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Abstract  The present study addresses the application of the method of characteristics 
(MoC) for determining the thermodynamic and flow properties of the supersonic flow field in the
divergent section of an ideal contour nozzle (ICN). An algorithm for developing the wall profile
of the ICN using MATLAB programmable finite difference computational functions is discussed.
Sixteen ICNs having different geometries are analyzed to study the influence of throat geomet-
ric parameters on the properties of the fluid in their divergent section. A sudden change in the 
Mach number or weak shocks is observed in asymmetric nozzles, i.e., nozzles where the ra-
dius of curvature on the convergent and divergent sides is different. Furthermore, it is observed
that ICNs with an equal convergent and divergent radius of curvature are capable of developing 
stable supersonic flow in its divergent section. 

 
1. Introduction   

The method of characteristics (MoC) was first introduced as a general solution procedure for 
partial differential equations by Hadamard in 1903 and later improved by Levi-Civita in 1932 [1]. 
Using this method, the hyperbolic partial differential equations defining fluid flow within the di-
vergent section of the nozzle can be reduced to a set of coupled ordinary differential equations. 
Prandtl [2] in 1929 first introduced this method for the development of shock-free contours in 
supersonic nozzles by adopting a graphical approach for the study of inviscid, irrotational, and 
supersonic flows. Shiparo [3] introduced an analytical approach to the two-dimensional method 
of characteristics. Guentert [4] designed an axis-symmetric nozzle and expressed that a practi-
cal solution can be developed by starting from an estimated pressure distribution along the axis 
of symmetry of the nozzle. Using this method and considering the initial expansion of the char-
acteristic lines or Mach lines through a sharp corner at the nozzle throat, Guderley [5] devel-
oped the maximum thrust nozzle of a given length. The maximum thrust nozzle contours for 
given ambient pressure and length were introduced by Rao [6] using Lagrange multipliers 
along with the Guderley formulation. Ahlberg et al. [7] provided an alternative to Rao [6] nozzles 
by truncating ideal contour nozzles (nozzles that provide a parallel, uniform supersonic flow at 
the exit) to shorter lengths. Gogish [8] proposed a design procedure for creating extremely 
short nozzles by linearly compressing the TIC nozzles to develop better thrust nozzles in com-
parison to Rao [6] nozzles for the same envelope (i.e., same area-ratio and length). 

Ideal contour nozzles or perfect nozzles consist of a throat with a circular arc at its upstream 
and downstream regions, followed by a turning contour developed by considering the consis-
tency of mass flow rate throughout the nozzle. This nozzle expands the sonic flow at the throat 
into the supersonic flow at the exit duct with a uniform axial flow of a desired Mach number or 
area ratio [7].  

The flow analysis in the divergent section of the ICN is initiated from a surface that is barely 
supersonic and is called the initial value line (IVL) that is located in the throat region, slightly 
downstream of the sonic line (locus of all the points within the flow field having a unit Mach 
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number). As a result, flow in the throat (where the transition 
from subsonic to supersonic flow occurs) region has been 
widely studied, and various expansion techniques [9-11] have 
been applied to study the transonic region in the throat. All 
these methods are based on the perturbation of one-dimen-
sional flow through the normalized throat radius of curvature 
(  /a u hR tρ= ). Sauer [9] developed the earliest approximation 
formulas for the position and form of the sonic line in the 
neighborhood of the nozzle throat section using small perturba-
tion techniques. With these techniques, axisymmetric com-
pressible fluid flow equations are solved. The solution is pro-
posed as an expansion series in terms of the inverse of the 
normalized throat radius of curvature. The method is adequate 
for analyzing the transonic flow field in gradual throat contours 
( aR > 2), but diverges for small values of Ra [12]. 

The results generated by MoC for the supersonic flow field 
are a function of the nature of the gas. The gas is usually con-
sidered calorically and thermally perfect. However, for high 
values of stagnation pressure and stagnation temperature, the 
specific heat and their ratio do not remain constant and start to 
vary with temperature. Zebbiche et al. [13, 14] developed a 
mathematical model of gas at high temperature and pressure 
by incorporating the variation of specific heat and their ratios 
with elevated stagnation pressure and temperature. This model 
predicts that a perfect gas relation could be used to study the 
supersonic flow of the desired Mach number with an error less 
than 5 % only if the stagnation temperature is lower than 
1000 K and the stagnation pressure is moderate. 

Ideal contour nozzles form the base profile of high impulse 
nozzles such as truncated ideal contour nozzles (e.g., LR-115, 
RD-0120) [15] and altitude compensating nozzles such as dual 
bell nozzles. The dual bell nozzles are a relatively recent con-
cept that provides promising results among various altitude 
compensating nozzles and are finding applications in Cube-
Sats [16] and small, private satellites. Somewhat surprisingly, 
the literature available on the design of an ideal contour nozzle 
is extremely scant. In contrast, abundant literature is available 
for the design of a minimum length nozzle (nozzles having a 
sharp corner instead of a circular arc downstream of the throat) 
using MOC. The turning contour in one of the famous thrust 
nozzles (Rao nozzles) is also based on the consistency of the 
mass flow rate. However, very few details about how Rao per-
formed the continuity calculations are available. Zucrow and 
Hoffman [17, 18] provide the closest implementation of the 
method of characteristics for the design of ICN; however, a 
significant gap exists between the theory provided and the 
implementation of this theory in the design of ICN.  

