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Abstract  In various automated industrial, medical, or service applications using robotic
systems it is required to regulate both robot movement and contact force. In order to address 
this control problem, this paper presents a force/position control structure that has two charac-
teristics that are very relevant in robot-environment interaction tasks. First, the structure of the 
controller is based on the use of generalized saturation functions, and this makes it possible to 
ensure that the robot actuators operate within a safe region without exceeding their torque lim-
its. On the other hand, an adaptable term is included within the structure that allows to com-
pensate for parametric uncertainty related to gravitational forces and the stiffness of the envi-
ronment on which the robot operates. The validity and correct performance of the proposed
control structure is based on a rigorous stability analysis, as well as numerical simulations using 
a three-degree-of-freedom robot manipulator. 

 
1. Introduction   

Day by day, robotic systems are used in increasingly complex tasks within diverse areas 
ranging from industrial or research applications to rehabilitation therapy processes [1, 2]. When 
such tasks require physical interaction between a robot and its environment, it is necessary to 
ensure a safe interaction between them for the task to be performed successfully [3, 4]. Now, 
during these tasks of robot-environment interaction, the contact forces can cause damage to 
both and therefore these forces must be regulated. In order to ensure the safety of both the 
robotic system and the environment in interaction tasks, different research groups have pro-
posed very diverse solutions [5-7]. In general, interaction control algorithms can be classified 
into explicit and implicit force controllers [8]. In explicit force control, the measured contact 
forces/torques are compared to the predefined desired values, thus achieving an appropriate 
interaction when the robot applies a specific force/torque level over environment or vice versa. 
On the other hand, for implicit force control algorithms it is not possible to set desired force 
values, but from the generated contact forces it is possible to modify the desired movement of 
the robot without specifying a level of force required to interact appropriately and thus indirectly 
regulate the force. 

In many cases, both implicit and explicit force control strategies often have structures based 
on the robot model in order to compensate for various dynamic effects [9]. In the case of regu-
lation (position control), the main effect to compensate is gravitational force/torque, however the 
parameters associated with this effect are not always known with precision and, therefore, 
adaptive schemes or intelligent controllers are often used [10, 11]. On the other hand, the mod-
eling of the environment depends on parameters such as mass, damping or stiffness, which 
are also often unknown with precision and can vary depending on the material of the object or 
surface with which the robot must interact [12]. Therefore, in this work, it was decided to design 
a control scheme that can be adapted to the parametric uncertainty of gravitational forces and 
the stiffness of the environment, in order that it can be implemented in different robot manipula-
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tors that interact with unknown environments. 
In industrial environments, there are several robotic tasks 

that require precise control of the contact force, among them 
we find polishing, deburring, component assembly, etc. These 
problems are usually addressed from two perspectives: a) 
improving the mechanical design of the robotic system, or b) 
improving the control system. From the point of view of me-
chanical design, a very interesting proposal was recently pre-
sented by Azizi [13], where a genetic algorithm is used to find 
optimal parameters of gimbal joints and it was observed that 
the robot’s manipulability improves, because the amount of 
force delivered by a gimbal equipped robot is greater than the 
force delivered by a robot that uses revolute joints. On the 
other hand, from the control perspective and to achieve a sta-
ble closed loop response in this type of applications, Chávez-
Olivares et al. propose a family of explicit force controllers that 
are theoretically supported by a stability analysis in the sense 
of Lyapunov [14]. However, the control algorithms derived from 
the above proposal do not simultaneously regulate position 
(motion) and force, nor do they consider that the robot actua-
tors cannot deliver any torque value. This second perspective 
is what we address and improve in this work where we pro-
pose a control structure that respects the torque limits of the 
robot. 

Winkler et al. carried out a comparison between implicit and 
explicit force control algorithms for robot manipulators, and 
they define the characteristics of interaction tasks suitable for 
each control structure [15]. As a result of the comparative study, 
it was found that stiffness control is not suitable for tasks where 
the robot is in free space and the distance between its end-
effector and the contact surface is unknown, while impedance 
control is not suitable when the robot is in contact with the envi-
ronment, because the mass component can cause instability. 
Whereas hybrid or parallel force/position control is suitable 
when it is required that the interaction forces and end-effector 
position being simultaneously regulated [16-18]. For example, 
in Ref. [16] Rani and Kumar propose a hybrid controller for 
collaborative interaction tasks using a neural network to esti-
mate unmodeled robot dynamics, resulting in correct position 
and force regulation, however, like most they ignore the torque 
saturation limits of actuators and consider that the object han-
dled by the robots is rigid and non-deformable. In a very recent 
work, Gutierrez-Giles et al. propose a scheme for position and 
force regulation for industrial robots interacting with rigid and 
soft environments, however, their proposal focuses on systems 
with closed control architecture and therefore it is a kinematic-
type structure that assumes that the robot dynamics is ade-
quately regulated by a standard PID controller [17]. Another 
alternative is to model a deformable environment as a damp-
ing-spring system, in Ref. [18] Huang et al. present an optimal 
force/position regulation scheme for collaborative robotic tasks 
and that allows interaction with an object with unknown mass, 
damping or stiffness, however, it is also a kinematic solution 
where a PID controller regulates robot dynamics. In addition, 
these force/position control schemes lack a closed-loop stabil-

ity analysis to serve as a theoretical basis of validity, so our 
proposal seeks to address this very common flaw in these 
types of controllers. 

In recent years, several control schemes with bounded ac-
tions have been developed, mainly addressing the problems of 
regulation and tracking in tasks where the robot moves freely 
[19-22]. However, very few results have been obtained using 
interaction control schemes that generate bounded actions and 
the work has focused on implicit force control by proposing 
stiffness control algorithms [23, 24], but as explained above, 
these are not appropriate when the robot is in free space and 
the distance between its end effector and the contact surface is 
unknown, which is addressed in this document using an explicit 
force controller. There are also some hybrid force/position con-
trollers such as Refs. [25, 26] that take into account torque 
constraints in the robotic system. However, the proposed struc-
ture in Ref. [25] restricts the gain adjustment to achieve 
bounded actions, resulting in a decrease in performance or 
convergence of force/position errors, while the proposed con-
troller in Ref. [26] represents a kinematic solution that regulates 
the force indirectly and that does not guarantee the stability of 
the closed-loop equilibrium point. Within this context, our pro-
posal focuses on addressing or solve the following issues: 

1. Interaction tasks in which a robot comes into contact with 
deformable objects whose stiffness is unknown and there is 
uncertainty regarding the robot’s dynamic parameters (particu-
larly in the case of regulation, those associated with gravita-
tional forces/torques). 

