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Abstract  This study introduces an inverse rail profile design method for rails in the switch 
area of railway turnouts, which allows one to improve the wheel-rail contact and dynamic per-
formance of rail vehicles during their passage of turnouts. Given the structure of rails in turn-
outs, this method employs the rolling radius difference function for the primary design basis, 
which is also the primary objective function. Using the expected distribution law between 
wheels and rails as a boundary condition, the Euler method is adopted to solve the differential 
equation for the rail ordinate under optimization based on given the transverse coordinates of 
rail. The robustness of the test is realized by optimizing the rail profiles for a representative set 
of wheel profiles. After the optimization, rail and wheel profiles are better matched, which im-
proves the dynamic performance of rail vehicles crossing turnouts. This optimization method is 
quite efficient, and its results are reasonable. 

 
1. Introduction   

To guide rail vehicles from one track to another at a railway junction, turnouts are used 
worldwide as integral components of railway infrastructure. Insofar as the design of turnouts 
implies a rail geometry discontinuity in the switch area, high impact loads and larger lateral 
displacements (or even flange contact) occur when rail vehicles cross the switch areas. These 
factors intensified the wear processes between wheels and rails and cause rail rolling contact 
fatigue. Therefore, rails in switch areas are more susceptible to damage (such as surface 
cracking and crumbling, shelling, excessive wear, plastic deformations, general fracture, etc.), 
which implies a higher maintenance cost [1-3]. As an essential approach of railway mainte-
nance, rail grinding technology can eliminate and inhibit rail surface damage and, thus, prolong 
the rail surface life [4]. 

In rail operations, the dynamic wheel-rail interaction, rail wear, and train operation safety are 
closely related to the wheel-rail geometric matching. The reasonable improvement of the 
wheel-rail contact enhances the train operation safety and dynamic performance, reduces the 
wheel-rail wear, and effectively prolongs the service life of rails [5]. Shevtsov et al. [6, 7], pro-
posed a wheel tread design optimization method based on rolling radius difference function 
(RRDF) and employed the numerical analysis method to optimize the wheel tread design, 
which improved the vehicle operation performance and reduced the wheel-rail contact wear. 
This approach implied a multipoint approximation based on responsive surface fitting to design 
an optimum wheel profile that matched a target RRD, as well as accounted for the rolling con-
tact fatigue and wear. Shen et al. [8] adopted RRDF as the design goal to inversely derive the 
wheel tread of rail vehicles, which resulted in the reduced wheel-rail contact stress and more 
uniform wear distribution. Respective software programs have also been developed. Cui et al. 
[9] used the wheel-rail normal-direction clearance as a starting point to optimize the wheel tread 
design, which effectively reduced the wheel-rail contact stress, but the calculation efficiency is 
low. Ignesti et al. [10] optimized the wheel profile by the minimal wear criterion, which efficiently 
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alleviated wear and improved the operation stability. San-
tamaria et al. [11] proposed a wheel tread profile optimization 
method using the genetic algorithm, with the equivalent conicity 
curve used as the objective function. 

The optimal design of the rail profile is more complicated 
than the optimal design of the wheel tread. Choi [12] performed 
the asymmetric profile design of curved rails utilizing the ge-
netic algorithm to improve the vehicle dynamic negotiation 
performance and alleviate the side grinding-induced wear of 
rails. Wang et al. [13] proposed a rail design method for heavy-
haul railways based on the wheel-rail rolling contact theory and 
the nonlinear programming theory. Their approach considered 
the rail variation throughout its service life, and the goal of the 
design was to minimize the metal wear and grinding throughout 
the design cycle. Mao et al. [14, 15] introduced an inverse 
method to derive rail grinding profile using RRDF as the optimi-
zation objective function. When this method was applied for the 
inverse design of rails, the wheel contact point was used as a 
known condition. As a result, the profile of the designed rail 
was continuous and linear, which was not suitable for develop-
ing the characteristic concave curve shape of rails in the switch 
area. Zhai et al. [16] proposed an asymmetrical rail profile de-
sign method based on the dynamic wheel-rail interaction forces 
for the problem of serious side grinding of a small-radius curve 
in heavy-duty railways. The results obtained indicated that the 
wheel-rail dynamic action was improved while the rail side 
wear was reduced. 

