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Abstract  This study proposes an inverse methodology for determining the strain harden-
ing behaviors at large deformation of titanium alloys using uniaxial tensile and notched tests
with finite element analysis. Various hardening laws and data fitting range are considered to 
characterize the stress-strain relationships of commercially pure titanium (CP-Ti) and Ti6Al4V 
alloys which can increase the flexibility of identifying the proper models. A new hybrid HHSL
hardening model is presented for CP-Ti and its parameters are obtained by iteratively minimiz-
ing the difference between the finite element simulation and experimental data. The hardening
behavior of Ti6Al4V alloy is predicted by the weighted HSV model. The results show that me-
chanical response and loading curves from the identified numerical models are consistent with
the experimental results of titanium alloys, demonstrating the validity and effectiveness of the
proposed inverse approach in practical use. 

 
1. Introduction   

Titanium and its alloys are widely used in aircraft, chemical and biomedical fields due to their 
excellent properties of high strength-to-weight ratios, endurance to fatigue, good corrosion re-
sistance and superior biocompatibility [1-3]. Titanium alloy usually consists of hexagonal close-
packed (HCP) structured α-phase and body-centered cubic (BCC) structured β-phase, and the 
hierarchical nanostructures lead to its complex plastic deformation mechanisms [4, 5]. There-
fore, it is of great significance to further study the elastoplastic deformation behaviors of tita-
nium alloys. 

True stress-strain relationships obtained from experiments are often used to identify harden-
ing models of ductile materials by fitting the pre-necking stress-strain data of standard uniaxial 
tensile test, and then it is extrapolated to the large strain range [6-8]. Accurate material proper-
ties and stress-strain relationship are important for the reliable numerical analysis of plastic 
deformation process with large strains [9, 10]. Zhao et al. obtained the flow curve of sheet met-
als by iterative extrapolation in the post-necking regime using tensile test and finite element 
analysis [11]. Reis et al. proposed an inverse methodology for determining the work hardening 
Swift law parameters by using the results of pole height and pressure from the bulge test [12]. 
Different hardening laws have great influence on description of the stress-strain relationship at 
large strains. Kweon et al. used the information at the necking and the fracture points from the 
tensile test to conduct finite element analysis iteratively and adjust the exponent n of Hockett-
Sherby hardening model to determine the true stress-strain equation [13]. The use of combined 
hardening models consisting a mixture of hardening laws can effectively increase the flexibility 
of model [14-16]. Barnwal et al. obtained the hardening parameters of mixed Swift and Voce 
law for DP980 steel by uniaxial tensile and shear tests simulations [17]. Yu et al. conducted an 
inverse analysis to determine the weighting factor of the mixed Swift and Voce model for L907A 
steel [18].  

Considering the effects of temperature, the H/V model is used to describe the transition of the 
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strain hardening behavior from the power-type to the satura-
tion-type at low and high temperatures of dual-phase steels [19, 
20]. Guo et al. developed a extrapolation constitutive model of 
titanium alloy sheet under hot-working condition which de-
scribed the flow behaviors at large deformation [21]. Razali et 
al. described the flow stress as a set of piecewise bi-linear and 
closed-form functions to describe the plastic deformation of 
metals and alloys at different strain rates and elevated tem-
peratures [22]. Li et al. used a mixed Swift-Voce type harden-
ing model coupled with strain rate and temperature-dependent 
terms to identify the deformation and ductile fracture behaviors 
of L907A ship steel [23]. The DIC method has become an im-
portant tool to obtain the hardening behavior of materials in 
recent years [24-26]. Zhu et al. measured the shape and de-
formation of cylindrical specimens by DIC and determined the 
true stress-strain curves of low carbon steel [27]. Paul et al. 
corrected the local stress and strain at the diffuse necking re-
gion by using the Hill’s anisotropic yield criteria and local 
strains measured by DIC technique [28]. Mu et al. used three 
parabolic functions to simplify the diffusion necking deformation 
and established a hardening model to solve the uniaxial tensile 
true stress and strain in the diffusion necking by 3D-DIC and 
finite element simulation [29]. The area of the necking sections 
of AA6061-T6 and AA7075-T6 tensile specimens is estimated, 
and the weld joint’s post necking behavior is predicted by full 
field strain measurement [30]. However, due to the highly local-
ized and large deformation after necking, it is still a challenge to 
identify accurately the strain hardening behaviors of titanium 
alloys. 

In this study, the uniaxial and notched tensile tests are con-
ducted on commercially pure titanium (CP-Ti) and Ti6Al4V 
alloys under large plastic deformation. The stress-strain curves 
are calculated from the uniaxial tensile specimens and fitted 
with different strain hardening laws. Hybrid hardening models 
are proposed to characterize the plastic behaviors of the tita-
nium alloys. An inverse identification method is presented to 
obtain the most fitting strain hardening model by using experi-
mental and finite element analysis. The difference between the 
hardening curves obtained by the inverse method and experi-
mental data is evaluated to identify the better hardening mod-
els for the CP-Ti and Ti6Al4V alloys. 

