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Abstract Type synthesis of parallel mechanism is regarded as the theoretical basis and
source for the original innovation design of mechanical devices and robots. A new method for
type synthesis of the fully-decoupled two-rotational and one-translational (2R1T) parallel
mechanisms with three degrees of freedom is proposed in this paper. Based on the actuation
wrench screw theory, the mathematical model mapping the input and output velocity vector
space of the fully-decoupled 2R1T parallel mechanism is established. The actuation wrench
screws and the actuated twist screws of the corresponding branches are derived according to
the mathematic model. The forms of the unactuated screws are determined in terms of the
reciprocal product theory. Structural synthesis of the branch chains is realized. Then type syn-
thesis of parallel mechanisms is completed as well and lots of novel mechanisms are obtained.
Finally, a 2RUPU-PU parallel mechanism synthesized is taken as an example to analyze its
mobility and kinematics. Results show that the mechanism has two-rotational and one-
translational degrees of freedom and its Jacobian matrix is a diagonal matrix, i.e., it has the
fully-decoupled kinematic characteristics. Therefore, the method proposed is correct and effec-
tive to synthesize the fully-decoupled 2R1T parallel mechanisms.

1. Introduction

Parallel robotic mechanism is composed of multiple closed-loop structures, and at least two
branch kinematic chains are required to connect the moving platform to the basic platform. It
has the advantages of compact structure, high stiffness, small motion inertia, and fast response
speed. Recently, parallel mechanism has been widely used in multiple fields, such as parallel
machine tools, industrial robots, medical robots, force sensors, and so on.

Theoretical base and source for unique innovation design of mechanical devices and robotics
is considered to be type synthesis of parallel mechanism (PM). It is a challenging problem in
the fields of mechanism and robotics. At the early stage, to synthesize PMs, the enumeration
approach based on the degree of freedom formula was applied [1, 2]. Although this method is
intuitive and simple, there are many problems in the design of over constrained PMs. Recently,
some new mathematical theories were introduced into type synthesis of PMs, and a few of
approaches have been presented, such as the displacement subgroup theory based method
[3-5], the constraint screw theory based method [6, 7], the linear transformation theory based
method [8-10], the position orientation characteristic (POC) set based method [11, 12] and the
GF set based method [13-15]. Each method has its own properties and model for constructing
the novel PMs with differently structural and kinematical characteristics.

Lower-mobility PMs have become research and application hotspots due to their simple
structure, convenient manufacture, ease to control and low maintenance costs. Parallel mecha-
nisms with 3-DOF have been payed the most attention by the global scholars during the past
two decades [16-18]. There are four types of 3-DOF PMs, i.e., three-translational (3T), three-
rotational (3R), two-rotational and one-translational (2R1T), and two-translational and one-
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rotational (2T1R). Among them, 2R1T parallel mechanism with
the mixed rotational and translational motion can be used in
radar antennas, rehabilitation robots and parallel machine tools,
etc. 3RPS parallel mechanism is the most typical one [19]. In
addition, Choi [20] presented a (2-RRU)-URR over constrained
2R1T PMs, which can be applied to the human thumb rehabili-
tation device. Herrero [21] proposed a 2PRU-1PRS 2R1T
multi-axis vibration table, which can be applied to the inspec-
tion of auto parts. Sun [22] performed type synthesis of 2R1T
PM with parasitic motion based on the finite motion screw
method. Xu [23] synthesized a family of 2R1T PMs based on
the ultimate constraint wrenches. Qin [24] designed a kind of
2R1T PMs without parasitic motion. Wu [25] proposed a 2R1T
redundant parallel mechanism with a larger workspace and
higher motion/force transfer performance based on Lie group
method.

