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Abstract  A new internal meshing gear transmission with curve element is put forward in 
this paper. The mathematical principle of tooth profile generation is described based on conju-
gate curves theory. For a given spatial curve, the meshing equation and its conjugated spatial
curve under the motion law were derived. Considering the equidistant kinematic method, gen-
eral internal tooth profiles models were established by the conjugate-curve pair. Numerical
example of the internal gear pair was developed according to gear parameters and gear solid 
models were established by MATLAB and UG software. Motion simulation result shows that 
the gear pair satisfies point contact condition and design requirements. Meshing analysis of 
tooth profiles using FEA method was carried out. Stress analysis results of tooth profiles with 
single point contact and two points contact were, respectively, obtained. The conclusions lay 
the foundation for multi-point contact generation and tooth profile design. Also, further studies 
on transmission characteristics and manufacturing technology of the new gear drive will be 
carried out.  

 
1. Introduction   

Internal meshing gears are widely used in planetary gear transmissions. Compared with ex-
ternal meshing gear transmission, they have the advantages of compact structure, larger 
transmission ratio, higher load capacity, higher transmission efficiency and better dynamic 
characteristics [1]. Involute tooth profiles are currently the application object and many studies, 
such as tooth profile modification, theoretical design, meshing characteristics analysis and 
manufacturing technology, have been carried out. For example, Litvin [2] described the general 
principle of the internal involute gears. The problems of undercutting of internal involute gears 
in the process of generation and interference by their assembly with pinions were analyzed. 
The kinematics of the process for generation of the gear fillet and investigation of interference 
by radial assembly of the gear and pinion based on a tooth contact analysis were also intro-
duced. Yang [3] used a double envelope concept to determine the basic profile of an internal 
gear with asymmetric involute teeth. A mathematical model of the meshing principles of gear 
pair was presented and gear prototype was manufactured utilizing rapid prototyping and manu-
facturing technology. Chen [4] developed a novel worm drive consisting of a planar internal 
gear and a crown worm. Generation process of the internal gear was provided and a new ma-
chining method was proposed based on the principle of virtual center distance. Cho [5] intro-
duced a structural analysis method considering the tooth contact of internal gear system for 
wind turbine gearbox. The actual tooth contact between a pair of gears was modeled with 
spring elements and the spring constants were determined through the stiffness analysis of 
gear teeth. Tunalioglu [6] investigated theoretically the wear in internal gears by adapting Ar-
chard’s wear equation to internal gears and designed and manufactured a fatigue and wear 
test equipment to investigate wear in internal gears experimentally. Pham [7, 8] studied the 
start-up (zero load) and the dynamically-loaded behavior of the ring gear in the internal gear   
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motor pump. Moreover, the orbit, the pressure distribution, and 
thermal behavior of the fluid film were also analyzed. Liu [9] 
researched gear shaping strategy for internal helical non-
circular gears and performance analyses for linkage models. 
Gui [10] proposed a new internal compound cycloid gear pair 
with high contact ratio. A mathematical equation of conjugate 
tooth profile was established and the unification calculation 
formula of transverse contact ratio suitable for any tooth profile 
of gear was deduced. Yanase [11] developed a high-precision 
and high-efficiency method of grinding internal gears, which 
uses a barrel-shaped threaded grinding wheel to realize a large 
crossed-axes angle between the internal gear and the grinding 
wheel. The geometrical and numerical analysis of the grinding 
method had been also carried out. Uriu [12] analyzed the pa-
rameter selection of skiving process for internal gears. The 
validity of the value of shaft angle was discussed by calculating 
the cutting tool parameters, such as instantaneous rake angles, 
clearance angles, cut depths, and cutting speeds at continu-
ously moving cutting points against various shaft angles. Han 
[13] derived the contact line equation of tooth surface with ho-
mogeneous coordinate transformation method. The influence 
of shaft angle Σ on the formation of surface arc texture of work-
piece was analyzed. The three-dimensional profilometer was 
also utilized to analyze the roughness value with a set of proc-
ess parameters. 

However, two problems for internal involute gears application 
exist: 1) An internal gear pair is prone to interference effects, 
such as tooth profile overlap interference, radial interference 
and transition curve interference. Generally, we use the modifi-
cation method to overcome the difficult for tooth profile design 
and calculation. 2) Internal involute gears are usually machined 
with shaping cutter, and over-cutting and low productivity con-
ditions may happen. Tooth profile hardness and manufacturing 
accuracy are also limited.  