2. For safe interaction tasks, when the distance between the 
robot’s end effector and the contact surface is unknown, it is 
important to design explicit force control schemes that gener-
ate bounded actions. 

3. Design dynamic-type bounded control structures that en-
sure the stability of the closed-loop equilibrium point and whose 
gain tuning process does not affect performance to achieve 
bounded control actions. 

Therefore, the proposed force/position control scheme uses 
generalized saturation functions to ensure that the actuators of 
the robotic system operate within a safe region (without ex-
ceeding their torque limits) and it allows the unrestricted selec-
tion of control gains to improve the performance of the control-
ler. Likewise, to compensate for the parametric uncertainty 
related to gravitational forces and stiffness, the scheme in-
cludes an adaptive term within its structure. In addition, the 
proposed control scheme has a rigorous stability analysis that 
validates its correct functioning and, as an example, numerical 
simulation results are presented using a robot manipulator of 
three degrees of freedom. 

 
2. Preliminaries  
2.1 Notation and definitions 

In this paper, matrices and vectors are represented as  
n mA ×∈  and ny∈ , respectively, while Ai is the i -th row 
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vector of matrix A, Aji is the element of matrix A  located in the 
i -th row and the j -th column, and iy  represents the i -th 
element of vector y . The origin of n  is denoted by n0  and 
the n n×  identity matrix is represented as nI . The Euclidean 
norm of vectors and the induced norm of matrices are denoted 
by Ty y y=  and { }max

TA A Aλ= , respectively, where 

{ }max
TA Aλ  is the maximum eigenvalue of matrix TA A . 

Let ζ :  be a continuously differentiable scalar func-
tion and φ :  be a locally Lipschitz, continuous, scalar 
function, both vanishing at zero, i.e., ( ) ( )ζ φ= =0 0 0 . In addi-
tion, ζ ′  represents the derivative of ζ  with respect to its 
argument, i.e., ( ) ( )ς ς / ςζ ζ′ = ∂ ∂ . While the upper right-hand 

derivative of φ  is given by ( ) ( )0
limsup {

h
D hϕ ς ϕ ς+

+
→

= ⎡ +⎣  

( ) / }hϕ ς− ⎤⎦ , ς∀ ∈R , thus ( ) ( )
ς

0

ς D r drϕ ϕ+= ∫  [27]. 

Definition 1. A nondecreasing Lipschitz-continuous function 
:σ →R R  bounded by M > 0  is a generalized saturation 

function (GSF) if 
a) ( )ς ςσ > 0 , ς .∀ ≠ 0  
b) ( )ς , ςMσ ≤ ∀ ∈R . 
Definition 2. σ  is a linear generalized saturation function 

(LGSF) if ( )ς ςσ =  when ς L≤ , for some L M< ≤0 .  
According to Refs. [19, 24], a GSF σ  has the following 

properties for a constant k > 0 : 
1) ( )ςlim ςD σ+→∞ = 0 . 

2) ( ) ( )' , : ς 'M MDσ σ σ+∃ ∈ ∞ ≤ ≤0 0 , ς∀ ∈R . 

3) ( ) [ ] ( )ς / ' ' /M Mk k kr dr k
ς

σ σ σ σ ς≤ ≤∫2 2

0

2 2 , ς∀ ∈R . 

4) ( )kr dr
ς

σ >∫
0

0 , 0ς∀ ≠ . 

5) ( )
0

kr dr
ς

σ →∞∫  as ς → ∞ . 

6) If σ  is strictly increasing, then 
a) ( ) ( )ς σ ς η σ η+ − >⎡ ⎤⎣ ⎦ 0 , ς∀ ≠ 0 ,  η∀ ∈R .  
b) σ ( ( ) ( )) a aς σ ς σ= + −  is a strictly increasing GSF, 

bounded by ( )M M aσ= +  for any constant 
a∈R . 

7) If σ  is a LGSF for ( ),L M  then, for any continuous 

function :ν R R  such that ( ) Lν η < , it holds that 

( )( ) ( )( )ς σ ς ν η σ ν η⎡ ⎤+ − >⎣ ⎦ 0 , ς∀ ≠ 0 ,  η∀ ∈R . 

 
2.2 Dynamics of robot manipulators 

The Euler-Lagrange dynamical equation for robot manipula-
tors of n  degrees of freedom is given by 

 
( ) ( ) ( ) ( ), T

eH q q C q q q Fq g q J q fτ+ + + = −  (1) 
 

where nq∈R , nq∈R  and nq∈R  are the joint position, 

velocity and acceleration vectors, respectively. ( ) n nH q ×∈R , 
( ) , n nC q q ×∈R  and n nF ×∈R  are matrices of inertia, centripe-

tal and Coriolis, and viscous friction, respectively. While 
( ) m nJ q ×∈R represents the analytical Jacobian matrix of the 

robot. Finally, ( ) ng q ∈R ,  nτ ∈R  and m
ef ∈R  are vectors of 

gravitational, control and external interaction torques, respec-
tively. 

The dynamical model Eq. (1) has the following properties [28]: 
Property 1. ( )H q  and F  are positive definite symmetric 

matrices, even F  is diagonal. 
Property 2. For robots with only revolute joints, ( )g q  is 

bounded on nR  in such a way that ( )i gig q B≤ , nq∀ ∈R  
and non-negative constants giB , i = 1, …, n. 

