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Abstract A two-dimensional non-linear dynamics model of a gear with meshing beyond
pitch point with six degrees has been established, considering time-varying meshing stiffness,
time-varying bearing stiffness, time-varying friction, backlash and bearing clearance. Time-
varying meshing stiffness is computed by using material mechanics method. The friction
coefficient of Coulomb model and the friction coefficient of EHL theory are analyzed and
compared in dynamic response. The global bifurcation characteristics caused by input speed,
backlash, bearing clearance and damping are investigated. The maximum Lyapunov exponent
which leads to chaos characters effect of changing parameters is analyzed. The verification
experiment is carried out on the CL-100 test rig. Meshing frequency has main impact on
vibration acceleration of ordinary spur gear and double meshing frequency has main impact on
vibration acceleration of gear with meshing beyond pitch point. The results show that the gear
with meshing beyond is better than ordinary spur gear whether in bifurcation characteristics or
in vibration acceleration response.

1. Introduction

Gear train plays an important role in the area of mechanical drive, which is widely used in
various areas of transmission machinery, such as automobiles, wind engines, marine, aeronau-
tics and astronautics, etc. Lots of literature [1] shows that time-varying meshing stiffness and
gear mesh errors lead to vibration. The tooth friction causes vibration of normal to mesh curve,
and the changing direction of friction leads to gear system vibration especially in high speed
gear transmission. So, it is necessary to study the effect of time-varying tooth friction coefficient.
Velex and Sainsot [2] studied an original analytical analysis of tooth friction excitations in error-
less spur and helical gears, based on the Coulomb model. Vaishya and Houser [3, 4] estab-
lished a six-degree model with tooth friction and time-varying mesh stiffness, the effect of tooth
friction leading to dynamic of gear system by numerical integration method are studied. Real
mesh stiffness is considered and different friction coefficient lubrication model is established [5,
6]. Tang [7] proposed a non-linear dynamic model for gear pair system considering surface
friction, gear mesh stiffness and backlash. The dynamic distribution of load in the mesh area
was considered in calculating the friction force. He used Buckingham [8] semi-empirical equa-
tions to calculate tooth surface friction coefficient. Period enlargement method was used to
establish the friction force and gear meshing stiffness models. Zhang [9] established a 6-DOF
nonlinear dynamic model for a spur gear with consideration of friction. Benedict & Kelly model
is used to calculate time-varying friction coefficient. The realistic time-varying mesh stiffness
was calculated, and time-varying friction coefficient was analyzed based on a mixed lubrication
model. The gear train systems with various tooth surface roughness, the dynamic responses of
the gear meshing, such as nor-mal load, friction force, bearing force and dynamic transmission
error (DTE) were comparatively investigated in time and frequency domain with numerical
simulation method. Sun [10] studied the calculation of mean friction coefficient in scuffing
strength for gear train with drive with meshing beyond pitch point. Li [11] established a nonlin-
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ear lateral-torsional coupled vibration model of a planetary gear
system considering transmission errors, time varying meshing
stiffness and multiple gear backlashes, and analyzed the effect
of rotational speed of sun gear on bifurcation. Tang [12] ana-
lyzed effect of static transmission error on dynamic responses
for spiral bevel gears and solved dynamic response, bifurcation
map, time domain response, phase curve and poincare map of
the system. The homoclinic bifurcation and transition to chaos
in gear systems are studied both analytically and numerically
[13]. Chang-Jian and Chang [14] investigated the dynamic
responses of a single-degree-of freedom spur gear system with
and without nonlinear suspension and found the bifurcation
and chaotic dynamics in this system. Li [15] established a
nonlinear dynamic model of bending-torsion coupling for gear-
rotor-rolling bearing transmission system, considering the gear
eccentricity and nonlinear contact of rolling bearing, the influ-
ence law of parameters on the system vibration response was

addendum circle
pitch circle
base circle

Fig. 1. The GMBP of mesh state and force analysis.

addendum circle
pitch circle
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6. Te

Fig. 3. A 6-DOF nonlinear dynamic model.

analyzed. Sheng and Zhu [16] established a six degree of
freedom transverse-torsion coupled nonlinear gear-totor-
bearing vibration model with multiple clearance and tooth sur-
face friction, while time-varying meshing stiffness, ear back-
lashes, bearing clearance were considered in this mode as well.
Xiang [17] tested experimental modal of the spiral bevel gear
wheel using the PolyMAX method. Chen [18] analyzed dy-
namic characteristics of a planetary gear system based on
contact status of the tooth surface. Yu [19] studied fault diag-
nosis of planetary gearbox with incomplete information using
assignment reduction and flexible naive Bayesian classifier.