The authors proposed a new design theory for gear trans-

mission based on spatial conjugate curves. General principle, 
meshing characteristics analysis and manufacturing method of 
the gears with parallel axes or intersecting axes were studied 
[14-19]. Whereas, the internal meshing gears are different from 
general external meshing gears in the aspects of generation 
principle, design method and manufacturing technology. 

In this paper, an internal meshing gear transmission based 
on curve element is put forward. Generation principle and 
mathematical model of the gears were developed. Meshing 
equation of internal conjugate-curve pair in arbitrary contact 
normal direction was derived and general expressions of tooth 
profiles were also deduced. Numerical examples of the conju-
gate-curve pair and tubular tooth surfaces are illustrated ac-
cording to design parameters. Meshing characteristics analysis 
of the gear pair is further carried out based on established solid 
models. 

 
2. Mathematical model of internal gear pair 

with curve element 
2.1 Meshing principle and general equation 

Conjugate surface theory at present is the theoretical foun-
dation of gear geometry. Through giving spatial surface A and 
its motion law, the other spatial surface B, which is conjugated 
to surface A, can be obtained. Specially, the surface B is 
unique due to the limitation of spatial position relationship [2]. 
The proposed conjugate curve theory considering a variety of 
contact form of the spatial curves shows that the spatial curve 
C2 can be got if given a spatial curve C1 and its designated 
motion law. It is noteworthy that the spatial curve C2 is not 
unique because of the various contact position relationships. 
The comparisons of two theories are displayed in Fig. 1. 

Fig. 2 shows the coordinate systems of internal meshing 

 
 
Fig. 1. Comparisons of two theories. 

 
 

 
Fig. 2. Coordinate systems of internal meshing gear pair. 
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gear pair, including the fixed coordinate systems S(O-x, y, z), 
Sp(Op-xp, yp, zp), and the movable coordinate systems S1(O1-x1, 
y1, z1), S2(O2-x2, y2, z2). ω1 and ω2 are rotational angle veloci-
ties, which are, respectively, corresponding to gears 1 and 2. 

1ϕ  and 2ϕ  are the rotational angles of gears 1 and 2 under 
the given motion. There is a relationship 2 21 1iϕ ϕ= , where i21 is 
transmission ratio. a is central distance and point P is the 
common contact point of internal gear pair. 

We obtained the transformation matrix from coordinate sys-
tem S1 to S2 by using differential geometry [20]. And it has  

 
1 2 1 2 2

1 2 1 2 2

cos( ) sin( ) 0 cos
sin( ) cos( ) 0 sin

.
0 0 1 0
0 0 0 1

a
a

ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ

− − − −⎡ ⎤
⎢ ⎥− −⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

21M  (1) 

 
Similarly, the transformation matrix from coordinate system 

S2 to S1 can be obtained as follows. 
 

1 2 1 2 1

1 2 1 2 1

cos( ) sin( ) 0 cos
sin( ) cos( ) 0 sin

.
0 0 1 0
0 0 0 1

a
a

ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ

− −⎡ ⎤
⎢ ⎥− − − −⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

12M  (2) 

 
According to kinematics methods, the relative velocity of the 

gears at point P is calculated as 
 

(12) (1) (2)
1 1 1= −v v v  (3) 

 
where v1

(1) and v1
(2) are the velocity of gears 1 and 2 at point P 

under coordinate system S1. 
The velocity v1

(1) can be expressed with  
 

(1) (1)
1 1 .= ×v ω r  (4) 

 
and the velocity v1

(2) is written as  
 

(2) (2) (2)
1 1 1= × + ×v ω r a ω  (5) 

 
where  

 

1 1 1 1 1 1 1 1

1 2 1 1 1 1

(1)
1 1

(2) (2)
1 2 1

cos sin

.

O P x y z

OO a aϕ ϕ
ω

ω

= = + +

= = −
=
= =

r i j k

a i j
ω k
ω ω k

 

 
r1 is the vector of spatial curve 1. i1, j1 and k1 are the unit vec-

tors corresponding to the coordinate axes x1, y1 and z1, respec-
tively. 