 
2. Experiment  

The test materials in this work are CP-Ti and Ti6Al4V alloy 
with the thicknesses of 1 and 0.6 mm, respectively. The uniax-
ial and notched (R = 5 mm) tensile specimens were fabricated 
by wire electro discharge machining in rolling direction of the 
sheets. The dimensions of test specimens are illustrated in Fig. 
1. The test samples were loaded until failure on a 5 kN Deben 
Microtest machine at room temperature. For uniaxial tensile 
tests, the load speed is 0.6 mm/min which is at a strain rate of 
10-3 /s until fracture. The crosshead velocity is 0.3 mm/min for 
notched tension samples. 

 
3. Methodology  

The main aim of this study is to identify the appropriate strain 
hardening laws for the titanium alloys. The uniaxial and 
notched tensile experimental data were used to identify the 
parameters of constitutive models. The true stress-strain curve 
of uniaxial tensile specimen before necking can be obtained by 

 
( )true eng eng1σ σ ε= +   (1) 

( )true engln 1ε ε= +   (2) 
 

where trueσ  and trueε  are the true stress and strain, respec-
tively; engσ  and engε  are the engineering stress and strain. 

After necking, some physical phenomena such as the local 
plastic instability, rapid damage accumulation and cross-
sectional shape reduction may cause significant errors, which 
makes the Eqs. (1) and (2) no longer valid theoretically. There-
fore, several hardening models have been proposed to de-
scribe the true stress-strain relationship after necking, as 
shown in Table 1. The σ , ε  are the true stress and plastic 
strain where the 1P , 2P , 3P  and 4P  are the parameters. Fit-
ting different hardening models with the pre-necking curves 
can determine the model’s parameters. But the direct extrapo-
lation of the hardening model is usually not accurate due to the 
complex stress state in the localized necking zone of the test-
ing specimen. 

The strategy for identifying the strain hardening model of ti-
tanium alloys is shown in Fig. 2. The uniaxial tensile tests are 
conducted to construct the engineering stress and strain 
curves. Several strain hardening models are fitted with the pre-
necking true stress-strain data to obtain the initial values of 
their parameters. These models are used in finite element 
simulation of uniaxial tensile tests to obtain the numerical re-
sults of stress-strain curves. The difference between the simu-
lated and experimental stresses is calculated according to 

n

1
i 1

1
n

Num Exp
Eng Eng

Exp
Eng

σ σ
σ=

−
Δ = ∑  and compared with a predefined toler-

 (a) (b) 
 
Fig. 1. The dimensions of test specimens: (a) uniaxial tensile; (b) notched 
tensile (R = 5 mm). 
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ance η . If 1Δ  is less than tolerance η , the hardening model 
is identified. Otherwise, another hardening model will be cho-
sen to perform the fitting process until the expression 1 ηΔ <  
is satisfied. Next, the identified model is used in finite element 
simulation of notched tensile specimens. The difference be-
tween the simulated and experimental forces is calculated by 

n

2
i 1

1
n

Num Exp

Exp

F F
F=

−Δ = ∑ . The strain hardening parameters are 

optimized by minimizing the difference between the experiment 
and the numerical simulation results in uniaxial tensile and 
notched tests. The hardening parameters are updated until the 

1 2 ζΔ + Δ < . Thus, the most suitable hardening model and its 
parameters are identified. 

 
4. Results and discussion  
4.1 Uniaxial tensile test  

The typical engineering stress-strain curves of uniaxial ten-
sile specimens of CP-Ti and Ti6Al4V alloy are shown in Fig. 3. 
The Young’s modulus E , yield stress yσ , ultimate tensile 

stress uσ  and strain at failure fε  are listed in Table 2. At the 
initial loading stage, the deformation of the specimen is very 
small and the stress increases linearly in Fig. 3. The Young’s 
modulus of Ti6Al4V has a little difference with CP-Ti, while the 
yield stress and ultimate tensile stress of Ti6Al4V are much 
higher than CP-Ti. The strain at failure of CP-Ti is larger indi-
cating the better ductility than Ti6Al4V alloy. 

