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Abstract  A novel 2K-H internal meshing abnormal cycloidal gear (ACG) planetary re-
ducer is proposed to tackle the rotor vector (RV) reducer problems, such as complex over-
positioning structure, high manufacturing and assembly accuracy requirements. The composite
tooth profile of epicycloid-involute-hypocycloid is adopted as the tooth profile of the reducer. 
The aim of this study was to investigate the meshing principle of such gear and evaluate its 
transmission characteristics. The meshing principle of tooth profile of the ACG is described. 
According to the gear geometry theory, the mathematical model of conjugate tooth profile of
ACG pair was derived based on the contact path. And the influence of design parameters on
the ACG tooth profile were also carried out. Moreover, the non-interference condition of the 
ACG pair was derived, and then meshing characteristics of the ACG pair were analyzed by
numerical example, such as contact ratio, sliding ratio, and meshing efficiency. The bending
and contact stresses of the ACG pair were also evaluated by comparing with those of involute 
pair. The results show that, the ACG has good transmission characteristics, such as small slid-
ing ratio, high transmission efficiency. Compared with the involute gear, the bending and con-
tact stresses of the ACG are reduced. The study lays a theoretical foundation for the optimiza-
tion design of the ACG and the improved reliability of the ACG reducer. 

 
1. Introduction   

The rotor vector (RV) reducer has been widely applied in many industrial areas for power 
transmission, such as robots, CNC machine and automobile assembly, due to its low noise, 
compact design, high transmission efficiency and accuracy [1, 2]. However, two problems for 
RV reducer application exist [3, 4]: (1) Three crankshafts simultaneously act on the cycloidal 
gear, belonging to the over-positioning structure. Theoretically, half of the cycloidal needle teeth 
mesh at the same time, resulting in high requirements for the mechanical properties and ma-
chining accuracy of the parts, which then greatly increases the difficulty of machining and as-
sembly of the reducer. (2) The pressure angle of the cycloid gear pair changes widely, and the 
dynamic load of the system is large, which leads to abnormal wear or rupture of the boom bear-
ing and affects the service life of the reducer. 

Researchers have done considerable research to deal with the problems mentioned above, 
including meshing characteristics, mechanical design, and development of new type of tooth 
profile. Wu et al. [5] analyzed the influence of manufacturing and assembly tolerance on the 
transmission error of the RV reducer. Results show that the pitch errors of pin position and 
cycloid teeth were the main factors affecting transmission errors. Han et al. [6] investigated the 
influence of clearance, machining error and assembly error on the transmission accuracy of the 
reducer. Results show that the error of cycloid wheel and pinwheel crankshaft has the greatest 
influence on the transmission accuracy. These studies are contributing to improving the trans-
mission performance of the reducer, but cannot fundamentally solve the problems in the manu-
facture and assembly of the reducer. In view of the limits in the structure of RV reducer, re- 
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searchers attempted to develop a new reducer to realize the 
RV reducer performance. Lin et al. [7] introduced a design 
method for cycloid gear reducer based on graph analysis, 
which provides a theoretical basis for developing the reducer. 
Gorla et al. [8] proposed a cycloid reducer with outer gear ring 
and cylindrical roller installed on the planetary wheel. Its struc-
tural characteristics and mechanical properties were also in-
vestigated. Blagojevic et al. [9] proposed a cycloid reducer, 
which set the phase difference of gear pair to 180° to solve the 
counterweight problem of gear drive. Hsieh et al. [10] proposed 
a new reducer with pinwheel fixed and internal gear output, 
and verified its superiority through theory and simulation. Sun 
et al. [11] proposed a new single-stage cycloid-pin reducer, 
and also discussed profile modification and lost motion. Re-
sults show that the reducer has a small lost motion. Park et al. 
[12] replaced cycloid teeth with involute to solve the sensitivity 
of cycloidal drive to center distance, and the low-cost manufac-
turing of precision reducer was realized. Lin et al. [13] pro-
posed a new transmission of planetary gear with the simulta-
neous internal meshing of the sun gear and ring for the prob-
lem of uneven loading of planetary gear transmission, and 
verified the correctness of the transmission principle and mo-
tion law by using virtual prototype technology. Xu et al. [14] 
proposed a new reducer based on ball drive, and verified that 
the reducer could achieve high working efficiency through theo-
retical and experimental studies. The above research shows 
that developing a new type of reducer can improve the effi-
ciency and performance of the machine. 

Furthermore, gear tooth profile is a fundamental element to 
determine the transmission performance of a gear drive, and 
also affect the output performance of the transmission device. 
To meet the different functional requirements of gear transmis-
sion and improve the mechanical performance, researchers 
have done much useful work in the design and performance 
analysis of a new tooth profile. Wang et al. [15] proposed a 
cycloid internal meshing tooth profile with an arc contact path, 
and carried out its geometrical and numerical analysis. The 
results show that the tooth has a high contact ratio and load 
capacity. Xu et al. [16] proposed an external meshing tooth 
profile with a combined internal and external cycloid, and also 
studied the effect of design parameters on the sliding ratio. The 
tooth profile has a low sliding ratio and uniform wear. Peng et 
al. [17] developed an arc-tooth-trace cycloid composite tooth 
profile for the limitations of conventional tooth profile in terms of 
load carrying capacity, and also analyzed its meshing principle 
and characteristics. Zhou et al. [18] proposed a new tooth pro-
file suitable for a gear pump, which is composed of arc-
involute-arc. A mathematical model of the tooth profile was 
established, and its performance was studied by experimental 
test. Chen et al. [19] proposed a novel cycloid transmission 
with double contact lines. The equations of tooth profile and 
contact path were derived, and its meshing characteristics 
were also carried out by theoretical analysis. Therefore, the 
above research indicates that the development of new type of 
tooth profile is helpful to improve the performance of gear 