Subscribing Eqs. (4) and (5) into Eq. (3), we have  

 
(12)
1 1 2 1 2 1 1

1 2 1 2 1 1

[ ( ) sin ]
[( ) cos ] .

y a
x a

ω ω ω ϕ
ω ω ω ϕ

= − − +
+ − +

v i
j

 (6) 

Furthermore, normal vector n will be derived based on the 
space curve trihedron in Fig. 3. Three perpendicular vectors for 
spatial curves at any contact point are the principal normal 
vector, vice normal vector and tangent vector. Obviously, a 
normal plane is formed based on the principal normal vector 
and vice normal vector. Normal lines located on the normal 
plane have different directions at point P. Here, we define the 
parameter δ as the angle between normal line and vice normal 
vector. So normal vector n in arbitrary contact direction is ex-
pressed with the following meaning: 

 
1 2pn vnλ λ= +n n n  (7) 

 
where λ1 and λ2 are the parameters which determine the direc-
tion of designated normal line. There are λ1 = Usinδ and λ2 = 
Ucosδ, U is the unit vector length. 

Under coordinate system S1, it can be written as  
 

1 1 2 1 1 1 1 2 1 1

1 1 2 1 1

( ) ( )
( ) .
pn x vn x pn y vn y

pn z vn z

λ λ λ λ
λ λ

= + + +

+ +
1n n n i n n j

n n k
 (8) 

 
Here, 
 

2 2

1 2 2 2 2

2 2

1 2 2 2 2

2 2

1

''( )[ ' ( ) ' ( )] '( )[ '( ) ''( ) '( ) ''( )]
[ ' ( ) ' ( ) ' ( )]

''( )[ ' ( ) ' ( )] '( )[ '( ) ''( ) '( ) ''( )]
[ ' ( ) ' ( ) ' ( )]

''( )[ ' ( ) ' ( )] '( )[ '(

pn x

pn y

pn z

x t y t z t x t y t y t z t z t
x t y t z t

y t x t z t y t x t x t z t z t
x t y t z t

z t x t y t z t x t

+ − +=
+ +

+ − +=
+ +

+ −=

n

n

n 2 2 2 2

) ''( ) '( ) ''( )] ,
[ ' ( ) ' ( ) ' ( )]

x t y t y t
x t y t z t

⎧
⎪
⎪
⎪⎪
⎨
⎪
⎪ +
⎪

+ +⎪⎩

 

 
and 

 

1 2 2 2 3/2

1 2 2 2 3/2

1 2 2 2 3/2

'( ) ''( ) '( ) ''( )
[ ' ( ) ' ( ) ' ( )]

'( ) ''( ) '( ) ''( )
[ ' ( ) ' ( ) ' ( )]

'( ) ''( ) '( ) ''( ) ,
[ ' ( ) ' ( ) ' ( )]

vn x

vn y

vn z

y t z t z t y t
x t y t z t
x t z t z t x t
x t y t z t
x t y t y t x t
x t y t z t

⎧ −=⎪ + +⎪
⎪ −= −⎨ + +⎪
⎪ −=⎪

+ +⎩

n

n

n

 

 
 
Fig. 3. Space curve trihedron. 
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t is curve parameter. 
Usually, the meshing equation is derived using the relation-

ships of the relative velocity v and normal vector n, and it has  
 

(12)
1 1 2 1 2 1 1 1 2 1

1 2 1 2 1 1 1 2 1

[ ( ) sin ]( )
[( ) cos ]( )
0 .

pn x vn x

pn y vn y

y a
x a

ω ω ω ϕ λ λ
ω ω ω ϕ λ λ

Φ = ⋅ = − − + +

+ − + +

=

1n v n n
n n  (9) 

 
Eq. (9) can be further simplified due to the relationship i21 = 

ω2/ω1. So it is rewritten as  
 

21 1 1 2 1 1 21 1 1 2 1 1

21 1 1 1 2 1 1 1 1 2 1

( )cos ( )sin
(1 )[ ( ) ( )] 0 .

pn y vn y pn x vn x

pn x vn x pn y vn y

i a i a
i y x

λ λ ϕ λ λ ϕ
λ λ λ λ

+ + +

− − + − + =

n n n n
n n n n

 (10) 

 
Assumed that  
 

1 21 1 1 2 1

2 21 1 1 2 1

3 21 1 1 1 2 1 1 1 1 2 1

( )
( )

(1 )[ ( ) ( )] ,

pn y vn y

pn x vn x

pn x vn x pn y vn y

A i a
A i a
A i y x

λ λ
λ λ

λ λ λ λ

= +

= − +

= − + − +

n n
n n

n n n n
 

 
then we can express the Eq. (10) into  

 
1 1 2 1 3cos sin .A A Aϕ ϕ− =  (11) 

 
Considering the meshing equation and transformation rela-

tionship between coordinate systems S1 and S2, we get the 
conjugated spatial curve 2 in the direction of arbitrary normal 
vector as follows.  