The present study provides a detailed procedure for the de-
sign and analysis of an ICN for the desired Mach number and 
also studies the variation of thermodynamic (P, T, ρ  and M 
and flow properties (u, v) of the fluid with changes in nozzle 
design parameters such as ( , ,u d htρ ρ ). Gas with γ = 1.4 and R 
= 287 J/kg-K is used throughout the analysis and is assumed 
to be calorically and thermally perfect. A normalized throat 
radius of curvature greater than or equal to 2 is employed. 

Sauer’s method is used to analyze the transonic flow in the 
throat region and to develop an IVL that acts as the base sur-
face for the implementation of MoC. The modified-Euler-
predictor-corrector method [19, 20], a second-order method for 
integrating total differential equations resulting from the applica-
tion of MoC to a supersonic flow field, is used to develop finite 
difference equations and is applied throughout this work. The 
corrector step of the iterative process is based on the average 
property method as Hoffman [21] showed that more accurate 
results are obtained by taking the average value of the thermo-
dynamic and flow properties at the initial and solution points. 

Apart from filling the literature gap on the application of MOC 
in designing an ICN, the paper provides a detailed study of the 
geometric variable influence on the stability (in terms of shock) 
of supersonic flow in the divergent section of the nozzle. Noz-
zles with an asymmetric radius of curvature on the convergent 
and divergent sides embody weak shocks. Symmetric nozzles 
(i.e., dρ = uρ ) develop a supersonic flow with smooth ther-
modynamic and flow property variation (i.e., no shocks) in the 
divergent section of the ICN. The geometric conditions under 
which the shocks are developed are of high importance. These 
shocks may lead to asymmetric flow separation resulting in 
dangerous lateral forces known as side-loads [22], which can 
prove detrimental to nozzle assembly [23]. 

 
2. Numerical modelling 
2.1 Governing equations 

The gas-dynamic equation [17] for a steady, inviscid, two-
dimensional planar or axis-symmetric flow in cartesian coordi-
nates is given by:  

 

( ) ( )
2

2 2 2 2u v u δa vu -a + v -a +2uv - =0
x y y y

∂ ∂ ∂
∂ ∂ ∂

. (1) 

 
Planar and axis-symmetric fluid flow are determined by values 

of δ , where δ = 0 for a planar flow and δ = 1 for an axis-

symmetric flow. Speed of sound ( )( )( ) a rRT r u v= − − +2 2
0 1 2∕  

for a thermally and calorically perfect gas is in algebraic form 
and is applicable throughout the flow-field. The irrotationality 
condition for the fluid element in the x-y plane is satisfied by the 
equation:  

 
zω =0 or u/ y= v/ x∂ ∂ ∂ ∂ . (2)  

 
2.2 Method of characteristics (MoC) [17] 

Application of MoC to the coupled system of partial differen-
tial equations, i.e., gas dynamic equation (Eq. (1)) and the irro-
tationality condition (Eq. (2)), reduces them to non-linear total 
differential equations given by: 

 

( )±
±

dy =λ =tan θ±α
dx

⎛ ⎞
⎜ ⎟
⎝ ⎠

, (3) 
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( ) ( )
2

2 2 2 2
± ± ± ±

δa vu -a du + 2uv- u -a λ dv - dx =0
y

⎛ ⎞⎡ ⎤ ⎜ ⎟⎣ ⎦ ⎝ ⎠
. (4) 

 
The complete geometry of characteristic lines is described by 

Eq. (3) and is called the characteristic equation (subscripts ‘+’ 
and ‘-’ represent the left running and right running characteris-
tics, respectively, in the x-y plane), while Eq. (4) is called the 
compatibility equation and it represents the variation of ‘u’ and 
‘v’ for each characteristic line described by the characteristic 
equation. The modified-Euler-predictor-corrector [19, 20] meth-
od is applied to Eqs. (3) and (4) and the resulting finite differ-
ence equations obtained are: 

 
± ± ±Δy = λ Δx   (5) 

 
where ( )±λ = tan θ±α   

 
± ± ± ± ± ±Q Δu +R Δv -S Δx =0  (6) 

 
where 2 2Q= U -a , ( )2 2R = uv- u -a λ2  and 2S=δa v/y . 

 
2.3 Unit processes (solvers) 

The finite difference equations provided above are used to 
form computational functions called the unit processes. Three 
different unit processes [17] or solvers, namely, ‘internal point 
solver (IPS)’, ‘symmetry point solver (SPS)’, and the ‘inverse 
interior point solver (IIPS)’ are programmed in MATLAB to 
generate the profile of ICN and study the variation of thermo-
dynamic and flow properties inside this profile by discretizing 
the problem domain. A brief description of these solvers is 
provided below: 

a) Interior point solver (IPS)  It defines the geometric and 
flow properties of an unknown node generated by the intersec-
tion of left and right running characteristics originating from two 
known nodes in the flow field. The initial location of the un-
known node is estimated by the intersection of two straight 
characteristics of opposite families (i.e., a Goursat problem) 
and is known as the predictor step. Suppose flow and thermo-
dynamic properties at ‘node 1’ (on RRC, Fig. 1) and ‘node 2’ 
(on LRC, Fig. 1) are known, and the location of ‘node 3’ 
(formed by the intersection of RRC and LRC from node 1 and 
2, respectively) is obtained by: 