A 6-DOF nonlinear dynamic is established in this paper,
time-varying tooth friction, backlash and bearing clearance are
considered. The friction coefficient model of Coulomb and the
EHL theory are analyzed and compared in dynamic response.
Time-varying meshing stiffness is computed by using material
mechanics method and fitted by Fourier series method. The
dynamic equations are solved by 4"-5" variable step Runge-
Kutta numerical method. The dynamical behavior of an ordi-
nary gear train and the gear train with meshing beyond pitch
point are compared and studied by bifurcation diagram, maxi-
mum Lyapunov, phase chart and time domain chart. The verifi-
cation experiment is carried out on the CL-100 test rig.

2. Dynamic model of system

The gear train with meshing beyond pitch point (GMBP)
mesh state and force analysis are showed in Fig. 1 [20], the
input gear rotates clockwise around Op by torque Tp, while the
output gear rotates counterclockwise around O, by load T, PG
is direction during the meshing. Points B and A are critical
theoretical line of action, B2B1 is actual line of action and lo-
cated in one side of the pitch point, so friction doesn’t change
points of single and double teeth.

The ordinary spur gears (OSG) of mesh state and force
analysis can be found in Fig. 2, the driving gear rotates clock-
wise around Op by torque Tp, the driven gear rotates counter-
clockwise around O, by load T, PG is theoretical line of action,
B2B1 is actual line of action and located in both sides of the
pitch point, so friction changes direction during the meshing.
Points B and A are critical points of single and double teeth.
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Table 1. The parameters of gear train.

Parameter GMBP (value) OSG (value)
Module of input gear/ m; (mm) 2.8040 2.6915
Module of output gear/ m, (mm) 2.6915 2.6915
Number of input teeth/ z 30 32
Number of output teeth/ z, 36 36
Pressure angle of input gear/ a(°) 25.8268 20.3259
Pressure angle of output gear/ a4(°) 20.3259 20.3259
Modification coefficient of input gear/ x 0.7606 -0.05
Modification coefficient of output gear/ x, -0.6095 0.046
Addendum coefficient/ h,* 0.8 1
Coefficient of bottom clearance/ c* 0.3 0.25
Tooth width/ B (mm) 20 20
Center distance/a' (mm) 915 915
Coefficient with meshing beyond pitch point/A 0.167 /

According to the analysis, a 6-DOF nonlinear dynamic model
is established in Fig. 3 with the lamped-parameter method.
Where, K, is time-varying meshing stiffness and c,, is time-
varying meshing damping, K., K,,, K. Ky represent bearing
stiffness, Cn, Cpy Cou Cqy represent bearing damping, e(t)
means that comprehensive error.

3. Parameters of the system

The gear with meshing beyond pitch point (GMBP) requires
the following conditions to be satisfied: a) coefficient with mesh-
ing beyond pitch point > 0; b) contact ratio > 1; c) adden-
dum thickness > (0.25~0.4)*module; d) gear of meshing
hasn't interference; e) meeting strength requirements of bend-
ing, contact and bonding. b)-e) are the limiting conditions of
ordinary spur gears (OSG). According to above constraints, the
gear train system parameters are shown in Table 1.

4. Equations of motion

As the actual mesh line is located in one side of the pitch
point, the calculation criterions will not apply for the gear train
with meshing beyond pitch point. The teeth are considered as
non-homogeneous cantilever beams, the stiffness of the exter-
nal gears with meshing beyond pitch point considering gear
wheel body deformation is computed by using material me-
chanics method [21]. As time-varying meshing stiffness has
periodicity, which is similar with the Fourier series method, as
shown in Eq. (1).

Km (t) = kO + é(Akicos COS(ia}t + ¢) + Akisin Sln(la)t + (0)) (1)

where, kj is gear pair mesh synthesizing stiffness, w is mesh-
ing frequency, ¢ is initial phase. The time-varying meshing
stiffness are fit by 2nd Fourier series as shown in Fig. 4.

The results of Fourier similar
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Fig. 4. Time-varying meshing stiffness of GMBP.