transmission. 
Our research group proposes a novel type of abnormal cyc-

loidal gear (ACG) reducer [20], 2K-H internal meshing planetary 
gear transmission, as shown in Fig. 1(a). This mechanism con-
sists of an input shaft with a crank, a planetary wheel, an inter-
nal gear and an adaptor with cylindrical pins. Compared with RV 
reducer, the proposed reducer eliminates the needle tooth and 
special output structure, and the manufacturing and assembly 
difficulty of the reducer are also reduced. Meanwhile, the three 
crank shafts are changed into a single crank shaft and pin, 
which contributes to alleviating the over-positioning problem of 
the RV reducer. In our previous research work [21], the trans-
mission scheme, working principle and transmission ratio of 
ACG reducer were studied. The results show that the proposed 
reducer can achieve high transmission ratio and large transmis-
sion torque. However, the contact ratio and load capacity of the 
gear in ACG reducer are lower than that of RV reducer. The 
relative sliding between the conjugate tooth profiles affects the 
smooth operation of the reducer. In view of this, a new type of 
composite tooth profile is proposed to further improve the load 
capacity and meshing performance of the ACG reducer. The 
important feature of the proposed gear is that the tooth profile is 
composed of epicycloid, involute and hypocycloid segments, 

 

(a) 
 

 
(b) 

 
Fig. 1. ACG reducer and its tooth profile: (a) transmission scheme; (b) 
comparison of tooth profile. 
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named abnormal cycloidal gear (ACG), as shown in Fig. 1(b). 
Therefore, we carried out some analysis, and elaboration of the 
tooth profile of the ACG is given in this paper. 

The main objective of the work was to investigate the mesh-
ing principle of the ACG and analyze its meshing characteris-
tics. The generate principle and contact path of tooth profile of 
the ACG are described. The equation of conjugate tooth pro-
files of ACG pair is derived based on the contact path. And the 
transmission characteristics are also carried out by numerical 
examples. The contact and bending stress of the ACG pair are 
calculated and compared with that of the conventional involute 
drive, which shows the good characteristic of this novel ACG. 
The study provides a guidance for the engineering application 
of ACG reducer in the future. 

 
2. Generate principle and contact path e-

quation of the ACG tooth profile 
In this section, the generate principle of tooth profile of the 

ACG is described in Sec. 2.1. The equation of contact path of 
the ACG is established in Sec. 2.2. 

 
2.1 Generate principle 

Different from conventional tooth profile of involute and cy-
cloid, the tooth profile of ACG is composed of three segments: 
epicycloid, involute, and hypocycloid. The first segment refers 
to the involute at the top and bottom of the pitch curve, and the 
second and third segments are epicycloid and hypocycloid 
tangent to the two ends of the involute, as shown in Fig. 2.  

The generate principle of tooth profile of the ACG is as fol-
lows: 

(1) Point b is fixed on a rolling circle with radius ra1. When the 
rolling circle purely rolls along the outside of the pitch circle, the 
trajectory curve ab at point b generates the tooth profile of epi-
cycloid segment. 

(2) Point c is fixed on a rolling circle with radius rf1. When the 
rolling circle rolls purely along the outside of the pitch circle, the 
trajectory curve cd at point c generates the tooth profile of 
hypocycloid segment. 

(3) The tooth profile involute segment is generated past the 

pitch point M and its endpoints are connected to points b and c 
of tooth profile of epicycloid and hypocycloid segments, re-
spectively. Among them, at the points b and c, the pressure 
angle of involute segment is equal to that of epicycloid and 
hypocycloid segments, respectively. 

Half of the tooth profile is generated through the above 
method. It is then mirrored with the tooth thickness central axis 
to finally obtain a complete tooth profile of the ACG. 

As mentioned above, the tooth profile of the ACG has the 
advantages of both cycloid and involute tooth profile: 

(1) Low sensitivity to center distance error. Compared with 
the conventional cycloid tooth profile, the ACG tooth profile has 
a constant pressure angle near the pitch circle, so that when 
the center distance changes slightly, the ACG pair can still 
achieve a fixed transmission ratio, the sensitivity to the center 
distance error can be reduced [22].  

(2) Small sliding ratio, high contact strength. Compared with 
the involute tooth profile, both ends of the ACG tooth profile are 
cycloid, and its sliding ratio is theoretical lower than that of the 
involute drive. Moreover, since the mesh of the ACG is convex-
to-concave, this kind of gear has good meshing performance, 
which can increase the contact area and reduce the contact 
stress of the tooth. 

 
2.2 Equation of contact path 

The tooth profile design using contact path can break 
through the limitation of large calculation in the traditional tooth 
profile design process, make the tooth profile design more 
flexible, and meet a variety of predetermined meshing per-
formance or function requirements [23]. Herein, based on the 
gear mesh theory, a method to design the conjugate tooth 
profile of the ACG is proposed by constructing a contact path. 

The fixed coordinate system Σf - Xf OfYf is connected to the 
pitch point M, as shown in Fig. 3. The contact path of the ACG 
pair can be defined by the trajectory curve of the contact point 

 

 
 
Fig. 3. Contact path of the ACG drive. 

 

 

 
Fig. 2. Generate principle of the ACG tooth profile. 
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of the conjugate tooth profile. According to gear mesh theory 
[24], the contact path of the ACG can be divided into three 
segments: 

(i) In the first quadrant of Σf, the arc  BH is used to create 
the dedendum curve of the driving gear, namely, hypocycloid 
tooth profile. 

(ii) In the third quadrant of Σf, the arc GA  is used to create 
the addendum curve of the driving gear, namely, epicycloid 
tooth profile. 

(iii) Between the BH  and GA , the straight line GH  is 
used to create a curve near the pitch point of the driving gear, 
namely, involute tooth profile. 

Note that the GH  is tangent to the  BH  and GA  at the 
points H and G, respectively. According to the geometric rela-
tionship, given the parameters of BH  and GA , the length 
and angle of the line GH  are determined. So, when the epi-
cycloid segment of the addendum and the hypocycloid seg-
ment of the dedendum are given, the position of the involute 
segment is also determined. 