There are few studies on the optimization of turnouts. As the 
wheel-rail contact relation is more complicated in the turnout 
area, the profile is variable along the longitudinal direction. In 
the switch area, when the switch rail is attached to the stock 
rail, there is a concave space. So that design the rail profiles in 
the turnout area is greater challenges than that in the interval 
line. Nicklisch [17] optimized the vertical stiffness of the switch 
area in turnouts by adjusting the stiffness of the fastener or 
sleeper, which reduced the dynamic force between wheel and 
rail. By optimizing the gauge of the switch area, the tangential 
force of wheel and rail contact could be reduced, thus minimiz-
ing the rail wear in the switch area. Wang [18] employed the 
quadratic sequence method to minimize RRDF and optimize 
switch rails in the switch area of turnouts, which ensured rela-
tively high vehicle stability when it crossed a turnout straightly 
at high speed. But this method only optimized a section of the 
switch area and the calculation efficiency is low. Pålsson [19, 
20] proposed the turnout profile is optimized with the objective 
of contact stress and energy dissipation, but each profile is 
optimized based on several control points, which requires a 
higher selection of control points. To account for the additional 
vertical loads applied to the rails in the switch area, Bugarín 
[21] proposed to widen the gauge in the switch area of a turn-
out to optimize the impact load in the turnout area. Oswald [22] 
using the “kinematic gauge optimization” method to reduce the 
dynamic force when the wheel turns from the stock rail to the 
switch rail. The wheel-rail force can be reduced by as much as 
50 %. Nielsen [23] aims to reduce contact stress in the turnout 

area by optimizing the switch panel geometry. Chen [24] de-
signed the radius of rail profile in turnout area based on Hertz 
contact stress to reduce the contact stress between wheel and 
rail. 

At present, the wheel-rail dynamics, including stability, steer-
ing ability, and contact stress distribution, is govern by two func-
tions, namely: (i) the contact angle function (CAF), which is the 
left and right contact angle difference versus wheelset lateral 
movement, and (ii) the rolling radius difference function (RRDF), 
which refers to the left and right rolling radius difference versus 
wheelset lateral movement. RRDF is one of the primary func-
tions characterizing the contact between the wheelset and rail. It 
has a significant impact on the vehicle stability, curving perform-
ance, as well as the wheel-rail wear. It also determines the dy-
namic performance of the wheelset [8, 14, 15].  

In this paper, using RRDF as the primary design basis, pro-
poses a grinding profile design method for switch rails in turn-
outs focusing on wheel-rail dynamic performance optimization. 
Using the expected wheel-rail contact distribution as a bound-
ary condition, the design of the rail ordinate is obtained by di-
rectly reversing the known rail abscissa range. The Euler 
method is used to solve the resulting differential equation. Sev-
eral sections in the turnout area (switch rail width of 0 mm, 
switch rail width of 20 mm, switch rail width of 35 mm, switch 
rail width of 50 mm, full width of switch rail) are very important 
sections, so only these control sections are optimized [25, 26]. 
In order to verify the robustness of the design method, a repre-
sentative set of wheel profiles are selected to verify the optimi-
zation results [19]. 

 
2. Mathematical modeling 

The definitions of wheel-rail coordinate systems are estab-
lished, according to the right-hand rule (see Fig. 1). The Y-axis 
of the rail coordinate system (Yr) is the common tangent line at 
the top of the rail, with the positive direction pointing to the right. 
The Z-axis is perpendicular to the Yr axis, with the positive 
direction pointing down. When the wheel and rail are in contact, 
the local rail coordinate system origin Or coincides with that of 
the global coordinate system. The Y-axis of the wheelset coor-
dinate system (Yw) lies along with the axis of the wheelset, with 
the positive direction pointing to the right. The Z axis (Zw) is 
perpendicular to the Yw axis, with the positive direction pointing 

