral force of wheels are 
taken into account in the objective function, which can be con-
structed as follows: 

 
1 1 2 2 3 3F w f w f w f= + +   (22) 

 
where w1, w2, and w3 are the weighting factors for objectives; 
also, the objective of three indicators should be normalized to 
eliminate the magnitude of the objectives. 

 
3.2 Constraints 

To ensure the designed wheel profiles are reasonable for 
production, the geometry and dynamics index should be in-
structed as constraints to improve the performance of the 
wheel profile. 

 
3.2.1 Geometry constraints 

The radius of the arcs should be constrained to avoid two 
contact points when the curvature of the wheel profile is less 
than the rail profile. 

 
  (1,  2,  3)i i ir iα β≤ ≤ ∈   (23) 

 
where α  and β  are move limits defining the range of the 
applicability of the radii. 

The 3rd arc is tangent to the straight line, and the tangent 
point (tx, ty) is located on the slope, which should be limited as 
Eq. (24): 

 
min maxxt t t≤ ≤   (24) 

 
where tmin and tmax are the move limits of the tangent point. 

The slope degree N is constrained as follows: 
 

min maxN N N≤ ≤   (25) 
 

where Nmin and Nmax are the moving limits of the slope. 
 

3.2.2 Derailment coefficient constraints 
The derailment coefficient is a critical element for evaluating 

the safety of a running train; thus, the derailment coefficient is 
adopted as a constraint to ensure the rationality of the wheel 
profile. The constraint is constructed by Nadal formulation, 
which is shown in Eq. (26). 

 

i i

Qg
P

γ= ≤   (26) 

 
where Q and P are the lateral and normal force of the wheel, 
respectively, and γ  is the limit of the derailment coefficient. 
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3.3 Vehicle dynamics model 

The multibody dynamics software SIMPACK is used to es-
tablish a dynamics model, which is constructed with a train 
body, two frames, four wheelsets and eight axle boxes. The 
frame and wheelset are connected by the primary suspension, 
and the frame and train body are connected by the secondary 
suspension. For the main parameters of the vehicle refer to Ref. 
[1]. The calculation is conducted assuming the train runs along 
a railway track with a total length of 2000 m. The first section of 
the track line was designed with a tangent part of 300 m, a 
transition part of 200 m, a 1000 m curve part with a radius of 
5000 m, and then a transition part of 200 m is connected and 
the end part is a 300 m tangent line, the measured track irregu-
larity along Changsha-Zhuzhou line is added to the railway 
track. The superelevation is 100 mm, and the vehicle running 
speed is set to 250 km/h. 

 
3.4 Kriging-PSO-based optimization 

3.4.1 Kriging-based objective function 
The Kriging model is a concept arising in reliability theory 

[28], which can construct a complex surrogate model to ap-
proximate original model with a few sampling points. Thus, we 
utilized a Kriging model to efficiently reduce number of re-
peated geometry modeling and multibody dynamics simulation. 
The basic idea of the Kriging model is to use the known input 
to predict the unknown response. Given the sampling design 
variables X = [x1, x2,…, xn]T, 5n×∈ℜX which are used for gen-
erating candidate wheel profiles, and the corresponding re-
sponse Y = [y1, y2,…, yn] with 1nY ×∈ℜ  obtained from the mul-
tibody simulation, we attempt to construct the Kriging model 
shown in Eq. (27).  

 
( ) ( )Ty f x xϕ ε= +   (27) 

 
where ( )Tf x ϕ  is a regression model and ε  is a stochastic 
process. The mean error of the random process ε  is zero 
and the covariance between ( )ixε  and ( )jxε  is given as: 

 
2[ ( ), ( )] ( , , )i j i jCov x x R x xε ε σ θ=   (28) 

 
where ( ), ,i jR x xθ  is the correlation model with parameter θ ; 
the generalized Gauss function is adopted in this paper [28]. 
Then the maximum likelihood estimation is introduced to 
evaluate the parameters 2σ  and ϕ , and the parameter θ  
can be determined by the least square formulation. Thus, the 
response of an arbitrary point can be predicted as follows: 

 
* * * 1( ) ( ) ( ) ( )Ty x f x r xϕ ϕ−= + −R Y F   (29) 

 
where R denotes the correlation of all the sampling points, and 

( )*r x  gives the correlation between sampling design vari-
ables and arbitrary point x*, which is constructed as Eq. (30) 

[29-31]. 
 

