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Abstract  In the present study, the mechanical model of section element in tube bulging 
area was established through the stress conditions of hydraulic bulging. Based on the
mechanical model, the equivalent stress and equivalent strain equations of the section element
in the bulging area were derived, respectively. Combined with the experimental data, the 
equivalent stress and strain of the section element in the bulging area were fitted by polynomial,
and the plastic hardening model of thin-walled tube under pulsating loading was obtained. In 
order to verify the model precision, the plastic hardening models obtained from pulsating
hydroforming and non-pulsating hydroforming were taken as the material model by finite
element simulation respectively. The experimental results were compared with the simulation
results which showed that as a pulsating hydraulic loading material parameters, the model
established in this paper had higher precision.  

 
1. Introduction   

Tube pulsating hydraulic forming technology is a new research hotspot in recent years, which 
has been widely concerned by many researchers. It is expected to be a new technology to 
improve the forming properties of metal thin-walled tubes [1, 2]. The plastic hardening model, 
as a material property parameter, has a significant influence on the analysis of forming mecha-
nism. Moreover, the accuracy of finite element simulation results is largely dependent on the 
accurate plastic hardening model. Some researchers obtain plastic hardening models based on 
simple loading paths using ordinary solution methods, such as unidirectional tensile and com-
pression tests. Zhan et al. [3] investigated the forming mechanism of the welded tubes through 
a microhardness test. Badiger et al. [4-6] investigated the effect of cutting parameters on tool 
wear, cutting force and surface roughness in machining of MDN431 alloy. However, due to the 
different stress states between stretching and hydraulic bulging, the analysis accuracy of the 
plastic hardening model will be greatly reduced. Some researchers directly obtain the tube 
plastic hardening model by making assumptions about the tube bulging profile. Liu et al. [7] 
summarized the tube hydroforming process, and illustrated that the plastic hardening model 
can be obtained based on the assumption of the tube profile in the bulging process. Wang et al. 
[8] obtained the plastic hardening model by assuming that the shape of tube bulging profile was 
elliptic function under simple linear loading. Lin et al. [9] determined the flow stress equation of 
tube based on the experimental data of thin-walled tube in simple hydraulic bulging test. The 
above methods are all based on the assumption of the contour shape of the bulging area to 
obtain the relationship between stress and strain. Attentions were focused on the prediction 
error caused by the problem of both yield and flow cannot be reflected by the assumption that 
the yield equation is related to the plastic potential. Liu et al. [10] used a 3D digital speckle 
measuring system to obtain the deformation data of free tube bulging area online, and deter-
mined the plastic hardening model under simple linear loading. These methods require the use 
of curve fitting techniques, and the measurement methods of the tube axial curvature radius are 
complicated and costly, especially under complex loading conditions such as pulsating hydraulic 
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loading which has different loading history. 
From what has been discussed above, it can be seen that 

most researchers have devoted to the law of plastic hardening 
in tube hydroforming under simple linear loading and have 
made some achievements. However, using the plastic harden-
ing model under simple linear loading as the pulsating loading 
parameter will influence the accuracy of the numerical simula-
tion. It is of great significance to find a tube plastic hardening 
model under complex loading conditions, such as pulsating 
hydraulic loading, which can enrich the model library of tube 
plastic hardening, and replacing the tube axial curvature radius 
measurement by strain measurement in the tube bulging area, 
which can provide a reference for more accurate analysis of 
the tube forming mechanism under pulsating hydraulic loading. 

 
2. Plastic hardening of metal thin-walled 

tube under pulsating hydraulic loading 
Tube pulsating hydraulic forming technology use a hydraulic 

pressure with pulsation frequency and amplitude acting on 
metal thin-walled tube internally to produce plastic deformation 
of the tube, as illustrated in Fig. 1. The plastic hardening model 
is used to describe the basic information of the tube deforma-
tion, which can accurately reflect the relationship between the 
stress and strain during the deformation process. The plastic 
constitutive models of metal materials are various, and com-
mon ones include power function models and polynomial mod-
els [11, 12]. The expression of the power function model is 
generally expressed as nKσ ε= , which need to determine 
the parameters K and n. The expression of the polynomial 
model is generally expressed as 1 2

0 1 2 ......σ λ λ ε λ ε= + + + , 
which need to determine the coefficients before the polynomial. 