 
4.2 Inverse identification of the strain harden-

ing model  

The strategy proposed in Fig. 2 is used to identify the strain 
hardening behaviors of CP-Ti. Numerical simulations for tensile 
tests are performed using finite element software Abaqus/Ex-
plicit. Fig. 4 shows the mesh and boundary condition of 3D full 
size finite element (FE) model for uniaxial tensile test. The 
specimen is discretized by 8-node linear reduced-integration 
solid elements (C3D8R) with 5 layers through the thickness. 
The element size is approximately 0.2 mm in the central gauge 
region and larger at sections away from this area. Upper end of 
the specimen model is fixed and the other end is subjected to 
displacement boundary condition. The force NumF  is acquired 
from the bottom edge of the specimen and the engineering 
stress can be calculated by 0

Num Num
Eng F Aσ = , 0A  is initial 

cross-sectional area. The elongation lδ  in gauge length can 
be obtained by the relative displacement between the points N1 
and N2 which are at the boundary of the gauge length. the 
engineering strain is calculated by 0

Num
Eng l lε δ= , 0l  is gauge 

length 10 mm. 
Five hardening models in Table 1 are fitted with the full true 

stress and plastic strain data in the pre-necking regime of the 
uniaxial tensile tests. The parameters of the models are de-

Table 1. Several hardening models and their formulations. 
 

Model Formulation  

Ludwik (1909) [31] PP Pσ ε= + ⋅ 3
1 2  (3)

Swift (1952) [32] ( )PP Pσ ε= ⋅ + 3

1 2  (4)

Ludwigson (1971) [33] ( )expPP P Pσ ε ε= ⋅ + + ⋅2
1 3 4  (5)

Voce (1948) [34] ( )expP P Pσ ε⎡ ⎤= + ⋅ − − ⋅⎣ ⎦1 2 31 (6)

Hockett and Sherby (1975) [35] ( )exp PP P Pσ ε⎡ ⎤= + ⋅ − − ⋅⎣ ⎦
4

1 2 31 (7)

 
 

 
Fig. 2. Strategy for identifying the strain hardening parameters of titanium 
alloys. 

 

Table 2. Mechanical properties of titanium alloys. 
 

Material E  (GPa) yσ (MPa) uσ (MPa) fε  

CP-Ti 108.6 315 347 0.52 

Ti6Al4V 124.2 1134 1111 0.21 

 

 
 
Fig. 3. Engineering stress-strain curves of CP-Ti and Ti6Al4V alloy in uniax-
ial tensile tests. 
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termined by the least square method and the results are plot-
ted in Fig. 5(a). The five hardening models are consistent with 
the experimental data in pre-necking regime while significant 

deference of these models can be seen after necking. The 
stresses of Voce and Hockett-Sherby hardening laws saturate 
into a constant value with plastic strain whereas other curves 
continue to increase gradually. The simulation results of engi-
neering stress-strain curve are presented in Fig. 5(b). The five 
different hardening laws which are fitted the full pre-necking 
data obviously underestimate the strain hardening behavior of 
CP-Ti after the necking at large deformation. 

The last half of the experimental data are also used for fitting 
with the five hardening models, the results are shown in Figs. 
5(c) and (d). Before the necking point, the five models obvi-
ously overestimate the strain hardening behavior of CP-Ti. 
Considering the distinct difference between the predicted and 
experimental results before and after the necking, it is hard to 
characterize the whole deformation process of CP-Ti accu-
rately by using a single model. 

A hybrid strain hardening model, hybrid Hockett-Sherby and 
Ludwik (HHSL), is proposed to describe the strain hardening 
behavior of CP-Ti as follows: 

 

( )4

7

1 2 3 max
true

5 6 max

1 exp ,

,

P

P

P P P

P P

ε ε ε
σ

ε ε ε

⎧ ⎡ ⎤+ ⋅ − − ⋅ ≤⎪ ⎣ ⎦= ⎨
+ ⋅ >⎪⎩

  (8) 

 

 
 
Fig. 4. Mesh and boundary conditions of FE model for the uniaxial tensile 
tests. The orange points N1 and N2 highlight the position of the virtual ex-
tensometers for the measurement of relative displacement. 

 

      
 (a) (b) 
 

      
 (c) (d) 
 
Fig. 5. Comparison between experimental and numerical data for (a) true stress- plastic strain; (b) engineering stress-strain curves fitted with the full experi-
mental data; (c) true stress- plastic strain; (d) engineering stress-strain curves fitted with the last 1/2 experimental data (CP-Ti, uniaxial tension). The experi-
mental data used for fitting are marked as red dots. 
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where ( )4
true 1 2 31 exp PP P Pσ ε⎡ ⎤= + ⋅ − − ⋅⎣ ⎦  is the formula of the 

Hockett-Sherby model applied in the pre-necking region, and 
7

true 5 6
PP Pσ ε= + ⋅  is the formula of the Ludwik model applied 

in the post-necking region. 1P , 2P , 3P  and 4P  are the coeffi-
cients of the Hockett-Sherby model, while 5P , 6P  and 7P  are 
the parameters of the Ludwik model. maxε  is the strain at the 
onset of necking. 