Property 3. The vector ( )g q  can be represented as 
( ) ( ), g gg q G qθ θ= , where ( ) n pG q ×∈R  is a regression matrix 

and p
gθ ∈R  is a constant vector of robot parameters. 

Property 4. For the gravity vector ( ), gg q θ , let Mlθ  be an 

upper bound so that gl Mlθ θ≤ , { } ,...,l p∀ ∈ 1 , and let 

( )1,...,
T

M M Mpθ θ θ  and ] [1 1Θ  , ,M M Mp Mpθ θ θ θ⎡ ⎤− × × −⎣ ⎦ . 

According to Properties 2 and 3, there are M
giBθ > 0  such that 

( ) ( ), M
i i gig y w G y w Bθ= ≤ , ny∀ ∈R  and Θw∀ ∈ . In addi-

tion, there are non-negative constants such that ( )il GilG y B≤ , 

( )i GiG y B≤  and ( ) GG y B≤ , ny∀ ∈R , { } 1,...,l p∀ ∈ , i = 

1, …, n. 
Property 5. For robots with only revolute joints, there are 

non-negative constants such that ( )T
ij JijJ y B≤ , ( )T

i JiJ y B≤  
and ( )T

JJ y B≤ , ny∀ ∈R , i = 1, …, n, j = 1, …, m. 
Assumption 1. For robots with bounded inputs, each ele-

ment of vector τ  is bounded by 0iT > , i.e.,  i iTτ ≤ , i = 1, 
…, n. Assume that 

 
( )sat /i i i iT u Tτ =  (2) 

 
where sat(·) is the standard saturation function, i.e., ( )sat ς  

( ) { }sign min ,ς ς= 1  and iu  denotes the i -th control signal. 
In addition, assume that i giT B> , { },...,i n∀ ∈ 1 . 

By means of the forward kinematics mapping ( )x q=K , the 
dynamical model Eq. (1) can be rewritten in task space as 

 
x x x x x eH C x F x g f fx + + + = −   (3) 

 
where ( ) mx J q q= ∈R  and ( ) ( ), J mx J q q q q q= + ∈  are 

the vectors of task-space velocity and acceleration, respectively. 
xf  is a vector of control forces such that ( )T

xJ q fτ = . While 

( ) ( ) ( )1 1T

xH J q H q J q− −⎡ ⎤= ⎣ ⎦ , ( ) ( )1 ,
T

x xC J q C q q H J−⎡⎡ ⎤= −⎣ ⎦⎢⎣
 

( ) ( )1,J q q J q−⎤
⎥⎦

, ( ) ( )1 1T

xF J q FJ q− −⎡ ⎤= ⎣ ⎦  and ( )1 T

xg J q−⎡ ⎤= ⎣ ⎦  

( )g q . This model is valid only if the robot is away from kine-

matic singularities and, when the robot is redundant, the right 
pseudo-inverse of ( )J q can be considered [29]. 
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In order to model the forces of robot-environment interaction, 
the following assumption is considered: 

Assumption 2. The external forces ef  can be represented 
as a generalized spring 

 
[ ]e e ef K x x= −   (4) 

 
where m m

eK ×∈R  is a positive definite diagonal stiffness ma-
trix and m

ex ∈R  is the spring rest position.  
The dynamic model Eq. (3) has the following properties [23, 

24]: 
Property 6. For some constants M mμ μ≥ > 0 , m m

xH ×∈R  
satisfies m m x M mI H Iμ μ≤ ≤ . 

Property 7. For some constant ck ≥ 0 , m m
xC ×∈R  satisfies 

2
x cC x k x≤ , mx∀ ∈R . 

Property 8. For some constants M mf f≥ > 0 , m m
xF ×∈R  

satisfies m m x M mf I F f I≤ ≤ . 
Property 9. The matrices xC  and /x xH dH dt  satisfy 

T
x xx H C x⎡ ⎤− =⎣ ⎦2 0 , mx∀ ∈R , and actually T

x x xH C C= + . 
Property 10. The dynamic Eq. (3) is linear with respect to its 

parameters, therefore considering Assumption 2 and Property 
3, the gravitational and interaction forces can be rewritten as 

 
x e xg f Y θ+ =  (5) 

 
where m r

xY ×∈R  is a regression matrix and  rθ ∈R  is a con-
stant vector of parameters associated to gravitational forces 
and stiffness.  

Assumption 3. Because ( )T
xJ q fτ =  and according to 

Property 5 and Assumption 1, each element of xf  is bounded 
by j >F 0 , i.e.,  xj jf ≤ F , j = 1, …, m. Assume that 

 
( )sat /xj j xj jf u= F F  (6) 

 
Therefore, ( )T

xu J q u= .  

 
3. Adaptive force/position controller 

In order to control the robot-environment interaction while re-
specting the saturation limits of the robotic system, the follow-
ing adaptive structure is proposed: 

 
( ) ( ) ( ) ˆ

x P P F F D D xu s K x s K f s K x Y θ= − − − +   (7) 

 
where dx x x= −  with m

dx ∈R  being any constant desired 

position; e df f f= −  with m
df ∈R  being any constant de-

sired interaction force; [ ]1diag ,...,P P PmK k k= , diagFK =  

[ ]1,...,F Fmk k  and [ ]1diag ,...,D D DmK k k=  are positive definite 

matrices of gain parameters; ( ) ( )( 1 1 ,...,P Ps y yσ σ=  ( ))T

Pm myσ  

and ( ) ( ) ( )( )1 1 ,...,
T

F F Fm ms y y yσ σ=  with ( )Pjσ ⋅  and ( )Fjσ ⋅  

being strictly increasing GSFs bounded by PjM  and FjM , 

respectively; ( ) ( ) ( )( )1 1 ,...,
T

D D Dm ms y y yσ σ=  with ( )Djσ ⋅  

being GSFs bounded by DjM  and ( ) ,D Ds K x xκ≤  
mx∀ ∈R  with κ > 0 ; and ˆ rθ ∈R  is the estimated parameter 

vector obtained from the following auxiliary dynamics 
 

( ) ( ){ }Γ T
x P P F FY x s K x s K fφ ⎡ ⎤= − + +⎣ ⎦ε  (8) 

( )ˆ
asθ φ=  (9) 

 
where [ ]1Γ diag ,..., r r

rγ γ ×= ∈R  is a constant positive definite 
diagonal matrix, > 0ε  is a constant, ( )as y =  

( ) ( )( )1 1 ,...,
T

a ar ry yσ σ with ( )alσ ⋅  being strictly increasing 
GSFs bounded by alM  such that 

 
l alMθ <  (10) 

1

a

p
M
gi Gil al i

l

B B M T
=

<∑   (11) 

 
where Property 4 and Assumption 1 are considered. 