The plastic hardening model has a significant influence on 
the analysis of tube forming mechanism, the evaluation of 
forming limit and the analysis of friction force between tube and 
die during tube forming. The research on plastic hardening 
model is mostly based on simple linear loading and the as-
sumption of the tube profile in the bulging process, which is 
constructed on the basis of full amount theory. It is believed 
that the stress of material deformation is only related to the final 
strain state, and has nothing to do with the loading history [13]. 
However, the plastic increment theory is determined by the 
strain at each moment during the forming process, which can 
more accurately express the relationship between the stress 
and strain, especially for complex loading conditions such as 
pulsating loading [14]. 

 
2.1 The mechanical model of section element 

in tube bulging area 

The construction of plastic hardening model for metal thin-
walled tube is mainly to determine the relationship between 
stress and strain in the tube forming process. Therefore the 
mechanical model of the tube must be determined, and the 
calculation formulas of axial and circumferential stress should 

be obtained. The existing test equipment in this study can di-
rectly obtain the displacement field (three-dimensional point 
coordinates) of the bulging area at each forming. The curvilin-
ear function of tube bulging profile can be obtained directly by 
test data fitting, and the tube axial curvature radius at each 
bulging can be determined. 

The following assumptions were made before the establish-
ment of the mechanical model of the tube and the relationship 
between the stress component and the deformation: (1) the 
volume of the tube remains unchanged during bulging process; 
(2) the tube material is isotropic; (3) in the tube bulging process, 
the end of tube can contract freely along the axis; (4) it is as-
sumed that axial stress, circumferential stress and thickness 
stress are the main stresses of tube plastic deformation; (5) the 
influence of bending moment on tube deformation is ignored; 
(6) because the ratio of tube thickness to radius is very small 
(t0/r0 « 1), so the thickness stress is ignored. 

Under the hydraulic pressure, the geometry of tube bulging 
area and the mechanical model of sectional element at any 
bulging moment are presented, as shown in Fig. 2. 

According to the force analysis model of a unit body on the 
tube bulging profile (Fig. 2(b)), the axial direction force equation 
can be obtained, as shown in Eqs. (1)-(6): 
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where Ff is the friction force between the tube and the die, and 
the tube shrinkage during deformation is ignored when calcu-
lating the friction force. ψi is the angle between the tangent line 

 
 
Fig. 1. Schematic diagram of tube hydroforming under pulsating hydraulic 
loading. 
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at any point on the contour curve and the horizontal axis, and 
f(z) is the derivative of contour curve. According to the curvature 
Eq. (6), the curvature radius of each point on the axial contour 
curve of the tube of every bulging can be obtained. 

According to the force analysis model of a unit body on the 
tube bulging profile (Fig. 2(d)), the equilibrium equation of the 
vertical direction force can be obtained, as shown in Eqs. (7)-(9): 

 

sin( ) sin( ) 2 sin
2

1 ( ) cos
2

az a a a bz b b b forming p

a b forming

dl t dl t d t

P dl dl d

θ
θσ ψ σ ψ σ

γ

+ +

′ ′= +
    (7) 

( / 2)sina a adl tθρ θ= −                              (8) 
( / 2)sin .b b bdl tθρ θ= −                               (9) 

 
Then the above parameters are substituted into the Eq. (7), 

the Eq. (10) can be obtained as follows: 
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2

az a a a a
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As for tiny unit body, sin , sin , sin ,a a b bθ θ ψ ψ ψ ψ= = =  

then Eq. (10) can be transformed into Eq. (11): 
 

( / 2) ( / 2)
1 [( ) ( )] cos .
2

az a a a a bz b b b b forming p

a a b b forming

t t t t d t

P t t d

θ θ θ

θ θ
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 (11) 

 
By calculating aψ  and ,bψ  then the circumferential stress 

can be obtained based on Eqs. (12) and (13): 
 

( ) / 2p a bt t t= +                                    (12) 

21 [ ( )] .
b

forming
a

d f z dz′= +∫                           (13) 