 
21

1 1 2 1 3cos sin .A A Aϕ ϕ
=⎧

⎨ − =⎩

2 1r M r
 (12) 

 
To verify above conclusions, numerical examples for internal 

meshing conjugate-curve pair are provided using plane invo-
lute and spatial cylindrical helical curve, respectively.  

(1) Plane involute 
Suppose that plane involute C1 is located on gear 1, the 

equation is written as 
 

1

1

1

cos sin
sin cos

0

i b b

i b b

i

x R R
y R R
z

θ θ θ
θ θ θ

= +⎧
⎪ = −⎨
⎪ =⎩

 (13) 

 
where Rb is basis circle radius and θ is involute parameter an-
gle. According to the aforementioned conclusions, we can de-
rive the meshing equation and its simplified result is 

 
21

1
21

( 1)cos( ) 0 .bi R
i

ϕ θ −+ − =  (14) 

 
And the equation of plane involute C2 on gear 2 is  

2 21 1 21 1

21 1

2 21 1 21 1

21 1

2

21
1

21

cos[(1 ) ] sin[(1 ) ]
cos( )

sin[(1 ) ] cos[(1 ) ]
cos( )

0
( 1)arccos .

i b b

i b b

i

b

x R i R i
a i

y R i R i
a i

z
i R
i

ϕ θ θ ϕ θ
ϕ

ϕ θ θ ϕ θ
ϕ

ϕ θ

= − + + − +⎧
⎪ −⎪
⎪ = − + − − +
⎪

+⎨
⎪ =⎪
⎪ −= −⎪
⎩

 (15) 

 
The line of action can also be derived as  
 

1 1

1 1

cos( ) sin( )
sin( ) cos( )

0 .

la b b

la b b

la

x R R
y R R
z

ϕ θ θ ϕ θ
ϕ θ θ ϕ θ

= + + +⎧
⎪ = + − +⎨
⎪ =⎩

 (16) 

 
Given the parameters in Table 1, we get the meshing 

scheme of plane involute pair using MATLAB software. The 
results are displayed in Fig. 4. Plane involute C1 and C2 mesh 
at a point and the line of action is the common tangent of the 
basis circles of two gears. It is also the common normal of 
plane involutes at the contact point. The results conform to the 
general involute characteristics and it verifies the feasible of the 
proposed principle. 

Table 1. Parameters of plane involute pair. 
 

Parameters Values 

Module m/(mm) 6 

Pressure angle α/(°) 20 

Tooth number of gear 1 z1 17 
Tooth number of internal gear 2 z2 68 

Transmission ratio i21 4 

Pitch circle radius of gear 1 R1/(mm) 51 
Pitch circle radius of internal gear 2 R2/(mm) 204 

Basis circle radius of gear 1 Rb1/(mm) 47.92 

Basis circle radius of internal gear 2 Rb2/(mm) 191.48 
Central distance a/(mm) 153 

Involute generating angle θ/(rad) 0~π/2 

 

 
Fig. 4. Meshing scheme of plane involute pair. 
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(2) Spatial cylindrical helical curve 
Similarly, the spatial cylindrical helical curves are chosen for 

consideration and expressed as  
 

1 c

1 c

1 c

cos
sin

c

c

c

x r
y r
z p

θ
θ

θ

=⎧
⎪ =⎨
⎪ =⎩

 (17) 

 
where r is the pitch circle radius of spatial cylindrical helical 
curve. θc is angle parameter of spatial cylindrical helical curve 
and p is helix parameter. 

The meshing equation is deduced as follows according to Eq. 
(10). 