 

 
Fig. 1. Schematic of single point contact between the rigid wheel and rail. 
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down. The origin Ow is located at the mass center of the 
wheelset. Given any lateral displacement yw for the wheelset, 
the center of the wheelset in the global coordinate system is 
(yw0, zw0). Here zw0 is approximated as the rolling wheel radius, 
and the wheelset has a rolling angle Φw. The wheel-rail contact 
points are given in their corresponding local coordinate sys-
tems, such that the left and right contact points are defined as 
(ywl, zwl) and (ywr, zwr), respectively, in the wheel-set coordinate 
system and as (yrl, zrl) and (yrr, zrr), respectively, in the rail one.  

To simplify the problem and analyze the general patterns, 
the following assumptions are made: 

1) Both wheels and rails are rigid such that their elastic de-
formations at contact are negligible in comparison to their cor-
responding external dimensions. In other words, the situation 
that a lateral displacement value corresponds to multiple rolling 
radius differences, which will lead to various optimization re-
sults should be avoided. The uniqueness of wheel-rail geomet-
rical contact should be ensured.  

2) The designed rail profile is a convex curve such that the 
slope of the tangent line varies monotonically at each point. For 
the special structure in the turnout area, it is necessary to piece-
wise optimized designed, and then combine the designed profile. 

3) The section abscissa of the designed rail should maintain 
as monotonic as possible. 

4) The rail profile designed by grinding shall not exceed the 
original profile. 

5) The influence of the yaw angle in small range of the 
wheelset on the rolling radius difference curve is ignored [27]. 

Since the roll angle of the wheelset (Φw) is very small, we 
have made the following simplification, 

 
sin( ) tan( ),cos( ) 1w w w wφ φ φ φ≈ ≈ ≈ . (1) 

 
According to the wheel rail contact point, it is the same point 

in the spatial position of wheel and rail profile. Therefore,  
 

0sin cosrl wl w wl w wz y z zφ φ= + +  (2) 

0sin cosrr wr w wr w wz y z zφ φ= + + . (3) 
 
There must be a common normal at the contact point due to 

the overlap of contact points in space, such that 
 
d dtan atan
d d

rl wl
w

rl wl

z z
y y

φ
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

 (4) 

d dtan atan
d d

rr wr
w

rr wr

z z
y y

φ
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

. (5) 

 
The geometric relationship between the roll angle and other 

contact parameters can be written as follows: 
 

costan

rl rr
wl wr

w
w

wr wl

z zz z

y y
φφ

−− −
=

+
 (6) 

The RRDF curve is defined as: 
 

wl wrR z zΔ = − . (7) 
 
Based on assumption Eq. (1), the following equations are 

valid when there is only one contact point between the wheel 
and rail in space: 

 
( ) ( ) min{ ( ) ( ) }wl w wr w wl w wr w y ywz y z y z y z y =− = −  (8) 

1wl rl

wl rl

dz dzsign sign
dy dy

⎛ ⎞ ⎛ ⎞
= ≡⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
; 1wr rr

wr rr

dz dzsign sign
dy dy

⎛ ⎞ ⎛ ⎞
= ≡ −⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
. (9) 

 
Based on assumption Eq. (2), the rail is a convex curve such that: 
 

2 2

2 2 1rl rr

rl rr

d z d zsign sign
dy dy

⎛ ⎞ ⎛ ⎞
= ≡⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
. (10) 

 
In order to ensure that the optimized rail is also straight in the 

longitudinal direction, the following restrictions are made: 
 
max( )ref j opt jz z C− ≡  (11) 
 

where, C is a constant, j is the key cross sections number, refz  
is the vertical coordinate of the original rail profile, while optz  is 
the vertical coordinate of the optimized rail profile. 