 
3.1 Closed-loop analysis 

Suppose that there exists a constant vector *φ  such that 
( )*

as φ θ= , or equivalently ( )* 1
l al lφ σ θ−= , { },...,l p∀ ∈ 1 . 

Therefore, from Property 10 we have that ( )*
x aY s φ  

x eg f= + , then by combining the robot model Eq. (3), the envi-
ronment model Eq. (4) and the control scheme Eqs. (7)-(9), the 
closed-loop dynamics can be represented as 

 
x
fd
xdt
φ

⎡ ⎤
⎢ ⎥
⎢ ⎥ =
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

 ( ) ( ) ( ) ( )
( ) ( ){ }

1

e

x P P F F D D x a x x

T
x P P F F

x
K x

H s K x s K f s K x Y s C x F x

Y x s K x s K f

φ−

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎡ ⎤− − − + − −⎣ ⎦⎢ ⎥
⎢ ⎥⎡ ⎤−Γ + +⎢ ⎥⎣ ⎦⎣ ⎦

ε

 

 (12) 
 

where *φ φ φ= −  represents the vector of parameter estima-
tion error and ( ) ( ) ( ) ( ) ( )* * *

a a a a as s s s sφ φ φ φ φ φ= − = + − .  
Now, from Eq. (12) under stationary conditions we have that 
 

0mx =   (13) 
0 0e m mK x x= ⇔ =   (14) 

( ) ( ) ( )1 0x P P F F x a mH s K x s K f Y s φ− ⎡ ⎤− − + =⎣ ⎦   (15) 

( ) ( ) 0T
x P P F F rY s K x s K f⎡ ⎤− + =⎣ ⎦   (16) 

 
Therefore, the closed-loop equilibrium vector can be defined 
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as 
 

( ) { }
0

E dE

E dE

mE

a E xEE

x xx
f ff

x
s ker Yφφ

−⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥ −⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ ∈⎢ ⎥⎣ ⎦ ⎣ ⎦

  (17) 

 
where m

Ex ∈R , m
Ef ∈R  and r

Eφ ∈R  are the equilibrium 
vectors of position, force and estimation error, respectively, 
while m r

xEY ×∈R  denotes the equilibrium regression matrix. 
Then, the origin is an equilibrium point of the closed-loop sys-
tem. 

 
3.2 Lyapunov stability analysis 

To analyze the stability of the closed-loop equilibrium vector, 
in the Lyapunov sense, consider the following scalar candidate 
function 

 

( ) ( ) ( )

( ) ( ) ( )

0

1 1

0 0

1V , , ,
2

Γ .

m

m r

x
T T T

x P P x P P

f
T T T
F F e x F F a

x f x x H x s K z dz x H s K x

s K z K dz x H s K f s z dz
φ

φ

− −

= + +

+ + +

∫

∫ ∫

ε

ε

 (18) 

 
In order to demonstrate that this scalar function is positive 

definite, we first rewrite Eq. (18) as  
 

( ) ( ) ( )

( ) ( ) ( )

0

1 1

0 0

1, , ,
2

Γ

m

m r

x
T T T

x P P x P P

f
T T T
F F e x F F a

V x f x x H x s K z dz x H s K x

s K z K dz x H s K f s z dz
φ

φ α

α − −

= + +

+ + +

∫

∫ ∫

ε

ε

  

( ) ( ) ( ) 1

0 0

1
m m

fx
T T
P P F F es K z dz s K z K dzα −

⎡ ⎤
+ − +⎢ ⎥

⎢ ⎥⎣ ⎦
∫ ∫   (19) 

 
where α< <0 1 . Then, according to Property 6, the following 
terms of Eq. (19) can be lower bounded by 

 
21   

2 2
T m

xx H x xμ≥  

( ) ( )  T
x P P M P Px H s K x s K x xμ≥−ε ε  

( ) ( ) T
x F F M F Fx H s K f s K f xμ≥−ε ε  

 
While using Definitions 1-2 (item 3), we can obtain the lower 

bounds of the following terms of Eq. (19)  
 

( ) ( ) 2

0

  
2

m

x
T
P P P P

P

s K z dz s K xαα
β

≥∫  

( ) ( ) 2
1

0

  
2

m

f
T
F F e F F

F

s K z K dz s K fαα
β

− ≥∫  

where { }max 'P PjM Pjj
kβ σ  and { }max 'F FjM Fj ejj

k kβ σ , 

since  
 

( ) ( )
10 0

j

m

xx m
T
P P Pj Pj j j

j

s K z dz k z dzσ
=

=∑∫ ∫  

 
and  

 

( ) ( ) ( )1

10 0

1 / σ
j

m

ff m
T
F F e ej Fj Fj j j

j

s K z K dz k k z dz−

=

=∑∫ ∫ . 