 
2 2

1 1 11 1
2 2 2 22 2

sin( ) cos( ) .
( ) ( )

c c
p p

r p r p

λ λλ θ ϕ θ ϕ+ = − +
+ +

 (18) 

 
Its conjugated spatial curve and the line of action are also 

obtained as 
 

2 21 1 21 1

2 21 1 21 1

2

2 2
1 11 1

2 2 2 22 2
1 1

cos[(1 ) ] cos( )
sin[(1 ) ] cos( )

sin( ) cos( ) ,
( ) ( )

c c

c c

c c

c c

x r i a i
y r i a i
z p

p p

r p r p

ϕ θ ϕ
ϕ θ ϕ

θ
λ λθ ϕ θ ϕ

λ λ

= − + −⎧
⎪ = − + +⎪
⎪ =⎨
⎪

+ = − +⎪
⎪ + +⎩

 (19) 

 
and  

 
1

1

cos( )
sin( )

.

line c

line c

line c

x r
y r
z p

ϕ θ
ϕ θ

θ

= +⎧
⎪ = +⎨
⎪ =⎩

 (20) 

 
Given the parameters in Table 2, the meshing scheme of 

spatial cylindrical helical curves is drawn using MATLAB soft-
ware. The results are shown in Fig. 5. 

Two spatial cylindrical helical curves mesh in point contact 
and the line of action is a spatial straight line passing through 
the contact point. During the engagement motion, the contact 
point located on the conjugate curves moves along the line of 
action. The results show that these paired curves can satisfy 
the continuous motion and meshing conditions. The feasibility 
of the basic principle is further verified. 

 
2.2 Tooth profiles modeling 

The conjugate curve theory shows that a pair of conjugate 
curves have continuous and tangent motion in the given con-
tact direction. Based on equidistant-enveloping generation, the 
tooth surfaces can be obtained in terms of the designated con-
jugate curves.  

The equidistant-enveloping principle is shown in Fig. 6. Gen-
eral plane equidistant from curve T1 to curve T2 is displayed in 

Fig. 6(a). The curve T2 is obtained through the motion of curve 
T1 along the designated locus with distance L. For spatial equi-
distant in Fig. 6(b), the designated normal direction n in space 
curve trihedron is given and curve W1 is the original curve. 
Curves W2 and W3 are the corresponding equidistant curve of 
curve W1 with distance l1 and l2 in different normal direction, 
respectively. They can be expressed as  

 

2 1

2 1

2 1

1

2 1

1

:
,

W W

W W

W W

x x l
W y y l

z z l

⎧ = + ⋅
⎪ = + ⋅⎨
⎪ = + ⋅⎩

x

y

z

n
n
n

 (21) 

 
and  

Table 2. Parameters of spatial cylindrical helical curves. 
 

Parameters Values 

Pitch circle radius of spatial cylindrical helical curve 1 r1/(mm) 120 

Pitch circle radius of spatial cylindrical helical curve 2 r2/(mm) 24 

Central distance a/(mm) 96 
Transmission ratio i21 5 

Helix angle β/(°) 26.68 

Angle parameter of spatial cylindrical helical curve θc/(rad) -0.2~0.2
Angle parameter λ1 -cos25° 

Angle parameter λ2 -sin25° 

 

 
Fig. 5. Meshing scheme of spatial cylindrical helical curve. 

 

 
(a)                                   (b) 

 
Fig. 6. Equidistant-enveloping principle: (a) plane equidistant; (b) spatial 
equidistant. 
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3 1

3 1

3 1

2

3 2

2

:
.

W W

W W

W W

x x l
W y y l

z z l

⎧ = + ⋅
⎪ = + ⋅⎨
⎪ = + ⋅⎩

x

y

z

n
n
n

 (22) 

 
Generation of tooth profiles is further developed by sphere 

enveloping motion, as shown in Fig. 7. The center of the se-
lected sphere moves along the equidistant curve and the tooth 
profile can be obtained according to the enveloping method if 
given the parameter range.  

So an internal gear pair which has the single contact point 
between the mated gears can be developed. Equations of 
tooth profiles of internal gear pair are written as  

 

2

2

2

2 2 2

1 1

1 1

1 1

1 1 1

1
1

1 1

1
1 1 1

1

cos cos
cos sin
sin

( , , ) ( ) 0

:
{ cos sin , cos cos ,0}

{ sin cos , sin sin , cos }

{ ' , ' , ' },

W

W

W

W W W

x x l
y y l
z z l

t
t

l l

l l l

x y z
t

ϕ α
ϕ α

ϕ

ϕ α
α ϕ

ϕ α ϕ α
α

ϕ α ϕ α ϕ
ϕ

Ω

Ω

Ω

= +⎧
⎪ = +⎪
⎪ = +
⎪

∂Ω ∂Ω ∂Ω⎪Δ = × ⋅ =⎪ ∂ ∂ ∂⎪Ω ⎨∂Ω = −⎪
∂⎪

⎪∂Ω = − −⎪ ∂⎪
⎪∂Ω =⎪

∂⎩

 (23) 

 
and  

 