To do so reduce the high motion coupling and increase the
workspace, decupled or isotropic PMs have been created. For
these mechanisms, their velocity Jacobian matrix may be a
triangular, or a diagonal, even an identity matrix. As a result,
the mapping relationship between the moving platform's output
velocity space and the input velocity space of the actuated
joints is fairly straightforward. Finding their kinematics analytical
solution is quite simple. Gogu [26, 27] discussed type composi-
tion of the fully-isotropic PMs using the linear transformation
theory. Carricato [28] presented synthesis of fully-isotropic
3T1R-type PMs. Kuo and Dai [29] performed structure synthe-
sis of PMs with fully decupled projective motion, a class of
decoupled PMs with 2-, 3-, 4-, 5-, and 6-DOF were achieved.
Zhang [30, 31] completed type synthesis of the uncoupled
spatial translational and two-DOF rotational PM per the theory
of the actuation wrench screw. In addition, a lot of novel de-
coupled parallel mechanisms were designed [32-34], which
could be applied in industrial equipment and robots due to their
well motion/force transmission performances.

This work put forward a systematic method with regard to de-
termine the kind of a class of fully-decoupled 2R1T PMs, which
is per the branch actuation wrench screw theory. Firstly, motion
mathematic model of the fully-decoupled 2R1T PM is set up in
Sec. 2. Determination of the branch actuation wrench screws,
the actuated screws and the unactuated screws, and structural
synthesis of the branch chains are all performed in next two
sections, type synthesis of the completely decoupling 2R1T
PM is conducted, and a lot of novel mechanisms are obtained
as well. Then, mobility and kinematics analysis of a 2RUPU-PU
mechanism synthesized are discussed in Sec. 5, which dem-
onstrates the fully-decoupled feature of the PM and verifies the
validity of the approach presented here. Finally, some conclu-
sions are given in Sec. 6.

2. Mathematic motion model of the fully-
decoupled 2R1T PM

For the n-DOF PMs, the moving platform's velocity equation
may be stated as

F,
T=34,8,(i=12..n) (1)

where, T is the instantaneous output velocity vector of the
moving platform, ¢, and $, denote the instantaneous ve-
locity the corresponding motion screw of the j-th joint in the i-th
branch, respectively, F, represents the connectivity of the i-th
branch, » denotes the sum of branches.

Using both sides of Eq. (1) to produce the reciprocal product,
utilizing the actuation wrench screw of the i-th branch, we get

$,°T=¢,8,08,(i=12,...1) 2

ai

where, $,=[L, M, NP, O, R.I", is the actuation
wrench screw of the ith branch, $, represents the twist
screw of the actuated joint, ¢, is the instantaneous velocity
corresponding to the screw §,,.

Rewriting Eq. (2) into the matrix form, have

I,V =74 ()

where, V =[o;v] =0, ®, @; v, v, v.]', is the velocity
vector of the moving platform, ® and v are the output angu-
lar velocity vector and linear velocity vector, respectively,
q=1[q, G, g, 1" the vector of input velocity of the §,,,
J, the direct Jacobian matrix, which is composed of the
branch actuation wrench screws of all branches, J,, the in-
verse Jacobian matrix, which is a diagonal matrix. The non-
zero diagonal components are the reciprocal product of the
$, and $,,and have

$:l Lal Mal Nal Rll Qul Ral
J — $3;2 _ Ln2 MaZ Na2 er QaZ Rn2 (4)
dir | E : : : : :
s, | L. M, N, £, O, R,
_$ul ° $11 0 e 0
0 $ oS cee 0
.= e . (5)
L 0 0 8,08,
Since J,, is a diagonal matrix, if a mechanism possesses

the fully-decoupled feature, J, must be also a diagonal
matrix. Therefore, the key step to establish type synthesis
method of the fully-decoupled 2R1T PMs built on Eq. (3) lies
in how to determine the forms of all branch actuation wrench
screws §,.

Assuming PMs proposed in this paper only have two rota-
tional DOFs around the z-and x-axis direction, respectively,
and one translational DOF along the y-axis direction, so we
have v,=0, v,.=0and o, =0. Ref. [30] pointed out that the
actuation wrench screws of the fully-decoupled PM with two
rotational DOFs, which independently control the rotational
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motion of the moving platform, one is a zero-pitch wrench
screw (i.e., linear force vector), another is an infinite-pitch
wrench screw (i.e., pure couple vector). Without loss general-
ity, it is assumed that the actuation wrench screws are a linear
force vector and a couple vector, respectively, the moving
platform is independently controlled to rotate around the x-
and z-axis. However, the actuation wrench screw that inde-
pendently drives the platform to move along the y-axis direc-
tion, must be a zero-pitch screw [31]. Thus, referring Eq. (4),
the direct Jacobian matrix of the 2R1T PM can be derived as
follows

