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Abstract  Stay cables of cable-stayed bridges are connected by cross-ties to form a cable 
network, or the slings of the same suspension points on a suspension bridge are connected by 
vibration absorbers to form a sling network. As a result, the cable network’s in-plane free 
vibration characteristics are different from independent, single cables. However, stay cables or
slings have certain bending stiffnesses, which directly affect the cable network’s free vibration 
characteristics. Therefore, to clarify the real dynamic behavior of a cable network and to 
improve the accuracy of cable network measurements, a multi-node, cross-tied, multilayer 
beam analytical model that considers the bending stiffness is proposed. The system equilibrium 
equation is established and the free vibration frequencies and modes of the system are 
obtained by analytical algorithm. Then, numerical simulations and field experiments, are carried 
out to verify the analytical results. In addition, parameter analyses with different configurations
are performed on a multilayer stay-cable network and on a double-layer sling network to study 
the influence of bending stiffness on the cable network’s free vibration characteristics with 
different parameters.  

 
1. Introduction   

The stay cables of cable-stayed bridges and the slings of suspension bridges are very impor-
tant structural members in long-span bridges. However, due to their small damping and high 
flexibility, a single cable is prone to large vibrations under the excitation of wind or traffic loads. 
If the cable vibrations are not eliminated or controlled effectively, they can easily cause cable 
fatigue, damage to the casing protection layers, and even bridge destruction [1, 2]. To control 
the vibration of a single cable effectively, the multiple stay cables of a cable-stayed bridge are 
usually connected with cross-ties, or the multiple slings of a suspension bridge are connected, 
at the same suspension point, with vibration absorbers to form a cable network [3], thereby 
forming a cooperative system that works together, as shown in Fig. 1. For this cable network, 
its vibration behavior is a comprehensive reflection of each cable’s interactions, which is differ-
ent from that of a single cable. 

Usually, the cable force is obtained by testing the cable’s natural vibration frequency in a real 
project. Among them, the cable force-frequency conversion formula, derived from string theory 
[4], has the widest application because this formula is simple and easy to apply. To derive a 
more accurate conversion relationship, many scholars have further considered the influence of 
factors, such as cable stiffness and sag, and have established different conversion formulas [5-
7]. Generally, a cable network system needs to be simplified to resolve its internal force. In the 
Refs. [8-11], a sling with a vibration absorber was simplified into a single-sling model under 
different constraints and loads. Here Hanzheng Xu simplified the sling as a string with one end 
fixed and one end subjected to an elastic constraint on the vibration absorber and deduced the 
relation between sling tension and natural vibration frequency [8]. Further, Li simulated a sling 
with a vibration absorber into a two-span continuous long cable, and replaced the midspan 
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support with the corresponding constrained force [9]. Gan used 
the finite element method to solve the sling system’s natural 
vibration frequency with a vibration absorber [10], and Li pro-
posed an analytical algorithm for the transverse free vibration 
frequency of multi-supported cable, calculating the cable fre-
quency with intermediate supports involved [11]. To conduct 
the vibration analysis of a multi-support cable, Verniere 
equated a cable with the intermediate support to a multi-span 
beam under axial tensile force, and studied the dynamic char-
acteristics of the beam with an elastic support in the middle [12]. 
Moreover, Xu and Lin et al. studied the dynamic characteristics 
of continuous multi-span beams under dynamic load, concen-
trated mass, torsional stiffness, linear spring, and torsional 
spring [13, 14]. Meanwhile, in Ref. [15], an analytical solution of 
the transverse natural vibration mode of a multi-span continu-
ous long cable was obtained using the Laplace transform 
method. However, all these researchers [8-15] ignored the 
interaction between the cross-ties and the slings, and the sim-
plified model is too simple because a suspension bridge’s 
slings actually form a cable network system with internal node 
cross-ties. The system vibration is a comprehensive reflection 
of the interactions between cables; therefore, the cross-ties 
between the slings should be considered. 

For cable networks, Della, and Shu et al. obtained an ana-
lytical solution for the natural vibration frequency of the local 
layered beam by establishing the vibration equation of the ele-
ment in sections [16, 17]. Caracoglia conducted a preliminary 
analysis of the free vibration characteristics of double-layer and 
multilayer cable networks connected by cross-ties, verifying 
this analysis with the Fred Hartman Bridge [18, 19]. Ahmad 
further studied the free vibration characteristics of a cable net-
work connected by cross-ties and proposed two indicators, 
using the degree of mode localization and local mode clusters, 
to evaluate the quality of the local modes [20, 21]. In addition, 
Ahmad also analyzed the free vibration characteristics of a 
hybrid network system with external damping [22]. Yamaguchi 
conducted experiments on a double-layer cable network and 
concluded that the modal damping increased significantly 
when flexible cross-ties were used, while target cable stiffness 
could be improved when rigid cross-ties were used [23]. Zhou 
studied the free vibration characteristics of two cables with 

dampers or cross-ties, analyzed the impact of the dampers on 
the cables’ vibration reduction [24-26], and proposed a new 
index to measure the degree of mode localization [27]. In addi-
tion, Zhou derived an analytical formula of the in-plane vibra-
tion equation that considered the cable sag [28]. In the Refs. 
[29-31], the cable-spring-damper system model was applied to 
the analysis of the vibrations reduction mechanism for cross-tie 
of cable-stayed bridges. The Ref. [32] analyzed the mecha-
nisms of vibration reduction from cross-ties and discussed the 
design of cross-ties based on the second bridge of the Yangtze 
river in Nanjing. The Ref. [33] determined the slings’ dynamic 
characteristics and the separator’s vibration reduction scheme 
by means of the environmental excitation method, conducting 
a comparative study on the separators’ vibration reduction 
effect. To solve the problem of wind-induced vibration of strad-
dle slings for suspension bridges, Lei proposed a vibration 
reduction method involving a separator combined with a cable-
end damper [34]. However, the Refs. [16-34] did not consider 
the impact of the cable’s bending stiffness, and the natural 
vibration frequency of the cable that was calculated from the 
theoretical formula was less than the actual value, resulting in 
differences from the actual situation. 

The above literature shows that previous research on cable 
networks has a too simple simplified model or has not consid-
ered the influence of the cable bending stiffness. But the short 
cable or sling has a great bending stiffness in a real project that 
cannot be ignored. In the previous research on the free vibra-
tion characteristics of a coupled cable network, the bending 
stiffness of the cable was ignored, resulting in the free vibration 
frequency of the network calculated using the theoretical for-
mula being less than the true value, while the mode shape was 
not completely analogous, which resulted in a discrepancy 
between the calculations and the actual situation. Therefore, it 
is necessary to consider the bending stiffness of the cable 
when examining the actual cable network, to ensure that the 
system frequency and the mode shape obtained using the 
theoretical formula are closer to the reality. This will provide 
more accurate data for the analysis of the cable network vibra-
tion reduction mechanism, which will be highly valuable in 
terms of engineering applications. 