 
Therefore, the circumferential stress of a unit body on the 

tube bulging profile was calculated, as shown in Eq. (14): 
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  (14) 
 
When the tiny unit body is taken to the highest point of the 

bulged tube, it can be concluded that the shape of axial and 
circumferential contour at this point is an arc, and then Eqs. 
(15)-(19) below can be obtained: 

 
az bzρ ρ=                                     (15) 

a bθ θρ ρ=                                    (16) 

a b pt t t= =                                    (17) 

a bdl dl dl= =                                 (18) 
/ 2 0.iψ ϕ= ≈                                 (19) 

 
If the influence of friction force Ff at the end of the tube dur-

ing the forming process is not considered, the axial stress and 
circumferential stress can be obtained, as shown in Eqs. (20) 
and (21): 

(a) Tube natural bulging model (half section) 
 

 
(b) The force condition of a unit body on tube bulging profile 

 

 
(c) The circumferential force condition of a unit body on tube bulging profile
 

 
(d) The axial force condition of a unit body on tube bulging profile 

 
Fig. 2. Mechanical model of a unit body on the tube bulging profile at any 
forming time. 
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2.2 The determination of equivalent strain of 

section element in tube bulging area 

Due to the existing test equipment, the high speed 3D de-
formation and motion track detection and analysis system can 
obtain the axial strain and circumferential strain in the bulging 
area every time, the test equipment is illustrated in Fig. 3. 

When the tube was in the hydraulically bulging process, the 
camera was used to aim at the tube bulging area, and the de-
formation process image of the tube bulging area was acquired 
in real time. The images are transmitted to the computer by the 
system of image memory card. The core technology of the 
analysis system is based on the digital image correlation tech-
nology and binocular stereo vision technology. By setting seed 
points, the characteristic image of the deformation body sur-
face can be tracked to measure the three-dimensional coordi-
nates, displacement and strain of the object during the defor-
mation process. The obtained deformation images are proc-
essed by the system software installed on the computer to 
obtain dynamic deformation data such as three-dimensional 
displacement field, strain field and wall thickness reduction in 
the tube bulging area. 

According to the law of constant volume of plastic deforma-
tion, the thickness strain of each tube bulging at all times can 
be obtained. And then the 3D strain increment of each tube 
bulging can be obtained, as shown in Eqs. (22) and (23): 

 
( ) ( ) ( ) 0i z i t iθε ε ε+ + =                           (22) 

( ) ( ) ( 1)

( ) ( ) ( 1)

( ) ( ) ( 1) .
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d
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−

−

= −

= −
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                          (23) 

 
According to the plastic increment theory, the equivalent 

strain increment in tube hydraulic bulging can be derived, as 
shown in Eqs. (24) and (25): 

2 2 2
( ) ( ) ( ) ( ) ( ) ( ) ( )

2 ( ) ( ) ( )
3e i i z i z i t i t i id d d d d d dθ θε ε ε ε ε ε ε= − + − + −  

 (24) 

( ) ( )
1

( ) .
m

e i e i
i

dε ε
=

=∑                              (25) 

 
2.3 The determination of equivalent stress of 

section element in tube bulging area 

Equivalent stress is used to represent the comprehensive 
action of stress partial tensor in a point stress state during the 
deformation of an object. In general, in the process of me-
chanical analysis of the deformed body, the three stress com-
ponents of the deformed body in the analysis process are 
equivalent to one stress, which is equivalent stress, to study 
the stress of the deformed body. Equivalent stress is also used 
to reflect the change of stress in the process of plastic defor-
mation in the construction of plastic hardening model of metal 
thin-walled tube. 

According to the plastic deformation work principle, in case 
the tube thickness stress is zero, the calculation of equivalent 
stress can be obtained, as shown in Eq. (26): 

 
( ) ( ) ( ) ( ) ( ) ( )( ) / .e i i i z i z i e id d dθ θσ σ ε σ ε ε= +          (26) 

 
According to the previous analysis, when the strain incre-

ment of the tube in axial direction, circumferential direction, 
thickness direction and the equivalent strain increment of the 
corresponding time are obtained, the axial and circumferential 
stress can be calculated, and the equivalent strain and stress 
can be calculated. 