To establish the mathematical model of the conjugated tooth 
profile for the ACG drive, its contact path needs to be con-
structed first. Assuming that ra1 and ra2 are the radius of the 
addendum circle of the driving gear and driven gear, respec-
tively. A (xA，yA) is the meshing exit point, B (xB，yB) is the 
meshing entry point, α is the angle between the GH  and 
positive x axis, lMq1 is the distance between the center q1 of the 
arc BH  and pitch point M, lMq1 is the distance between the 
center q2 of the arc GA  and pitch point M. And they have 

 
1

2 2

1 1

2
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  (1) 

 
where 1 and 2 are dimensionless coefficients, the pitch circle 
radius of the driving gear is r1 and of the driven gear is r2. 

(1) Segments MH  and MG  
According to the geometric characteristics of the contact path 

of the ACG, the equation of line MH  is described in Σf as: 
 

1
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where λ1 is the independent variable, the upper and lower indi-
ces of r represent quadrants and coordinate systems, respec-
tively. 

Similarly, the equation of line MG  can be expressed in Σf 
as 
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where λ2 is the independent variable. 

(2) Segment BH  
The equation of BH  is described in Σf as: 
 

1
1 1 1 1

1
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where 1 is the rotation angle of the driving gear.  

To ensure continuity and smoothness of transmission during 
gear meshing, the  MH  is equivalent to the tangent vector of 
BH  at the point H, and is obtained to be 

 
1 1

1 1
1 1

1 1

− −

− −

=f L f C

f L f C

dy d dy d
dx d dx d

λ ϕ
λ ϕ

. (5) 

 
Substituting Eqs. (2) and (4) into Eq. (5), and it can be simpli-

fied as 
 

1tan tanα ϕ= . (6) 
 
Since the radius l2 of BH  is perpendicular to the line MH , 

the maximum value of the λ1 can be obtained based on the 
geometric relationship, 

 
1max 1 1 sin= rλ μ α . (7) 

 
(3) Segment GA  
Likewise, the equation of arc GA  is obtained by 
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and then the maximum value of the parameter λ2 in MG  can 
be obtained as: 

 
2max 2 2 sin= − rλ μ α  (9) 

 
Based on Eqs. (1)-(9), the mathematical model of contact 

path of ACG can be obtained by the MATLAB software. 

 
3. Mathematical model of the ACG pair based 

on the contact path 
In this section, the mathematical model of conjugate tooth 

profile for the ACG pair is established based on contact path. 
The influence of the design parameters on the tooth profile of 
the ACG is also analyzed by the numerical examples. 

 
3.1 Coordinate systems 

The generation of the ACG tooth profile is based on the 
given contact path. Fig. 4 shows the internal meshing coordi-
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nate systems of the ACG pair, where member 1 is the driving 
gear and member 2 is the driven gear. The moving coordinate 
systems Σ1-X1O1Y1 and Σ2-X2O2Y2 are rigidly connected to 
the centers of driving gear and driven gear, respectively. The 
center of the driving gear is O1 and of the driven gear is O2. 

Assuming that a is center distance, i12 is transmission ratio 
(subindexes 1 and 2 denote driving gear and driven gear, re-
spectively), the tooth number of driving gear is z1 and of driven 
gear is z2, the rotational angular velocities of driving gear is ω1 

and of driven gear is ω2, the rotate angle of driving gear is 1 

and of driven gear is 2. Γ1 and Γ2 are the conjugate tooth sur-
faces of driving gear and driven gear, respectively.  

According to the transmission ratio of the transform mecha-
nism [24], the above parameters have the following relations: 

 
1 1 2 2

12
2 2 1 1

= = = =r zi
r z

ω θ
ω θ

. (10) 

 
Through coordinate transforming, the equation of the ACG 

tooth profile can be described in the coordinate system Σi as 
 

( , ) ( ) ( )Γ = ⋅j j
i i if i ft tθ θM r  (11) 

 
where Γ subscript i (i = 1 , 2) represents the gear, and super-
script j represents the quadrant in the coordinate system Σf , j = 
1, 3. Mif represents the coordinate transformation matrix from 
the coordinate system Σf to Σ i , which is expressed as 
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According to the theory of gearing [24], the correct meshing 

condition of two conjugate gears is as follows: the product of 
the position vector 1v  of tooth surface contact and its normal 
vector 1n  is zero. Therefore, the meshing equation of the 
ACG drive can be expressed as 

1
1 1 1 0

→ → → Γ= • = ⋅ =1

d duf
du dt

n nv . (12) 

 
Differentiating Eq. (12), and it can be simplified as 
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Based on Eqs. (10)-(13), given the design parameters of the 

contact path, the tooth profile of ACG can be obtained. 

 
3.2 Dedendum tooth profile 

The contact path MH  and BH  are located between the 
pitch circle and the dedendum circle of the driving gear. Thus, 
the ACG tooth profile defined by the given contact path is the 
addendum tooth profile from the pitch point to the tip of the 
gear tooth.  

Substituting Eq. (2) into Eq. (11), the equation of tooth profile 
of involute segment in the coordinate system Σ1 is derived as: 
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In the same way, substituting Eq. (4) into Eq. (11), the equa-

tion of tooth profile of hypocycloid segment can be established 
by the known contact path as: 
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Subsequently, substituting Eqs. (2) and (4) into Eq. (13), the 

meshing equation of the ACG pair at the addendum tooth can 
be expressed as: 

 

1 1 1
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According to Eq. (10), the driving gear and the driven gear 

have the relationship as the following equation: 
 

1 12 2

2 12 1

=⎧
⎨ =⎩

i
r i r

θ θ
. (17) 

 
By replacing 1 and r1 in Eqs. (14) and (15) with 2 and r2, the 

equation of addendum tooth profile of driven gear can be ob-
tained. 