 
+

-

-λ 1
 

-λ 1
⎡ ⎤
⎢ ⎥
⎣ ⎦

 3

3

x
y
⎡ ⎤
⎢ ⎥
⎣ ⎦

 = 2 + 2

1 - 1

y -λ x
y -λ x

⎡ ⎤
⎢ ⎥
⎣ ⎦

 (7) 

 
where (x1, y1), (x2, y2) represent the coordinates of known 
nodes, and (x3, y3) represent the coordinates of the unknown 
node. The velocity components (u3, v3) at ‘node 3’ are given by: 

 
( )
( )

+ 3 2 + 2 + 2+ +

3 - 3 1 - 1 - 1- -

3u S x -x +Q u +R vQ R
 v S x -x +Q u +R vQ R

⎡ ⎤⎡ ⎤⎡ ⎤
= ⎢ ⎥⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦
. (8) 

Once the location and velocity of the unknown node are de-
termined, it is possible to calculate the Mach number and static 
thermodynamic properties (pressure, temperature, density) 
using the basic isentropic compressible flow relations [24].  

In the predictor step, values of flow properties at node 2 
( ,,x y u and v+ + + + ) and node 1 ( ), ,x y u and v− − − − are used in 
linear Eqs. (7) and (8) to provide the first estimation of the loca-
tion and velocity at the unknown node 3 ( 0

3x , 0
3y , 0

3u , 0
3v ). 

The predictor step is followed by a corrector step where the 
flow properties at known nodes (1 and 2) are replaced by aver-
age values of flow properties between the known nodes and 
the unknown node (determined from the predictor step). These 
average values are again used in Eqs. (7) and (8) to update 
the solution at node 3( 1

3x , 1
3y , 1

3u , 1
3v ). This terminates a 

single iteration of the corrector step based on the average 
property method. This corrector step can be iterated a number 
of times until a minimum acceptable error is achieved. The 
present study uses two iterations of the corrector. 

b) Symmetry point solver (SPS)  A symmetry point solver 
is a special case of an IPS where the two known nodes lie on 
the opposite sides of the nozzle axis, with the axis acting as 
symmetry. The abscissa and axial velocity components of two 
known nodes are the same, while the ordinate and radial veloc-
ity components have the same magnitude but opposite signs 
[17]. On the axis-symmetry node, the values of ordinate, radial 
velocity, and the angle between flow direction and nozzle axis 
are all zero. 

c) Inverse interior point solver (IIPS)  For flows with high 
property gradients, it is better to prespecify the coordinates of 
the nodes to control the geometric spacing between the nodes 
and then apply MoC to determine the flow properties (u and v) 
at these prespecified nodes [17]. 

The location of the nodes on the circular arc is pre-defined by 
design parameters dρ  and cθΔ . The unknown flow proper-
ties (u and v) of the node lying on the circular arc extension (i.e., 
unknown node) are calculated by using IIPS from two known 
nodes lying on the previous RRC in the flow field [17]. An LRC 
line is projected rearwards from the prespecified wall point to 
intersect the previous RRC line, and the coordinates of this 
point (known as an inverse interior point) determine the nodes 
lying on this RRC that are to be used in IIPS to determine the 

 
Fig. 1. Illustration of left and right running characteristic. 
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flow properties of the unknown node. The criterion for selecting 
these two nodes on this RRC is that they should bracket the 
inverse interior point [25]. The flow properties of the inverse 
interior point are taken as the average flow properties of the 
nodes bracketing it. Modified-Euler’s-predictor-corrector method 
up to two stages of the corrector is used to provide better re-
sults for the properties of inverse interior points which in turn 
affects the flow properties of the unknown node. 

These unit processes or solvers were developed as subrou-
tines. They were then integrated to form a master logic 
MATLAB program capable of constructing the ICN and solving 
the supersonic flow field inside it. 

 
2.4 Application of unit processes (solvers) for 

constructing a divergent section of ICN 
An ideal contour nozzle consists of three main subparts: 
i) Initial value line and its extension; 
ii) Circular arc extension (or Kernel region); 
iii) Turning region.  
i) Initial value line and its extension  The supersonic IVL 

is the locus of the nodes for which ‘v = 0’, and is located down-
stream of the sonic line. Along this line, the Mach number is 
barely supersonic and is used to initiate the computation in the 
divergent section of the ICN. The throat height (th) is discretized 
by a user-defined number of nodes, and these nodes are used 
in the IVL equation [9] given below to generate the parabolic 
IVL contour. 

 
( )

( )
2- γ+1 ζy

x=
2 3+δ

. (9)  

 
ζ  = ( ) ( )/ u tyδ γ ρ+ +1 1  is a constant (termed as the coef-

ficient of linear non-dimensional axial perturbation velocity). 
The initial value line is succeeded by its extension, which de-

termines the thermodynamic and flow properties of the fluid 
downstream of the IVL with the help of the unit processes 
(solvers). 