The curve fitting technology of least square method is used 
to fit the calculated equivalent stress and equivalent strain, and 
the general polynomial form is directly used, as shown in Eq. 
(27): 

 
1 2 3

0 1 2 3( ) ...... .e e e e efσ ε λ λ ε λ ε λ ε= = + + + +   (27) 
 
According to the above reasoning process, it is necessary to 

obtain the contour data to determine the curve function of the 
tube axial profile, and obtain the axial curvature radius of the 
tube bulging at each moment. In order to determine the equiva-
lent strain of each point on the contour of tube bulging area, it 
is necessary to obtain the circumferential and axial strain of 
tube bulging in advance, and obtain the axial and circumferen-
tial strain increment of tube bulging in each forming. 

 
2.4 Derivation of plastic hardening model of 

tube under pulsating hydraulic loading 

It can be concluded from the theoretical analysis of plastic 
hardening model that if model parameters are to be quantified, 
the pulsating hydraulic bulging test of tube must be performed 
to measured data such as tube bulging instantaneous wall 

P

图像采集卡

计算机

CCD#2CCD#1

LED 灯

三脚架

CCD相机

控制箱 计算机The computer

The memory card

The computerThe control box

The camera

The tripod

The LED

     (a) The schematic diagram               (b) The real figure 
 
Fig. 3. High-speed 3D deformation and motion track detection system. 
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thickness of each moment, axial strain increment, circumferen-
tial strain increment, maximum radius of bulging processes and 
hydraulic pressure, etc. The tube pulsating hydraulic bulging 
test system is illustrated in Fig. 4. 

The tube pulsating hydraulic bulging test system has three 
parts. Part I is the hydraulic system, which is used to generate 
hydraulic pressure; the part II is the pulsating system, which 
produces pulses of different frequencies and amplitudes; and 
the part III is the strain measuring system, which can obtain the 
axial and circumferential strain in the bulging area in each bulg-
ing process. The geometrical parameters and material property 
parameters of the thin-walled metal tube SS304 used in the 
test are shown in Table 1. The pulsating hydraulic loading 
curve used in the test is the same as Fig. 1. The loading curve 
can be expressed as 0sin(2 )P P ft Pπ= Δ + , which the PΔ  is 
the amplitude of pulsating fluid pressure fluctuation, and 0P  is 
the base fluid pressure. The amplitude of hydraulic pressure is 
determined according to the average value of fluctuation in the 
pulsating hydraulic loading curve. By setting the stamping 
stroke and motor speed of the servo stamping machine, and 
combining them to obtain different amplitudes and frequencies. 
The pulsating hydraulic loading curve can recorded online by 
pressure sensor, and the parameters of the pulsating hydraulic 
system used in the test are shown in Table 2. After the test, the 
tube wall thickness, the axial and circumferential curvature 
radius, the axial and circumferential strain can be obtained get 
through the tube pulsating hydraulic bulging test system. 

Subsequently, the Eqs. (26) and (27) are used, respectively, 
to calculate the tube equivalent stress and equivalent strain 
value. And then, the least squares curve fitting technology is 

adopted to obtain the plastic hardening curve. 
The plastic hardening model of metal thin wall tube under 

pulsating hydraulic loading condition, non-pulsating hydraulic 
loading condition, and uniaxial tension are obtained by poly-
nomial fitting, as shown in Eqs. (28)-(30): 

 
5 4 3

2

562941 764492 395539
95471 11864 13.657

σ ε ε ε
ε ε

= − +
− + +

           (28) 

5 4 3

2

626233 821306 401090
92902 12045 -37.73

σ ε ε ε
ε ε

= − +
− +

          (29) 

0.28761349.2 .σ ε=                              (30) 

 
3. Precision verification of tube plastic 

hardening model under pulsating hy-
draulic loading 

The finite element model of tube hydroforming is established 
at first, and the plastic hardening model is put between the tube 
under pulsating and non-pulsating hydroforming conditions. 
Moreover, the plastic hardening model obtained by uniaxial 
tensile test is used as the material parameter of finite element 
simulation. The instantaneous tube wall thickness, maximum 
bulging height and axial contour of the tube middle section 
obtained by simulation and bulging test are compared to verify 
the accuracy of the model. 