 
Then, 

 

( ) ( ) ( )

( ) ( ) ( )

222

1

0

, , ,
2 2 2

Γ
r

m
P P F F

P F

T
M P P M F F a

V x f x x s K x s K f

s K x x s K f x s z dz
φ

μ α αφ
β β

μ μ −

≥ + +

− − + ∫ε ε
  

( ) ( ) ( ) 1

0 0

1
m m

fx
T T
P P F F es K z dz s K z K dzα −

⎡ ⎤
+ − +⎢ ⎥

⎢ ⎥⎣ ⎦
∫ ∫   (20) 

 
Therefore, the scalar function Eq. (18) can be lower bounded 

by 
 

( ) ( ) ( )

( ) ( ) ( )

1
1

0

1

0 0

, , , , , Γ

1

r

m m

T
a

fx
T T
P P F F e

V x f x W x f x s z dz

s K z dz s K z K dz

φ

φ

α

−

−

≥ +

⎡ ⎤
+ − +⎢ ⎥

⎢ ⎥⎣ ⎦

∫

∫ ∫
 (21) 

 
where 

 
( )

( )

( )

( )

( )

1 , ,

0

1
2

0

T
M

P P P PP

M m M

F F F FM
F

W x f x

s K x s K x

x x

s K f s K f

α μ
β
μ μ μ

αμ
β

=

⎡ ⎤−⎡ ⎤ ⎡ ⎤⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥− −
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥−⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦

ε

ε ε

ε

 (22) 

 
Thus, according to the theorem of Sylvester [28] ( )1 , ,W x f x  

is a positive definite function if / Pα β > 0 , [ ]2/m P Mαμ β μ> ε  
and [ ] [ ]2/m P F Mαμ β β μ+ > ε  then we can choose α  such 
that 

 
2

2
1

1α< <ε
ε

 (23) 

 
where  

 

( )2
1 /m M P Fμ μ β β⎡ ⎤+⎣ ⎦ε   (24) 
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Therefore, from inequality Eq. (23) and items 4 and 5 of 
Definitions 1-2, ( ), , ,V x f x φ > 0  and radially unbounded. 

Now, the upper right-hand derivative of Eq. (18) along the 
trajectories of the closed-loop system Eq. (12) is 

 

( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( )

1

1

1, , ,
2

'

' Γ

T T T T
x x P P P P x

T T
x P P x P P P

T T T
F F e F F x x F F

T T
x F F F a

V x f x x H x x H s K x x s K x H

x H s K x x H s K x K x

s K f K s K f H x H s K f

x H s K f K

x x

f x

f s

φ

φ φ

−

−

= + + +

+ +

+ + +

+ +

ε ε

ε

ε ε

ε

 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

'

'

T T T
D D P P P P F F F F

T T T
P P F F P P F F D D

T T T
P P F F x x P P P

T T
x P P F F x F F F e

T
x

x s K x s K x s K x s K f s K f

s K x s K f s K x s K f s K x

s K x s K f F x x H s K x K x

x C s K x s K f x H s K f K K x

x F x

= − − −

⎡ ⎤− − +⎣ ⎦
⎡ ⎤− + +⎣ ⎦

⎡ ⎤− + +⎣ ⎦
−

ε ε

ε ε

ε ε

ε ε

 

 (25) 
 

where Property 9 was used. Then, by employing Properties 6-8, 
this function can be upper bounded by 

 
( ) ( ) ( )2, , , , ,T

D DV x f x x s K x W x f xφ ≤ − −  (26) 

 
where 

 

( ) ( )
( ) ( )2 2 2

21, ,
22

MT

M m M

f
W x f x w w

f f
κ

κ β
⎡ ⎤− +

= ⎢ ⎥− + −⎣ ⎦

ε ε
ε ε

 (27) 

 

with ( )2 2

1 1

m m

M c Pj Fj M P F
j j

k M Mβ μ β β
= =

⎛ ⎞
+ + +⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑  and 

( ) ( )
2

P P F Fs K x s K f
w

x

⎡ ⎤+
⎢ ⎥=
⎢ ⎥⎣ ⎦

. 

Thus, by choosing 2<ε ε  where 
 

( )2
2 4 / 4m M Mf fβ κ⎡ ⎤+ +⎣ ⎦ε . (28) 

 
( )2 , ,W x f x  is a positive definite function and ( ), , ,V x f x φ  

≤ 0 . Then, the stability of equilibrium vector shall be ensured if 

 
{ }1 2 min ,M<ε ε ε ε   (29) 

 
and according to LaSalle’s invariance principle [25], consider 
the following set 
 

( ){ }
{ }

, , , : , , , 0

0 ,

m r

r
m

x f x V x f x

x f x

φ φ

φ

Ω = ∈ ∈ =

= = = = ∈
  (30) 

Thus, m mx f x f x= = = ⇒ = =0 0  and from the closed-

loop dynamics Eq. (12), ( )xE a E mY s φ = 0 . Therefore, the closed-

loop equilibrium vector is asymptotically stable. 
 

3.3 Boundedness analysis 

The adaptive force/position controller Eqs. (7)-(9) ensures 
that the generated torques are inside the limits of robot actua-
tors. First, in robot-environment interaction tasks, the deforma-
tion of environment is bounded and there are positive con-
stants ejB  such that j ej ejx x B− ≤ , j = 1, …, m. Then, we are 
assuming that strictly increasing LGSFs can reproduce the 
force-deformation relationship before fracture and the following 
assumption turns out to be crucial. 

Assumption 4. A bounded version of model Eq. (4) can be 
represented by 

 
( )e e e ef K s x x= −  (31) 

 
where ( ) ( ) ( )( )1 1 ,...,

T

e e em ms y y yσ σ=  with ( )ejσ ⋅  being 
strictly increasing LGSFs bounded by ejM . Thus, the vector of 
parameters θ  can be represented as 

 
g

e

θ
θ

θ
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 (32) 

 
where m

eθ ∈R  is a constant vector which depends on the 
stiffness of environment, then r p m= +  and 

 
x x g e eY G Fθ θ θ= +  (33) 

 
where ( ) ( )1  

T m p
xG J q G q− ×⎡ ⎤= ∈⎣ ⎦ R  (see Property 3) and 

( ) ( )1 1 1diag ,..., m m
e e e em m emF x x x xσ σ ×= ⎡ − − ⎤∈⎣ ⎦ R  are regres-

sion matrices. 
Now, by considering Assumption 4, the controller Eq. (7) can 

be rewritten as ˆ
x PFD x gu u G θ= +  where 

 
( ) ( ) ( ) ˆ

PFD P P F F D D e eu s K x s K f s K x Fθ= − − − +  (34) 
 