Lal Mal Na] ; Pnl in Rnl
Jd{r = 0 0 0’ Lu 2 Ma 2 Nu 2 (6)
a3 Mn3 NaS; RI3 Qa3 Ra}

If removing the zero elements in vector V in Eq. (3) and
the corresponding column in J . in Eq. (6), the velocity equa-
tion of 2R1T PM can be obtained as

F, R, M,| o, g 0 01}g,
L, N, 0 =10 ¢ 0]4g, (7
P, R, M;]|v, 0 0 ¢ll4s

where, ¢ =8,°8,(i=12,3).

For a fully-decoupled PM, the corresponding relationship be-
tween the output speed and the input speed corresponds to
each other. So the mathematic motion model of the fully-
decoupled 2R1T PM will be achieved, and

F, 0 0 fleo| |g 0 0}q,
0 N, 0 o (=10 ¢ 014¢,]. (8)
0 0 M,ﬂ v, 0 0 Ss ql}

If the direct Jacobian matrix in Eq. (8) is full rank, Jacobian
matrix of mechanism is

S/h 0 0
J=J,J,,=| 0 g/N, 0 ©)
0 0 &/M,
and

(P, 0 0

J,=0 N, O (10)
L O 0 Ma3
s 0 0

J,.=10 ¢, 0 (11)
|10 0 g

3. Structural synthesis of branches for the
fully-decoupled 2R1T parallel mechanism

Key work for the structural synthesis of branches is to define
the quantity and the type of the possible joints, and their as-
sembly order in the branches.

Establish a static coordinate system o-xyz, with its coordinate
origin o located on the basic platform; In the moving coordinate
system O-XYZ, the origin O is fixedly connected to the moving
platform, and the three coordinate axes of the two coordinate
systems correspond to parallel at the initial position, as shown
in Fig. 1.

3.1 The first branch chain

3.1.1 Determination of the actuation wrench screw
Assuming the first branch chain independently controls the
platform to rotate around x-axis. Referring to Egs. (6)-(8), it can
be known that the $,, of the first branch should be a zero-
pitch screw perpendicular to y-axis. Therefore, branch actua-
tion wrench screw $,, can be written as
w O N B0, 0. (12)
In Eq. (12), the component P, is non-zero, then the com-
ponent L, of $, on x-axis can be determined. So the form
of $, isderived as

$,<to o L P, 0O, O]. (13)

Eq. (13) shows that $,, is a zero-pitch wrench screw, and
its direction is parallel to z-axis, as show in Fig. 1.

3.1.2 Determination of the actuated twist screw
In terms of the first element on the diagonal of the J,, in Eq.
(11) must be non-zero, we get

6 =8,0°8,#0 (14)

Fig. 1. Actuation wrench screws and actuation twist screws of mechanism
branches.
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where $,, is the actuated twist screw of the first branch, which
has two forms.

Case |, when §,, is a zero-pitch twist screw.

The form of $;, can be written as

$:I :[LII Mll Nll; 1)11 QII RII]T N (15)

Simultaneous Egs. (13)-(15), we obtain

gl = RII+PalLII +Q111MII : (16)

From Eq. (16), it can be seen that the value of ¢, is only re-
lated to the components L, , M,, and R,, so we have
N, =P, =0, =0. Simultaneously, in order to ensure that the
condition ¢, = 0 is always satisfied, at least one of the compo-
nents L, and M, of $, onthe x-axis and y-axis directions
should be non-zero. No loss generality, we take L, = 0 and
M, =1.Then, the form of the §|, is

$$=[0 1 0.0 0 R]J. (17)

The first branch's 8, is obviously screw with zero-pitch
parallel to the y-axis, as show in Fig. 1. Therefore, the actuated
joint of the first branch can be a rotational joint, and its installa-
tion direction on the base is parallel to y-axis.

Case ll, when $,, is an infinite-pitch screw.