To study the bending stiffness’ influence on a cable net-
work’s in-plane free vibration characteristics, this paper uses 
the multi-node, cross-ties, multilayer beam element model 
considering the bending stiffness as the research object to 
derive the vibration equation for the cable network’s cross-tie 
vibrations. After the vibration frequency and mode are solved, 
the calculation results are verified by numerical simulation and 
experimental methods. Parameter analyses with different con-
figurations are performed on a multilayer stay-cable network, 
whose lengths are unequal, and on a double-layer sling net-
work, whose lengths are equal. The analyses include cross-tie 
stiffness, cross-tie position, number of cross-ties, number of 
stay cables of the stay-cable network and slings lengths, vibra-
tion absorber stiffness, vibration absorber position, and the 
number of vibration absorbers in the sling network to study the 

                (a)                                (b) 
 
Fig. 1. Cable network structure with intermediate node cross-ties: (a) stay
cables with cross-ties; (b) slings with vibration absorbers. 
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influence of bending stiffness on cable networks’ free vibration 
characteristics with different parameters. 

 
2. The vibration equation of a cable net-

work and its solution 
2.1 Analysis model of a cable network 

Fig. 2 shows a cable network consisting of n independent 
anchored horizontal cables which are of unequal length. The 
longest cable length is L1 and the other cable lengths are L2 to 
Ln in turn; the cable forces are T1 to Tn. The two ends of the 
cable are solid joints. The cables are connected by vertical 
cross-links with a certain stiffness. The cross-links divide each 
cable into m subsystems and the length of each subsystem is 
li,j (i is the cable number and j is the subsystem number); the 
left end of each subsystem is used as the origin to establish the 
coordinate system.  

 
2.2 Derivation of characteristic equations 

While ignoring effects of the axial forces increase and damp-
ing, and considering the cable’s bending stiffness, the differen-
tial equation for transverse vibration of a single cable under 
tension is [35]: 

 
( ) ( ) ( )4 2 2

4 2 2

, , ,
0.

v x t v x t v x t
EI T m

x x t
∂ ∂ ∂

− + =
∂ ∂ ∂

  (1) 

 
In Eq. (1), v(x,t) is the cable’s transverse displacement; x is 

the coordinate along the cable axis; t is the vibration time; E is 
the cable’s elastic modulus; I is the moment of inertia of the 
cable’s cross section to the central spindle; T is the cable ten-
sion; and m is the cable’s mass per unit length. 

Eq. (1) can be solved by the method of separating variables, 
and the form of solution to the equation is 

 
( ) ( ) ( ), =v x t x q tϕ   (2) 

 
where φ(x) is a function of x and q(t) is a function of t. Substitut-
ing Eq. (2) into Eq. (1) and dividing both sides by mφ(x)q(t), we 
obtain 

( )
( )

( )
( )

( )
( )

2"
= .

IV x x q tEI T
m x m x q t
ϕ ϕ

ω
ϕ ϕ

− − =   (3) 

 
Eq. (3) can be transformed into the following two equations 

after separation of variables is performed: 
 

( ) ( ) ( )
2

" 0− − =IV T mx x x
EI EI

ωϕ ϕ ϕ   (4) 

( ) ( )2 0.q t q tω+ =   (5) 
 
Eq. (4) is a fourth-order homogeneous linear ordinary differ-

ential equation, and its solution is 
 
( ) ( ) ( ) ( ) ( )cos sin cosh sinh .x A x B x C x D xϕ α α β β= + + +  

 (6) 
 
Among them 
 

2
2=

2 2
⎛ ⎞ + −⎜ ⎟
⎝ ⎠

T m T
EI EI EI

α ω   (7) 

2
2= + .

2 2
T m T
EI EI EI

β ω⎛ ⎞ +⎜ ⎟
⎝ ⎠

  (8) 

 
The solution of Eq. (5) is 
 
( ) ( ) ( )cos sin= +q t E t F tω ω   (9) 

 

Let =
xx
L

, = Lα α , = Lβ β ,
2

/
=

L
EI m

ω ω , /= L T EIξ , 

=
L
ϕϕ , 2

/
=

EI mt t
L

, =q q .  

 
By making Eq. (6) dimensionless, we get 
 
( ) ( ) ( ) ( ) ( )cos sin cosh sinh= + + +x A x B x C x D xϕ α α β β  

 (10) 
 
Among them 

 
22 2

2=
2 2

⎛ ⎞
+ −⎜ ⎟

⎝ ⎠

ξ ξα ω   (11) 

22 2
2= + .

2 2
ξ ξβ ω
⎛ ⎞

+⎜ ⎟
⎝ ⎠

  (12) 

 
By making Eq. (9) dimensionless, we get 
 
( ) ( ) ( )cos sin .q t E t F tω ω= +   (13) 
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Fig. 2. Analytical schematic of the cable network. 
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Therefore, 
 
( ) ( ) ( ), .v x t x q tϕ=   (14) 

 
For the cable network, the solution of the vibration equation 

of each cable subsystem is as follows： 
 

( ) ( ) ( ) ( ), = cos< > < > < > < >⎡= ⎣
j j j j

i ij i ij i i i ijv x t x q t A xϕ α  
( ) ( ) ( )sin cosh sinh< > < > < > ⎤+ + + ⎦

j j j
i i ij i i ij i i ijB x C x D xα β β  

( ) ( )cos sin .j j j j
i i i iE t F tω ω< > < > < > < >⎡ ⎤× +⎣ ⎦   (15) 

 
In the equation, i represents the cable number and ranges 

from 1 to n and j represents the subsystem number and ranges 
from 1 to m. 

Since the cables form a system through their cross-links, the 
vibration frequency of each cable is equal, that is 

 
.j

iω ω< > =   (16) 

 
Therefore, it is only necessary to solve the modal equation of 

each cable, then 
 

( ) ( ) ( )= cos sin< > < > < >+j j j
i j i i ij i i ijx A x B xϕ α α  

( ) ( )cosh sinh .j j
i i ij i i ijC x D xβ β< > < >+ +   (17) 

 
2.3 Solving the characteristic equation 

For the cable network shown in Fig. 2, Eq. (17) is a simulta-
neous equation system, with 4 nm undetermined coefficients, 
and its solution can be determined by the boundary conditions, 
continuity requirements, and the vertical force balance re-
quirements. 