Then, in order to avoid the actuator saturation, we have that 
 

( ) ( ) ( ) ˆT T
i i x i PFD i g iu J q u J q u G q Tθ= = + <  (35) 

 
and according to Eq. (9) and Property 4, there are non-
negative constants aM

giB  such that 
 

( ) ˆ aM
i g giG q Bθ ≤   (36) 

 
, ,i n= …1 ; and now Eq. (35) can be rewritten as  

 
( ) ( ) aMT T

i PFD i PFD i giJ q u J q u T B≤ < −   (37) 



 Journal of Mechanical Science and Technology 36 (3) 2022  DOI 10.1007/s12206-022-0236-1 
 
 

 
1503 

Therefore, from Property 5, the following sufficient condition 
to avoid actuator saturation can be set 

 

( )

2

1

m

Pj Fj Dj ej Ma p j
j

M M M M M u+
=

⎡ ⎤+ + + <⎣ ⎦∑   (38) 

 
where 

 

min
aM

i gi
M i

Ji

T B
u

B
⎧ ⎫−⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

 (39) 

 
However, being Eq. (38) a condition only sufficient and not 

necessary, successful results avoiding saturation can be ob-
tained with values of /aM

i gi JiT B B⎡ ⎤−⎣ ⎦  greater than Mu . 

 
4. Numerical simulation 

In order to evaluate the performance of the proposed control 
scheme, an interaction task was implemented in MATLAB® 
R2020b using the model of an anthropomorphic robot manipu-
lator of 3 degrees of freedom. The nominal parameters of this 
robot manipulator were reported in Ref. [30]; whose maximum 
joint torques are T1 = 50 Nm, T2 = 150 Nm and T3 = 15 Nm, re-
spectively; and the positive constants that satisfy Properties 5 
to 8 are BJ1 = 0.93, BJ2 = 0.9, BJ3 = 0.45, μm = 0.531, μM = 3589, kc 

= 39925, fm = 0.722 and fM = 3295, respectively. The nominal 
parameters associated with gravity are θ = [55.628, 0.273, 
1.996, 0.696]T Nm. 

In addition, to address some practical issues, position, speed 
and force measurements were considered to contain additive 
white noise, taking into account the information provided by the 
manufacturers of the sensors of robot used in Refs. [14, 30]. 
First, in the case of angular position measurement, an error of 1 
incremental-encoder pulse corresponding to 6.136×10-6 rad was 
considered. While the angular velocity was computed by a dirty 
derivative with a sampling period of 2.5 ms. Finally, for the force 
sensor, the transducer was considered to have a 1.5 % error. 

 
4.1 Description of the interaction task 

The robot manipulator must perform a point interaction on a 
flat and rigid surface as shown in Fig. 1. In order to simplify the 
planning of interaction task, it was represented with respect to 
the coordinated frame ( ), ,p p px y z  attached to the environ-

ment (surface) and which in industrial robotics is called user 
frame. The origin of user reference frame is located at (0.5, 
0.35, -0.49) m and the surface is an inclined plane at 30 de-
grees from the horizontal with a stiffness value normal to the 
plane of 2000 N/m, therefore eK =  diag {0, 1000, 1732.05} 
N/m. Without loss of generality, it is assumed that only non-
zero interaction forces need to be compensated and, therefore, 
the control scheme will only be adapted to non-zero stiffness 
components. Then, assume that the position of the robot’s end 

effector with respect to the user frame is 
 

1 1

2 21

3 3

1 1

pe

pe
e

pe

x x
x x

H
x x

−

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 (40) 

 
where eH  is the following homogeneous transformation ma-
trix 

 
0 1 0 0.5

0.866 0 0.5 0.35
0.5 0 0.866 0.49
0 0 0 1

eH

−⎡ ⎤
⎢ ⎥−⎢ ⎥=
⎢ ⎥−
⎢ ⎥
⎣ ⎦

 (41) 

 
The robot starts the movement from the initial configuration 

q(0) = [-10, 110, -75]T degrees or equivalently x(0) = (0.364, 
0.627, -0.215) m and must reach the desired position xd = 
(0.307, 0.658, -0.335) m, however the surface does not allow it 
and during contact the robot must interact with the environment 
by applying a force fd = [0, -5, 8.66]T N (which is equivalent to a 
normal force of 10 N).  

 
4.2 Configuration of the adaptive force/position 

controller 

For the implementation of the controller Eqs. (7)-(9) the fol-
lowing generalized saturation functions were used 

 
( );h M Mσ ς = sat( / Mς ) (42) 

( ) ( )
,

; ,
,s

s

L
L M

L
ς ς

σ ς
ρ ς ς
⎧ ∀ ≤⎪= ⎨ ∀ >⎪⎩

 (43)  

 
Fig. 1. Graphical representation of the interaction task, where the system 
(xp, yp, zp) represents the coordinate frame attached to the plane (user 
frame) and (x0, y0, z0) is the reference frame at the origin of the robot. 
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where 
 

( ) ( ) ( ) ( )sign
sign tanhs

L
L M L

M L
ς ς

ρ ς ς
⎛ − ⎞

= + − ⎜ ⎟−⎝ ⎠
  (44) 

 
Then, the proportional actions of position and force, as well 

as the derivative action and the adaptive term were imple-
mented with 

 
( ) ( ); ,Pj s Pj PjL Mσ ς σ ς=   (45) 

( ) ( ); ,Fj s Fj FjL Mσ ς σ ς=   (46) 

( ) ( );Dj h DjMσ ς σ ς=   (47) 