The extension begins by using IPS on any two successive 
nodes on the IVL, either starting from the wall node or the axis 

of symmetry node. The present computation started from the 
axis-symmetry node represented by ( )i, j  in Fig. 3.  

The location of the nodes on IVL and the flow velocities cor-
responding to these nodes formed the input parameters for the 
IPS. The location and properties of the unknown nodes were 
then determined by the IPS, and as such, it formed an impor-
tant function for developing the mesh.   

 
( ) ( ) ( )g i+1, j+1 =IPS[g i,j , g i, j+1 ]   (10) 

 
where 'g' represents the thermodynamic and flow properties of 
the fluid as a function of the location. 

Connecting the set of these nodes forms an incomplete RRC, 
which is terminated by connecting it to the axis of symmetry by 
using the SPS, i.e., 

 
( ) ( )g i 1, j SPS g i 1, j 1+ = ⎡ + + ⎤⎣ ⎦ . (11) 

 
This completes the first RRC extending from the IVL. This 

procedure is repeated until all the nodes on the IVL generate 
RRC that terminates at the nozzle axis. For 'n' nodes taken on 
IVL, a total of 2n  nodes are obtained on the IVL and its exten-
sion. 

ii) Circular arc extension  The flow field from the circular 
arc is generated by defining the location of nodes by using 
input design parameters, such as dρ  and cθΔ . The flow 

 
Fig. 3. Schematic of the IVL and mesh generation in the extension region.

 
 
Fig. 2. Schematic of an Ideal contour nozzle. 
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properties of the first predefined node on the downstream side 
of the throat circular arc are obtained by using IIPS. An interior-
point solver (IPS) is used to generate the node of an RRC ex-
tending from the circular arc by using the circular arc node and 
lower node of the last RRC extending from IVL that satisfies 
the bracketing criterion. 

 
( ) ( ) ( )g i, j+1 =IPS[g i-1, j+1 , g i, j ] . (12) 

 
Successive IPS are used between the nodes on the RRC 

extending from the circular arc node and the corresponding 
nodes lying on the last RRC extending from IVL. This RRC is 
terminated at the axis of symmetry by using SPS, and the 
Mach number at this node is thus evaluated. 

The entire procedure is repeated for each node on the circu-
lar arc until the Mach number at the axis of symmetry is greater 
than desired Mach number (Md). Interpolation of the flow prop-
erties between the axis symmetry node on the last RRC and 
the corresponding node on the previous RRC is performed to 
find a point on the axis (represented as point ‘S’) with the de-
sired Mach number. No further increase in Mach number is 
required, and all the characteristics beyond this node must be 
straight lines with an angle ( )/ dMβ = 1 . 

The length of this final LRC is limited by using the mass flow 
rate consistency, where the mass flow rate across SL is equal to 
the flow rate through the IVL. The length of SL is determined as:  

 

( ) ( )
nummSL

i x, j y u i x, j y
=

πρ + + + +
. (13) 

Along and beyond this characteristic, the flow and the ther-
modynamic properties of the fluid are constant, and a uniform 
axial flow with desired Mach number is achieved. 

iii) Turning section  This section contributes most to the 
length of the nozzle contour and is used to turn the flow axially. 
Beyond this section, a uniform axial flow with the desired Mach 
number is achieved. 

The mass flow rate across the characteristic surface remains 
constant throughout the nozzle [6]. In this paper, the entire 
nozzle contour associated with the turning section or simply the 
turning contour is developed on this principle of consistency of 
mass flow rate. The development of turning contour begins by 
dividing the final characteristic line 'SL' into 'n+1' nodes (n is 
user dependent) represented as ( ) ( ) ( ), , , , , i , ,i j i j x j+ … +1  

( ), i ,n j… +  as shown in Fig. 5. 
Property at any node ( )i , j y+ +1  on the first RRC is ob-

tained by using the IPS on a node lying on the same RRC just 
preceding the above node, i.e., ( )i , j y+ + −1 1  and a corre-
sponding node ( )i, j y+  lying on the last RRC extending 
from the circular arc extension region. 

 
( ) ( ) ( )g i+1, j+y IPS g i, j y ,g i 1, j y 1= ⎡ + + + − ⎤⎣ ⎦ . (14) 

 
The total mass flow rate through a differential element of 

length ‘ds’ across any characteristic line making an inclination 
angle φ  with the nozzle axis as shown in Fig. 6 is given as [6]: 

 
( ) ( )w sin

m 2 y dy
sin

ρ φ − θ
= π

φ∫   (15) 

 
 
Fig. 4. Schematic of mesh generation in circular arc extension region. 

 

 
 
Fig. 5. Schematic of mesh generation in the turning region. 
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where ρ, w  and θ  represent the density, speed, and turning 
angle taken uniform over that element, and their values are 
known to us only at the nodes. Therefore, the above integral is 
written in a discrete summation form. 