(1) Boundary conditions 
Since the two ends of the cable are solid joints, the dis-

placement and slope at the cable end are both zero, that is 
 

( ) ( )
( ) ( )

1

1

0 0

' 0 ' 0 .

m
i i im

m
i i im

l

l

ϕ ϕ

ϕ ϕ

< > < >

< > < >

⎧ = =⎪
⎨

= =⎪⎩

  (18) 

 
There are 4n equations. 
(2) Continuity requirement 
The displacements, slopes, and bending moments of the 

same cable at the cross-ties locations are equal, that is 
 

( ) ( )

( ) ( )

( ) ( )

1

1

1

0

' ' 0

" " 0

< > < + >

< > < + >

< > < + >

⎧ =
⎪
⎪ =⎨
⎪

=⎪⎩

s s
i is i

s s
i is i

s s
i is i

l

l

l

ϕ ϕ

ϕ ϕ

ϕ ϕ

   (s = 1, 2... m−1) .  (19) 

 
There are 3n(m−1) equations. 

(3) Vertical force balance requirements 
The external force of the cable at the cross-tie locations is 

balanced with the shear force, that is 
 

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( ) ( )( )

( ) ( )( ) ( )

1 +1 11 1
1 1 1 1 1 2 22

1
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1 12
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''' ''' 0 0 0
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s
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r
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s s sn n
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k L L

E I l k L
L
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ϕ ϕ ϕ ( )( )1
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⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪

−⎪
⎩

s
n nLϕ

 

(r = 2, 3... n−1; s = 1, 2... m−1; k is the spring stiffness). (20) 
 
There are n(m–1) equations. 
(4) 4 nm equations can be obtained from the above, and the 

above equation is written as a matrix: 
 

.=KX 0   (21) 
 
K is a 4 nm×4 nm coefficient matrix and X is a 4 nm×1 col-

umn vector with undetermined coefficients. Among them 
 

{ 1 1 1 1 1 1
1 1 1 1 1 1 1 1= , , , ... , , , ... , ,< > < > < > < > < > < > < > < > < > < >m m m m

n nA B C D A B C D A BX
 

}1 1, ... , , , .
Tm m m m

n n n n n nC D A B C D< > < > < > < > < > < >  

 
If there is a solution to Eq. (21), then the determinant of the 

coefficient matrix is zero, and the characteristic equation of the 
system is 

 
det( ) 0 .=K   (22) 
 
Since there is only one unknown parameter ω  in Eq. (22), it 

can be obtained by Mathematica. After ω  is obtained，the 
cable network’s free vibration frequency f can be calculated 

based on 2

/
=

EI m
L

ω ω  and 
2

=f ω
π

. In addition, by substi-

tuting ω  into the equation =KX 0 , the coefficient column 
vector X  can be obtained. Then, the vibration mode of each 
cable can be obtained by substituting X  back into Eq. (17). 

If the length of two cables of equal length is L, the two ends 
of each cable are solid joints, and they are connected through 
a cross-link with a stiffness of k in the midspan, we can obtain 
the analytical expression of the characteristic equation as fol-
lows: 

 
( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )(
( ) ( ) ( ) ( ) ( )( ))

232 2

3 3 2 2

2 2 2 3 2 2

16 + cosh / 2 sin / 2 cos / 2 sinh / 2

cosh / 2 sin / 2 cos / 2 sinh / 2

2 cosh / 2 2 cos / 2 sin / 2

sinh / 2 cos / 2 sin / 2 .

EI

kL kL EI

EI kL

αβ α β β β α α α β

α β α β α β

αβ αβ β α α α β α

β αβ α β α α β α

−

+

+ − + + +

+ + − +

  

  (23) 
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If the stiffness of the cross-link is infinite, we can obtain the 
analytical expression of the characteristic equation as follows: 

 
( ) ( ) ( ) ( ) ( )( )

( ( ) ( )

( ) ( )( ) ( ) ( ) ( )

232 2

2

2 2 2 2 2

4 + cosh / 2 sin / 2 cos / 2 sinh / 2

8 cosh / 2 sin / 2

3 cosh sin 8 cos / 2 sinh / 2

αβ α β β β α α α β

α β β α

β α β α β β α αβ α β

−

−

+ + − + −

 

( ) ( ) ( ) ( ) ( )2 2 2 2sinh 3 cos sinh .α α β β α α β α β+ + −    (24) 

 
2.4 The characteristic equation without con-

sidering the cable’s bending stiffness 

For the cable network system shown in Fig. 2, when the ef-
fect of bending stiffness is ignored, the differential equation for 
the transverse vibration of a single cable under tension will be 
as follows: 

 
( ) ( )2 2

2 2

, ,
0 .

v x t v x t
m T

t x
∂ ∂

− =
∂ ∂

  (25) 

 
Eq. (25) can be solved using the method of separating vari-

ables, to obtain the following: 
 

( ) ( )2" 0.T x m xϕ ω ϕ+ =   (26) 
 
Eq. (26) is a second-order homogeneous linear ordinary dif-

ferential equation, and its solution is as follows: 
 
( ) ( ) ( )cos sin .x A x B xϕ γ γ= +   (27) 

 
Among them 
 

2m
T
ωγ =   (28) 

 

let =
xx
L

, = Lγ γ , 
L
ϕϕ = , 

1

=
ωω
ω

, 1
1 2

1

T
m L

ω = , T1, and 

m1 be the cable force and the linear density of cable 1. 
By making Eq. (27) dimensionless, we obtain, 
 
( ) ( ) ( )cos sin .x A x B xϕ γ γ= +   (29) 

 
Among them 
 

2 2

= .m L
T
ωγ   (30) 

 
Similarly, we can obtain the vibration equation of each cable 

without considering the cable’s bending stiffness: 
 

( ) ( ) ( )= cos sin .j j j
i j i i ij i i ijx A x B xϕ γ γ< > < > < >+   (31) 

Eq. (31) is a simultaneous equation system, with 2 nm unde-
termined coefficients, and its solution can be determined ac-
cording to the boundary conditions, continuity requirements, 
and the vertical force balance requirements. 