The results of Fourier similar
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Fig. 5. Time-varying meshing stiffness of OSG.

The time-varying meshing stiffness of ordinary gear is solved
by the same method, as shown in Fig. 5.

The load distribution is a variable during meshing, which is
solved by stiffness of spur gear and error, as shown in Eq. (2).
Every meshing tooth has the same total deformation when
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Table 2. The parameters value of EHL model.

Parameter b1 b2 b3 b4

b5 b6 b7 b8 b9

Value

-8.9164 1.033 1.0360 -0.3540

2.8120 -0.1006 0.7527 -0.3909 0.6203

Table 3. The parameters of condition.

I?E\\?lvjr Inp(l:/t r:ipr)ged Dynamic wsco(s;gscif lubricating oil The RMS surface roughness (um)
200 5000 27.4365 0.06
g 110 stant value without changing direction in pitch point during the
§ 100 meshing. Calculation formula is shown as Eq. (3).
=D
R 4= 1,sign(B,C ~mod(R,@,1, B,)) 3)
z g 80
53
% 2 70 where, B,C is distance from start point of meshing to pitch point,
) 60 R, is radius of driving gear base circle, P, is base pitch. Friction
§ may change direction in ordinary spur gear, but actual mesh
é >0 ) line is located in one side of the pitch point. yo is @ amplitude of
40 friction coefficient, as shown in Eq. (4).
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Length of line of action (mm)

Fig. 6. The rate of load share among gear teeth of GMBP.
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Fig. 7. The rate of load share among gear teeth of OSG.

gear is in double meshing area. Results are shown in Figs. 6
and 7.

FAC

F,
taty = ta, 7,
ac Ky @)

where, F4c and Fpp are meshing force, a; and a, are modified
value of meshing point, y; and y, are festival deviation and
tooth alignment error, respectively.

Friction coefficient is related to teeth topography, roughness

of teeth surface, sliding speed, contact stresses and lubrication.

It is studied by Coulomb friction model, Buckingham’s empirical
formula, Benedict & Kelly's empirical formula and EHL theory
at present.

Coulomb model supposes that friction coefficient is a con-

Hy=012(WR, /0,05 )" )

where, R, is roughness of teeth surface, W; is tangent load of
unit tooth width, n,, is dynamic viscosity of lubricating oil, vy,

is sum of tangential velocity at pitch point, preq, is radius of
curvature at pitch point.

Buckingham’s empirical formula considered relative slide
speed Vs (in/s), as Eq. (5).

1=0.05¢"" +0.002,/V, (5)

Benedict & Kelly’s empirical formula considered slide-roll ra-
tio, maximum Hertzian contact stress, roughness, radius of
curvature and elastic modulus, as Eq. (6).

50 3.17x10*W"
=0.0127 lo
H (5 )log, [ 77,,7V5V72

avg

] (6)

where, S, (Um) is roughness, W' (Ibffin) is time-varying load,
V, (in/s) is relative rolling speed.

Xu proposed a friction model based on EHL theory, and con-
sidered slide-roll ratio (SR), radius of curvature (R/m), maxi-
mum Hertzian contact stress (P,/GPa), roughness (S,/um)
and elastic modulus (E’/GPa), as Eq. (7).

U= ef(SR,P/w,,,,Swg)Phbz‘SR‘“ VebeﬂmRbs (7)

m

where, f(SR,P,n,,S,.) isshownin Eq. (8).

m> "~ avg

—|SR|P; 1og10 (7,1)

f(SR,P,.1,.S,,.)=b, +b,|SR + by’

(8)

F,log,(n,)+be
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Fig. 8. The friction coefficient of GMBP.
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Fig. 9. The friction coefficient of OSG.

where, b,~by are listed in Table 2.

In order to compare different friction coefficient models,
which are solved under the same condition, listed in Table 3.

The friction coefficients of the gear with meshing beyond
pitch point and ordinary spur gear are solved. Results are
shown in Figs. 8 and 9. Buckingham model do not consider
time-varying load. Coulomb friction coefficient has friction coef-
ficient of pitch point instead of itself, the GMBP isn't through
pitch point, so Coulomb model does not apply in the GMNP. As
the SR is zero at pitch point, friction coefficient is zero, but
Benedict & Kelly model and Bucking model are maximum in
Fig. 9, so these don't apply in the ordinary spur gear. The fric-
tion coefficient of the EHL theory is closer to real value by the
proof of Xu's experiment. In this paper, the friction coefficient is
solved by the EHL theory.