 
3.1 Establishment of finite element model 

Table 1 shows the geometrical parameters and material 
property parameters of the tube SS304, the imported plastic 
hardening models are shown in Fig. 5, and the established 
finite element model is shown in Fig. 6. In each group, the ma-
terial parameters, loading modes and boundary conditions are 
set in accordance with those in the hydraulic bulging test. The 
main contents of finite element simulation are as follows: (1) 
the plastic hardening model of tube based on pulsating hydro-
forming test is imported into the FE software to simulate the 
process of tube pulsating hydroforming; (2) the plastic harden-
ing model of tube based on non-pulsating hydroforming test is 
imported into the FE software to simulate the process of non-
pulsating tube hydroforming; (3) the plastic hardening model of 
tube obtained by uniaxial tensile test is imported into the FE 
software to simulate the non-pulsating tube hydroforming. 

The main steps of FE analysis are as follows. Firstly, accord-
ing to the research object, 3D modeling software is used to 
construct the surface model of tube hydroforming, as illustrated 

Table 1. Geometrical parameters and material property parameters of the 
tube SS304. 
 

Geometrical  
parameter Value Material property  

parameters Value 

t0 / mm 0.6 σb / MPa 620 
r0 / mm 16 σs / MPa 310 

L / mm 110 K/ MPa 1349.2 

l / mm 50 n/ - 0.2879 

 

 
Fig. 4. Tube pulsating hydraulic bulging test system. 
 

Table 2. The parameters of the pulsating hydraulic system. 
 

∆P (MPa) 1/T (/s) 

2.77 1.3 

3.34 1.7 

3.92 2.1 
4.95 2.5 
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in Fig. 6. The geometrical parameters of the tube are the same 
as those of Sec. 2.4. Secondly, the surface model of tube hy-
droforming is imported into the DYNAFORM preprocessor 
software and meshed. Subsequently, the material model in the 
material library is used to define the material properties of de-
forming material. After setting the loading conditions, the result 
file generated by the post-processor is opened. Eventually, the 
calculated results are obtained. 

In order to simplify the calculation, the locating ring and the 
urethane plug at both tube ends are set as rigid bodies, and 

the distance between them is exactly the wall thickness of the 
initial tube, so as to achieve a zero clearance fit between the 
tube and the locating ring. Rectangular unit bodies of no more 
than 15 mm are divided on these rigid faces, and the same 
parts are divided into the same number of grids in the tube 
forming mold, the total number of elements is 26556. 

 
3.2 Analysis of accuracy verification results of 

tube plastic hardening model 

The tube wall thickness and maximum bulging height of the 
middle section obtained by FE simulation are compared with 
the bulging test results respectively, so as to verify the preci-
sion of the plastic hardening relationship of the tube under the 
condition of non-pulsating and pulsating hydroforming deter-
mined in this study. 

The simulation values of the tube wall thickness of the mid-
dle section are compared with the bulging test value, as illus-
trated in Fig. 7. 

As can be seen from Fig. 7, in terms of the relative error be-
tween the wall thickness of the middle section and the experi-
mental value, the tube plastic hardening relationship of non-
pulsating hydroforming obtained by the method proposed in 
this study is the smallest, within the range of -3.25 %. However, 
in terms of the relative error of the wall thickness of the middle 
section, the tube plastic hardening relationship obtained by 
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Fig. 6. The surface model of tube hydroforming. 
 

 
(a) Non-pulsating hydraulic loading and uniaxial tension 

 

 
(b) Pulsating hydraulic loading 

 
Fig. 7. The comparison between simulation value and experimental result
of the tube wall thickness. 
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uniaxial tensile test method is the largest, which is within the 
range of +8.6 %. 

The wall thickness of the middle cross section obtained by 
simulating the tube plastic hardening relationship under pulsat-
ing hydroforming determined by the method proposed in this 
study, within the relative error range of -4.5 %, is lower than the 
the corresponding value obtained in the test. Therefore, the 
precision of the plastic hardening relation of the tube con-
structed by the method proposed in this study is more accurate. 

The simulation values of the maximum bulging height of the 
middle section of the tube are compared with the bulging test 
values as illustrated in Fig. 8. 