* * * *
1 2( ) [ ( , ), ( , ),..., ( , )]nr x R x x R x x R x x= . (30) 

 
3.4.2 PSO-based optimization 

After constructing the Kriging model for building the rela-
tionship between objective function 22 and design variables, 
the particle swarm optimization method is introduced to find 
the optimal wheel profile parameters by minimizing the ob-
jective Eq. (22). The main idea of the PSO method is to ran-
domly generate a set of particles, and iteratively update the 
position of the particle to find the optimal design variable for 
wheel profile. The core step for optimization includes velocity 
and position update, which is shown in Eqs. (31) and (32) 
[32–34]. 

 
1 1 2 2( 1) ( ) ( ( ) ( )) ( ( ) ( ))d gv k v k c p k x k c p k x kϖ ω ω+ = + − + −  (31) 

( 1) ( 1) ( )x k v k x k+ = + +  (32) 
 

where c1 and c2 are learning coefficients, 1ω  and 2ω  are 
random numbers which lie in the range between 0 and1, pd 
and pg denote the best solution by the particle and swarm, 
respectively. To improve the convergence performance of the 
standard PSO method for obtaining the optimal solution, an 
exponential form of the inertia weight is introduced to acceler-
ate the convergence of the solution, the weight factor ϖ  is 
constructed as follows: 

 
max

2
max

1

curk k
ke

λ

ϖ λ
⎛ ⎞−⋅⎜ ⎟⎜ ⎟
⎝ ⎠= ×   (33) 

 
where 1λ  and 2λ  are influence factors that determine the 
range of the weight, and maxk  and curk  are the maximum and 
current iterations, respectively.  

 
3.5 Optimization procedure 

Based on the aforementioned detailed introduction, the opti-
mization procedure for redesigning the wheel profile is summa-
rized in Fig. 2, which mainly includes six steps: 

 

 
Fig. 2. The flowchart of the wheel profile optimization. 
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Step 1: Select the design variables matrix X with the Latin 
hypercube sampling strategy. 

Step 2: Model the candidate profiles with the geometry mod-
eling method introduced in Sec. 2, and discretize the candidate 
wheel profile into points with coordinate information which is 
used as the source of step 3.  

Step 3: Construct the multibody simulation model to analyze 
the dynamics performance of the wheel profiles, and obtain the 
value of Eqs. (19)-(21) and (26). 

Step 4: Evaluate the values of objective function (22), which 
satisfy the required constraints, and construct response vector 
Y. 

Step 5: The Kriging model described in Sec. 3.4.1 is con-
structed to build the relationship between design variables X 
and corresponding response Y, and using the optimization 
method, PSO described in Sec. 3.4.2, to find the optimal de-
sign variables for minimizing the objective function, where the 
response surface, a sketch map in step 5, is constructed by 
Kriging surrogate method and the red dots are the initial guess 
for the optimal solution, which is optimized with PSO method. 

Step 6: Reconstruct the optimal wheel profile with the optimal 
result from step 5 by using the geometry modeling method. 

 
4. Numerical results and discussion 

In this section, the wheel-rail contact geometry analysis, dy-
namics response and long-term shape evolution of the wheel 
profile are considered to fully evaluate the performance of the 
optimal wheel profile. The dynamics analysis was conducted 
with the use of SIMPACK. All the algorithms were implemented 
on the platform MATLAB 2018, and were run on Windows 10, 
64 bits, with a 2.9 GHz CPU and 16 GB of RAM. 

 
4.1 Metamodel construction and validation 

The Latin hypercube sampling strategy is used to generate 
candidate profiles, a total of 100 sets of design variables, 
where the range is given in Table 1, were selected and the 
weighting factors for objective function were set to 3, 1 and 2, 
respectively. Learning coefficients c1, c2 and influence factors 

1λ  and 2λ  in PSO method are 1, 2, 0.5 and 1.2, respectively; 
the optimization stops if the error of two adjacent optimal solu-
tions smaller than 0.0001 or iterations reach the maximum 
iteration number 40. Fig. 3(a) shows the input of the design 
variables, where the color bar gives the distribution of slope 
degree N and the size of the sampling points indicates the 
value of tx, and three coordinate axes indicate the distribution of 
r1, r2 and r3, respectively. 