Comprehensive error (e(t)) includes eccentricity error and
static transmission error of driving and driven gear. As is shown
in Eq. (9).

e(t)=ecosawt+e,cos(w,t+¢,)+e, cos(w,t+,) 9)

where, e is static transmission error, which includes the tooth
profile tooth curve error and pitch errors of gear, w is meshing
frequency, e, is eccentricity error of driving gear, e, is eccentric-

ity error of driven gear, ¢, and ¢ is initial phase, respectively.
The equations of the system are derived in Eq. (10).

m, xp+cpxxp+prf(xp,bpx) =—F,sing, + f, cose,

m,y,+¢ v, +K, f(y,.0,)=F,cose, +f,sing,
Ip gp :Tp _Fpi(t)Rp _fpini
m, xg+chxg+Kng(xg,ng) =F,sine, - f, cosq,

m, yg+cgvyg+K&f(yg,bgy) =-F,cosa, — f,sing,

1,0, =T, = F,(OR, ~ f,H .
(10)

The composite DTE (dynamic transmission error), which is
the relative dynamic displacement of driving pinion and driven
gear along the LOA (line of action) direction, is defined as

0, =(x,—x,)cos(90—-a,)+(y, —y,)cos(180 - a,)
+R,0,+RO, —e(t).

(1)

The normal forces acting on the driving pinion and driven
gear are

pr :ng =Cn 5ﬁg+Kmf(5pg’b)' (12)

According to Ref. [16], clearance functions are derived as fol-
low:

X, =b,  X,>b, Yo by 2p>by

S x,pbpx) = 0 _bpx <X, <bpx S (.yp’bpr): 0 _bnv <p <bm’
xp +bpx xp <_bpx 8 r +bp}" Y, P <_b[’)'
X _ng X >b§\' Ye _bg" Ve >b&’"

f (x.v:’bpx) = 0 _b.i’—\' <X <b.x’x f (ys.”bm') = 0 _bx}’ <Ye <b&y
xg +ng xg <_ng yg +bg" e g <_bg"
X0 x,,>b

b=y 0 —b<x,<b
X, b x,<b. (13)

As the order of magnitudes is large differences in equation,

in order to get ideal answer, equation is nondimensionalized
before solved. r is dimensionless time, w, is natural fre-
quency, Q is meshing frequency, scale plate is b.. K is average

meshing stiffness.

=0t o,={K/m, Q=0/o, Q =0,/0, Q =0,/

x=xb, x=Xbo,

cn

x=xba b =10"m o0)=e(tVbao,.

(14)
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Table 4. The condition parameters of system.
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Fig. 10. The arm of friction.

The government equation is eliminated rigid displacement,
results as follow:

x, = x,/mo, K, [(x,.b,)/m®o ~(F,sna,-f,cosa) bmo,
v, = -, v, mo, ~K f(y,.b,)/me’ +F, cosa,+f,sina,) bmo
Z: 7(‘3‘7‘,/ m,w, 7Kg\f’(xi,a)/mpw,,z + (Fg, sin &, — f&,, cos 0:,)/b(mg(u,,2

yi, =—c, yT,/ m,o, —Kgf(yi,,a)/mg(u”2 —F,cosq, /mgw”z

5m :(xp—xg)sin a, +(_vp—yg)cosa, —e(t)+(T/, -F,R, —f/,,H[,,)/bmepR,,w,,' +...

(T, =FuR, = fyH ;) b.m R0,

(19)

where, friction (f,) formula is shown in Eq. (16). f; and £, are
friction coefficient of meshing point, A is direction coefficient, if
meshing point is located in front of pitch point , A = -1, other-
wise A = 1. But actual meshing line is located in one side of the
pitch point, is constant, in other words, meshing point is located
in behind of pitch point in any time, A =-1.

{fplzﬁ*ﬁ*Fpl (16)

4fp2:.f2*Fp2

where m,, :Ip/Rj, m,, :Ig/R;, and is rotational inertia,
respectively. H,; and Hy is arm of friction, respectively, formu-
lated as Eq. (17). The results are shown in Fig. 10.