(1) Boundary conditions 
As the two ends of the cable are solid joints, the displace-

ment at the cable end is zero, that is, 
 

( ) ( )1 0 0 .m
i i imlϕ ϕ< > < >= =   (32) 

 
There are 2n equations. 
(2) Continuity requirement 1 
The displacements of the same cable at the cross-tie loca-

tions are equal, that is, 
 

( ) ( ) ( )1 1, 2... 1 .0s s
i is il s mϕ ϕ< > < + > == −   (33) 

 
There are n(m−1) equations. 
(3) Continuity requirement 2 
The displacement of the adjacent cable at the cross-tie loca-

tions is 
 

( ) ( )( ) ( ) ( )( )+1 1 1
1

=1

0 0 = ' ' 0< > < + > < > < + >
+

⎡ ⎤
− −⎢ ⎥

⎣ ⎦
∑

r
ps s s s

r r p ps p
p

T
l

k
ϕ ϕ ϕ ϕ  

( )1, 2... 1; 1, 2... 1 .r n s m= − = −    (34) 
 
If the stiffness of the cross-ties is infinite, Eq. (34) becomes 
 

( ) ( )+1 1
10 = 0 .s s

r rϕ ϕ< > < + >
+   (35) 

 
There are (n−1)(m−1) equations. 
(4) Vertical force balance requirements 
The vertical force component of the cable at the cross-tie lo-

cations is balanced, that is, 

 

( ) ( )1

1 1

' ' 0< > < + >

= =

=∑ ∑
n n

s s
i i is i i

i i

T l Tϕ ϕ  

( )1, 2... 1; 1, 2... 1 .r n s m= − = −    (36) 

 
There are (m−1) equations. 
2 nm equations can be obtained from the above, and the 

above equation is then written as a matrix: 
 

.=KX 0   (37) 

 
K is a 2 nm×2 nm coefficient matrix and X is a 2 nm×1 col-

umn vector with undetermined coefficients. Among them, 
 

{ }1 1 1 1
1 1 1 1= , ... , ... , ... , .

Tm m m m
n n n nA B A B A B A B< > < > < > < > < > < > < > < >X  
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If there is a solution to Eq. (37), then the determinant of the 
coefficient matrix is zero; the characteristic equation of the 
system is thus 

 
det( ) 0 .=K   (38) 

 
As there is only one unknown parameter ω  in Eq. (38), it 

can be obtained using Mathematica. Once ω  has been ob-
tained, the cable network’s free vibration frequency f without 
considering the cable’s bending stiffness can be calculated 

using 
2

=f ω
π

. In addition, by substituting ω  into the equa-

tion =KX 0 , the coefficient column vector X  can be ob-
tained. Then, the vibration mode of each cable can be obtained 
by substituting X  back into Eq. (31). 

 
3. Formula verification 

To verify the analytical formula’s accuracy, which involves 
calculating the natural frequency and mode of the cable net-
work while considering the cable’s bending stiffness proposed 
in this paper, a model with four cables and three cross-links 
was established. After the natural frequency is calculated, us-
ing the analytical method in this paper, numerical simulations 
using the finite element software ANSYS and field experiments 
are performed to verify the analytical results. 

 
3.1 Analytical algorithm 

As shown in Fig. 3, a cable network is defined, consisting of 
four independently anchored cables whose ends are solid 
joints. The length L of each cable is 3.37 m. The cable is con-
nected by three cross-links of a certain stiffness at distances of 
1/10 L, 1/2 L and 9/10 L from the left end of the cable, and the 
cable is divided into four parts, e.g., l1 = 0.337 m, l2 = 1.348 m, 
l3 = 1.348 m and l4 = 0.337 m. The cross-link stiffnesses here 
are k1 = 107 N/m, which is close to a rigid connection, and k2 = 
104 N/m, which is close to a flexible connection. To work with 
more realistic conditions, let the cable tension have a variation 
of 10 %; that is, the cable tensions are T1 = 31500 N, T2 = 
30750 N, T3 = 29250 N, and T4 = 28500 N. 

The cable parameters are shown in Table 1. 
According to the above, the conditions of the cable network 

with four cables and three cross-links are as follows: 
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(r = 2, 3; s = 1, 2, 3; k is the stiffness of cross-links). 
 
We write the above equation as a matrix: 
 

1 1 .=K X 0  

 
1K  is the coefficient matrix with a dimension of 64×64. If 

1det( ) 0=K , we can calculate the first 10 natural frequencies 

of a system with four cables and three cross-links using 
Mathematica when k1 = 107 N/m and k2 = 104 N/m, as fs1 
shown in Table 2. 

In addition, the first 10 natural frequencies of a system with 
four cables and three cross-links, without considering the ca-
ble’s bending stiffness, are compared. When the stiffness of 
the cross-links is k1 = 107 N/m, the fundamental frequency of 
the system, with four cables and three cross-links, while con-
sidering the cable’s bending stiffness, is 25.92 Hz; the funda-
mental frequency, while not considering the cable’s bending 
stiffness, is 24.28 Hz, thus showing a difference of 6.33 %. The 
maximum deviation of the first 10 natural frequencies is 
13.38 %. When the stiffness of cross-link is k2 = 104 N/m, the 
fundamental frequency of the system, with four cables and 
three cross-links, while considering the cable’s bending stiff-
ness, is 25.81 Hz; the fundamental frequency, while not con-
sidering the cable’s bending stiffness, is 24.17 Hz, thus show-
ing a difference of 6.35 %. The maximum deviation of the first 
10 natural frequencies is 9.47 %. 

The first 10 modes of the system with four cables and three 
cross-links while considering the cable’s bending stiffness are 
shown in Fig. 4. Due to the effect of the cross-links, the local  

Table 1. Cable parameters of cable network with four cables and three 
cross-links. 
 

Cross-sectional 
area (m2) 

Inertia moment 
(m4) 

Elastic modulus 
(Pa) 

Linear density 
(kg/m) 

1.39×10-4 1.536×10-9 1.95×1011 1.12 

 

 
 
Fig. 3. Cable network with four cables and three cross-links. 
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Table 2. Comparison of the natural frequencies of a system with four cables and three cross-links. 
 

k1 = 107 N/m k2 = 104 N/m 

Order Analytical 
algorithm 

fS1 

Finite  
element 
method 

fS2 

Relative 
error 

s1 

Experimental 
method 

fS3 

Relative 
error 

s2 

Analytical 
algorithm

fS1 

Finite  
element 
method 

fS2 

Relative 
error 

s1 

Experimental 
method 

fS3 

Relative 
error 

s2 

1 25.92 25.92 0.00 % 26.00 0.31 % 25.81 25.80 -0.04 % 25.02 -3.06 % 

2 52.46 52.45 -0.02 % 53.59 2.15 % 27.72 27.72 0.00 % 27.34 -1.37 % 

3 63.92 63.89 -0.05 % 65.92 3.13 % 31.16 31.16 0.00 % 31.01 -0.48 % 
4 64.99 64.97 -0.03 % 68.12 4.82 % 34.13 34.13 0.00 % 34.42 0.85 % 

5 66.21 66.20 -0.02 % 69.34 4.73 % 51.65 51.63 -0.04 % 51.39 -0.50 % 

6 68.92 68.89 -0.04 % 70.80 2.73 % 52.96 52.95 -0.02 % 52.73 -0.43 % 
7 69.96 69.93 -0.04 % 71.90 2.77 % 53.83 53.83 0.00 % 53.47 -0.67 % 

8 71.37 71.35 -0.03 % 74.10 3.83 % 54.76 54.76 0.00 % 54.81 0.09 % 

9 80.44 80.42 -0.02 % 78.98 -1.82 % 79.38 79.36 -0.03 % 76.54 -3.58 % 
10 110.15 110.11 -0.04 % 108.15 -1.82 % 81.98 81.96 -0.02 % 78.74 -3.95 % 

 
 
Order k1 = 107 N/m  k2 = 104 N/m 

1 

  

2 

  

3 

  

4 

  

5 

  

6 
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9 

  

10 

  
 
Fig. 4. First 10 modes of the system with four cables and three cross-links. 
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vibration frequencies appear between the global vibration 
frequencies. For example, the 1st, 2nd, 9th, and 10th orders 
are the global vibration modes, and the 3rd, 4th, 5th, 6th, 7th, 
and 8th orders are the local vibration modes when the stiffness 
of the cross-links is k1 = 107 N/m. The 1st, 5nd, and 9th orders 
are the global vibration modes, and the 2nd, 3rd, 4th, 6th, 7th, 
8th, and 10th orders are the local vibration modes, when the 
stiffness of the cross-links is k1 = 104 N/m, for which the global 
vibrations are not obvious because the stiffness of the flexible 
cross-links is small. 