After constructing the Kriging surrogate model by using a 
subset (80 sets) of design variables, another 20 sets of design 
variables are adopted to validate the performance of the 
metamodel, of which the result is given in Fig. 3(b). We can 
find that the result of the Kriging-based metamodel is similar to 
the SIMPACK re-computation solution; the average error of the 
proposed model is 5.3 %, which indicates the proposed meta-

model is of good accuracy for evaluating the response with the 
input wheel profile parameters. 

The iteration history of the objective function is shown in Fig. 
3(c). The objective gradually converges as the iteration number 
increases, and the optimal parameters for wheel profile are 
(14.6767, 90.9999, 576.4452, 4.5207, 83.5251). Fig. 3(d) com-
pares the geometric shapes of LMA and the optimal wheel 
profile. It can be found that the newly designed wheel profile is 
milder at the tread and steeper at the flange than LMA. 

 
4.2 Wheel-rail contact geometry analysis 

Contact points are the basis for analyzing the contact me-
chanics and vehicle dynamics; rational distribution of the 
wheel-rail contact points leads to good service performance of 
a running train, such as profile wear distribution and running 
stability. Figs. 4(a) and (b) show the distribution of contact 
points on the wheel and rail based on various lateral displace-
ments. We observe that the contact points on the optimal 
wheel profile shape are as uniform as the LMA wheel profile; 
meanwhile, the contact width on the optimal wheel profile is 2.3 
mm wider than the LMA profile, and corresponding contact 
width on the rail increases 3.9 mm, which indicates the wear on 
the optimal wheel profile will present wider and more uniform 
than the LMA profile. Subplots (c) and (d) compare the equiva-
lent conicity and rolling radius difference of the LMA wheel 
profile and the optimal one. We find that the equivalent conicity 
of the optimal wheel profile is lower than the LMA profile when 
the lateral displacement is within 8 mm, which guarantees the 
optimal wheel profile a higher running speed on the tangent 
route. A large equivalent conicity of the wheel profile guaran-

Table 1. The range of the design variables for wheel profile shape. 
 

Design variables r1 r2 r3 tx N 

Range (mm) 13-16 80-150 350-700 0-5 20-100

 

 
Fig. 3. Metamodel construction and validation: (a) input design variables;
(b) metamodel validation; (c) iteration history of the objective function; (d) 
comparison of LMA and optimal wheel profiles. 
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tees the characteristic of curve negotiation. We find that the 
equivalent conicity of the optimal one is higher than the LMA 
profile when the lateral displacement is over 8 mm, which indi-
cates the optimal wheel profile is of better property of curve 
negotiation. Subplot (e) gives the maximum normal pressure of 
the wheel profile contacting with CN 60 rail under various lat-
eral displacements. We find that the maximum normal pres-
sure of the optimal wheel profile is lower than the LMA on the 
main contact area, which leads to low contact pressure be-
tween the wheel and rail and reduces the wear and fatigue of 
the wheel to some extent. 

 
4.3 Dynamics performance 

To demonstrate the service performance of the optimal 
wheel profile, a dynamics analysis of the train was conducted 
on the tangential and curve lines, respectively. Therefore, the 
lateral acceleration of the bogie, derailment coefficients, lateral 
force of the wheelset, and the wear index were introduced as 
indicators to analyze the dynamics performance of the wheel 
geometric shape. Two types of tracks, tangent and curve lines, 
were constructed for evaluating vehicle dynamics performance. 
The tangent line is a straight line without any curve or su-
perelevation and the curved line, for some particular operating 

cases, is constituted of two tangent parts of 100 m, two transi-
tion parts of 50 m, and a 700 m curve part with a radius of 
1000 m, of which the superelevation of the curve part is 60 mm, 
and measured track irregularity is added for both the tangent 
and curve lines. To reflect the most operation cases of the 
served high-speed train, the speed of the vehicle on the tan-
gent was set to 250 km/h, and curved lines were set to 72 km/h. 