In this condition, the form of §;, is

$.=[0 0 00 L, M, N,]. (18)
Similarly
S =Ny (19)

Eq. (19) shows that ¢, is only related to the component of
the actuated twist screw $,, on the z-axis, and has nothing to
do with other components (Z,, and ,, ). So the form of §;,
can be taken as

$:=[0 0 0; 0 0 1]". (20)

As a result, the first branch's actuated twist screw can like-
wise be an infinite-pitch screw with an axis parallel to the z-axis,
as show in Fig. 1. Thus, the prismatic joint can be chosen as
the actuated joint of the first branch, which is installed on the
fixed and has a direction parallel to the z-axis.

3.1.3 Determination of the unactuated screws

Class I, when §,, is a zero-pitch screw.

According to the condition that the reciprocal product of the
actuation wrench screw and all other twist screws except for
the actuated screw in the same branch is always equal to zero,
the following is how the shapes of all unactuated screws can

be determined:

11, zero-pitch screw parallel to y-axis. The number is one
and only one. It indicates that the rotational joint parallel to y-
axis can be selected as the non-actuated joint of the first
branch. In addition, this joint must be directly connected with
the actuated joint.

I-2, screw whose axis is parallel to the z-axis and whose
pitch is zero. Its number is at least one and at most three. In
other words, the rotational joints parallel to z-axis can be cho-
sen as the non-actuated joint.

I-3, infinite-pitch screw whose axis is normal to z-axis. lts
number is at most 2 and the screws are not parallel to each
other. So the prismatic pair perpendicular to z-axis can be
taken as the active joints.

|-4, zero-pitch screw parallel to the x-axis. its number is one
and only one. It is only fixed to the moving platform.

Class Il, when $,, is an infinite-pitch screw.

Similarly, based on the reciprocal product principle, the fea-
sible unactuated screws will be also determined as follows.

lI-1, the screw parallel to z-axis and pitch is zero. There is at
least one and not more than three zero-pitch screws in the
branch.

II-2, zero-pitch screw parallel to the x-axis. It intersects the
axis of the $, and its number is one and only one. Moreover,
it is only located at the end of the branch and directly assem-
bled on the moving platform.

lI-3, infinite-pitch screw normal to z-axis. It is no more than
two and their axes are perpendicular to the z-axis.

II-4, zero-pitch screw parallel to y-axis. The number is not
more than one. It is worth noting that it is an idle screw, and its
position unable to intersect two parallel zero-pitch screws.

3.1.4 Structural synthesis of the first branch

After determining the kinds of the actuated twist screws and
all unactuated screws, the type and the assembling orientation
of the actuated joint and the possible unactuated joints for the
branches will be determined. Then, based on the different con-
nectivity (C,), all feasible branch structure can be listed, as
shown in Tables 1 and 2. Table 1 exhibits when the actuated
twist screw is zero-pitch, the branch connectivity can only be 6.
The branch chain has three basic types, 4R2P-, 5R1P- and
6R-type. If the actuated screw is infinite-pitch, the branch con-
nectivity will be 5 and 6. There are 6 basic branch types, such
as 2R3P, 3R2P, 4R1P, 3R3P, 4R2P and 5R1P, shown in Ta-
ble 2.

In Tables 1 and 2, the subscript letters x,y,z express the
corresponding joint's axis direction at the initial position. If two
or more joints have the same right subscript letter, which indi-
cates that the relative joints are parallel to one another. Other-
wise, they are perpendicular. The axis direction of the prismatic
pair with subscript m is perpendicular to the axes of the adja-
cent rotational joints. If the first joint in the branch is a cylindri-
cal joint (C joint), the superscript letter r or ¢ is used to present
its angular displacement or linear displacement selected as the
actuated input. The letter X shows that the corresponding joint
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Table 1. Structural forms of the first branch when the actuated screw is

zero-pitch.
Cs Type The basic branch forms fgﬁlnlghoes jvoviirt:s
R/R,PP,RR, R/RyP<PyUy,
R,R,RP,P,R, RU,P.P,Ry
4R2P RRPRP,R, R,C,PU,
R,P,R,PRR« R,C,RP,R«
6 RP,RRPR,
RRPRRR, RRPR Uy
5R1P RRyRPRR RyUyzPnUz
R,R JRRP.R« RR,RRLCy
RR,RRRPx RU,.R.Cy
6R RRRRRR, RUR U

Table 2. Structural forms of the first branch when the actuated screw is
infinite pitch.