 
3.2 Finite element method 

To verify the theoretical derivation, we established a model 
using ANASY finite element software that incorporated four 
cables and three cross-links, in which the stiffness of the cable 
was considered. The cable was simulated using a BEAM188 
element [36], and the element parameters were set according 
to the cable parameters listed in Table 1. The cable tension 
was applied as a pre-tensioning force [37], with the tensions for 
each cable set as follows: T1 = 31500 N, T2 = 30750 N, T3 = 
29250 N, and T4 = 28500 N. The two ends of the cable were 
solid joints. The cables were connected at 1/10 L, 1/2 L and 
9/10 L with the cross-links, and the cross-links were simulated 
using COMBIN14 elements with a stiffness of k1 = 107 N/m and 
k2 = 104 N/m. Following the modal analysis, the first 10 natural 
frequencies of the finite element model were obtained as the fs2 
values given in Table 2. These frequencies as calculated by 
the ANSYS software were very close to the equivalent fre-
quencies calculated using the analytical algorithm in this work. 
The maximum error was only −0.05 %, meaning that the two 
methods essentially produced the same results. 

 
3.3 Experimental method 

The theory was also verified through field experiments. In 
terms of the engineering properties of the test cables, they 
were steel strands with a cross-sectional area of 1.39×10-4 m2. 
Here, the cross-sectional area (A), bending stiffness (EI), and 
linear density (m) were consistent with those listed in Table 1. 

Fig. 5 presents a panorama of the field experiments. Four 
steel strands with a specific tensile force were anchored on a 
self-made force frame. The ends of the cables can be regarded 
as solid joints owing to the action of the anchor head. After the 
tensile forces of the steel strands were applied through a jack 
with an oil pressure gauge, the tension values were finely ad-
justed by rotating the nut on the right side of the steel strand 
until the tensile force reached the desired value. The tension is 
measured by the pressure sensor on the left side of the steel 
strand and is read by a static strain testing system connected 
to the pressure sensor. The pressure sensor is shown in Fig. 
6(a). The relationship between the tensile value of the pressure 
sensor and the reading of the static strain testing system was 
calibrated by the pressure testing machine before the experi-
ment. The steel strands were connected with cross-links of a 

certain stiffness at 1/10 L, 1/2 L and 9/10 L from the left end of 
the steel strand. The cross-link stiffnesses were also measured 
by the pressure testing machine before the experiment. The 
stiffness of the rigid cross-links was 107 N/m, as shown in Fig. 
6(b), and the stiffness of the flexible cross-links was 104 N/m, 
as shown in Fig. 6(c). 

After tensioning is completed, an acceleration sensor was 
placed on each steel strand to measure each strand’s natural 
frequency. After conversion by a dynamic strain gauge con-
nected to an acceleration sensor, the natural frequency was 
read from the spectrum displayed by the dynamic strain test 
system on a computer. Fig. 7 shows the system spectrum, with 
four cables and three cross-links, when the stiffness of the 
cross-links was 104 N/m. The first 10 natural frequencies read 
from the spectra were shown as fs3 in Table 2. The natural 
frequencies of each order in each steel strand were the same, 
which proves that the vibration of each cable in the cable net-
work was consistent. 

In Table 2, the maximum error between the first 10 natural 
frequencies, measured by the experimental method, and the 
first 10 natural frequencies, calculated by the analytical algo-
rithm in this paper, is 4.82 % when the stiffness of the cross-
link is k1 = 107 N/m. The maximum error between the first 10 
natural frequencies, measured by the experimental method, 
and the first 10 natural frequencies, calculated by the analytical 
algorithm in this paper, is −3.95 % when the stiffness of the 

 
Fig. 5. Panorama of the field experiments. 

 

  
           (a)                    (b)                     (c) 
 
Fig. 6. Local layout of the experimental instruments: (a) pressure sensor; 
(b) rigid cross-link; (c) flexible cross-link. 
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cross-link is k2 = 104 N/m, which verifies the correctness of the 
theoretical derivation. 

 
4. Effect of bending stiffness on the free 

vibration characteristics of a multilayer 
unequal stay-cable network 

Taking five typical stay cables of a cable-stayed bridge as 
the analysis object, the stay cables’ bending stiffness’ influence 
on the cable network’s free vibration characteristics was stud-
ied with different parameters. Because the cables selected are 
short, bending stiffness has a greater impact, whereas sag has 
a smaller impact. The error caused by the sag of each cable is 
less than 0.5 %, so the influence of sag is ignored [38]. To 
better summarize the rule, the geometric characteristics of 
each cable are consistent, as shown in Table 3, while the 
length, tensile force, and natural frequency of each cable with-
out cross-ties are shown in Table 4 for the case that the cables 
are arranged symmetrically. 

 
4.1 Effect of bending stiffness on the free vi-

bration characteristics of stay-cable net-
work 

In the case of one cross-tie, the cross-tie was fixed at L/2 on 
the target cable, with its stiffness value set at 107 N/m, as 
shown in Fig. 8. To study how the frequency and the mode 
shape of the system changed with the cable’s bending stiffness, 
the first four frequencies and modes of the cable network were 
examined without considering the cable’s bending stiffness (EI 
= 0), considering part of the cable’s bending stiffness (0.01EI, 
0.1EI), and considering the entire cable’s bending stiffness (EI), 
as shown in Fig. 9. 

In the first four modes, as the cable’s bending stiffness in-
creased, the frequency of the corresponding order also in-
creased. When the cable’s bending stiffness was not consid-
ered, the first-order mode was the global vibration mode, the 
second-order mode was the local vibration mode of cable 1 
and cable 2, the third-order mode was the single-cable vibra-
tion mode of cable 1, and the fourth-order mode was the sin-
gle-cable vibration mode of cable 2. When considering part of 
or the entire cable’s bending stiffness, since the frequency of 

the single-cable vibration mode of cable 1 increased more than 
that of the local vibration mode of cable 1 and cable 2, the sec-
ond-order mode changed into the single-cable vibration mode 
of cable 1, the third-order mode changed into the local vibration 
mode of cable 1 and cable 2, and the first- and fourth-order 
mode did not change. 