For a nodal location ( )i, j  in Fig. 6, 
 

( ) ( ) ( )
( )

( )
( ) ( )

( )
( )

( )
( )

-1 -1

-1 -1

Δy i, j v i, j
ρ i, j w i, j sin tan -tan y i, j

Δx i, j u i, j
k(i, j)=

Δy i, j v i, j
sin tan -tan

Δx i, j u i, j

⎡ ⎤⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪
⎢ ⎥⎨ ⎬ ⎨ ⎬

⎪ ⎪ ⎪ ⎪⎢ ⎥⎩ ⎭ ⎩ ⎭⎣ ⎦
⎡ ⎤⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪
⎢ ⎥⎨ ⎬ ⎨ ⎬

⎪ ⎪ ⎪ ⎪⎢ ⎥⎩ ⎭ ⎩ ⎭⎣ ⎦

  

 (16)  
 

 
 
Fig. 7. Flow chart for the design of an Ideal contour nozzle. 

 

 
 
Fig. 6. Mass flow rate through the differential element of the control surface 
[6]. 
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where ( ) ( ) ( ){ }i, i , i,y j y j y jΔ = + + −1 1  and ( )i,x jΔ =  

( ) ( ){ }i , i,x j x j+ + −1 1  and ( ) ( )
sin

−
=

wsin y
k x, y

 
ρ φ θ

φ
.  

 
The mass flow rate through a differential element ‘ds’ in Fig. 

6 is (using the trapezoidal method [26]): 
 

( ) ( ){ } ( ) ( ){ }m k i, j k i 1, j 1 y i 1, j 1 y i, j∗ ⎡ ⎤= π + + + + + −⎣ ⎦ . (17) 

 
The terminal point of the characteristic line (RRC) through 

which the turning contour would pass is determined by the 
consistency of mass flow rate and, as such, the first RRC of 
the turning section shown in Fig. 5 will terminate when 

 
( ) ( ) ( ) ( ) numm i, j m i 1, j m i 1, j 1 ... m i 1, j y m .+ + + + + + + + + =  

 (18)  
 
Limiting the length of the characteristic line according to 

mass flow rate consistency is done by applying a series of 
bisection methods between nodes on the same characteristic 
that bracket the numeric mass flow rate (e.g., P and P’ in Fig. 
5). A point is located between the bracketing nodes up till the 
mass flow rate is exactly equal to the numeric mass flow rate.  

This terminates one characteristic line, and the entire proce-
dure is continued for all the nodes on ‘SL’ until the complete 
profile representing the end of characteristics is obtained. This 
profile forms the turning section of the Ideal contour nozzle. A 
brief summary of the various steps employed for the develop-
ment of ICN is provided through the following flowchart (Fig. 7). 

 
3. Results and discussion 
3.1 Developing the Ideal contour nozzle 

In the present computational model, boundary layer effects 
and chemical reactions are neglected throughout the flow field. 
Stagnation temperature and stagnation pressure of 800 K and 
7 MPa, respectively, are used throughout the analysis. A ro-
bust MATLAB program for generating the ICN and analyzing 
the fluid properties is developed. Mesh-fineness is controlled 
through parameters such as n, cθΔ , and h.  

Figs. 8 and 9 are the profiles of two ICNs, one with a down-
stream radius of curvature ( dρ ) equal to 2 and the other with a 
longer dρ  equal to 16. These figures reveal the non-uniform 
mesh developed by the implementation of solvers for the dis-
cretization of the problem domain. Both nozzles were devel-
oped from the implementation of the steps provided in the 
flowchart.  

One way to check the accuracy of the present method is to 
compare the final area ratio of the supersonic nozzle that is 
obtained by applying the MoC with the one-dimensional area 
ratio isentropic relationship with the same specific heat and 
final Mach number [27]. These two solutions should coincide if 
the flow is assumed to be uniform and the cross-sectional area 

is assumed to be perpendicular to the flow direction at both the 
throat and the nozzle exit. In the present case, since a two-
dimensional flow is assumed at the nozzle throat, the differ-
ence between the solutions generated by MoC and the quasi-
one-dimension area-Mach relation would include the numerical 
error and the effect of two-dimensional flow at the nozzle inlet. 
Using the MoC, the expansion ratio of the above two nozzles 
for the aforementioned Mach numbers yielded a difference of 
0.6187 and 0.6128 percent, respectively, when compared with 
the values of quasi-one-dimension area-Mach equations pre-
sent in various texts [28]. 

 
3.2 Discharge coefficient and throat geometry 

relation  
The nozzle discharge coefficient ( dC ) is the ratio of numeri-

cally calculated mass flow rate ( numm ) crossing the nozzle 
throat section to the mass flow rate that would cross that sec-
tion if the flow were one-dimensional ( ( )1 Dm − ). The numeric 
mass flow rate is always less than the one-dimensional mass 
flow rate due to the two-dimensional flow effect in the throat, 
and this reduction in the mass flow rate can be measured by 
the values of dC . 

It is evident from Fig. 10 that the calculated curve for the val-
ues of discharge coefficient using the present analysis ap-
proaches the experimentally determined values of Back [29, 
30] when the normalized throat radius of curvature is 2. How-
ever, for Ra = 0.625, the resulting curve differs considerably 

 
 
Fig. 8. ICN for a downstream radius of curvature, ρd = 2. 

 

 
 
Fig. 9. ICN for a downstream radius of curvature, ρd = 16. 
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from the experimental values. Since the scope of the present 
study is for nozzles having Ra ≥ 2, it can be employed for study-
ing the transonic region and developing the IVL. As the value 
of Ra keeps on increasing, the flow coefficient approaches a 
limiting value of 1, i.e., the flow becomes almost one-
dimensional. 