( ) ( ); ,al s al alL Mσ ς σ ς=   (48) 
 
j = 1, 2, 3 and l = 1, 2, …, 7. Therefore, ' 'PjM FjMσ σ=  

' ' 1DjM alσ σ= = =  and { }max j Djkκ = . While the regression 

matrix is given by 
 

11 12 13 14 11

21 22 23 24 22

31 32 33 34 33

0 0
0 0
0 0

x x x x e

x x x x x e

x x x x e

G G G G F
Y G G G G F

G G G G F

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

  (49) 

 
where 

 
( )11 1 2 2 3sin sinxG q q qδ= +  

( )12 1 2 2 3cos sinxG q q qδ= +  

( )13 1 2 2 3sin sinxG q q qδ= − +  

( )14 1 2 2 3sin cosxG q q qδ= − +  

( )21 2 2 2 3sin sinxG q q qδ= +  

( )22 2 2 2 3cos sinxG q q qδ= +  

( )23 2 2 2 3sin sinxG q q qδ= − +  

( )24 2 2 2 3sin cosxG q q qδ= − +  

( )31 3 2 2 3sin cosxG q q qδ= +  

( )32 3 2 2 3cos cosxG q q qδ= +  

( )33 3 2 2 3cos sinxG q q qδ= − +  

( )34 3 2 2 3cos cosxG q q qδ= − +  

11 0eF =  

( )22
2 3

3

3

0, 0

, 0e
e pe

pe

pe

x

x
F

xσ
≥⎧⎪= ⎨− <

∀

∀⎪⎩
  

( ) 3
33

3

3

3

0, 0

, 0
pe

pe
e

e pe

F
x

x

xσ
≥⎧⎪= ⎨ <

∀

∀⎪⎩
 

 
with 

 

( )
1

1 1
3 2 2 3

1 cos sin
sin sin sin

d q q
a q a q q q

δ
⎡ ⎤

= −⎢ ⎥
⎡ + + ⎤⎢ ⎥⎣ ⎦⎣ ⎦

 

( )
1

2 1
3 2 2 3

1 sin cos
sin sin sin

d q q
a q a q q q

δ
⎡ ⎤

= +⎢ ⎥
⎡ + + ⎤⎢ ⎥⎣ ⎦⎣ ⎦

 

3
3

1
sina q

δ = −  

( ) ( ); ,ej s ej ejL Mσ ς σ ς=  

 
j = 2, 3; a = 0.45 m and d = 0.25 m. Then, Me1 = Ma5 = 0 and 

the number of parameters associated with gravity are p = 4.  

 
4.3 Results 

To properly perform the robot-environment interaction task 
described above, the parameters of controller Eqs. (7)-(9) were 
selected according to the following procedure: 

1. Set the parameters alM  and alL  satisfying inequality 
Eq. (10) and compute the constants aM

giB  using Eq. (11). 
2. Set the parameters ejM  and ejL  according to the maxi-

mum deformation values expected during the interaction task. 
3. Set the parameters DjM , PjM , PjL , FjM  and FjL  sat-

isfying inequality Eq. (38) and trying to respect the condition Eq. 
(39), if possible, or increasing the value of Mu  as far as the 
maximum torque values permit it. 

4. Run simulations/experiments with low control gains ( Djk , 
Pjk , Fjk , lγ ). 
5. Increase the proportional gains, ( Pjk , Fjk ), to reduce the 

rise time (speed up the closed-loop response). 
6. Increase the derivative gains, Djk , to reduce inertial ef-

fects, such as the overshoot. 
7. Increase the adaptive gains, lγ , to strengthen the elimi-

nation of position and force errors, by reducing stabilization 
times (speed up the parameter convergence). 

8. Adjust ε  satisfying inequality Eq. (29), if possible, or in- 
creasing its value as far as the closed-loop stability permits it. 

9. Repeat steps 5-8 until the best possible response is ob-
tained. 

Therefore, the selected parameters are presented in Table 1 
and the corresponding results are shown in Figs. 2-6, where 
the subscript n  corresponds to signals containing additive 
white noise. To implement the adaptive term, we chose as an 
initial condition θ̂ = [51, 0.1, 1.2, 0.4, 0, 1500, 2200]T. Fig. 2 
shows the position errors ( 1x , 2 3 ,x x ) corresponding to the x , 
y  and z  components, respectively. We can observe that all 

components tend to zero before there is contact with the envi-
ronment; however, in particular for the z  component a 
steady-state error is observed because of the contact with the 
surface, which is a desired feature according to the closed-loop 
equilibrium vector Eq. (17). Therefore, the robot end effector 
remains on the surface of environment without damaging it and 
regulating the contact force as seen in Fig. 3, which is de-
scribed below. It is also important to note that the noise present 
in the angular position measurements only slightly affects the 
transient response and yet the control objective is still met. 

A very important feature of explicit force control schemes is 
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that they can regulate the contact force during robot-
environment interaction, and this is accomplished appropriately 
with the proposed controller as can be seen in Fig. 3, where all 
the components of force error tend to zero despite the pres-
ence of additive white noise in the force measurements, as 
again only the transient response is affected. 

One property of the proposed control scheme is that, in the 
presence of parametric uncertainty, it can compensate for this 
uncertainty by adapting to the effects generated by gravita-
tional and contact forces. In Figs. 4 and 5, we can see that both 
the parameters associated with gravitational torques and the 
stiffness components of environment are properly estimated in 
less than 1 second, for the noise-free case, according to the 
nominal values presented above. On the other hand, when 
there is noise in the measurements, the evolution of all pa-
rameters remains bounded and this is again consistent with the 
stability analysis. If we want to improve the convergence of 
parameters, we can adjust the gains in matrix Γ . 

Moreover, the most important advantage of the proposed 
control scheme over the previously presented controllers is that 
our force/position regulator ensures that the control torques 

Table 1. Tuning of controller parameters. 
 