The basic description of the profile design mathematical 
model can be expressed as follows: 

 
0

0

( ) ( )sin ( ) ( )cos ( )
( ) ( )sin ( ) ( )cos ( )

d ( ) d ( )tan atan ( )
d ( ) d ( )
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w w
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rr w wr w
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z y y y y z y y z

z y z y y
y y y y

z y z y y
y y y y

φ φ
φ φ
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= + +
= + +
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( ) ( )( ) ( )
cos ( )( )

( ) ( )
( ) ( ) ( )

rl w rr w
wl w wr w

w w
w w

wr w wl w

w wl w wr w

z y z yz y z y
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y y y y
R y z y z y

φ

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
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⎪
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 (12) 
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1

. . 1

1

max( )

wl w wr w wl w wr w y yw

wl rl

wl rl

wr rr

wr rr

rl rr

rl rr

ref j opt j

z y z y z y z y

dz dzsign sign
dy dy

dz dzs t sign sign
dy dy

d z d zsign sign
dy dy
z z C

=
⎧ − = −
⎪
⎪ ⎛ ⎞ ⎛ ⎞

= ≡⎪ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎪

⎪ ⎛ ⎞⎪ ⎛ ⎞
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⎪ ⎝ ⎠⎝ ⎠
⎪
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. (13) 

 
In fact, the design problem of rail profile in turnout area is a 

multi-objective optimization problem. If one wants to guarantee 
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the vehicle dynamic performance, like in this paper, the object 
function could be written as follows: 

 
wmax

wmax

wmax

wmax

w

1

w

( ( ) ( ) )d
: min 100%

( )d

y

real w opt wy
y

opt wy

R y R y y
obj f

R y y
−

−

⎧ ⎫Δ − Δ⎪ ⎪= ⎨ ⎬
Δ⎪ ⎪

⎩ ⎭

∫
∫

 (14) 

 
where realRΔ  is the computed RRDF after the optimization, 
while optRΔ  is the targeted optimization of RRDF. 

We also treat wheel/rail contact point distribution as the auxil-
iary design target, the object function can be defined as follows: 

 

( ) ( ) ( ) ( )
1 1

1 1
2

1 1

: min
k k

i i i i
rl w rl w rr w rr w

i i

obj f y y y y y y y y
− −

+ +

= =

⎛ ⎞= − + −⎜ ⎟
⎝ ⎠
∑ ∑  (15) 

 
where k is the number of contact points. 

 
3. Equation solution and design procedure 

In order to solve it in the form of numerical integration, the 
differential-algebraic equation (DAE) Eq. (12) must be ex-
pressed as ordinary differential equation (ODE) equations, both 
sides of the Eq. (12) must be derived from yw at the same time. 
There are: 
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 (16) 
 
In total, there are 11 unknown parameters in Eq. (16). In the 

switch area, the switch rail and the stock rail abut together to 
form a combined profile, and the non-working edge of the switch 
rail and the working edge of the stock rail form a special "con-
cave" feature. Due to the special "concave" feature between the 
switch rail and stock rail of the turnout area, the designed profile 
still satisfies this feature. If the wheel-rail contact point on a cer-
tain side of the wheel is given [14, 15], the designed rail profile is 
a continuous curve, and the "concave" feature will not appear. 
The independent variable cannot be given casually. Therefore, 

it is necessary to give the parameters of the contact point on the 
rail with the switch rail side, that is, the rail transverse coordi-
nates on the switch rail side should be given. Assuming that we 
know the ranges of (i) transverse abscissa of a rail on switch rail 
side (such as yrl), (ii) lateral displacement of the wheelset (yw), 
and (iii) objective function ( ( )wR yΔ ). Moreover, wheel profile is 
known, that each of the two wheel profiles ( wly , wlz ) and ( wry , 
wlz ) have only one independent variable. So, they only have 2 

independent variables ( wly , wry ). 
 