 
3.3 Stability of supersonic flow in the divergent 

section of ICN 
To understand the effect of the input geometric parameters 

( uρ , dρ , th, etc.) on the stability (in terms of shock) of the 
supersonic flow inside the divergent section of the ICN, sixteen 
(16) nozzles with varying geometries were computationally 
tested and compared. Their input design parameters are pro-
vided in Table 1, which contains three groups of nozzles. Each 
nozzle operates under the same stagnation and ambient condi-
tions and expands the flow to Mach number 3. Group 1 noz-
zles are used to study the effect of downstream radius of cur-
vature ( dρ ) on the thermodynamic and flow properties of the 
working fluid in the divergent section. The convergent side 
geometry is kept fixed with the smallest possible value of the 
upstream radius of curvature ( uρ = 2) for a unit throat height 
(i.e., Ra = 2, resulting from Subsec. 3.2). Group 2 nozzles are 
used to study the effect of the upstream radius of curvature 
( uρ ) of the nozzle on the gas properties as the divergent side 
geometry is kept fixed, and group 3 nozzles are used to study 
the variation of gas properties in symmetric nozzles (equal 
upstream and downstream radius of curvature). 

Fig. 11 shows the variation of Mach number along the axis 
of symmetry (only up to point ‘S’ in Fig. 4) of group 1 nozzles 
from Table 1. Along a certain initial length in the divergent sec-
tion of the nozzle, Mach numbers (and other thermodynamic 
and flow properties) do not vary with the downstream radius of 
curvature. This initial Mach number curve is same for all the 
nozzles (N1-N10) and corresponds to the nodes along the axis 
that are a part of the IVL extension. The properties in this re-
gion depend only on the upstream nozzle geometry (i.e., Ra) 
and are independent of the downstream profile, as can be 
observed from Fig. 11. An Instant drop in the Mach number 
values is observed for high values of dρ  that corresponds to 

the first node on the axis of symmetry resulting from the circu-
lar arc boundary immediately downstream of the throat. This 
instant initial drop in Mach number represents a weak shock1 
and is termed a primary shock, which can also be viewed 
clearly from Fig. 11. 

The location of the primary shock is independent of the 
downstream radius of curvature ( dρ ) of the nozzle, while its 
intensity is proportional to the value of the difference between 
the upstream and downstream radius of curvature of the noz-
zle (when upstream radii are kept constant and have the mini-
mum possible value for a unit throat height). These weak 
shocks that may generally be neglected under normal circum-
stances should be given utmost importance as they predict the 
possibility of a strong shock for high values of the difference 

 
 
Fig. 10. Variation of the discharge coefficient with Ra. 
 

Table 1. Design parameters for varying nozzle geometry. 
 

Name Nozzle number 
(nomenclature)

Upstream radius of 
curvature (ݑߩ) 

Downstream 
radius of 

curvature (݀ߩ)
Nozzle 1 (N1). 2.00 20.00 
Nozzle 2 (N2). 2.00 18.00 

Nozzle 3 (N3). 2.00 16.00 

Nozzle 4 (N4). 2.00 14.00 
Nozzle 5 (N5). 2.00 12.00 

Nozzle 6 (N6). 2.00 10.00 

Nozzle 7 (N7). 2.00 2.00 
Nozzle 8 (N8). 2.00 1.00 

Nozzle 9 (N9). 2.00 0.500 

Group 1 
(Md = 3.00)

Nozzle 10 (N10). 2.00 0.250 
Nozzle 1 (N1). 2.000 20.00 

Nozzle 11 (N11). 4.000 20.00 

Nozzle 12 (N12). 6.000 20.00 
Group 2 

(Md = 3.00)

Nozzle 13 (N13). 20.000 20.00 

Nozzle 7 (N7). 2.000 2.000 

Nozzle 14 (N14) 5.000 5.000 
Nozzle 15 (N15) 10.00 10.00 

Nozzle 16 (N16) 15.00 15.00 

Group 3 
(Md = 3.00)

Nozzle 13 (N13) 20.00 20.00 

 

 
 
Fig. 11. Mach number variation along the nozzle axis up to point ‘S’ for 
group1 nozzles. 
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between the convergent and divergent radius of curvature of 
an ICN. In some cases, where this difference was very high, 
the calculations broke down, resulting in complex numbers, 
due to the formation of subsonic regions. As the difference 
between the values of upstream and downstream radius of 
curvature becomes small, a smooth variation of Mach number 
along the nozzle axis is observed (N7 in Fig. 11). For very 
small values of dρ  (i.e., N8, N9, N10), the Mach number 
curves start to converge without any jump in the property val-
ues. Fig. 11 also predicts the formation of a second shock that 
lies deep within the circular arc extension region for nozzles N1, 
N2, N3, and N4. As the value of the downstream radius of cur-
vature increases, the intensity of the secondary shock also 
increases. It moves upstream towards the throat, where it can 
interact with the primary shock and, as such, may result in a 
stronger shock. The instant drop in the Mach numbers resulting 
in the primary and secondary shock should, in turn, elevate the 
static pressure and static temperature abruptly and this is 
shown in Figs. 12 and 13, respectively.  