 
 
Fig. 4. Coordinate systems of the ACG drive. 
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3.3 Addendum tooth profile 

Likewise, the driving gear addendum profile is generated by 
the contact path MG  and GA . Substituting Eq. (7) into Eq. 
(11), the equation of tooth profile of the involute segment is 
obtained as 

 
3 3
1 2 1 2 1 1

1 1 2 2 1 2

1 1 2 2 1 2
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Substituting Eq. (8) into Eq. (11), the equation of tooth profile 

of epicycloid segment is obtained as 
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 (19) 
 
Substituting Eqs. (7) and (8) into Eq. (13), the meshing equa-

tion of the ACG drive at the addendum tooth can be expressed 
as 

 

1 2 2
1

1 2 2 2 2
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( ) ( ) tan
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Based on Eq. (17), replace 1, r1 in Eqs. (18) and (19) with 2, 

r2, the equation of dedendum profile of the driven gear can be 
also obtained. 

 
3.4 Influence of design parameters on the ACG 

tooth profile 

Based on the proposed contact path, the mathematical 
models of ACG tooth profile can be obtained. Since the ACG 
tooth profile is directly related to α,  1,  2, it is necessary to 
analyze the influence of design parameters on the ACG tooth 
profile. Considering the symmetry of the gear machining tool, 
set  = 1 = 2. Given the design parameters of the ACG in 
Table 1, a numerical example is carried out by MATLAB soft-
ware.  

Figs. 5 and 6 show the effect of  and α on the tooth profile 
of the ACG. The red line represents the tooth profile of epi-
cycloid segment, the blue line represents the tooth profile of 
involute segment, and the green line represents the tooth pro-
file of hypocycloid segment. 

Fig. 6 shows the influence rule of  on the tooth profile of the 
ACG when other parameters remain constant. The following 
results are obtained: 

(1) The value of  has a significant effect on the tooth profile 

composition of the ACG. When the value of  is small, the pro-
file curves of the ACG in the tip and root portions of the tooth 
are mainly cycloidal tooth profile. With the further increase of 
the  value, the cycloidal tooth profile of the ACG in the tip and 
root portions gradually decreases, while the involute tooth pro-
file gradually increases and, finally, all of them become involute 
tooth profile, as shown in Fig. 5(h). Therefore, to avoid the 
whole ACG tooth profiles to become involute, a smaller value 
of  should be selected. 

(2) The value of  has a significant effect on the thickness of 
the tooth tip and root of the ACG. When the value of  in-
creases, the tooth top thickness of the ACG gradually becomes 
thicker, while the tooth root thickness gradually becomes thin-
ner. That is, under the same tooth height, taking a smaller 
value of  can increase the tooth root thickness and load ca-
pacity of the ACG. 

(3) Comparing Figs. 5(a) and (h), it is found that the adden-
dum thickness of the ACG is smaller than that of involute gear, 
and the thickness of tooth root is thicker than that of involute 
gear, which indicates that the load capacity of the ACG is theo-
retically higher than that of involute gear at the tooth root. In 

Table 1. Design parameters of the ACG pair. 
 

Parameters Values 

Modulus m (mm) 2.25 

z1 52 

z2 56 
Addendum coefficient ha

*  0.8 

Tip clearance coefficient c* 0.3 

 

 
Fig. 5. Effect of  on the tooth profile of the ACG (α = 25°). 

 

 
Fig. 6. Effect of α on the tooth profile of the ACG (  = 0.15). 
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addition, because there is a cycloid tooth profile at the tooth tip 
and root, according to the gear meshing principle, the phe-
nomenon of root cutting will not occur. 

Likewise, keeping other parameters constant, the influence 
rule of α on the tooth profile of the ACG is shown in Fig. 6. The 
following results are obtained: 

(1) The value of α has a significant influence on the involute 
tooth profile length on the ACG tooth profile. When α = 0°, the 
ACG tooth profile is transformed into a cycloid tooth profile, 
which indicates that cycloid gear is a special form of the ACG, 
as shown in Fig. 6(a). When the value of α is small, the involute 
tooth profile on the ACG tooth profile is relatively small near the 
pitch circle, and the ACG tooth profile of the tip and root part is 
mainly cycloid. With the gradual increase of the value of α, the 
involute tooth profile on the ACG tooth increases significantly, 
and eventually all of them become involute tooth profile, as 
shown in Fig. 6(h). 

(2) The value of α has a great influence on the load capacity 
and service life of the ACG. With the increase of the α value, 
the tip thickness of the ACG tooth profile gradually decreases, 
and the thickness of the tooth root gradually thickens. The load 
capacity will be significantly improved at the tooth root, but 
contact ratio of the gear will be reduced, as shown in Figs. 6(a) 
and (d). Meanwhile, according to =r tF Ftanα , as the tangen-
tial force tF  is fixed, the axial force rF  increases with the 
increase of α . However, if the axial force is too large, the gear 
will have axial displacement, which will affect the normal opera-
tion of the gear and reduce the transmission efficiency and 
accelerate the wear of gear [25]. Therefore, considering the 
load capacity and service life of the ACG, a smaller value of α 
should be selected as far as possible. 

As mentioned, α  and  have a significant influence on the 
tooth profile shape and composition of the ACG. However, the 
change of α and  will also affect the contact path of the ACG, 
which leads to the contact ratio change. Therefore, to ensure 
the continuous transmission of the gear pair and give full play 
to the transmission performance of the ACG, the influence of α 
and  on the tooth profile shape of the ACG should be consid-
ered in concert when designing ACG.  

 
4. Analysis of ACG tooth profile overlap-

ping interference 
Next, the overlapping interference of tooth profile of the ACG 

pair is studied, and the judgment conditions of overlapping 
interference of tooth profile of the ACG pair are also proposed. 

 
4.1 Overlapping interference model 

If the design parameters of the internal meshing gear drive 
are selected improperly, the overlapping interference of the 
tooth profile will occur outside the meshing area, which will 
affect the correct meshing. The overlapping interference of the 
tooth profile problem also existed in the ACG pair. Hence, the 
design parameters such as the number of teeth, pressure an-

gle, dimensionless coefficient, and tip height coefficient of the 
ACG need to be limited. 