As can be seen from Fig. 8, the relative error of the plastic 
hardening model adopted in this study between the bulging 
height of the middle section and the experimental result is with-
in 16.7 %. However, the relative error of bulging height in the 
middle section of the tube obtained from the uniaxial tensile 
test is obviously larger, which is within the range of -40.3 %. 
The bulging height of the middle cross section under pulsating 
hydroforming is within 14.4 %, which is lower than the corre-
sponding value obtained in the test. Furthermore, it is also 
lower than the bulging height deviation obtained by simulation 
in non-pulsating hydroforming. 

The reasons for the discrepancies between experiment and 
numerical analysis are varied. The most important one is in the 
process of tube pulsating hydroforming, the hydraulic pressure 
changes cyclically according to a certain amplitude and fre-

quency, and the same hydraulic pressure may correspond to 
several different wall thicknesses and maximum bulging height. 
So in order to make better use of the plastic hardening model 
and reduce the influence of fluctuations, the wall thickness and 
maximum bulging height at the tube neutral layer under the 
same bulging time is generally used as the benchmark to com-
pare the experimental value and the simulated value. 

 
4. Conclusions 

According to the stress condition of the tube hydrofroming, 
the axial and circumferential stress calculation formula were 
derived. Combined with the theory of plasticity increment, the 
tube equivalent strain calculation formula was obtained. Ac-
cording to the work principle of plastic deformation, the tube 
equivalent stress calculation formula was obtained. The tube 
plastic hardening model was obtained through curve fitting 
technique with experimental data. The main characteristic of 
this method is that it not only avoids the assumption of the 
bulging contour shape of the tube, but also does not need to 
use special equipment to directly measure the bulging contour 
of the tube, and the plastic hardening model obtained in this 
paper was more accurate. By comparing the instantaneous 
wall thickness and maximum bulging height of the middle sec-
tion of the tube obtained by simulation and test, the precision of 
the tube plasticity hardening model determined under the con-
dition of pulsating hydroforming in this study was verified. 
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Nomenclature----------------------------------------------------------------------------------- 

P (Mpa) : Pulsating fluid pressure (Fig. 1) 
T (s-1) : Pulsation cycle (Fig. 1) 
L (mm) : Length of metal thin-walled tube (Fig. 2(a); Eq. 

(3); Table 1) 
l (mm) : Length of tube bulging area (Fig. 2(a); Eq. (3); 

Table 1) 
i (s) : Time i in the process of tube bulging (Fig. 2(a)) 

ih (mm) : Tube bulging height at time i (Fig. 2(a)) 
iP (Mpa) : Instantaneous internal pressure (Fig. 2(a)) 

0r (mm) : Initial radius of thin-walled tube (Fig. 2(a); Eq. (3); 
Table 1) 

0t (mm) : Initial wall thickness of thin-walled tube (Fig. 2(a); 
Table 1) 

azσ (Mpa) : Axial stress at point a (Fig. 2(b); Eqs. (7), (10), (11) 
and (14)-(16)) 

bzσ (Mpa) : Axial stress at point b (Fig. 2(b); Eqs. (7), (10), (11) 
and (14)-(16)) 

azρ (mm) : Axial radius of curvature at point a (Fig. 2(b); Eq. 
(15)) 

 
(a) Non-pulsating hydraulic loading and uniaxial tension 

 

 
(b) Pulsating hydraulic loading 

 
Fig. 8. The comparison between simulation value and experimental result
of the maximum bulging height. 
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bzρ (mm) : Axial radius of curvature at point b (Fig. 2(b); Eq. 
(15)) 

aθρ (mm) : Circumferential radius of curvature at point a (Fig. 
2(b); Eqs. (14)-(16)) 

bθρ (mm) : Circumferential radius of curvature at point a (Fig. 
2(b); Eqs. (14)-(16)) 

at (mm) : Wall thickness of thin-walled tube at point a (Fig. 
2(b); Eqs. (7), (8), (10)-(12) and (17)) 

bt (mm) : Wall thickness of thin-walled tube at point b (Fig. 
2(b); Eqs. (7), (10)-(12) and (17)) 