Fig. 10 shows the increased percentages (r1) of the first 20 
natural frequencies of the cable network when considering the 
cable’s bending stiffness relative to those when the cable’s 
bending stiffness is not considered. 

When the cable’s bending stiffness was 0.01EI, 0.1EI, and EI, 
the cable network’s fundamental frequencies were 0.09 %, 
0.36 %, and 1.17 % higher, respectively, than those when the 
cable’s bending stiffness was not considered. Meanwhile, the 
first 20 natural frequencies of the network system were 0.19 %, 
0.76 %, and 2.71 % higher, respectively, than those when the 
cable’s bending stiffness was not considered. In addition, when 
considering the entire cable’s bending stiffness, the target ca-
ble’s fundamental frequency increased by 8.77 % compared 
with the fundamental frequency when no cross-ties were ap-
plied. For the multilayer unequal stay-cable network, the stiff-
ness of the target cable clearly increased after applying the 
cross-tie. 

In the first 20 modes, the first- and eleventh-order modes 
were the global vibration modes, while the remaining modes  

 
Fig. 7. Spectrum of the system with four cables and three cross-links (k =
104 N/m).  

 

Table 3. Cable parameters of stay-cable network. 
 

Cross-sectional 
area (m2) 

Inertia moment 
(m4) 

Elastic modulus 
(Pa) 

Linear density 
(kg/m) 

7.854×10-3 4.909×10-6 1.95×1011 60 

 
Table 4. Cable length, tensile force, and single cable frequency without 
cross-ties. 
 

Cable number Cable length (m) Tensile force (kN) Frequency 
(Hz) 

Cable 1 
(target cable) 100 3500 1.2205 

Cable 2 96 3500 1.2719 

Cable 3 92 3500 1.3279 
Cable 4 88 3500 1.3890 

Cable 5 84 3500 1.4560 

 

 
Fig. 8. Layout of the stay-cable network with five cables and single cross-tie.
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were local vibration modes. When the cable’s bending stiffness 
was not considered, the 2nd, 5th, 7th, 9th, 13th, 15th, 17th, and 
19th modes were multiple-cable local vibration modes, while 
the 3rd, 4th, 6th, 8th, 10th, 12th, 14th, 16th, 18th, and 20th 
modes were single-cable vibration modes only. After consider-
ing part of or the entire cable’s bending stiffness, the vibration 
modes of the other orders underwent no change, with the ex-
ception of the 2nd mode, which changed to a single-cable vi-
bration mode, and the 3rd mode, which changed to a multiple-
cable local vibration mode. 

 
4.2 Effect of bending stiffness on the free vi-

bration characteristics of a cable network 
with different cross-tie stiffnesses 

When there is one cross-tie, it is fixed at L/2 on the target 
cable. By changing the cross-tie stiffness, the cross-tie stiffness 
values are 107, 106, 105, and 104 N/m. The first 20 frequencies 

f’ in the cable network, while not considering the cable’s bend-
ing stiffness and the first 20 frequencies f in the cable network, 
while considering the entire cable’s bending stiffness, are as 
shown in Fig. 11. 

When the cross-tie stiffness was 106 N/m, and the cable’s 
bending stiffness was not considered, the cable network’s fun-
damental frequency was 1.3078 Hz, while when the entire 
cable’s bending stiffness was considered, the frequency was 
1.3230 Hz, which represented a 1.16 % increase. The first 20 
natural frequencies were up to 2.40 % higher when considering 
the entire cable’s bending stiffness than when not considering  
this factor. Meanwhile, the local vibration frequencies of the 
multiple cables were smaller for a cross-tie stiffness of 107 
N/m, while the single-cable’s vibration frequency did not 
change with the changes in the cross-tie stiffness. Therefore, 
in the first 20 modes, the first- and eleventh-order mode 
remained the global vibration modes. When the cable’s 
bending stiffness was not considered, the multiple cables’  

Order 0EI 0.01EI 0.1EI EI 

 1 

f = 1.3121 f = 1.3133 f = 1.3168 f = 1.3275 

 2 

f = 2.4136 f = 2.4172 f = 2.4231 f = 2.4420 

 3 

f = 2.4153 f = 2.4175 f = 2.4291 f = 2.4658 

 4 
f = 2.5159 f = 2.5180 f = 2.5244 f = 2.5450 

 
Fig. 9. Changes in the first four frequencies and the mode shapes of the system with the cable’s bending stiffness. 
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Fig. 10. Increase in the percentage of the first 20 natural frequencies of the 
cable network when considering the cable’s bending stiffness. 

 

0 2 4 6 8 10 12 14 16 18 20
0.0

1.0

2.0

3.0

4.0

5.0

6.0

Fr
eq

ue
nc

y 
/ H

z

Mode Number

 k’=107N/m
 k’=106N/m
 k’=105N/m
 k’=104N/m
 k =107N/m
 k =106N/m
 k =105N/m
 k =104N/m

 
 
Fig. 11. Curves of the first 20 natural frequencies in the stay-cable network, 
indicating the changes with the stiffness of the cross-tie. 
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local vibration modes moved forward to the 2nd, 3rd, 5th, 7th, 
12nd, 13th, 15th, and 18th order modes, relative to a cross-
tie stiffness of 107 N/m, with the remaining modes being the 
single-cable vibration modes. When considering the entire 
cable’s bending stiffness, the vibration modes of the remain-
ing orders did not change, with the exception of a switch 
between the 7th and 8th modes. 

The same rule also applied when the cross-tie stiffness 
was 105 and 104 N/m. At these levels of stiffness, the cable 
network’s fundamental frequencies, without considering the 
cable’s bending stiffness, were 1.2760 and 1.2286 Hz, 
respectively. Meanwhile, the cable network’s fundamental 
frequencies when considering the entire cable’s bending 
stiffness were 1.2899 and 1.2417 Hz, indicating a 1.09 % 
and 1.07 % increase with respect to the values when the 
cable’s bending stiffness was not considered. The first 20 
natural frequencies when considering the entire cable’s 
bending stiffness were both up to 1.56 % higher than those 
when the cable’s bending stiffness was not considered. 
Moreover, the global and local vibration frequencies of the 
multiple cables further decreased. When the cable’s bend-
ing stiffness was not considered, the multiple cables’ local 
vibration modes moved forward to the 2nd, 3rd, 4th, 5th, 
12nd, 13th, 14th, and 15th order modes, with the remaining 
modes being single-cable vibration modes. When consider-
ing the entire cable’s bending stiffness, the vibration 
modes of all the orders did not change. 