( ) ( ) ( )
( )

( ) ( ) ( )
( )

wl w wl w wl w

w wl w w

wr w wr w wr w

w wr w w
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⎨
⎪ =
⎪⎩

. (17) 

 
These assumptions reduce the number of independent vari-

ables to six (i.e., 11-3-2 = 6). The Eq. (16) can be arranged as: 
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 (18) 
 
The column vectors of all unknowns are separated into ma-

trices in the form of: 
 
A u b× = . (19) 

 
Where, 
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0 0 1 0
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 (20) 
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( ) ( ) ( ) ( ) ( ) ( )[ ]Trl w rl w rr w wl w wr w w w

w w w w w w

dy y dz y dz y dy y dy y d yu
dy dy dy dy dy dy

φ=   

 (21) 
( ) ( )[0 0 0 tan arctan wr rl w w

w
wr w w

dz dy y d R yb
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φ
⎛ ⎞ Δ= + ⋅⎜ ⎟
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( ) ( ) ]Tw rr w
w

w w

d R y dy y
dy dy

φΔ − ⋅  (22) 

 
Solving Eq. (18) by Euler method, 
 

( )
1

0 0

( , )k k k ky y h f x y
y y x

+ = + ×⎧
⎨ =⎩

. (23) 

 
The profiles of wheel and rail to be optimized and basic 

wheel-rail contact parameters (rail gauge, the inner distance of 
the wheelset, axle load, wheel radius) are first given, which are 
used to obtain the rolling radius difference function curve in yw-
△R coordinates. The curve is optimized, according to the vehi-
cle operation requirements, and then used as the primary de-
sign objective function. Along with the expected wheel-rail con-
tact distribution, the rail profile is inversely designed, i.e., put 
together with the reference rail profile to obtain the entire rail 
profile after the optimization. Verifications by such indicators as 
wheel-rail geometric contact, contact stress, and dynamics are 
performed for the newly designed rail profile. If not satisfactory, 
go back to modified rolling radius difference function, and the 
rail profile is redesigned until all requirements are met. The 
design flowchart is shown in Fig. 2. The optimized RRDF must 
satisfy the following criteria: (1) RRDF should be relatively 
small when the lateral displacement of wheelset is small, so 
that the vehicle stability on straight tracks is ensured; (2) RRDF 
should increase when the lateral movement of wheelset is 
larger, in order to improve the curving performance and reduce 
wear; (3) RRDF should be as smooth as possible. 

 
4. Optimization examples 

In order to verify the reliability of this paper, a group of turn-
outs (No. 12 single speed turnouts) in Yiwu Railway Station of 

Shanghai-Kunming Line of Shanghai Railway Administration 
was investigated and analyzed. When the turnout is in the 
straight through state, the train will shake violently and the 
contact band on the rail is too wide. According to the problems 
of this group of turnouts, an optimized grinding profile is pro-
posed. After field grinding, the disease was eliminated. 

 
4.1 Measured wheel profiles 

In order to more accurately analyze the wheel rail contact 
problem in the turnout area, the tracking measurement of pas-
senger vehicles on Shanghai-Kunming railway was carried out, 
and 24 wheel profiles in different wear periods were measured, 
as shown in Fig. 3. 

 
4.2 The switch problem 

The rail profile of the switch area changes with the longitudi-
nal distance. Therefore, it is difficult to represent the entire 
switch area with the one or two cross-section profiles. With the 
help of the rail profile measuring instrument, the profile meas-
urement is carried out for some specific sections in the turnout 
switch area (a section named CQ is measured at the fifth 
sleeper in the front of the turnout; a section named CZ is 
measured at the first sleeper in front of the switch rail in the 
turnout, and then the sections with the width of the switch rail of 
20 mm, 35 mm and 50 mm are measured respectively, named 
ZJ20, ZJ35 and ZJ50. At the 24th sleeper in the turnout, the 
section of a switch rail completely changed into stock rail was 
measured, named CH). There is a concave area between the 
switch rail and the stock rail, which is difficult to satisfy by the 
traditional continuous design method of rail profile in Fig. 4. 

During the investigation and analysis of the switch area pro-
file, it is found that the contact band of the rail in the switch 
area is excessively wide (which will cause abnormal shaking 
when the train passed through the turnout), the gauge angle 
side wear of switch rail was large, and the reduced value of 
turnout switch rail has not met the design requirements [28], 
see Fig. 5. 