3

3

3

3 3 3

2 2

2 2

2 2

2 2 2

2
2

2 2

2
2 2 2

2

cos 'cos '
cos 'sin '
sin '

( ', ', ') ( ) 0
' ' '

:
{ cos 'sin ', cos 'cos ',0}

'

{ sin 'cos ', sin 'sin ', cos '}
'

{ ' , ' , ' }
'

W

W

W

W W W

x x l
y y l
z z l

t
t

l l

l l l

x y z
t

ϕ α
ϕ α

ϕ

ϕ α
α ϕ

ϕ α ϕ α
α

ϕ α ϕ α ϕ
ϕ

Ω

Ω

Ω

= +⎧
= +
= +

∂Ω ∂Ω ∂ΩΔ = × ⋅ =
∂ ∂ ∂

Ω ⎨∂Ω = −
∂
∂Ω = − −
∂
∂Ω =
∂

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

 (24) 

where ,ϕ α  and ', 'ϕ α  are the sphere surface parameters. 
t  and 't  are curve parameters. 

Furthermore, we utilize the example with spatial cylindrical 
helical curve. Based on Eqs. (17) and (19), the equidistant 
curves can be calculated. And they have  

 

1

2

1 1 1

1

2

1 1 1

1

2

1 1 1

1 2 2 2

1 2 2 2

1 2 2 2

cos

sin

,

x
W c

x y z

y
W c

x y z

z
W c

x y z

n
x r l

n n n

n
y r l

n n n

n
z p l

n n n

θ

θ

θ

⎧
⎪ = +
⎪ + +
⎪
⎪

= +⎨
+ +⎪

⎪
⎪ = +⎪ + +⎩

 (25) 

 
and  

 

2

3

2 2 2

2

3

2 2 2

2

3

2 2 2

21 1 21 1 2 2 2 2

21 1 21 1 2 2 2 2

2 2 2 2

cos[(1 ) ] cos( )

sin[(1 ) ] cos( )

.

x
W c

x y z

y
W c

x y z

z
W c

x y z

n
x r i a i l

n n n

n
y r i a i l

n n n

n
z p l

n n n

ϕ θ ϕ

ϕ θ ϕ

θ

⎧
⎪ = − + − +
⎪ + +
⎪
⎪

= − + + +⎨
+ +⎪

⎪
⎪ = +⎪ + +⎩

 

 (26) 
 
The relationship between parameters 1ϕ  and cθ  can be 

derived by Eq. (18). Substituting Eqs. (25) and (26) into Eqs. 
(23) and (24), respectively, we can obtain the tooth surfaces of 
internal gear pair as follows. 

 
1

1 1 1

1

1 1 1

1

1 1 1
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Fig. 7. Tooth profiles generation. 
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Given parameters values in Table 3, internal tooth surface 
examples are developed and the drawing results with MATLAB 
software are displayed in Fig. 8. 

Fig. 8 shows contact conditions of internal meshing tooth sur-
faces. At different times, the contact point moves along the 
action of line, and contact point of tooth surfaces is also the 
contact point of spatial cylindrical helical conjugate-curves. It 
satisfies the continuous and correct transmission conditions. 

 
3. Solid modeling 

UG and MATLAB software are used for establishing solid 
models of internal gear pair, due to the special gear tooth. 
Based on theoretical derivations of tooth surfaces, program-
ming with MATLAB software for generation of tooth surfaces 
can be obtained. Further, 3D tooth surfaces can be gener-
ated through the import data points utilizing surface building 
function provided by UG software. According to the design 
parameters of gears, dimension trimming and surface stitch-
ing can be carried out to generate a gear model, and using 
array and Boolean operation, the complete gear model can 
be obtained. 

According to the parameters in Table 3, the final internal 
meshing gear models are displayed in Fig. 9. Specially, tooth 
number of the pinion is only six and it is smaller than the mini-
mum tooth number of general involute gear for avoiding under-
cutting condition. Using motion analysis module of UG software, 
the rotation internal gear pair with a given speed ratio is set up. 
During this process, no tooth profile interference occurs and 
only a contact point is located on the mated tooth profiles. The 
motion locus moves continuously along the axial direction.  

4. Meshing analysis 
Usually the contact point is elastically deformed if the gear 

teeth are loaded and it can expand from a contact point to a 
contact area, which is beneficial to increase the load capacity 
of the gear teeth. Here, we use FEA method to analysis the 
tooth profiles contact. The surface-to-surface contact element 
is utilized to simulate the contact condition between complex 

Table 3. Parameters of internal tooth surfaces. 
 