pt (mm) : Wall thickness of thin-walled tube under hydraulic 
pressure P (Fig. 2(b); Eqs. (7), (12), (17), (20) and 
(21)) 

adl (mm) : The length of the circumferential arc belong to 
the circle passing point a before and after bulging 
(Fig. 2(b); Eqs. (7), (8) and (18)) 

bdl (mm) : The length of the circumferential arc belong to 
the circle passing point b before and after bulging 
(Fig. 2(b); Eqs. (7)-(9) and (18)) 

dforming (mm) : The length of the tube bulging profile from point a 
to point b (Fig. 2(b); Eqs. (7), (10), (11) and (13)) 

θ (°) : The angle between the section of the unit body 
and the tube axis (Fig. 2(b); Eqs. (7), (10) and (11)) 

φ (°) : The angle between the straight line passing 
through point a and b and the horizontal coordinate 
axis (Fig. 2(b); Eq. (19)) 

ao (—) : Center of curvature at point a (Fig. 2(b)) 
bo (—) : Center of curvature at point b (Fig. 2(b)) 
θσ (Mpa) : Circumferential stress (Fig. 2(c); Eqs. (20) and (21)) 
aψ (°) : The angle between the tangent of point a on the 

bulging profile and the horizontal coordinate axis 
(Fig. 2(d); Eqs. (7), (10) and (11)) 

bψ (°) : The angle between the tangent of point b on the 
bulging profile and the horizontal coordinate axis 
(Fig. 2(d); Eqs. (7), (10) and (11)) 

γ (°) : The angle between the line connecting point a 
and point b on the bulging profile and the horizontal 
coordinate axis (Fig. 2(d); Eqs. (7), (10) and (11)) 

( )z iσ (Mpa) : Axial stress at the bulging time i (Eqs. (1), (2), (20) 
and (21)) 

( )θ iρ (mm) : Circumferential radius of curvature at the bulging 
time i (Eqs. (1), (2), (20) and (21)) 

it (mm) : Tube wall thickness at the bulging time i (Eqs. (1) 
and (2)) 

fF (N) : Friction between thin-walled tube and mold (Eqs. 
(1)-(3)) 

iψ (°) : The angle between the tangent of a point on the 
bulging profile and the horizontal coordinate axis 
(Eqs. (4), (5) and (19)) 

( )zf (—) : Bulging profile curve function (Eqs. (5) and (6)) 
zρ (mm) : Radius of axial curvature (Eqs. (6), (20) and (21)) 
( )z iε (—) : Axial strain at any bulging time i (Eqs. (22) and 

(23)) 
( )θ iε (—) : Circumferential strain at any bulging time i (Eqs. 

(22) and (23)) 

( )t iε (—) : Thickness strain at any bulging time i (Eqs. (22) 
and (23)) 

(i)zdε ():(—) : The axial strain increment of tube at any bulging 
time i (Eqs. (23), (24) and (26)) 

(i)θdε (—) : The circumferential strain increment of tube at 
any bulging time i (Eqs. (23), (24) and (26)) 

(i)tdε (—) : The thickness strain increment of tube at any 
bulging time i (Eqs. (23), (24) and (26)) 

(i)edε (—) : The equivalent strain increment of tube at any 
bulging time i (Eqs. (24)-(26)) 

(i)eε (—) : The equivalent strain of tube at any bulging time i 
(Eqs. (25)-(27)) 

e(i)σ (Mpa) : Equivalent stress of tube material at any bulging 
time i (Eqs. (26) and (27)) 

z(i)σ (Mpa) : Axial stress of bulging tube at any bulging time i 
(Eqs. (26) and (27)) 

( )θ iσ (Mpa) : Circumferential stress of bulging tube at any 
bulging time i (Eqs. (26) and (27)) 

( )t iσ (Mpa) : Thickness stress of bulging tube at any bulging 
time i (Eqs. (26) and (27)) 

0 1, ,....λ λ (—)  : The coefficients in the plastic hardening model of 
metal thin-walled tube (Eq. (27)) 

bσ (Mpa) : Tensile strength (Table 1) 
sσ (Mpa) : Yield strength (Table 1) 

K(—) : The strength coefficient (Table 1) 
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