H, =PB,+R,o,mod(,T)

H,=PB,+p,+R,0,

H,=PG-H,

H,=PG-H,
mod(¢,T),(mod(¢,T) < (chd —1)*T)
mod(¢,T),(mod(z,T) < (chd —1)*T).

5. Results and analysis

The state of chaos and bifurcation are easy to cause noise
and instability in gear transmission. It is necessary to study the
effect of rotate speed, backlash, bearing clearance and damp-

. . Bearing
Power/(kW) Damping ratio | Backlash/(um) dlearance/(um)
200 0.05 40 20

f=]

LA

A

=]
ke

dimensionless relative displagement §
| a el
o

]

0.5 1 1.5 2 23 3
dimensionless meshing frequency Q

o

Fig. 11. The influence of speed on bifurcation characteristics is in the
GMBP.
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\m f{ -
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Yo o5 1 15 2 25 3 35
dimensionless meshing frequency Q

Fig. 12. The influence of speed on bifurcation characteristics is in the OSG.

ing on chaos and bifurcation. The bifurcation characteristics of
dimensionless equivalent-displacement along the LOA (line of
action) direction with changing rotate speed are shown in Figs.
11 and 12. The parameters of system are listed in Table 4.

From Figs. 11 and 12, the GMBP and OSG have similar
state of motion in low speed range, rich bifurcation characteris-
tics are shown with the rotate speed increases. The GMBP
system of multiple clearance is from single-period to chaos by
upheaval when Q is 1.1. This characteristics is same to the
OSG. The bifurcation behavior of GMBP and OSG has obvious
differences after first natural frequency. The GMBP system is
from chaos into quasi-periodic state at Q = 1.2, system enters
periodic-2 state at Q = 1.45, while it's from periodic-2 to chaos
when Q is 1.9, from chaos to periodic-2 is at Q = 2.05. The
OSG system is from chaos into periodic-4 state at Q = 1.45, it’s
from transient quasi-periodic to periodic-2 state at Q = 1.75.
The OSG system enters chaos state at Q = 1.8. The GMBP
system enters into single-period state by backward bifurcation
when Q is 2.15. But the OSG system enters three region chaos
state by upheaval when dimensionless rotate speed is from
2.05 to 2.5. The OSG system enters into single-period state
after Q = 2.5.

As the gear system has inflicted a severe impact when the
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Fig. 13. The maximum Lyapunov exponent with changing dimensionless
frequency.

system is in chaos state, the chaos interval of the GMBP is
smaller than the OSG. The amplitude of chaos interval of the
GMBP is smaller than the OSG. Furthermore, periodicity stabil-
ity of the GMBP is better than the OSG. The gear train with
meshing beyond pitch point may lead to better vibration and
noise.

In order to research the effect of bifurcation, the maximum
Lyapunov exponent with changing dimensionless frequency is
shown in Fig. 13. From the figures, if the maximum Lyapunov
exponent is less zero, the system is period state, otherwise the
system is chaos state. Besides the maximum Lyapunov expo-
nent also contains points of less zero, it shows that chaos area
also contains periodic window. Therefore, the accuracy of bi-
furcation figure is proved.

Chaos could destroy the gear train system badly, backlash is
important factor of leading to chaos. The bifurcation characteris-
tics of dimensionless equivalent-displacement along the LOA
(line of action) direction with backlash are shown in Figs. 14 and
15. The parameters of system are listed in Table 5.

The bifurcation of gear train system is shown in Figs. 14 and
15. From the Fig. 14, range of single-period motion is between
0 and 2.2, gear train system experiences periodic-2 motion
between 2.2 and 4.6, system enters chaos state when dimen-
sionless backlash is 4.6, response enters periodic-5 when di-
mensionless backlash achieves 5.22, if dimensionless back-
lash is over 5.38, gear system will enter chaos state. From the

Table 5. The parameters of condition.

Power Dampina ratio Dimensionless Bearing
(kW) ping meshing frequency/Q)  clearance/(um)
200 0.05 18 20

Table 6. The parameters of condition.

Power Backlash/ | Dimensionless meshing Bearing
(kW) (um) frequency/Q clearance/(um)
200 40 2.004 20

w13
5
5
=
&
Z
£
2 5¢
EO
g
=
=5

4 6 8 10
dimensionless backlash

<
3o}

Fig. 14. The gear with meshing beyond pitch point.