The lateral acceleration of the bogie affects the running sta-
bility of the train at a high speed. Fig. 5 compares the lateral 
acceleration of the bogie when using the LMA and the optimal 
wheel profile on the tangential and curve lines, respectively. It 
can be observed that the lateral acceleration of the bogie when 
using the LMA and the optimal wheel profile on the tangential 
line is 0.8663 and 0.6840 m/s2, respectively. The root mean 
square of two wheels is 0.1773 and 0.1026, respectively, in 
which the optimal wheel profile decreases 42.13 % compared 
to the LMA. On the curve line, the maximum lateral accelera-
tion of the LMA and optimal wheel profile is 0.2956 and 0.1597 
m/s2, respectively. The root mean square of the LMA and opti-
mal wheel shape are 0.0774 and 0.0455, respectively; the 
acceleration of the optimal result decreases 41.21 % compared 
with the LMA profile. Therefore, the optimal wheel profile per-
forms better than the LMA wheel profile both on the tangential 
and the curve lines from the perspective of the lateral accelera-
tion, which improves the running stability of the train. 

The derailment coefficient of the train directly relates to the 
running safety of the train; a well-designed wheel profile will 
keep the running train in a reliable situation. Thus, we com-
pared the derailment coefficient of the wheel when using LMA 
and the optimal wheel profile, which is presented in Fig. 6. 
From subplot (a), we find that the derailment coefficient of the 

 (a) LMA (b) Opt 
 

 (c) Equivalent conicity (d) Rolling radius difference 
 

 
(e) Maximum normal pressure 

 
Fig. 4. The contact distribution, equivalent conicity, rolling radius difference, 
and the maximum normal pressure of the LMA and optimal shape. 

 

 (a) Tangential line (b) Curve line 
 
Fig. 5. Lateral acceleration of the bogie on the tangential and curved lines, 
respectively. 

 

 (a) Tangential line (b) Curve line 
 
Fig. 6. Derailment coefficient on the tangential and curved lines. 
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LMA and the optimal wheel profile on the tangential line are 
0.0206 and 0.0163, respectively, in which the optimal wheel 
profile decreases 20.79 % compared to the LMA profile. On the 
curved line, the derailment coefficient of the LMA and the opti-
mal profile are 0.2137 and 0.2127, respectively, which indi-
cates the optimal wheel profile performs as well as the LMA. 
Thus, we find the optimal wheel profile improves the running 
safety of the train. 

The lateral force of the wheelset is another factor related to 
the running stability of the train; a large lateral force not only 
results in large wheel-rail wear, but also may cause surface 
fatigue and derailment of the wheel. Thus, the maximum lat-
eral force of the wheel should be limited to ensure a good 
running performance of the train. Fig. 7 gives the lateral force 
of the wheelset on the tangential and curved lines; from the 
first row, it can be found that the maximum lateral force of the 
left wheel of the LMA and the optimal one is 1023.58 N and 
811.91 N, respectively, and the right wheel is 979.783 N and 
763.843 N, where the maximum lateral force of optimal wheel 
profile decreases 20.72 % more than the LMA shape. The 
second row shows the lateral force of the wheelset on the 
curved line; the maximum lateral force of the left wheel when 
using LMA and the optimal wheel profile is 3870.9 N and 
5014.3 N, respectively, and the right wheel of the LMA and the 
optimal one are 10720.2 N and 10749.5 N, respectively. 
Though the lateral force of the left wheel is larger when using 
the optimal wheel profile, the difference between the right and 
left wheels is smaller than the one of the LMA profile, which 
indicates the optimal wheel profile is safer than the LMA wheel 
profile. 

Fig. 8 shows the wear index of the wheels running on the 
tangential and curved lines. When the vehicle runs on the 
tangential line, the average wear index of the LMA and the 
optimal wheel profile are 0.2219 and 0.0888, respectively, in 

which the wear index of the optimal geometric shape de-
creases 59.98 % when compared with the LMA wheel. As for 
the curved line, the average wear index of the LMA and the 
optimal wheel profile are 92.10 and 92.02, respectively. We 
find that the optimal wheel profile performs better than the 
LMA on the tangential line, and as well as LMA wheel profile 
on the curved line. 