Outside the meshing area, when the conjugate tooth profile 
interferes, a point on the tooth profile of the gear will enter the 
other gear, called the profile overlap interference phenomenon, 
as shown in Fig. 7. Herein, the no-interference condition is that 
the teeth profile of the driven gear is always kept outside of the 
teeth profile of the driving gear before the meshing teeth is 
completely separated. 

Fig. 8 shows the interference phenomenon in the meshing 
process of the ACG pair. Qi (xi , yi) is a point on the profile of the 
driven gear, BT2 (xT2 , y T2) is the point at the root of the driving 
gear tooth, and AT1 (x T1, y T1) is the point at the tip of the driving 
gear tooth. Then the equation of the area volume S of the area 
bounded by Qi, BT2, and AT1 is obtained by 

 
2 1 1 2( )( ) ( )( )= − − − − −T i T i T i T iS x x y y y y x x . (21) 

 
According to the position relation between Qi, BT2 and AT1, it 

can be determined whether the tooth profile overlapping inter-
ference occurs in the ACG pair. The method is as follows: 

First, according to the design parameters of the gear, the 
coordinates of AT1 and BT2 on the driving gear are determined. 
Then, the area S is judged by substituting Qi (xi , yi) at any point 
on the driving gear into Eq. (21), that is, along the direction of 
tooth profile BT2 AT1: 

A) If S (BT2, AT1, Qi ) > 0, point Qi is on the left side of the BT2 
AT1, and the tooth profile has no interference; 

B) If S (BT2, AT1, Qi ) < 0, point Qi is on the right side of the 

 
 
Fig. 7. Interference of overlapping tooth profile of internal gear pair. 

 

 
 
Fig. 8. ACG internal meshing tooth profile overlap. 
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BT2 AT1, and the tooth profile interferes; 
C) If S (BT2, AT1, Qi ) = 0, point Qi is on the BT2 AT1, and the 

tooth profile has no interference. 
Therefore, the condition of correct meshing of the ACG pair 

is that the point Qi on the profile of driven gear must satisfy min 
S (BT2, AT1, Qi ) ≥ 0. 

 
4.2 Interference analysis 

The interference judgment method of the tooth profile is vali-
dated based on numerical example. The solid models of the 
ACG pair are established by using the MATLAB and 
SOLIDWORKS software. Given the ACG pair with α = 14.5° 
and α = 25°, and the values of other basic design parameters 
are shown in Table 1. The results are shown in Fig. 9. 

Fig. 9 shows the ACG internal meshing transmission model 
with different α. It is found that when α is 14.5°, the driving gear 
has tooth profile overlap interference with the driven gear, as 
shown in Fig. 9(a). When α is 25°, the ACG pair is in meshing 
without any interference, as shown in Fig. 9(b). When a pair of 
the ACG teeth enter into meshing, the other pair of teeth have 
not yet exited meshing. Thence, the necessary continuity of 
action can be ensured. The results show that the ACG pair 
without interference can be successfully designed by using the 

proposed method. 

 
5. Meshing characteristics analysis 

The meshing characteristics, such as contact ratio, sliding ra-
tio and meshing efficiency, are the important concepts of the 
gear mechanism, and those are also an important index to 
evaluate the smoothness, accuracy and power loss of the gear 
drive. Therefore, it is necessary to study these meshing pa-
rameters of ACG drive to guide the gear design. 

In this section, the model of meshing characteristics is estab-
lished, and the influence of design parameters on the meshing 
characteristics of the ACG pair is also studied. 

 
5.1 Contact ratio 

(1) Contact ratio model. The continuity and smoothness of 
gear transmission can be ensured when the last pair of gear 
teeth have entered the engagement before the current pair of 
gear teeth are disengaged [26]. Therefore, contact ratio is an 
important index to measure the continuity, stability and bearing 
capacity of gear transmission. To ensure the continuous and 
smooth transmission of the ACG pair, the contact ratio must be 
greater than 1. 

As marked in Fig. 3, there are two points (A and B) on the 
contact path, points A and B are the limiting meshing point at 
the contact path when the tooth profile of driving gear meshes 
with that of the driven gear. θb is the angle between 1O B  and 
the positive half axis of X-axis, θa is the angle between 1O A  
and the positive half axis of X-axis. When one meshing cycle is 
completed, the point B moves to point A, and the amount of 
angle change of the driving gear is ∆θ = θa-θb. According to the 
theory of gearing, the contact ratio of the ACG is obtained by 

 
1( )

2
−= a bZ θ θε

π
. (22) 

 
According to the geometric relation 1 1+ =f fOO O A O A , we 

have 
 

3
1 1( ) sin( )

−
+ = −

f C a a ar y rθ π θ . (23) 

 
Then, in 1 2ΔO BO , by the Cosine theorem of triangles, we 

have 
 

1 1
2 2 2

2

( ) ( )cos( 2 )
( ) 2

cos cos
− −

+
+ − =f C f Cb b b

a
b b

x x
a r a

θ θ π θ
θ θ

. (24) 

 
Based on Eqs. (23) and (24), θa and θb can be obtained, re-

spectively, and then substituted into Eq.(22), the value of con-
tact ratio can be also obtained. 

(2) Contact ratio analysis. From Eq. (22), the contact ratio of 
the ACG pair is related to Z1, Z2, α, and . To analyze the 
contact ratio, a number of examples of ACG pair are provided 

 

 
(a) 

 

 
(b) 

 
Fig. 9. Geometry model of ACG pair: (a) α = 14.5°; (b) α = 25°. 
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according to the parameters in Table 2.  
The result of the effects of design parameters on the contact 

ratio of the ACG pair is shown in Fig. 10. It can be observed 
that the effect of design parameters on the contact ratio of the 
ACG is non-linear. When the α is increased, the contact ratio of 
the ACG pair will be decreased. When the , Z1 and Z2 is in-
creased, the contact ratio of the ACG pair will be decreased. 
The main reason is that when the value of α is increased, the 
tip of the ACG tooth will be sharper and the number of teeth 
involved in the meshing will be reduced; thus the contact ratio 
of the ACG pair will be decreased. 