—
<

h

dimensionless relative displacement &
o

0 2 4 6 8 10
dimensionless backlash

Fig. 15. The ordinary spur gear.

Fig. 15 range of single-period motion is between 0 and 2.3,
gear system experiences periodic-2 motion between 2.3 and
4.0, system enters chaos state when dimensionless backlash
is from 4.6 to 8.36. If dimensionless backlash is over 8.36,
system will enter periodic-3 motion.

Backlash is an important factor of leading to chaos whether
in the GMBP or OSG, the chaos interval of the GMBP is
smaller than the OSG. It is necessary to choose appropriate
backlash. Damping has been observed to be the main influenc-
ing factor that effects resonant region in gear system. The bi-
furcation behavior of dimensionless displacement of LOA is
researched by variation of damping. The parameters of system
are listed in Table 6.

From Figs. 16 and 17, the GMBP system is in chaos state in
low damping ratio range. The GMBP system is from chaos
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placement &

dimensionless relative dis

-2

004 006 008 01 012 014 0.16
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Fig. 16. The gear with meshing beyond pitch point.

dimensionless relative displacement 8

004 006 008 01 012 014 016
damping ratio £

Fig. 17. The ordinary spur gear.

state to quasi-periodic motion by backward bifurcation between
(=0.061 and ¢ = 0.101. The OSG system is from chaos state
to quasi-periodic motion by back-ward bifurcation between ¢ =
0.058 and ¢ = 0.107. Dimensionless relative displacement di-
minishes with damping ratio, the OSG has the same character-
istics. It is seen that damping may reduce chaotic strips
whether in the GMBP or in the OSG.

The system motion changes from single-cycle motion to
multi-cycle then to chaos due to the change of parameters. The
change process of motion can be obtained through the bifurca-
tion diagram of the system’s motion state under these parame-
ters. When the system appears in an unstable state, it can
remain a stable state of motion by controlling the change of the
parameters. This is actually the most useful and valuable place
that can be reflected in the bifurcation diagram.

Bearing clearance has nonlinear characteristics, which may
be a factor in bifurcation. It is necessary to study the effect of
bearing clearance. The parameters of system are listed in Ta-
ble 7.

The results are shown in Figs. 18 and 19. It is evident from
Figs. 18 and 19 that the bifurcation behavior of gear system
doesn't change with the bearing clearance. Although the OSG
system is in periodic state when dimensionless bearing clear-
ance is from 2.8 to 3.3, bearing clearance has less impact for
system motion.

Table 7. The parameters of condition.

Power Backlash Dimensionless meshing Damping ratio
(kW) /(um) frequency/Q ping
200 40 1.107 0.05

—_

=1
L

o
.

)

“a

Slimensjonless relative displacement &

o

2 4 6 8 10
dimensionless bearing clearance

(=)

Fig. 18. The gear with meshing beyond pitch point.
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Fig. 19. The ordinary spur gear.
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Fig. 20. Rig-layout.

6. Experiment and analysis

In order to prove accuracy of theory, the gear train system is
experimented in the CL-100 test rig. Rig-layout is shown in Fig.
20.

The test platform arrangement is shown in Fig. 21. Sensor is
placed on the input bearing cover, out-put bearing cover and
base. Vibration is transmitted to collector by sense line. The
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Table 8. The parameters of condition.

o Rotate speed | Rotate speed | Bearing clear-
Condition | Torque/(N-m) | y1Bp) (eimin)| (0SG) (rimin) | ance/(um)
1 62 750 703 1
2 85 750 703 1

i : =]
Control cabinet &

8
v Ll

o

x

|
l

Fig. 21. CL-100 test rig.

angle formed by actual load and level direction, which is meas-
ured by the level box. Motor speed is controlled by the control
cabinet. Load bears on the weight. Dynamic response is
shown in computer. The assembling drawings of gear train of
GMBP and OSG are shown in Fig. 22.

Since the backlash of gear isn’'t adjusted in the CL-100 test
rig, the dynamic response between GMBP and OSG is verified
at zero backlash. The condition parameters of system are
listed in Table 8.

According to sampling theorem, sample frequency (f;) and
sample frequency (f,,) should meet the requirement f; > 2 f,,
and in general, f; > 2.56 fm, setting f; = 5~10 f,,. According to
meshing frequency, f; is 4096 Hz, effective bandwidth (f,) is
1600 Hz, sampling number (N;) is 8192 and spectrum line
numbers (N;) is 3200 in the experiment. In order to prevent
spectrum energy leaking, Han-ning-window is added.