 

 
 
Fig. 3. 24 measured passenger vehicles wheel profiles together with a 
nominal LM profile. 

 

 
Fig. 2. Optimization design flow chart of rail in turnouts. 
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4.3 Cross-sectional optimization 

In the process of optimization design, the wheel tread se-
lected 05# measurement profile, and optimized design for the 
five cross-sections CQ, ZJ20, ZJ35, ZJ50 and CH. Assuming 
that the given wheel radius is 420 mm, the inner distance of the 
wheelset is 1353 mm, the gauge is 1435 mm, and the gauge 
measurement point is 16 mm from the top of the rail. ZJ50 
section is taken as an example to illustrate. 

When the width of switch rail is 50 mm (ZJ50 cross-section), 
The wheel-rail geometric contact characteristics obtained with 
disregard of the wheelset yaw angle effect are shown in Fig. 6: 
the wheel-rail contact points concentration and partial jump are 
observed in the stock rail. 

The comparative analysis of Fig. 6 reveals the apparent 
jump phenomenon for the contact point when the lateral dis-

placement is within [-1 mm, 0 mm] and [2 mm, 3 mm] ranges, 
which causes the rail vehicle to encounter multiple points when 
it passes the straight turnout. This will result in uneven wear 
and a more significant impact, which eventually leads to the 
reduction of the rail service life. 

As shown in Fig. 7(a), the equivalent conicity exceeds 0.5, 
which seriously endangers the stability and safety of the train.  

To ensure the dynamic performance of the vehicle when 
crossing the turnout and the mechanical requirements related 
to wheel rail contact, RRDF needs to meet the following char-
acteristics: 

1) When the wheelset lateral displacement is very small, the 
RRDF value is very small, to have a small equivalent taper and 
ensure the stability of the vehicle on a straight track. 

2) When the lateral displacement of wheelset is ±3 mm ~ 
±8  mm, the RRDF curve shall be as wide and smooth as pos-
sible to reduce the jumping phenomenon of wheel rail contact 
point. At the same time, the RRDF value is large to ensure that 
the vehicle can pass through the curve smoothly. 

3) When the lateral displacement of wheelset is ±8 mm ~ 
±10 mm, the RRDF value shall be as large as possible to en-
sure the derailment safety. 

In order to reduce the equivalent conicity, jump of the wheel-

 
(a) 

 

 (b)  (c) 
 
Fig. 4. Principle sketch of a switch area: (a) schematic; (b) optimize the 
region; (c) cross-sectional profiles. 

 
 

 
 (a) ZJ50 cross-section (b) CH cross-section 
 
Fig. 5. The rail profile in switch area. 

 
Fig. 6. The wheel-rail contact before optimization. 

 

 (a) (b) 
 

(c) 
 
Fig. 7. (a) Equivalent conicity; (b) old and object RRD curves; (c) compari-
son of rail profiles before and after optimization. 
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rail contact point and width of the contact band on the rail, the 
optimization object is shown in Fig. 7(b). 

The corresponding optimized rail profile is displayed in Fig. 
7(c). In order to ensure that the reduction value of the switch 
rail can meet the requirement of 0 mm at this section, the right 
stock rail needs to be shifted downward properly to meet the 
requirements of the reduced value of the switch rail (In the 
actual rail grinding operation, it is necessary to pad the switch 
rail to a suitable height, as shown in Fig. 7(c), the pad height of 
this cross section is about 0.8 mm. Usually, adjusting the thick-
ness of the foot pad under the basic rail is used to reduce the 
value of the switch rail to meet the design standards). 

The wheel-rail contact was re-calculated and analyzed for 
the optimized profiles, see Fig. 8. Optimized wheel rail contact 
points are more evenly distributed, and the jumping phenome-
non of wheel rail contact points is reduced. The wheel rail con-
tact points of the right rail completely jump from the stock rail to 
the switch rail, and the contact band is narrow when the wheel-
set lateral displacement is -5 mm to 5 mm. 