Cn Type The basic branch forms nfmnggs jvc\)lii::s
P.RP.P,Ry C:PPR«
2R3P P,P.R,P,R«
P.PPRR, PPP,Uy
5 P.PmRRR« PPuR U
3R2P P.RPnRR« Ct zZPUCPmUx.
PR&PmR« Ct zR,PrR«
4R1P P.RRRR« CiRRRCR Uy,
PPP,RR Ry P.PP,S;P,P.C,U,,
3R3P PPR,RPR« PPU,P,R,
P.R,RP.P,Ry PUyzp PRy
PPRRR/R« P.P.RRU,,
P.RP=RR,Ry CiPuRUy;C.PS
6 AROP PRRPmR,R« CR,PrnUyy
P.R,PmRR,R« PR PnR Uy
P.R,RP-R.R« PUy:PmUy
P.RRRPmR« PU R PR«
5R1P P.RRRRR, CiRR Uy
P.R,RRRR« P.RRR Uy
is an idle one.

3.2 The second branch chain

3.2.1 Determination of the actuation wrench screw

The platform's rotation around the z-axis can be independ-
ently controlled by the second branch chain, what's more, the
main thrust applied to the base by the branch-actuated joint is
a couple vector, i.e., an infinite-pitch screw, $,, . Therefore, we
have

$,=[0 0 0; L

a2

M, N,T. (1)

According to Egs. (7) and (10), the direct Jacobian J, is
diagonal matrix, all components in the second row are equal to
zero exceptfor N,,,sotheformof $,, is

$,=[0 0 0; 0 0 IT". (22)

It can be known from Eq. (22) that the $,, of the second
branch is an infinite-pitch screw whose direction is in the same
direction as the z-axis, as show in Fig. 1.

3.2.2 Determination of the actuated twist screw
By means of the condition that the second component in Ja-
cobian J, is non-zero, yields

6, =8,,°8,70. (23)

Since the reciprocal product of any two infinite-pitch screws
is always equal to zero, then the second branch actuated twist
screw can only be a zero-pitch screw, and let

$12 = [le

M]Z N]Z; PIZ Q]Z RIZ]T * (24)

Substituting Egs. (22) and (24) into Eq. (23), we have
& =N,. (25)

Eq. (25) demonstrates that, the ¢, is only related to the
component N,, of the z-axis direction vector of the actuated
twist screw $,,, but independent of its components L, and
M, , so we have L,=M,=0, N,=1. Then, the form of
$12 Is

$,=[0 0 1, 0 0 OF. (26)

It is obvious that the actuated joint of the second branch is a
rotational joint, and its installation orientation on the fixed base
is parallel to z-axis, as show in Fig. 1.

3.2.3 Determination of the unactuated screws

Similarly, the possible unactuated screws can be ascertained
as follows.

1) Zero-pitch screw in the same direction as the x-axis. Its
number is not more than three.

2) Zero-pitch screw in the same direction as the y-axis. The
number is also not more than three.

3) Infinite-pitch screw. The number is at most two along any
direction.

3.2.4 Structural synthesis of the second branch

In accordance with difference in connectivity, the feasible
structural forms of the second branch can be listed, as shown
in Table 3. There are five basic types, 3R2P, 4R1P, 4R2P,
5R1P and 6R.
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Table 3. Structural forms of the second branch.