The downstream radius of curvature ( dρ ) plays an impor-
tant role in controlling the velocity gradient of the flow and the 
length of the divergent section of ICN. Fig. 14 shows the effect 
of dρ  on the length and nature of flow in the nozzle divergent 
section by plotting contours of nozzles from group 1 along with 
a constant iso-Mach curve (Miso = 1.500) within these nozzles. 

With the increase in dρ , the iso-Mach line shifts deeper into 
the divergent section of the nozzle, indicating a decrease in the 

velocity gradient and a corresponding increase in the length of 
the nozzle in order to achieve the desired Mach number (Md = 
3.00). The curvature of the iso-Mach lines also reduces, indi-
cating the effect of the downstream radius of curvature in pro-
ducing a dominant one-dimensional flow.  

Fig. 15 shows the variation of Mach number along the axis of 
symmetry (within a region of interest in the circular arc exten-
sion region) of group 2 nozzles from Table 1. Unlike group 1 
nozzles, the Mach numbers, and other properties, are no 
longer constant for a certain initial length along the axis of 
symmetry in the group 2 nozzles. The contribution, in terms of 
length, of the IVL extension along the axis of symmetry in-
creases with a decrease in the upstream radius of curvature 
( uρ ) as shown in Fig. 16 and numerically validated by the data 
provided in Table 2. So, as the value of uρ  decreases, an 

 
Fig. 12. (P/P0) variation along the nozzle axis for varying radius ratio (ρd/ρu).

 

 
Fig. 13. (T/T0) variation along the nozzle axis for varying radius ratio (ρd/ρu).

 

 
 
Fig. 14. Variation of nozzle contour and iso-Mach (Miso = 1.50) line with ρd.

 

 
 
Fig. 15. Mach number variation along the nozzle axis for group 2 nozzles.

 

 
 
Fig. 16. Effect of ρu on the axial length of IVL extension along the axis of 
symmetry. 
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increase in both the IVL extension region and property (i.e., 
Mach number) gradients is observed in the flow field immedi-
ately downstream of the throat (along the nozzle axis). This 
region is independent of the downstream radius of curvature. 

Nozzle N1 has the maximum shock intensity among the group 
2 nozzles, and as the value of uρ  increases for a fixed dρ , 
shock intensity decreases rapidly, and the shock moves closer to 
the throat. A secondary shock is observed for nozzle (N1), but 
gets eliminated immediately as the value of uρ  increases. The 
drop in the Mach numbers along the nozzle axis should be ac-
companied by an abrupt rise in static pressures and static tem-
perature as shown in Figs. 17 and 18, respectively. 

N7 and N13 nozzles stand out among the rest of the mem-
bers from group 1 and group 2 nozzles in having the smooth-
est variation in Mach number along the nozzle axis. Both these 

nozzles are symmetric nozzles. This observation is supported 
further by analyzing variation in Mach numbers along the noz-
zle axis in only symmetric nozzles or the group 3 nozzles (Fig. 
19). 

Smooth variation in Mach numbers and other thermody-
namic properties is observed in group 3 nozzles and, as such, 
they form the best choice for selecting an ICN. The variation in 
Mach numbers along the nozzle axis for various nozzles in 
group 3 is almost linear with small perturbations. Reducing the 
radius of curvature of the symmetric nozzles increases the 
gradient of the Mach number curve along the nozzle axis, 
which in turn reduces the length of the circular arc extension 
region required to expand the flow to a desired exit Mach num-
ber resulting in an overall shorter nozzle. 

It is also observed that a change in the desired exit Mach 
number (Md) for a nozzle with fixed input geometry, stagnation, 
and ambient conditions has no effect on the location or inten-
sity of either of the shocks. A higher (or lower) desired Mach 
number (Md) would result in a longer (or shorter) circular arc 
extension region and a corresponding longer (or shorter) noz-
zle. This region controls the expansion of the flow to achieve a 
desired Mach number. This observation is validated by the 
data in Table 3 shown above (fixed input geometric parame-
ters: ( ht = 1, uρ = dρ = 2* ht , cθΔ = 0.1)). 

Table 2. Length of the IVL extension along the axis of symmetry for group 2 
nozzles. 
 

Nozzle  
nomenclature ρu ρd Xs Xend Xend - Xs

Nozzle 1 (N1) 2.000 20.00 0.1936 0.5926 0.3990
Nozzle 11 (N11) 4.000 20.00 0.1369 0.3983 0.2614

Nozzle 12 (N12) 6.000 20.00 0.1118 0.3200 0.2082

Nozzle 13 (N13) 20.000 20.00 0.06124 0.1715 0.1102

 
 

 
 
Fig. 17. (P/P0) variation along the nozzle axis for group 2 nozzles. 

 
 

 
 
Fig. 18. (T/T0) variation along the nozzle axis for group 2 nozzles. 

 

Table 3. Effect of exit Mach number on the circular arc extension region 
and length of the nozzle. 
 