Parameter Value 

(Ma1, Ma2, Ma3, Ma4, Ma5, Ma6, Ma7) (58, 1, 3, 1, 0, 2400, 2400) 

Lal 0.9Mal, l = 1, 2, …, 7 

(Me1, Me2, Me3) (0, 0.005, 0.005) 
Lej 0.7Mej, j = 1, 2, 3 

uM 96.6666 

(Mp1, Mp2, Mp3) (15, 10.2, 25) 
Lpj 0.9Mpj, j = 1, 2, 3 

(MF1, MF2, MF3) (5, 8, 20) 

LFj 0.9MFj, j = 1, 2, 3 
(MD1, MD2, MD3) (3, 5, 30) 

KP diag{650, 700, 40} 

KF diag{3500,800, 1560} 
KD diag{1000, 150, 92} 

Γ  diag{25, 3.5, 24.5, 6, 1, 5.4×107, 
5.2×107} 

ε  5.8×10-11 
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Fig. 2. Position errors obtained when using the proposed controller. 
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Fig. 3. Force errors obtained when using the proposed controller. 
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Fig. 4. Estimation of parameters associated with gravity. 
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Fig. 5. Estimation of parameters associated with stiffness.  
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remain bounded all the time. The torques applied to the robot 
are presented in Fig. 6 and it can be observed that all three 
remain below the torque limits of robot actuators defined previ-
ously. However, in this case, the effect of noise on the meas-
urements is more evident, since the calculation of velocities by 
dirty derivative causes the noise to be amplified and again, we 
must make an adjustment of the controller gains to minimize it. 

Finally, in order to compare our results with a recent 
force/position control scheme, we selected the controller pre-
sented in Ref. [17] and given by 

 

( )
0

t

r d Pf Ifx x K f K f z dz= − − ∫   (50) 

 
where m

rx ∈R  represents the reference position, which must 
be transformed to joint coordinates using the robot’s inverse 
kinematics to get the joint position error n

rq q q= − ∈R  and 
then processed by a traditional PID controller. The gain pa-
rameters of controller Eq. (50) were selected as KPf = 1×10-

3diag{1, 1, 1} and KIf = 1×10-3diag{10, 10, 12} to obtain the best 
possible response, since the authors do not suggest a tuning 
process in Ref. [17]. 

Figs. 7-9 show the results obtained with the controller pro-
posed in Ref. [17]. In particular, Fig. 7 shows that there is no 
zero convergence of the position error components even 
though the controller includes an integral action. While all force 
errors converge to zero as seen in Fig. 8, thanks to the fact that 
the structure of the controller includes two nested integral ac-
tions for force regulation. In addition, again the additive white 
noise mainly modifies transient state behavior, although in this 
case more significant overshoots are obtained because a sof-
tened force reference was not used as in Ref. [17]. This is an-
other advantage of our proposal, as the use of GSFs allows to 
minimize overshoots. 

In Fig. 9, the control torques of the scheme proposed in Ref. 
[17] are presented and it can be seen that the inclusion of inte-
gral actions minimizes the effect of noise, however, the limit 

torques T2 = 150 Nm and T3 = 15 Nm are exceeded during 
the transient stage. This is because the control structure does 
not guarantee the generation of bounded actions as our pro-
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Fig. 6. Control torques obtained when using the proposed controller.  
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Fig. 7. Position errors obtained when using the controller proposed in Ref. 
[17]. 
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Fig. 8. Force errors obtained when using the controller proposed in Ref.
[17]. 

 

0 0.5 1 1.5 2 2.5

0

10

20

30

0 0.5 1 1.5 2 2.5
-500

0

500

0 0.5 1 1.5 2 2.5

-50

0

50

 
 
Fig. 9. Control torques obtained when using the controller proposed in Ref. 
[17]. 
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posal does. On the other hand, from these results, it is ob-
served that the price to pay for our scheme to generate 
bounded actions are longer transient states. 

Finally, in order to carry out a quantitative evaluation of the 
performance of both controllers, the following indices were 
considered: 

1. 2L -norm, defined as 
 

( ) ( )
2

00

1 t
T

t

e e z e z dz
t t

=
− ∫L

 

 
where me∈R  represents the position or force error. 

2. ∞L -norm, defined as 
 

( ){ }maxi it
tτ τ

∞
=

L
 

 
where i = 1, …, n.  

The performance indices obtained for each controller are 
presented in Table 2. The error norms were calculated for both 
the transient state (TS) and the steady state (SS), considering 
a settling time of 1 second, and the following can be con-
cluded: 1) The kinematic controller [17] has a better perform-
ance with respect to the error in the transient state, because it 
has a faster response but at the cost of requesting torques 
outside the limits allowed by the actuators and this could com-
promise its performance in experimental tests; 2) The steady 
state performance of the two controllers with respect to position 
error is very similar, therefore, with proper tuning of gains good 
results are obtained in both cases; 3) The force error norm in 
the steady state is smaller for our controller, therefore, our is 
scheme has better force regulation and this is because the 
controller [17] is kinematic and does not directly regulate force; 
4) The maximum torques requested by our controller are lower 
and within the limits of the actuators, thus ensuring greater 
safety for the robot and its environment. 

5. Conclusions 
In this paper, an adaptive approach to force/position control 

has been presented that guarantees the generation of 
bounded control actions. Therefore, our proposal addresses 
the problem of explicit force control by ensuring the non-
saturation of robot actuators, without limiting the tuning of gains 
to improve performance, thanks to the use of generalized satu-
ration functions and it is supported by a rigorous stability analy-
sis in the Lyapunov sense. In addition, the control scheme is 
robust in the presence of parametric uncertainty, and this al-
lows to compensate for external forces generated by gravita-
tional effects and robot-environment interaction. Furthermore, 
good results were obtained in numerical simulation that are 
quite reliable as an academic example that supports our theo-
retical development, since the performance obtained is compa-
rable with the state-of-the-art schemes but with the advantage 
of generating bounded actions. Therefore, this type of control 
scheme has as potential applications industrial tasks of polish-
ing or machining, as well as the force regulation of medical 
robots such as prosthetics, exoskeletons and rehabilitation, 
assistance, or surgery systems. 

As future work, we will further investigate how to improve the 
performance of this type of controllers by focusing on the fol-
lowing aspects: a) minimize the effect of noise in practice by 
including integral actions within the structure of the controller, 
b) develop force/position control schemes that operate in the 
articular space and thus avoid the use of the robot’s Jacobian 
that limits the stability region of closed-loop equilibrium point, c) 
improve the performance of myoelectric prostheses by using 
these types of explicit force controllers with bounded actions. 
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