Cn Type | The basic branch forms rT?Jﬁlnlghoe: j\gilms
RPRPmRx R.C\PrRx
RRPmRPx RRPmCy

3R2P RPRR:Px C:R{RPxCRCx

5 RRR.P-Px UnzRP,Py

RPRR:P, R.CRP,

RPPRRx

ARIP RPrRRRx R.C.RR«

RRRRPx RRRLCx;UnRCx
RR/PRPR, RRyCxPR«
RPRRP:R, RPUPR
R.PRP.RR, R.CiP Uy,
RRPRPRy U.P.CR,
RRRPRPx R U, P.Cx
RRPRRPx RR(P Uy, Py
RPRRRPx C:RUyPx
R.R/PRRPx R.R,P.RCx

4R2P RPRRPRy CIRCRy

RRR.PRPx U,RPR /Py
RRRPPRy U, RPPR,
RRRRPPx R U,y RPPx
R.RPRR.P; RR,CRP;
RPRRRP, RPURP,
RPRRPR, R.CR{PRy
R.R/PPRR« U, PP RR«
R.PPRRRy RPPRU,,
RP.R,PRR«

6 RRPRRR« U,CRR«
RP-R,RRR« RPmUyRR«
RPmR{RRRy R.CRUyy
RRRRRPx R U, R«Cx
RRRRR Py RRRUyPx

SR1P RRRRPRy RRR.CR,
RRR/PnR/R, ReUxyPinUy
RPmRR,RyR« R.C,RyUyx
RRP-R,R/R, RRyC,Uyx
RRyRPmR/R« R.R/R,C,R«
RzR,R,R,PrmR« RR,R,C,R«
RRRRR,Ry U,RU4R,
RRRRRR« RRWUxR/R«
RRRR,RR« RUxR,RR«
RR,RRRR« RRUyRR«

6R RR,RRRR RR,RyURx
RRRRRRy RRyRR:Uyy
RRRRRR, RR,RULR,
RRRRRR« RRyRUR«
RRRRRRy RU R Uy

3.3 The third branch chain

3.3.1 Determination of the actuation wrench screw

Provided that the third branch controls independently the
platform to translate along y-axis. Based on the analysis men-
tioned above, the actuation wrench screw of the third branch
must be a linear force vector.

Referring to Egs. (7) and (10), if direct Jacobian matrix J,,
is full rank, only component M _, is non-zero in the third row.
Therefore, the form of the $,, is obtained as follows

$.=[0 1 0; 0 0 0. 27)

Eq. (27) shows that $,, is parallel to the y-axis, as show in
Fig. 1.

3.3.2 Determination of the actuated twist screw $,,
Case 1, when $,, is an infinite-pitch screw.
The form of the $,, is

$,=[0 0 O: L, M, N,I'. (28)

13

Since the component ¢, in Eq. (10) should be non-zero,
then

6;=9%,,°8,#0. (29)

Substituting Egs. (27) and (28) into Eq. (29), can get

G =M;. (30)

Apparently, the value of ¢, is only related to the component
M,, of direction vector of the actuated twist screw on the y-
axis, and has nothing to do with the components on other axes.
Sowecantake L,=N,=0, M ,=1.Then, have

$,=[0 0 0: 0 1 0]". (31)

Eq. (27) shows that $,, is an infinite-pitch screw in the
same direction as y-axis, as show in Fig. 1. Additionally, it is
determined that the y-axis-installed actuated joint of the third
branch is a prismatic pair.

Case 2, when the §,, is a zero-pitch screw.

In this case, the form of $,, can be written as

$,=[L, M, N3 B, O, Rls]T : (32)

Substitute Egs. (22) and (32) into Eq. (29), yields

&=0;. (33)

Due to the value of ¢, is exclusively linked to the screw
component Q,, , other components can be taken as L =
M, =N, ,=0and B,=R,=0. This is contrary to the assump-

6674



Journal of Mechanical Science and Technology 37 (12) 2023

DOI 10.1007/s12206-023-1138-6

Table 4. Structural forms of the third branch.

Cs Type | The basic branch forms n?J;"gg: j\:)vii::s

3 2R1P PyRR, PyUx
P)R,RR« C)RRP,RUx

4 3R1P P,RR,R« P UARy
P,RRR, P,RU,;P,S

tion that $,, is a zero-pitch screw. Therefore, $,, only is an
infinite-pitch screw.

3.3.3 Determination of the unactuated screws

Similarly, the forms of all unactuated screws will be obtained
as follows.

1) Zero-pitch screw that is parallel to x-axis. There is one and
only one, and at the end of the branch chain.

2) Zero-pitch screw parallel to z-axis. The number is also on-
ly one.