 
5.2 Sliding ratio 

(1) Sliding ratio model. In the meshing process of the ACG 
pair, the speed and direction of the driving gear and the driven 
gear are different at the contact point, which causes the two 
tooth surfaces to relative sliding to each other. The relative 
sliding is the main cause of tooth surface wear and power loss, 
which directly affects the transmission accuracy and durability 
of gear. To improve the transmission quality of the ACG, the 
relative sliding between two tooth surfaces should be reduced 
as much as possible [27]. The relative sliding between tooth 
surfaces is usually characterized by sliding ratio. 

From meshing theory, the sliding ratio represents the relative 

sliding speed between the tooth profiles, which can be defined 
by the ratio of the relative sliding arc length of two tooth profiles 
to the total arc length of tooth surfaces. For the ACG pair, the 
equation of sliding ratio is 

 

1

1 2 1 2
1 0

1 1

/ /lim
/Δ →

Δ − Δ −= =
ΔS

S S dS d dS d
S dS d

θ θσ
θ

 (25) 

2

2 1 2 1
2 0

2 2

/ /lim
/Δ →

Δ − Δ −= =
ΔS

S S dS d dS d
S dS d

θ θσ
θ

  (26) 

 
where dSi = dΓi /dθ (i = 1, 2). 

While the gear moves from the point of meshing entry to 
near the pitch circle, the sliding ratio for the ACG pair can be 
given as  

 
1 11 2 1 2
1 1

1 1 1 1 2

1 12 1 2 1
2 2

2 1 2 1 2

1 1 1 1,
1 sin 1 1

1 1 1 1,
1 sin 1 1

− −

− −

− −⎧ = =⎪ − −⎪
⎨ − −⎪ = =
⎪ − −⎩

L C

L C

r r r r
r r r
r r r r

r r r

σ σ
α λ μ

σ σ
α λ μ

. (27) 

 
Similarly, the sliding ratio for the ACG pair when the gear 

meshes from the pitch circle to the meshing out point can be 
given as 

 
3 31 2 1 2
1 1

1 2 1 2 1

3 32 1 2 1
2 2

2 2 2 2 1

1 1 1 1,
1 sin 1 1

1 1 1 1,
1 sin 1 1

− −

− −

− −⎧ = =⎪ + +⎪
⎨ − −⎪ = =
⎪ + +⎩

L C

L C

r r r r
r r r
r r r r

r r r

σ σ
α λ μ

σ σ
α λ μ

. (28) 

 
(2) Sliding ratio analysis. According to Eqs. (27) and (28) , it 

can be found that the sliding ratio of the ACG is related to r1, r2, , and α. To further investigate the influence rule of  and α on 
the sliding ratio of the ACG pair, substituting the parameters in 
Tables 1 and 3 into Eqs. (27) and (28), the values of the sliding 
ratio of the ACG are calculated as shown in Fig. 11. 

Using the previously described equations, the sliding ratio of 
the ACG pair is investigated. Keeping the remaining parame-
ters constant and varying the value of α, the variation law of the 
sliding ratio with α is obtained, as shown in Fig. 11. The follow-
ing results are obtained: 

(a) For the ACG pair, the sliding ratio of the two gears in 
mesh is constant at both ends of the tooth profile. Near the 
pitch point, the sliding ratio of ACG pair decreases with an 
increase in α. This indicates that the value of α mainly affects 
the sliding ratio near the pitch circle of the ACG. 

(b) Compared with the tooth profile of involute gear, the slid-
ing ratio of tooth profile of ACG is constant, and the value of 
sliding ratio is smaller than that of the involute profile. Because 
the sliding ratio of gear is smaller, the wear of tooth surface is 
more uniform [28]. Therefore, the ACG pair have good wear 
resistance. 

Similarly, keeping other parameters constant and varying the 
value of , the variation law of the sliding ratio with  is ob-

Table 2. ACG pair with different design parameters (ha
* = 0.8 c* = 0.3 m =

3). 
 

 α (°)  Z1 Z2 

Case a [5 10 15 20] 0.1 40 60 

Case b 20 [0.1 0.13 
0.16 0.19] 40 60 

Case c 5 0.1 [30 36 45 60] 90 

Case d 5 0.1 40 [60 80 100 120]

 

 (a) α  (b) μ 
 

 (c) z1  (d) z2 
 
Fig. 10. Influence of design parameters on the contact ratio. 
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tained, as shown in Fig. 12. The following results are obtained: 
(a)  has a significant effect on the sliding ratio for the ACG 

pair. Because the value of  increases, the length of involute 
tooth profile increases rapidly near the pitch point, so the slid-
ing ratio of the ACG pair will increase.  

(b) Near the pitch point (x = 0), the value of sliding ratio for 
ACG pair is smaller than that of the cycloidal pair. Moreover, at 
both ends of the tooth profile, the sliding ratio of the ACG is 
equal to that of the cycloidal gear. 

As mentioned, α mainly affects the sliding ratio of the tooth 
profile for the ACG near the pitch circle, while  influences the 
sliding ratio of the whole tooth profile of the ACG. (1) Com-
pared with involute drive, at both ends of tooth profile, the value 
of sliding ratio for the ACG drive is constant and smaller, and 
the wear of the tooth profile is also more uniform. (2) Com-
pared with cycloidal gear, the change rate of sliding ratio for the 
ACG drive is smaller near the pitch point, which makes the 
drive operate smoothly and have a long wear life. 

 
5.3 Meshing efficiency 

(1) Meshing efficiency model. The estimation of the meshing 
efficiency of gear is an important point in gear transmission 

design. At the design stage, accurate analysis and evaluation 
of gear meshing efficiency is helpful to improve the perform-
ance of gear transmission and reduce its power loss [29]. The 
meshing efficiency of the ACG is the ratio of the input power of 
the driving gear to the power required to overcome the working 
resistance of the driven gear.  