Fig. 9(a) shows that after the curved turnout optimization the 
RRDF curve agrees very well with the targeted curve (object 
RRD), with a maximum error of 4.19 % and an average error of 
2.11 %. Moreover, a relatively large error in the lateral dis-
placement mainly occurs the contact point at the wheel flange. 
As shown in Fig. 9(b), the equivalent conicity is less than 0.18, 
which fully satisfy requirements of the straight design. 

 
4.4 Longitudinal profile optimization 

In order to simplify this paper, we only give the design proc-
ess when the tip width of the switch rail is 50 mm (ZJ50 cross 
section). According to the same design method, we can design 
other key sections (such as the CQ, ZJ20, ZJ35, CH), as 

shown in Fig. 10. Although the variable section profile of a 
group of turnouts can be divided into several key sections for 
optimal design, these key sections are not completely inde-
pendent in the longitudinal direction. It is also necessary to 
ensure that the wheel rail contact light belt is as smooth as 
possible in the longitudinal direction, and control the width of 
the contact light belt between 20-30 mm, which is conducive to 
the stability of vehicle operation and wheel rail wear. Therefore, 
another constraint function has to be given: 

 

(3: min max ( ) ( ) maxwl w wl w wrobj f y y m y y n y= = − = +   

)( ) ( )w wr wy m y y n= − =  (24) 

 

 

(a) 
 

(b) 
 

(c) 
 

(d) 
 
Fig. 10. Before and after optimization of CQ: (a) ZJ20; (b) ZJ35; (c) CH; (d)
cross-section rail profiles. 

 

 
Fig. 8. The wheel-rail contact after optimization. 

 

 (a) (b) 
 
Fig. 9. (a) Error statistics of the optimized RRD; (b) equivalent conicity. 
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where m is the minimum lateral displacement of wheelset, n is 
the maximum lateral displacement of wheelset. 

It takes about 30 seconds to design a single cross-section, 
and the design parameters need to be modified several times 
in order to ensure that the results of the optimization design 
meet the design requirements, which is more efficient than 
other optimization methods. 

 
4.5 Dynamic verification 

With the help of MATLAB and Simulink platform, the dy-
namic model of the vehicle (Chinese PW220-K [24]) passing 
through the turnout to verify the dynamic performance before 
and after optimization. Using the 05# wheel tread, a rail vehicle 
passage of a CN60-350-1:12 single straight turnout was simu-
lated. The vehicle speed passing such turnout should not ex-
ceed 120 km/h [28]. 

The matrix assembly method is used to construct the vehicle 
dynamic model. It can be described as: 

 

[ ] [ ] [ ]M x C x K x F+ + =
ii i

 (25) 
 

where [ ]M , [ ]C , and [ ]K are system mass, damping, and 

stiffness matrix, respectively. F  is the generalized force vec-
tor. x  is the response vector. 

In the wheel-rail contact model, the SHEN-Hedrick theory is 
used to solve the tangential contact problem, First, it is calcu-
lated according to Kalker's linear creep theory, and then the 
SHEN-Hedrick method is used to correct the creep saturation. 

The simulation results include the leading wheelset lateral 
displacement, the wear index, the vertical and lateral wheel-rail 
contact force for the leading wheelset at the side of the switch 
rail are also investigated, as shown in Fig. 11. When the vehi-
cle passes through the optimized turnout area, the dynamic 
performance is better. The maximum lateral displacement of 
wheelset is 5.3 mm for the nominal profile and is 3.2 mm for 
the optimized profile. The maximum wear index decreased 
from 1396 before optimization to 1348. After optimization, the 
vertical force, wheel-rail lateral force was reduced. 

From the dynamic simulation, before optimization, the vehi-
cle will produce severe impact when passing through the turn-
out, and many dynamic indexes will fluctuate greatly. After 
optimization, although the vehicle will also have impact when 
passing through the turnout, the impact effect is small because 
the optimized rail profile is smoother along the longitudinal 
direction. 