3) Zero-pitch screw whose axis is parallel to y-axis. There is
not more than one and it is an idle screw.

4) Infinite-pitch screw parallel to x-axis. Its number is not
more than one as well.

3.3.4 Structural synthesis of the branch

On the basis of the forms of actuated twist screws and the
unactuated screws obtained, all feasible structures for the third
branch be synthesized, as shown in Table 4. There are only
two basic types, i.e., 2R1P and 3R1P.

4. The fully-uncoupled 2R1T parallel mech-
anism

After completing structural synthesis of the three branches,
by selecting three branch chains from the different tables syn-
thesized above and connecting them to the fixed base and the
moving platform respectively, a 2R1T-type PM will be built. In
order to meet the fully-uncoupled kinematic characteristics for
the mechanism, the orientation of the actuated joints mounted
on the base should be consistent with the branch assembly
requirements. Axes of the rotational joints at the end of the first
and second branches should be coaxial and in the same direc-
tion as the rotational axis at the end of the third branch. Con-
currently, sum of the connectivity of three branches selected
should be not more than 15.

For example, by selecting C,R,R,R, chain in Table 2,
R.C,P.R, chain in Table 3 and P,U,, chain in Table 4, a new
fully-decoupled 2R1T CRRR-RCPR-PU parallel mechanism is
generated, shown in Fig. 2.

CRRR-RCPR-PU PM as shown in Fig. 2, the axes of rota-
tional joint (R) and the cylindrical joint (C), which directly con-
nected to the basic platform in the first and the second branch-
es, are parallel to each other and perpendicular to the prismatic
joint (P) in the third chain whose axis is parallel to y-axis. The

Fig. 4. 2RUPU-PU parallel mechanism.

axes of the rotational joints (R) directly connected to the mov-
ing platform in the first and second branches are coaxial and
parallel to the rotational joint (R) axis at the end of the third
branch.

In the same way, by using the different branch structures,
many novel parallel mechanisms can be designed, such as the
fully-decoupled 2R1T RURU-RCRR-PS mechanism in Fig. 3,
the fully- decoupled 2R1T 2RUPU-PU mechanism in Fig. 4.

RURU-RCRR-PS PM as shown in Fig. 3, in the first and third
branches, the axes of the rotational joint and translational joint
fixed on the basic platform are parallel to each other. At the
same time, both of them are normal to the axis of the first rota-
tional joint in the second branch. Furthermore, axes of the rota-
tional joints connected to the moving platform at the end of the
first and second branches are co-axis.

2RUPU-PU PM as shown in Fig. 4, axis of the joint Ry is
parallel to the pair P43, and normal to the axis of the joint R,
which is parallel to z-axis. In addition, the end-rotational axes of
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the universal joints Uyq and Uy, are co-axis, and parallel to the
end-rotational axis of the joint in the third branch.

5. Mobility and kinematics analysis

In this section, 2RUPU-PU PM is preferred (see Fig. 4), and
its mobility and kinematics are analyzed.

5.1 Mobility analysis

Establishing the basic coordinate system o-xyz, as see in Fig.

4, set the intersection point of the prismatic joint P, axis and
the base as the origin o, y-axis is coincident with P,, axis, z-
axis is perpendicular to the base. On the platform, the move-
ment coordinate system p-uvw is fixed, origin point p is at the
rotational center of the universal joint Uy, u-axis is coincident
with the end axis of joint Uy, and w-axis is normal to the plane
of the platform, and v-axis can be defined by right hand rule.

Since the kinematic screw systems of both the first and the
second branches are 6-system, they do not provide any con-
straint force to the platform. As for the third branch, the kine-
matic screw system is written as,

$,=[0 0 0: 0 1 0]
8= [0 0 1L a, by O]T (34)
5, = [1 0 05 0 b, sz]T

where, a,, b, and ¢, (j=2,3) are the position parame-
ters of the corresponding joint screw.

Based on the reciprocal product theory, the constraint
screws of the third branch are derived as

$:=[1 0 0 00 —a,]
$,=[0 0 L -, 0 0] (35)
$,=[0 0 0; 0 1 0].