Parameters Values 

Pitch circle radius of spatial cylindrical helical curve 1 
r1/(mm) 100 

Pitch circle radius of spatial cylindrical helical curve 2 
r2/(mm) 20 

Central distance a/(mm) 80 

Normal module mn/(mm) 6 
Transmission ratio i21 5 

Helix angle β/(°) 25.84 

Normal equidistance of spatial cylindrical helical curve 1 
l1/(mm) 4.8 

Normal equidistance of spatial cylindrical helical curve 2 
l2/(mm) 4 

Tooth number of internal gear 1 30 

Tooth number of small gear 2 6 

Angle parameter of spatial cylindrical helical curve θc/(rad) -0.15~0.15
Angle parameter λ1 -cos30° 

Angle parameter λ2 -sin30° 

Tooth width B/(mm) 60 

 

 
(a) 

 

 
(b) 

 

 
(c)  

 
Fig. 8. Internal meshing tooth surfaces (unit: mm): (a) beginning position; 
(b) middle position; (c) end position. 
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surfaces, and it is a high-order contact element [21-23].  

 
4.1 Stress analysis with single contact point 

Based on the gear models established in Sec. 3, considering 
the factors of element size and computer operation efficiency, 
single tooth was selected for FEA process to solve the results. 
The internal gear pair was imported into ANSYS software to 
generate element and node models. After several trial calcula-
tions, we determined that the unit size of the contact surface 
was 0.2*0.2 mm and the element type was Solid 186. The 
numbers of units and nodes are 357464 and 1538978, respec-
tively. The length unit in ANSYS software was set to millimeter 
for our analysis process. Also, the mass and time units were 
set to kilogram and second, respectively. Gear pair material 
was selected to be 40Cr alloy steel, where its tensile strength 
was 980 Mpa and yield limit was 785 Mpa, and the elastic 
modulus of the material was E = 2.06*105 MPa. The Poisson 
ratio was set to be μ = 0.3. According to the setting of ANSYS 
software, tooth profile of the pinion was chosen as the contact 
surface, and tooth profile of the internal gear was chosen as 
the target surface. It is an asymmetric contact and the frictional 
coefficient is 0.2. To eliminate the initial clearance between 

tooth profiles, the contact units were also set to adjust to touch.  
Each node has translational freedom in three directions of 

UX, UY and UZ. To carry out the analysis of tooth contact, we 
needed to consider the interaction and deformation conditions 
between the tooth surfaces, so it was necessary to fix the outer 
surface of the internal gear. Furthermore, perfect constraints 
were imposed on the nodes of the outer surface of the internal 
gear (UX = UY = UZ = 0). And constraints were imposed on 
the degrees of freedom of all nodes on the inner surface of the 
pinion along the directions of UX and UZ, i.e., radial and axial 
directions (UX = UZ = 0).  

The finite element model of internal gears with single tooth is 
shown in Fig. 10. We analyzed the contact conditions of tooth 
profiles based on the setting conditions. The input torque ap-
plied to the inner surface of pinion was 200 Nm. Loading time 
was 1s and the time sub steps were set to 5. Stress analysis 
results of the internal gears with single contact point are dis-
played in Figs. 11-13.  

From the analysis results in Fig. 11, the maximum contact 
stress between the internal gear pair is 1429.4 MPa. The max-
imum stress occurs at contact point, which is located on the 
middle of the tooth profile. It has regular elliptical distribution 
along the direction of tooth width, and the distribution area has 
the trend of expanding to the tooth root direction. With the in-
crease of the contact area, the contact stress will gradually 
decrease. The maximum von Mises stress and shear stress of 
the pinion with single contact point in Fig. 12 are 729.02 MPa  

 
(a) 

 

 
(b) 

 
Fig. 9. Internal gear models: (a) gear pair; (b) single contact point. 

 

(a) 
 

(b) 
 
Fig. 10. Finite element model of internal gear pair with single contact point: 
(a) contact condition; (b) finite element analysis model. 
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and 374.89 MPa, respectively. The maximum von Mises stress 
and shear stress of the internal gear with single contact point in 
Fig. 13 are 729.58 MPa and 201.07 MPa, respectively. 