 

      
 (a) (b) 
 

      
 (c) (d) 
 
Fig. 11. The comparison of dynamic interaction: (a) lateral displacement of wheelset; (b) wear index; (c) vertical force; (d) lateral force. 
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4.6 A series of wheel verification 

The above sections only aim at the 5# wheel as the design 
template to optimize the design of turnout. From the optimiza-
tion results, the optimization effect can well meet the design 
requirements. But there are a lot of wheels measured on the 
line. Can the optimized profile meet the rest of the wheels? 
Therefore, it is necessary to calibrate the rest of the wheels, 
and this group of turnouts is mainly in the straight through state. 
In order to reduce the lengthy of the paper, only the equivalent 
conicity of each wheel and rail at each section is verified and 
analyzed. 

The validity of CQ, CZ and CH cross-sections is tested, as 
shown in Table 1. After optimization, most of the equivalent 
conicity are decreased. If the evaluation is good, it means that 
at this cross-section, the equivalent conicity of this wheelset is 
lower than before optimization; if the evaluation is slightly poor, 
it means that at this cross-section, the equivalent conicity of the 
wheelset is increased than before optimization. There are 3 rail 
cross-sections and 24 wheel treads (3 wheel tread verification 

results are slightly poor), so the pass rate is [1-4/(24*3)] = 
94.44 %, indicating that the optimization results satisfy the 
requirements of the series of the wheels. 

The validity of ZJ20, ZJ35 and ZJ50 cross-sections is tested, 
as shown in Table 2. After optimization, most of the equivalent 
conicity are decreased. There are 3 rail cross-sections and 24 
wheel treads (4 wheel tread verification results are slightly 
poor), so the pass rate is [1-4/(24*3)] = 94.44 %, indicating that 
the optimization results satisfy the requirements of the series of 
the wheels. 

This switch area cross-profile design has proven that the 
proposed method is effective and efficient. Plenty of choice of 
free variables also reflects the flexibility of the method. Practical 
implementation has been carried out at several grinding sites in 
China. 

 
5. Conclusions 

The results obtained make it possible to draw the following 
conclusions: 

We introduced an inverse rail profile design method for rails 
in the switch area of railway turnouts, which allows one to im-
prove the wheel-rail contact and dynamic performance of rail 
vehicles during their passage of turnouts. The rolling radius 
difference function (RRDF), which refers to the left and right 
rolling radius difference versus wheelset lateral movement, is 
used as the primary optimization criterion. The method applica-
tion is shown to reduce include the lateral displacement of 
wheelset, the vertical and lateral wheel-rail contact force and 
the wear index at the side of the switch rail. The method makes 
the turnouts smoother in the longitudinal direction, and reduces 
the wheel-rail dynamic force when the wheel-rail contact point 
jumps from the stock rail to the switch rail. Besides, it makes 
the geometric contact between wheel and rail more uniform, 
which helps to reduce the contact stress, wear and rolling con-
tact fatigue between rails and wheels. All these improvements 
can prolong the rail service life.  

This method can not only develop the grinding profiles for rails 
in turnouts but also ensure that the maximum grinding amount 
in each cross section of the designed profile is consistent. This 
avoids the occurrence of wavy lines and satisfy the decline re-
quirements of the switch rail, which makes the proposed design 
method quite instrumental in designing new profiles for rails in 
turnouts. The application of rail profile design in turnout area has 
been carried out in China, and good results have been achieved. 
This technology will be further promoted in the future. 

This paper considers neither the compatibility of optimized 
rail profiles with other types of wheels nor cases of multi-point 
contact in the turnout area. These topics will be further investi-
gated in the future work. 
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Nomenclature------------------------------------------------------------------ 

RRDF : Rolling radius difference function  
RRF  : Rolling radius difference 
RCF  : Rolling contact fatigue 
CAF  : Contact angle function 
C  : Constant 
DAE  : Differential algebraic equation 
ODE  : Ordinary differential equation 
LM  : A Chinese wheel profile name 
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