Eq. (35) shows that there are two zero-pitch constraint
screws and an infinite-pitch constraint screw. They limit the
translational DOFs along x- and z-axis, the rotational DOF
around y-axis of the platform.

Consequently, the 2RUPU-PU PM can only translate along
y-axis, rotate around x- and z-axis.

Meanwhile, calculate the DOF of the mechanism, and

M=A(n—g-D+3Y f+v—¢ (36)

where, M isthe DOF values, A the order of the mechanism,
n the number of components including the base, g the
number of joints, f; is the DOF number of the i-th joint, v
and ¢ represent the numbers of the redundant constraints
and the local mobility, respectively.

As the mechanism shown in Fig. 4, A1=6, n=9, g =10,
Zf,. =15, v=0and ¢ =0, then, M = 6(9-10-1)+15 = 3.
Therefore, itis a 3-DOF 2R1T parallel mechanism.

5.2 Kinematics analysis

Referring to Fig. 4, let ¢,,, ¢, and g, are the input pa-
rameters of the actuated joints in the three branches, and «,
S and y are the output parameters of the moving platform,
respectively. Both points 4, and B, are the center of joints
Uy and Uy, respectively.

Provided joint Ry4 in the first branch and joint U,; in the third
branch have the same height along z-axis in coordinate system
o-xyz. According to the structure of the first branch chain,
points 4, and B, always lie in the same horizontal plane.
Then, we have

rsina =1 sing,, (37)

where, / is the length of the first branch's actuated link, and r
is the platform’s size.

Based on the third branch, we know that the coordinate val-
ue of point p on the y-axis is equal to the distance between
joint P43 and point o. Then, we have

Y=4q;- (38)

Furthermore, in accordance with the second and third
branches' assembly requirements, rotational axes connected
directly to the platform in the universal joints Uy, and U,3, and
the rotational axis adjacent to the joint Ry, in joint U,, are con-
stantly parallel to each other. That implies the rotational angle
B around the z-axis is equal to the input angular displace-
ment ¢, of the actuated joint Ry, we have

B=q,. (39)

Differentiating Egs. (37)-(39) with respect to time, and rear-
ranging them into the vector form, yields

V=Jq (40)
where, V =[w, w. v, is the output velocity vector space,

q=[4, 4, ¢,]" is the input velocity vector space of the
actuated joints, J denotes the Jacobian matrix, and

v 0
J=0 1
0 0

- o O
—_
N
N
~

here, w=1/cosgq, /(rcosa).
It is obvious that J is a diagonal one, which demonstrates
that the velocities of the input and output are in direct corre-
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spondence with one another in the correspondence. Therefore,
the 2RUPU-PU PM is fully decoupled. The outcome validates
the validity and efficacy of the type synthesis approach for full-
decoupled 2R1T parallel mechanisms.

6. Conclusions

Type synthesis of parallel mechanisms (PM) is the critically
theoretical basis and the source of the innovative design for the
mechanical equipment and robots. In this paper, a systematic
type synthesis method for the fully-decoupled 2R1T PM is es-
tablished based on the actuation wrench screw theory. Con-
figuration synthesis and creative design of PMs with the ex-
pected motion characteristics are realized by using the method
proposed. Kinematic analysis of the 2RUPU-PU PM is carried
out. The results show that the mechanism has two- rotational
and one-translational DOFs, and its velocity Jacobian matrix is
a diagonal one, which indicates that there is a one-to-one
mapping relationship between the output and input motions of
the PM. Therefore, the mechanism has fully-decoupled kine-
matic characteristics, which verifies the correctness of the pro-
posed synthesis method of the fully-decoupled 2R1T PM. This
kind of mechanisms has the potential applications on the reha-
bilitation robot, industrial robots, etc. Moreover, the theoretical
approach will provide a new way to design the PMs with the
different mobility.
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Nomenclature

T : Instantaneous output velocity vector
g, : Velocity

$, : Instantaneous motion screw

F, : Connectivity of the branch

n : Number of branches

v : Linear velocity vector

J,  :Direct Jacobian matrix

J,.,  :Inverse Jacobian matrix

a, B,y : Output parameters

J : Jacobian matrix
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