Md Lnozzle θexp Aratio 

1.7560 2.9882 3.9000 1.3845 

2.0000 3.8920 5.8999 1.6757 
2.2490 4.9427 7.7999 2.0824 

2.4970 6.1302 9.4999 2.6148 

2.7530 7.5356 11.0999 3.3267 
2.9930 9.0550 12.4999 4.1800 

3.2429 10.8696 13.7999 5.3005 

3.5097 13.0717 14.9999 6.8088 

 
 

 
Fig. 19. Mach number variation along the nozzle axis (up to point ‘S’ in Fig. 
4) for group 3 nozzles. 
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4. Conclusions 
An algorithm for developing the perfect or ideal contour noz-

zle by employing the MoC was discussed, and the effect of the 
geometric parameters such as the upstream radius of curva-
ture ( uρ ) and downstream radius of curvature ( dρ ) on the 
stability of the supersonic flow field in the divergent section of 
the nozzle was studied. Sixteen ICNs with different nozzle 
geometries were analyzed, and the following conclusions are 
drawn: 

1) The throat geometry of the nozzle has a significant effect 
on the stability of the flow inside the divergent section of the 
ICN. An abrupt reduction in Mach number (weak shocks) can 
be observed along the nozzle axis when the difference be-
tween the radius of curvature on the convergent and divergent 
sides is large. The intensity of this shock enhances with the 
increase in the downstream radius of curvature while the up-
stream radius of curvature is kept fixed and has a small value 
( uρ = 2). The location of the initial shock, which is formed im-
mediately downstream of the nozzle throat (termed the pri-
mary shock), depends on the normalized throat radius of cur-
vature (Ra). The upstream nozzle geometry plays a very im-
portant role in reducing the intensity of primary shock and 
controlling its location when the downstream radius of curva-
ture is kept high and fixed ( dρ = 20). Thus, weak shocks are 
formed even in ICN when the radius of curvature upstream 
and downstream of the throat is highly asymmetric, and the 
intensity of this weak shock is a function of both the radii of 
curvature. 

2) There exists a region, however small, within the divergent 
section of the perfect nozzle in which the thermodynamic and 
flow properties of the working fluid are independent of the wall 
profile of the divergent section. This region lies immediately 
downstream of the throat, and the properties of the fluid inside 
this region are defined by the upstream throat geometry (i.e., 

  u hand tρ ). The smaller the value of uρ  (for a unit ht ), the 
higher is the extension of this region, in terms of volume. The 
axial length of this region decreases as one moves radially 
from the axis of symmetry to the nozzle wall. 

3) Group 3 or symmetric nozzles ( uρ =  dρ ) produced the 
best results in terms of flow stability. The thermodynamic and 
flow properties of the supersonic flow vary smoothly along the 
axis of symmetry in the divergent section of the symmetric 
nozzles. With a reduction in the radius of curvature in these 
nozzles, the gradient of the Mach number along the nozzle axis 
increases. As such, a shorter symmetric nozzle would be re-
quired to expand the flow to a desired exit Mach number with-
out the formation of shocks. Thus, among all the ICNs tested, 
symmetric nozzles stand out in developing supersonic flow with 
smooth property variations. Within these nozzles, the one with 
the minimum radius of curvature would have the minimum 
length and the lowest corresponding weight.  

 
Nomenclature------------------------------------------------------------------ 

MoC : Method of characteristics 

ICN  : Ideal contour nozzle 
MATLAB : Matrix laboratories 
LRC  : Left running characteristic 
RRC  : Right running characteristic 
IPS  : Internal point solver 
SPS  : Symmetry point solver 
IIPS  : Inverse interior point solver 
IVL  : Initial value line 
Miso   : Iso-Mach 
TIC  : Truncated ideal contour γ : Ratio of specific heats 

aR   : Normalised throat radius of curvature 
dρ , uρ  : Downstream and upstream radius of curvature 
inθ  : Entrance angle 
,u v   : Axial and radial velocity components 
,x y   : Axial and radial coordinates 
δ  : 0, 1 for a planar flow and axis-symmetric flow, respec-

tively 
V : Velocity vector in the flow field 
a : Acoustic speed of sound 
M : Mach number 

ht   : Throat height 
w  : Flow velocity (scalar)  
θ  : Angle between flow direction and nozzle axis  
ϕ   : Angle between the characteristic line and nozzle axis 
R : Specific gas constant 
s : Length of a characteristic line ݉̇ : Mass flow rate 
ζ  : Coefficient of linear axial velocity perturbation  
∆ cθ  : Angular increment of the downstream circular arc ݉̇num : Numeric mass flow rate 
(݉̇(1-D))  : One-dimensional mass flow rate 
n  : Number of points taken on IVL 
Md : Desired exit Mach number 
α : Angle between streamline tangent and tangent to char-

acteristic lines 
h : Number of nodes taken on the last LRC 
β : Angle between the nozzle axis and the final LRC 
g : Thermodynamic and flow properties of the fluid as a 

function of the location 
0,P P  : Stagnation and static pressure 
,oT T   : Stagnation and static temperature 
,oρ ρ   : Stagnation and static density 

Cd : Discharge coefficient 
Xs : First node of IVL on the axis of symmetry  
Xend : Last node of IVL extension on the axis of symmetry 
Lnozzle : Length of the nozzle 

expθ  : Downstream circular arc expansion angle  
Aratio : Area ratio 
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