The original frequency domain signal of vibration accelera-
tion is shown from Figs. 23-26 in different conditions.

According to above diagrams, FDS contains meshing fre-
quency, frequency doubling and other frequencies. So, the
analysis results of theory haven't been verified. To get correct
signal, the original frequency domain signal is processed by
wavelet transform (WT). Without loss of generality, only driven-
gear signal of conditon 1 has been analyzed and the results

(b) The ordinary spur gear

Fig. 22. The assembling drawing of gear.

are shown from Figs. 27 and 28.

The experimental verifications test the original frequency
domain signal of vibration acceleration, as shown in Figs. 23-
28. From the figures, the following conclusions could be drawn:
a) Vibration acceleration of gear system mainly reflects mesh-
ing frequency and double meshing frequency. b) Vibration
acceleration of GMBP is smaller than vibration acceleration of
OSG. c¢) Meshing frequency has main impact on vibration ac-
celeration of OSG and double meshing frequency has main
impact on vibration acceleration of GMBP.

The frequency domain signal has been transformed into time
domain signal by WT, and results are shown in Figs. 29 and 30.

According to the figures, the conclusion could be drawn that
vibration acceleration of OSG is smaller than vibration accel-
eration of GMBP whether X direction or Y direction.

The vibration accelerations calculated with numerical simula-
tion of the system is shown in Figs. 31 and 32.

From the figures, the vibration acceleration is calculated,
which is similar to result measured by test. The vibration accel-
eration of GMBP is smaller than OSG in time domain. Vibration
acceleration of Y direction is only analyzed. The time domain
signal is transformed into frequency domain signal by FFT,
which is shown in Fig. 33.

According to Fig. 33, the following conclusions could be
drawn: a) Magnitude of acceleration calculated with theoretical
is similar to test value. b) From magnitude, the GMBP-driven is
smaller than OSG. c) Meshing frequency has main impact on
vibration acceleration of OSG and double meshing frequency
has mainly impact on vibration acceleration of GMBP.
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Fig. 26. The frequency domain signal (condition 2) of OSG-driven.
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7. Conclusion

In this paper, an external gear system with meshing beyond
pitch point and an external ordinary gear system are set as the
research target, and the global bifurcation characteristics
caused by input speed, backlash, damping and bearing clear-
ance were investigated. First, the gear parameters were opti-
mized by objective function of minimum mass. Second, the
stiffness of the external gears with meshing beyond pitch point
considering gear wheel body deformation is computed by using
material mechanics method, which is similar with the Fourier
series method. Third, the load distribution among teeth is cal-
culated. Fouth, friction coefficient of tooth surface is solved by

W

w

Vibration acceleration/(m/s?)

0.14  0.16 0.18 0.2 0.22
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Y Direction

~ 8
E
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G
g
£ 4 !
g |
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2 038
&
B
g 0.6
5
s 04
=
0.2 X: 750
Y: 0.0523
0 1 I L 1 I
500 1500 2500
Frequency/(Hz)

(b)Y direction of OSG

Benedict & Kelly model, Buckingham model, Coulomb model
and EHL model. Fifth, the global bifurcation characteristics are
compared and analyzed by Matlab. Sixth, the global bifurcation
characteristics are researched by the maximum Lyapunov
exponent. Finally, the vibration acceleration is measured by
test and calculated by Matlab.

From this paper, we can draw the following conclusions: a) It
is evident from bifurcation diagrams that bearing clearance and
backlash lead to chaos in dynamic of gear system, and back-
lash is the major factor. Damping may reduce chaotic strips.
Gear system will enter chaos state when the backlash in-
creases. b) The amplitude of chaos interval of the GMBP is
smaller than the OSG. Furthermore, periodicity stability of the
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GMBP is better than the OSG. Therefore, the gear with mesh-
ing beyond pitch point may lead to better vibration and noise. c)
Vibration acceleration of GMBP is smaller than vibration accel-
eration of OSG. Meshing frequency has main impact on vibra-
tion acceleration of OSG and double meshing frequency has
main impact on vibration acceleration of GMBP.

Based on the above, one can draw a conclusion that gear
system with meshing beyond pitch will leads to better vibration
performance than ordinary gear train.
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