To further evaluate the curve passing performance of the op-
timized wheel profile, the rate of wheel load reduction is pre-
sented in Fig. 9(a). We find that both the LMA profile and the 
optimized wheel profile have good performance on curve pass-
ing; the maximum rate of wheel load reduction of LMA and the 
optimized one is 0.088 and 0.075, respectively, and the opti-
mized wheel profile performs better than classic LMA wheel 
profile. Subplot (b) shows the lateral displacement of the 
wheelset when the vehicle runs on a tangent track and passes 
a lateral sinusoidal irregularity excitation at a speed of 250 
Km/h. We find that both the LMA and optimized wheel profile 
can smoothly pass the excitation and the lateral displacement 
curve will converge to zero eventually, due to the equivalent 
conicity of the optimized wheel profile being smaller than LMA 
wheel profile; thus, the optimized wheel profile needs slightly 
longer time to converge. 

Overall, we find that the optimal wheel profile performs better 
than the LMA profile on the tangential line by comparing the 
lateral acceleration, derailment coefficients, lateral force and 
wear index of wheels. As for the curved line, the optimal wheel 
profile performs as well as the LMA wheel profile. To some 
extent the stability of the optimal wheel is better than the LMA 
wheel shape. Therefore, it can be concluded that the optimal 
wheel profile has good performance. 

(i) Tangential line 
 

(ii) Curve line 

 (a) Left wheel (b) Right wheel 
 
Fig. 7. Lateral force of the left and right wheel on the curved line. 

 

 (a) Tangential line (b) Curve line 
 
Fig. 8. Wear index of the wheelset. 

 

 (a) (b) 
 
Fig. 9. Running stability of the wheel profile: (a) rate of wheel load reduc-
tion; (b) lateral displacement of the wheelset. 
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4.4 Long-term profile wear analysis 

Physics-driven wheel profile wear evolution is an effective 
method for analyzing the service performance of the newly 
designed wheel profile. We introduced a long-term profile wear 
prediction model combining vehicle dynamics analysis, contact 
mechanics, and material removal model to analyze the wear of 
the wheel profile, where the normal and tangential stress are 
determined by Hertz and FASTSim methods, respectively, and 
the Archard model is used to evaluate the material removal of 
the wheel profile. The track is constituted of two 1500 m tan-
gent parts and 500 m transition parts as well as a 1000 m 
curved part of a radius of 5000 m; the superelevation is 
100 mm and vehicle speed is set to 250 km/h. 

The long-term profile wear evolution performance of LMA 
and the optimal wheel profile was evaluated at various service 
stages, which is shown in Fig. 10. The maximum wear depth of 
the wheel profile is summarized in Table 2. Both the wear 
depth and wear area increase as the mileage increases; the 
wear on the left wheel is mainly focused on the rolling contact 

circle, and the main wear area of the right wheel is mainly fo-
cused on the abscissa around 12. Meanwhile, the wear of both 
the left and right wheels of the LMA wheel profile is more se-
vere than the optimal wheel profile at every service stage. The 
maximum wear depth of the optimal wheel profile averagely 
decreases over 10 %; thus, the optimal wheel profile has good 
performance in wheel profile wear evolution. 

To further evaluate the dynamics performance of the long-
term worn wheel profile, the lateral acceleration of the bogie 
and the derailment coefficient of the worn wheel profile after 
running 160000 km were assessed, and band-pass filtering 
was applied to acceleration data according to Ref. [35], with the 
comparison presented in Fig. 11. We find that the dynamics 
performance of the worn LMA wheel profile is worse than the 
optimal wheel profile; the root mean square of the lateral ac-
celeration of the LMA and optimal wheel profile was 3.3114 
and 2.4716, respectively; the maximum derailment coefficient 
of the worn LMA wheel profile was 0.56, which is greater than 
the optimal wheel profile 0.15. 

 
4.5 Discussion and future work 

The proposed pipeline combining the Kriging surrogate 
model and particle swarm optimization for wheel profile optimi-
zation can effectively and efficiently design a wheel profile con-
sidering multiple objectives.  