Thus, for a system with five-cables and a single cross-tie, 
under the same cross-tie stiffness, the frequency of the 
network system will increase as the cable’s bending stiff-
ness increases, and the order of modes will undergo a 
slight change but the shapes will not change. As the cross-
tie stiffness decreased, the increasing percentage of the 
frequencies when considering the bending stiffness also 
decreased compared with those when the bending stiff-
ness was not considered. In addition, with the same bend-
ing stiffness, the global vibration frequencies and the local 
vibration frequencies of multiple cables will decrease as 
the cross-tie stiffness decreases, but the individual vibra-
tion frequencies of single cables will not change as the 
cross-tie stiffness changes, so the stiffness of the cable 
network decreases as the cross-tie stiffness decreases. 
Furthermore, the multiple cables’ local vibration modes will 
move forward as the cross-tie stiffness decreases. When 
the cross-tie stiffness was 104 N/m, the fundamental fre-
quency when considering the entire cable’s bending stiff-
ness was 6.46 % less than the frequency when the cross-
tie stiffness was 107 N/m. 

 
4.3 Effect of bending stiffness on the free vi-

bration characteristics of a cable network 
with different cross-tie positions 

For a single cross-tie, the cross-tie stiffness is 107 N/m. By 
changing the cross-tie positions, the positions of the cross-ties 

are at 1/2 L, 2/5 L, 3/10 L, and 1/5 L from the left end of the 
target cable. The first 20 frequencies f’ in the cable network, 
while not considering the cable’s bending stiffness and the first 
20 frequencies f in the cable network, while considering the 
entire cable’s bending stiffness, are as shown in Fig. 12. 

When the cross-tie was located at 2/5 L, 3/10 L, and 1/5 L on 
the target cable, the cable network’s fundamental frequencies, 
when not considering the cable’s bending stiffness, were 
1.3121, 1.3118, and 1.3108 Hz, respectively. Meanwhile, the 
cable network’s fundamental frequencies when considering the 
entire cable’s bending stiffness were 1.3275, 1.3273, and 
1.3265 Hz, respectively, representing a 1.17 %, 1.18 %, and 
1.20 % increase compared with the values when the cable’s 
bending stiffness was not considered. The first 20 natural fre-
quencies were up to 2.46 %, 3.07 %, and 3.09 % higher when 
considering the entire cable’s bending stiffness than when this 
factor was not considered. In the first 20 modes, the 1st, 6th, 
11th, and 16th order modes were the global vibration modes, 
while the remaining modes were the local vibration modes; 
however, there were no single-cable vibration modes. When 
considering the entire cable’s bending stiffness, the vibration 
modes of all the orders did not change. 

Thus, for the system with five cables and a single cross-tie, 
owing to the special condition of the cross-tie being in the mid-
dle of the cable, there were local vibration modes for the multi-
ple cables and individual vibration modes for the single cables 
between the global vibration modes. However, when the cross-
tie was at a position other than the center of the cable, individ-
ual vibration modes of the single cables did not appear. In the 
same cross-tie position, the frequency of the network system 
will increase as the cable’s bending stiffness increases. With 
the exception of when the cross-tie is located at L/2 on the 
target cable, the vibration mode will not change after consider-
ing the cable’s bending stiffness, while, as the position of the 
cross-tie approaches the anchor point, the increasing percent-
age of the frequencies when considering the bending stiffness 
will increase compared with those when not considering the  
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Fig. 12. Curve of the first 20 natural frequencies in the stay cable network, 
indicating the changes with the position of the cross-tie. 

 



 Journal of Mechanical Science and Technology 34 (11) 2020  DOI 10.1007/s12206-020-1006-6 
 
 

 
4450 

bending stiffness, such that the effect of bending stiffness on 
the frequency of the cable network system increases. In addi-
tion, with the same bending stiffness, the fundamental fre-
quency slightly decreases as the position of the cross-tie ap-
proaches the anchor point, but this change can generally be 
ignored. When the cross-tie was located at 1/5 L on the target 
cable, the fundamental frequency when considering the entire 
cable’s bending stiffness was 0.08 % lower than the frequency 
when the cross-tie was located at L/2 on the target cable; this 
effect was not clear. The frequencies of the global vibration 
modes were less affected by the relative position and were 
almost the same, while the frequencies of the local vibration 
modes were affected by the cross-tie position and exhibited a 
level of variation, as shown in Fig. 12. 

When the cross-tie is located at L/2 on the target cable, the 
surface plot of the cable network’s fundamental frequencies, 
while considering the interaction between the cable’s bending 
stiffness and the cross-tie stiffness, is shown in Fig. 13(a). 
When the cross-tie stiffness is 107 N/m, the surface plot of the 
cable network’s fundamental frequencies, while considering the 
interaction between the cable’s bending stiffness and the posi-
tion of the cross-tie, is shown in Fig. 13(b). The cable network’s 

fundamental frequency decreases with decreases in the ca-
ble’s bending stiffness, and also decreases with decreases in 
the cross-tie stiffness; at the same time, the fundamental fre-
quency decreases as the cross-tie’s position becomes closer to 
the anchor point. However, the influence of the cross-tie stiff-
ness is greater, followed by the cable’s bending stiffness, and 
the cross-tie position has the least impact. Therefore, the 
cross-tie stiffness should be as great as possible, and the ef-
fect of the cross-tie position on the fundamental frequency is 
almost negligible. 

 
4.4 Effect of bending stiffness on the free vi-

bration characteristics of a cable network 
with different number of cross-ties 

With the cross-ties stiffness was maintained at 107 N/m, the 
number of cross-ties was changed to either 2, 3, or 4. The 
position of each cross-tie was evenly distributed along the tar-
get cable, with the distance between adjacent cross-ties being 
L/(n+1) on the target cable, as shown in Fig. 14. 

The first 20 frequencies f’ in the cable network when not 
considering the cable’s bending stiffness and the first 20 fre-

(a) 
 

 
(b) 

 
Fig. 13. Cable network’s fundamental frequency diagram: (a) cable net-
work’s fundamental frequency diagram under the interaction between 
cable’s bending stiffness and cross-tie stiffness (l = L/2); (b) cable network’s
fundamental frequency diagram under the interaction between cable’s
bending stiffness and cross-ties position (k = 107 N/m). 

 

(a) 
 

(b) 
 

(c) 
 
Fig. 14. Structure layout of five-cable and multi-cross-ties stay cable net-
work: (a) two cross-ties system; (b) three cross-ties system; (c) four cross-
ties system. 
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quencies f in the cable network when considering the entire 
cable’s bending stiffness, were as shown in Fig. 15. 