The identified parameters of the HHSL model are listed in 
Table 3, and the corresponding results of uniaxial and notched 
(R = 5 mm) tensile specimens are shown in Fig. 6. It can be 
seen that the numerical predicted curves are consistent with 
the experimental result. 

A non-linear isotropic hardening model is employed to char-
acterize the hardening behaviors of cold-rolled Ti6Al4V alloy. It 
is combined of hybrid Swift and Voce laws with a weighting 
factor w , HSV model namely, expressed as: 

 
( )1S Vw wσ σ σ= ⋅ + −   (9) 

 
where ( ) 3

1 2
P

S P Pσ ε= ⋅ + , ( )4 5 61 expV P P Pσ ε= + ⋅ ⎡ − − ⋅ ⎤⎣ ⎦  are 
the Swift and Voce hardening laws, 1P , 2P  and 3P  are coeffi-
cients of the Swift model, 4P , 5P  and 6P  are the parameters 
of Voce model, w  is a weighting factor which is in the range 
of 0 w≤ ≤ 1. 

The uniaxial and notched tensile tests are performed on 
Ti6Al4V alloy to calibrate the hardening parameters of HSV 
model and the results are listed in Table 4. The experimental 
result of uniaxial specimen indicates that the weighting factor 
w  is between 0.6 and 0.7 in Fig. 7(a). A good agreement is 
observed between the simulation with the weighting factor of 
0.5 and the notched tensile results, as shown in Fig. 7(b). Iden-
tification of hardening behaviors on Ti6Al4V alloy validates the 

effectiveness and flexibility of the proposed method. 

 
5. Conclusions 

In the present work, uniaxial and notched tensile tests were 
conducted to investigate the strain hardening behaviors for CP-
Ti and Ti6Al4V alloys. An inverse identification strategy com-
bined curve-fitting and finite element method is proposed to 
identify the strain hardening model and its parameters. Various 
hardening laws and different experimental data ranges are 
considered to fit with the pre-necking true stress-strain curves. 
The strain hardening model is constructed and parameters are 
optimized by iteratively minimizing the difference between the 
finite element simulation results and experimental data from 
uniaxial tensile and notched tests. 

It is found that post necking behaviors of CP-Ti is signifi-
cantly different from deformation before necking. The piece-
wise HHSL model is proposed to characterize the hardening 

Table 3. The identified parameters of hardening model for CP-Ti. 
 

Model P1  P2  P3  P4  P5  P6  P7  

HHSL 205 158 30 0.7 345 370 1.04 

 

 
 
Fig. 6. Comparison of the loading curves of CP-Ti measured from experi-
ment and predicted by the HHSL model. 

 

Table 4. Hardening model parameters for Ti6Al4V alloy. 
 

Model P1  P2  P3  P4  P5  P6  

HSV 301.7 1.9 2.1 1108.6 260.9 6.3 

 

 
(a) 

 

 
(b) 

 
Fig. 7. Comparison of experimental and numerical results of Ti6Al4V alloy: 
(a) uniaxial tensile specimen; (b) notched tensile specimen. 
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behaviors of CP-Ti in the large deformation region. The finite 
element simulations incorporated with HHSL model could pre-
dict the load-displacement curves of uniaxial and notched ten-
sile specimens with high accuracy. 

A weighted hybrid hardening HSV model is used to describe 
the hardening behavior of Ti6Al4V alloy. The hardening pa-
rameters of the HSV model are successfully identified by com-
paring the simulated loading curves and experimental data of 
uniaxial and notched tensile specimens. The proposed identifi-
cation method can effectively identify the hardening behaviors 
of CP-Ti and Ti6Al4V alloys which show the potential applica-
bility on other ductile materials. 
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Nomenclature------------------------------------------------------------------ 

trueσ   : True stress 
trueε   : True strain 
engσ  : Engineering stress 

engε   : Engineering strain 
σ   : True stress 
ε  : Plastic strain 

1P ,…, 7P  : Hardening model parameters 
Δ1   : Difference between the simulated and experimental 

stresses 
Num
Engσ   : Simulated stress 
Exp
Engσ   : Experimental stress 

η   : Predefined tolerance of difference between the simulated 
and experimental stresses 

Δ2   : Difference between the simulated and experimental forces 
NumF  : Simulated force 
ExpF   : Experimental force 

ζ   : Predefined tolerance of difference between the simulated 
and experimental forces 

E   : Young’s modulus 
yσ  : Yield stress 
uσ  : Ultimate tensile stress 

fε   : Strain at failure 
0A  : Initial cross-sectional area 

δl  : Elongation in gauge length 
0l   : Gauge length 
maxε   : Strain at the onset of necking 

w   : Weighting factor 
Sσ   : Swift hardening law 
Vσ   : Voce hardening law 
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