First, the weights used in the objective function of this paper 
are solely for validating the effectiveness of the wheel profile 
optimization pipeline, and we apply a relatively large weight to 
reduce profile wear in this paper. However, readers can adjust 
the weights of the objective function to achieve good perform-
ance with other indicators. Moreover, we have to address that, 
as demonstrated by Hertz theory, the shape difference of 
wheels and rails significantly impacts the wheel-rail contact, 
which directly affects the normal pressure shown in Fig. 4(e) 
and the normal and lateral force. We observe that the opti-
mized wheel profile shown in Fig. 3(d) is slightly steeper than 
the LMA profile at the area near to wheel flange, which causes 
the difference of the lateral force of the Opt and LMA profiles. 
The derailment coefficient shown in Fig. 6 is related to both the 
normal and lateral force, and the normal force changes as the 
lateral force changes; as indicated in Eq. (26), the value of 

 
Table 2. The maximum wear depth of the left and right wheel profiles under 
various stages (mm). 
 

Stage 40000 km 80000 km 120000 km 160000 km
LMA 0.24 0.46 0.66 0.86 

Opt 
Left 

0.20 0.35 0.57 0.78 

LMA 0.30 0.52 0.72 0.92 
Opt 

Right 
0.24 0.44 0.65 0.86 

 
 

(a) 
 

(b) 
 
Fig. 10. The long-term wheel profile evolution: (a) the left wheel profile; (b) 
the right wheel profile. 

 

 

 (a) Lateral acceleration (b) Derailment coefficient 
 
Fig. 11. The dynamics performance of the worn wheel profile. 
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derailment coefficient is normal force over lateral force, so the 
derailment coefficients of the Opt and LMA are similar. Simi-
larly, the wear index shown in Fig. 8 depends on creep forces 
and creepage of both the left and right wheels; the resultant of 
the creep forces and creepage of the LMA and Opt wheel pro-
files is almost the same to some extent. 

Second, this method is not limited to optimizing the geomet-
ric shape for high-speed train, but it can be applied to design 
the wheel profile for metro and freight trains. Additionally, 
there are many choices to establish an objective function with 
multiple constraints. We selected commonly used objectives, 
including wear and stability indicators for wheel profile design 
in this paper, and we introduced geometry and derailment 
coefficient constraints to ensure a suitable wheel-rail contact 
relationship and running safety, respectively. We have to ad-
dress that the practical application of wheel profile optimiza-
tion is a complicated engineering problem; many factors such 
as dynamical loads, track irregularity, lubrication conditions of 
wheel rail surface affect the vehicle system dynamics and 
wheel profile evolution. The selection of the objective function 
and constraints is important in engineering application, in 
which the practical working conditions should be comprehen-
sively considered in the process of wheel shape design. The 
proposed wheel profile design framework is not limited to op-
timizing the geometric shape for improving the wear and sta-
bility indicators. The objective functions and constraints can be 
altered to design a wheel profile for various working conditions 
in practice.  

Third, not only the geometric shape of the wheel tread af-
fects the wear distribution and vehicle dynamics, but also the 
wheel plate has an impact on the self-excited vibration of a 
wheel-rail system, which further affects the wheel-rail profile 
wear evolution. Thus, shape and topology optimization of the 
wheel plate can be conducted to improve the dynamic per-
formance of the wheel by using lattice structure and honey-
comb structure [36-38]. Furthermore, simultaneous optimiza-
tion of wheel shape and vehicle dynamics parameters is an 
important topic in practical application, and other optimization 
methods such as Taguchi optimization [39] can also be further 
studied in wheel profile optimization instead of Kriging-PSO 
optimization framework in future. 

 
5. Conclusions 

This paper proposes a shape optimization pipeline for the 
wheel profile of the high-speed train. We first introduced the 
parametric geometry modeling method for the wheel shape to 
generate numerous candidate profiles, and conducted multi-
body simulation to analyze the dynamics response of the 
wheel profile. To construct the response model between the 
geometric parameters and the dynamics response, the Kriging 
approximation model was introduced to reduce the number of 
simulation runs. Finally, the weighted particle swarm optimiza-
tion method was employed to find the optimal wheel profile, 
and the dynamic analysis was conducted to evaluate the 

wheel-rail interaction performance. The numerical result shows 
that the optimized wheel profile is of good performance at the 
design stage, of which the lateral acceleration, derailment coef-
ficient, maximum lateral force and wear index of the new de-
signed profile are decreased when compared with the LMA 
wheel profile on the tangential line, and is of comparable per-
formance on the curve line. Further investigation on the long-
term profile wear evolution shows the optimized wheel profile is 
of better performance, including wear depth and dynamics 
response than the LMA wheel profile. 
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