The meshing diagram of the ACG is shown in Fig. 13. The 
angular velocity of the driving gear is ω1 and of the driven gear 
is ω2. F12 is the driving force of the driven gear, F21 is the resis-
tance of the driven gear to the driving gear, n-n is the normal 
line of the tooth profile at the meshing point, δ is the angle be-
tween the normal line n-n and the F12, vk1 is the movement 
velocity of the driving gear at the meshing point, vk2 is the 
movement speed of the driven gear at the meshing point, and 
αk1 and αk2 denote the angle between vk1 and vk2 and the line n-
n, respectively. 

When the ACG pair is meshing before meshing point (K `), 
the relationship between the position of the conjugate tooth 
profile is shown in Fig. 13(a). At point K `(x > 0), the input 
power of the driving gear is obtained by 

 
( )1 12 11 cos= +k kP F v α δ . (29) 

 
 
Fig. 11. Effect of α on the sliding ratio of the ACG (  = 0.005). 

 

 
 
Fig. 12. Effect of  on the sliding ratio of the ACG (α = 25°). 

 

 
(a) 

 

 
(b) 

 
Fig. 13. Calculation model of meshing efficiency for ACG: (a) before mesh-
ing point; (b) after meshing point. 
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The power required to overcome the driven gear resistance 
is obtained by 

 
( )2 21 22 cos= +k kP F v α δ . (30) 

 
According to the plane gear meshing theory, we have 
 

12 21=F F ,  (31) 

1 21 2cos cos= kk kkv vα α . (32) 
 
Then, the instantaneous meshing efficiency is obtained by  
 

( )
( )

21 2

1

2 2

1 1 12
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+ −= =
+ −
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F v f

α δ αη
α δ α

 (33) 

 
where f is the friction factor, f = 0.1. In the triangles, ∆O1PK` 
and ∆O2PK`, the values of αk1 and αk2 can be obtained accord-
ing to the Cosine theorem: 
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Similarly, when the ACG pair meshes to the point K (x < 0), 

as shown in Fig. 13(b). The instantaneous meshing efficiency 
of the ACG is obtained by 
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 (35) 

 
where, in triangles ∆O1PK and ∆O2PK, values of αk1 and αk2 
can be obtained by using the Cosine theorem: 
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When the ACG pair at pitch point P (x = 0), the ACG pair is 

equivalent to pure roll, vk1 = vk2, αk1 = αk2. According to Eq. 
(33), the instantaneous meshing efficiency was ηi = 1. 

Furthermore, the instantaneous meshing efficiency of the 
ACG pair is a function of the rotation angle. Hence, the instan-
taneous meshing efficiency is integrated by the rotation angle 
and then averaged to obtain the average meshing efficiency. 
According to Eqs. (2) and (33), the average meshing efficiency 
of the ACG pair is obtained by 

1∫
=

−

a

b i
m

a b

dθ
θ η θ

η
θ θ

. (37) 

 
(2) Meshing efficiency analysis. Using the previously de-

scribed equations, the meshing efficiency of gear transmission 
is investigated. The main parameters of the numerical exam-
ples are listed in Tables 1 and 3. MATLAB software is used for 
numerical calculation according to Eqs. (2)-(8), (33), and (35). 
The results of instantaneous meshing efficiency of gear trans-
mission are also obtained, as shown in Fig. 14. Wherein, X-
axis represents the abscissa of each point on the contact path.  

From Fig. 14, the following results are obtained: 
(a) With the increase of value of the x, the instantaneous 

Table 3. Design parameters of gear drive. 
 

Parameters  (  = 1= 2) α 

Cycloid gear 0.1 0 

ACG-1 0.05 20° 

ACG-2 0.05 22.5° 
ACG-3 0.05 25° 

ACG-4 0.075 25° 

ACG-5 0.1 25° 
Involute gear —— 25° 

 

 
(a) 

 

 
(b) 

 
Fig. 14. Instantaneous meshing efficiency of gear: (a) i = 56/38; (b) i =
56/52. 
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meshing efficiency of gear first increases and then decreases, 
finally reaching the maximum value at the pitch point. 

(b) Comparing Figs. 14(a) and (b), when z1 increases, the 
instantaneous meshing efficiency of the gear drive increases. 
However, the increase in transmission ratio will make the in-
stantaneous meshing efficiency of the gear drive decrease. 

(c) Compared with involute drive, the instantaneous meshing 
efficiency of the ACG-5 drive at the position of tooth tip and 
tooth root (99.73 %, 99.63 %) is close to that of involute gear 
(99.70 %, 99.58 %), which indicates that the ACG drive has 
good meshing efficiency. 

 
6. Contact and bending stresses 

The contact and bending strength of gear directly affect the 
service life and safety of the whole mechanical transmission 
mechanism, so it is necessary to study the contact and bend-
ing stresses of the gear drive. Compared with classical me-
chanical calculation methods, finite element (FE) simulation 
technology can consider the effect of many factors, such as 
materials, external environment, and working conditions, so 
that the calculation result is closer to the real working condi-
tions, and it has been widely used in the calculation of gear 
contact stress [30]. In this paper, to determine the advantages 
of the tooth profile of the ACG, we compare the contact and 
bending stresses of the novel gear and an involute drive. The 
contact and bending stress of the gear drive are carried out by 
using the ANSYS Workbench software. 

(1) Simulation setup. A number of examples of the ACG-5 
and involute gear pairs are provided according to the parame-
ters in Tables 1 and 3. A computerized motion simulation of 
meshing process is also carried out.  

Step 1. According to the mathematical model of tooth profile 
of the ACG, the set of discrete points of the tooth profile curve 
is calculated by MATLAB;  

Step 2. The discrete points of the tooth profile are imported 
into SOLIDWORKS for the constructing the 3D geometry 
model, and the assembled 3D geometry model is imported into 
ANSYS software for finite element analysis.  