 
4.2 Stress analysis with two contact points 

Similarly, we established a gear model with two contact 
points according to the proposed generation methods of tooth 
profiles. It means that there are two contact points on one con-
tact pair at the same time during the meshing process. Here, 
the meshing pair should also be the pinion with convex tooth 
profile and the internal gear with concave tooth profile. Accord-
ing to the derived conclusions in Sec. 2, we can obtain tooth 
surfaces of internal gear pair with two contact points as follows. 
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Fig. 11. Contact stress of internal gear pair with single contact point (unit: 
MPa). 

 

(a) 
 

(b) 
 
Fig. 12. Stress analysis results of the pinion with single contact point (unit: 
MPa): (a) von Mises stress; (b) shear stress. 

 

(a) 
 

(b) 
 
Fig. 13. Stress analysis results of the internal gear with single contact point 
(unit: MPa): (a) von Mises stress; (b) shear stress. 
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Based on solid modeling methods in Sec. 3, the internal 
gear models with two contact points can be established as 
shown in Fig. 14. For its stress analysis, the contact unit size, 
material properties, boundary conditions and load application 
are the same with gears with single contact point. The numbers 
of units and nodes are 378644 and 1608008, respectively. 

Finite element model of internal gears with two contact points 
is shown in Fig. 15. The analysis results in Fig. 16 show that 
the maximum contact stress of internal gears with two contact 
points is 616.88 MPa. The maximum von Mises stress and 
shear stress of the pinion with two contact points in Fig. 17 are 
417.21 MPa and 133.82 MPa, respectively. The maximum von 

Mises stress and shear stress of the internal gear with two 
contact points in Fig. 18 are 347.72 MPa and 165.97 MPa, 
respectively. 

Obviously, two peak stress regions can be found on tooth 
profiles, which are also corresponding to two contact points. 
The stress distribution area is relatively concentrated and it has 
the trends of expanding towards the tooth root direction. The 
maximum contact stress of tooth profiles with two contact 

 
 
Fig. 14. Internal gear model with two contact points. 

 
 

 
Fig. 15. Finite element model of internal gear pair with two contact points. 

 
 

 
Fig. 16. Contact stress of internal gear pair with two contact points (unit: 
MPa). 

 

(a) 
 

(b) 
 
Fig. 17. Stress analysis results of the pinion with two contact points (unit: 
MPa): (a) von Mises stress; (b) shear stress. 

 
 

(a) 
 

(b) 
 
Fig. 18. Stress analysis results of the internal gear with two contact points 
(unit: MPa): (a) von Mises stress; (b) shear stress. 
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points is 56.8 % lower than that of tooth profiles with single 
point contact. The maximum von Mises stress and shear stress 
of the pinion with two contact points are, respectively, 42.7 % 
and 64.3 % lower than that of the pinion with single point con-
tact. The maximum von Mises stress and shear stress of the 
internal gear with two contact points are, respectively, 52.3 % 
and 17.4 % lower than that of the internal gear with single point 
contact. It has an advantage in the load capacity of gear tooth 
profiles and has good application prospect in engineering. 

 
5. Conclusions 

1) A new internal meshing gear transmission with curve ele-
ment is proposed based on conjugate curve theory. For a given 
spatial curve, the meshing equation and its conjugated spatial 
curve under the motion law were derived. Considering the 
equidistant kinematic method, general internal tooth profile 
models were established by the conjugate-curve pair. The 
results further confirm the feasibility and correctness of the 
developed meshing principle applied to internal gear transmis-
sion. It also provides a theoretical basis for the follow-up study 
of novel gears.  

2) A numerical example of internal gear pair was developed 
in terms of given parameters. We obtained the drawings of the 
spatial conjugate curves and tooth surfaces using the image 
function of MATLAB software. The results verify the theoretical 
derivation and general design thought. Solid models were fur-
ther obtained by MATLAB and UG software. Motion simulation 
result shows that the gear pair satisfies point contact condition 
and design requirements.  

3) Meshing analysis of tooth profiles using FEA method was 
carried out. Contact unit, material property, boundary condi-
tions and basic constraints were introduced. Two kinds of tooth 
profiles with point contact were analyzed. The analysis results 
show that the maximum contact stress, maximum von Mises 
stress and shear stress of tooth profiles with two contact points 
are lower than those of tooth profiles with single point contact. 
This has an advantage in the load capacity of gear tooth pro-
files. Further studies on transmission characteristics and manu-
facturing technology of the new gear drive will be carried out. 
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