Step 3. To reduce the amount of simulation calculation and 
improve the analysis efficiency, the loading contact simulation 
is performed for six gear teeth. The driven gear is fully con-
strained in X, Y, and Z axis directions, the driving gear is fully 
constrained in X and Y axis directions, and only the rotation 
degree of freedom in the Z axis direction is retained. The gear 
tooth mesh unit is a regular hexahedron unit. The number of 
units and nodes is 151200 and 652974, respectively. The other 
parameters are shown in Table 4. 

The involute drive uses the same set of specifications for 
comparison. 

(2) Bending stress. The results of tooth root bending stress 
for the ACG and involute drive are shown in Fig. 15. It can be 
observed that the maximum bending stress of the root of the 
ACG (47.448 MPa) is 27.078 % less than that of the involute 
gear (65.067 MPa). This indicates that the ACG with a com-

posite tooth profile design has higher bending strength, which 
is conducive to the lightweight design of gears. Moreover, both 
ACG and involute gears have edge contact at the root of the 
tooth, which is due to the geometric abruptness of the tooth 
surface at the tooth root, causing drastic changes of stress at 
the root. Therefore, to eliminate edge contact, the tooth profile 
modification of the ACG should be carried out. 

(3) Contact stress. The results of contact stress for the ACG 
and involute drive are shown in Fig. 16. It can be observed that 
in the meshing area, the contact area of the ACG is signifi-
cantly larger than that of the involute gear, and the contact 
stress distribution on the tooth surface is relatively uniform and 

Table 4. ACG finite element simulation parameters. 
 

Parameters Values 

Material 20CrMnTi 

Poisson ratio 0.3 

Young's modulus E (GPa) 212 
Frictional coefficient 0.1 

Output load (N·m) 200 

Tooth width B (mm) 15 
Input speed (rpm) 100 

i 56/52 

 

 
(a) 

 

 
(b) 

 
Fig. 15. Bending stress of tooth root: (a) involute gear; (b) ACG. 
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is banded along the tooth width direction. The maximum con-
tact stress of the ACG and involute gear are 31.849 MPa and 
51.251 MPa, respectively. The maximum contact stress of the 
ACG is reduced by about 37.86 % in comparison with that of 
involute gear. 

In addition, to further analyze the law of contact stress of gear 
teeth with the rotation angle in one meshing cycle, the dynamic 
contact analysis of the gear drive is performed, and the results 

are shown in Fig. 17. It can be observed that the maximum 
contact stress of both ACG and involute gear occurs at the be-
ginning of the meshing point. The main reason is that when the 
gear pair starts meshing, the contact area between the tooth 
surfaces is small, resulting in the contact stress of tooth surface 
being large. However, compared with ACG, involute gear has a 
even worse stress concentration problems at the tooth root, 
especially the contact stress from the contact area to the tooth 
root is very high. Therefore, application of the tooth profile of the 
ACG can reduce both bending and contact stresses. 

 
7. Conclusions 

Due to the complex over-positioning structure, high manufac-
turing and assembly accuracy requirements of the RV reducer, 
innovating a structure and transmission principle is still needed. 
The ACG reducer proposed in this paper is an attempt in this 
direction. A new type of tooth profile of ACG is adopted as the 
transmission teeth of the reducer to improve the comprehen-
sive carrying capacity. The generate principle and contact path 
of tooth profile of the ACG are described. The mathematical 
model of tooth profile of the ACG and its overlapping interfer-
ence are established, and the meshing characteristics of the 
ACG were also investigated by the numerical calculation and 
finite element method. The results show that the contact ratio 
and meshing efficiency of the ACG are close to that of involute 
gear drive, but the sliding ratio of the ACG is lower and its 
value is constant at both ends of the tooth profile, which is 
beneficial to reduce tooth surface wear. Compared with the 
conventional involute gear pair, the bending and contact stress 
on the ACG tooth surface are also reduced, which is helpful for 
gear transmission. The ACG pair without interference can be 
successfully designed by using the proposed method. The 
ACG has shown some interesting properties, which indicates 
that its application in ACG reducer is feasible. 

The related investigations on this novel type of gear pair, 
which include tooth profile modification considering deforma-
tion and error, fatigue life of the gear, physical prototype ex-
periments of the reducer, are being carried out or would be the 
next step of work by the authors. Efforts putting this drive for-
ward into practical application are also needed in the near fu-
ture. 
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Nomenclature------------------------------------------------------------------ 

a  : Center distance of gear pair 
B  : Tooth width 

 
(a) 

 

 
(b) 

 
Fig. 16. Contact stress of tooth surface: (a) Involute gear; (b) ACG. 

 

 
 
Fig. 17. Dynamic contact stress of the ACG pair. 
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c* 
 : Tip clearance coefficient 

ha
* 

 : Addendum coefficient 
μ  : Dimensionless coefficient 
ω1  : Angular velocity of driving gear 
ω2   : Angular velocity of driven gear 
Γ1  : Tooth surface of driving gear 
Γ2  : Tooth surface of driven gear 
r1  : Pitch radius of driving gear 
r2  : Pitch radius of driven gear 
θ1  : Rotation angular of driving gear 
θ2  : Rotation angular of driven gear 
z1  : Tooth number of driving gear 
z2  : Tooth number of driven gear 
Σf  : Fixed coordinate system 
Σ1  : Movable coordinate system of driving gear 
Σ2  : Movable coordinate system of driven gear 
GA   : Arc contact path in the third quadrant of coordinate Σf 

 BH  : Arc contact path in the first quadrant of coordinate Σf 
GH  : Straight line contact path of coordinate Σf 

α  : Angle between the line GH  and the positive X-axis 
i12  : Transmission ratio 

1v   : Position vector of driving gear 
1n  : Normal vector of driving gear 

ε  : Contact ratio 
f  : Friction factor 
σ  : Sliding ratio 
ηm  : Average meshing efficiency 
m  : Modulus of gear 
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