When there were two cross-ties, the first- and second-
order mode shapes were the global vibration modes, 
whereas the remaining modes of the first 20 orders were 
multiple-cable local vibration modes. When considering the 
entire cable’s bending stiffness, the modes were the same as 
those when not considering the cable’s bending stiffness. The 
cable network’s fundamental frequency was 1.3174 Hz, and 
the minimum frequency of the local vibrations was 3.3789 Hz 
when not considering the cable’s bending stiffness, while 
when considering the entire cable’s bending stiffness, the 
fundamental frequency was 1.3329 Hz, representing a 
1.18 % increase. The minimum frequency of the local vibra-
tions when considering the entire cable’s bending stiffness 
was 3.4508 Hz, a 2.13 % increase in the frequency when not 
considering the cable’s bending stiffness. The first 20 natural 
frequencies when considering the entire cable’s bending 
stiffness were up to 3.15 % higher than those when not con-
sidering the cable’s bending stiffness. 

When there were three cross-ties, the first- to third-order 
mode shapes were the global vibration modes, while the re-
maining modes of the first 20 orders were multiple-cable local 
vibration modes. When considering the entire cable’s bending 
stiffness, the mode shapes will not change but the order of the 
6th-12th modes will change. The cable network’s fundamental 
frequency was 1.3212 Hz and the minimum frequency of the 
local vibrations was 4.3439 Hz when not considering the ca-
ble’s bending stiffness, whereas when considering the entire 
cable’s bending stiffness, the fundamental frequency was 
1.3371 Hz, representing a 1.20 % increase. The minimum 
frequency of the local vibrations when considering the entire 
cable’s bending stiffness was 4.4772 Hz, a 3.07 % increase 
over that when not considering the cable’s bending stiffness. 
When considering the entire cable’s bending stiffness, the 
first 20 natural frequencies were up to 4.58 % higher than 
those when the cable’s bending stiffness was not considered. 

For the case of four cross-ties, the first-fourth order mode 
shapes were the global vibration modes, while the remaining 
modes of the first 20 orders were multiple-cable local vibra-
tion modes. After considering the entire cable’s bending stiff-
ness, the mode shapes will not change but the order of the 
7th-17th modes will. Without considering the cable’s bending 
stiffness, the cable network’s fundamental frequency was 
1.3250 Hz and the minimum frequency of the local vibrations 
was 5.2226 Hz, whereas when considering the entire cable’s 
bending stiffness, the cable network’s fundamental frequency 
was 1.3413 Hz, representing a 1.23 % increase. The mini-
mum frequency of the local vibrations when considering the 
entire cable’s bending stiffness was 5.4348 Hz, a 4.06 % 
increase over the frequency when the cable’s bending stiff-
ness was not considered. The first 20 natural frequencies 
when considering the entire cable’s bending stiffness were up 
to 4.26 % higher than those when the cable’s bending stiff-
ness was not considered. 

Thus, for a system with five-cables, in the case where the 
number of cross-ties is the same, the frequency of the network 
system will increase as the cable’s bending stiffness increases 
and the order of some of the modes will undergo a slight 
change, but the shapes will not change. As the number of 
cross-ties increases, the increasing percentage of the frequen-
cies when considering the bending stiffness will also increase 
compared with those when not considering the bending stiff-
ness, such that the effect of bending stiffness on the frequen-
cies of the cable network system increases. In addition, in the 
case where the cable’s bending stiffness is the same, the 
greater the number of cross-ties, the larger the cable network’s 
fundamental frequency. When the number of cross-ties was 2, 
3, or 4, the cable network’s fundamental frequencies when 
considering the entire cable’s bending stiffness were 0.41 %, 
0.72 % and 1.04 % higher, respectively, than when the number 
of cross-ties was 1. When the number of cross-ties is n, the 
first n order mode shapes are the global vibration modes. As 
the number of cross-ties increases, the later that the local vi-
bration mode shape appears, the larger the minimum fre-
quency of the local vibration is. 

When the stiffness of the cross-tie is 107 N/m, the fundamen-
tal frequency surface diagram of the cable network, while con-
sidering the interactions between the cable’s bending stiffness 
and the number of cross-ties, is shown in Fig. 16. The cable 
network’s fundamental frequency decreases with a decrease of 
the cable’s bending stiffness, and also increases with an in-
crease in the number of cross-ties. Moreover, basically, the 
increase in the fundamental frequency is linear with increases 
in the number of cross-ties. 

 
4.5 Effect of bending stiffness on the free vi-

bration characteristics of a cable network 
with different number of cables 

To understand the generality of the number of cables, the 
cross-tie position is located at 3/10 L on the target cable. When  
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Fig. 15. The curve of the first 20 natural frequencies of the stay-cable net-
work changing with the number of the cross-ties. 
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the stiffness of the cross-tie is kept at 107 N/m, the number of 
cables is changed to 4, 3, and 2 and the order of reduction is 
from short to long. The layout of each system is shown in Fig. 
17. The first five frequencies of the cable network without con-
sidering the cable’s bending stiffness and considering the en-
tire cable’s bending stiffness are obtained, as given in Table 5. 
In addition, the first five mode shapes of the cable network, 
with different numbers of cables, are determined, as shown in 
Fig. 18. 

When the number of cables was 5, 4, 3, and 2, the cable 
network’s fundamental frequencies without considering the 
cable’s bending stiffness were 1.3118, 1.2844, 1.2579, and 
1.2322 Hz, respectively. Moreover, the cable network’s funda-
mental frequencies when considering the entire cable’s bend-
ing stiffness were 1.3273, 1.2991, 1.2719, and 1.2457 Hz, 
respectively, representing a 1.18 %, 1.14 %, 1.11 %, and 
1.10 % increase over the frequencies when not considering the 
cable’s bending stiffness. In the first five modes, when the 
number of cables was 5, the first-order mode was the global 
vibration mode and the second-fifth-order modes were the local 
vibration modes. When the number of cables was 4, the first- 
and fifth-order modes were the global vibration modes and the 
second-fourth-order modes were the local vibration modes. 
When the number of cables was 3, the first- and fourth-order 

modes were the global vibration modes and the second-, third-, 
and fifth-order modes were the local vibration modes. When 
the number of cables was 2, the first-, third-, and fifth-order 
modes were the global vibration modes and the second- and 
fourth-order modes were the local vibration modes. When con-
sidering the entire cable’s bending stiffness, the vibration 
modes of all the orders did not change compared with those 
when the cable’s bending stiffness was not considered. 

Thus, for a system with five-cables, in the case where the 
number of cables is the same, the frequency of the network 
system will increase as the cable’s bending stiffness increases, 
while the vibration mode will not change. As the number of ca-
bles decreases, the increasing percentage of the frequencies  

 
 
Fig. 16. Cable network’s fundamental frequency diagram under the interac-
tion of the cable’s bending stiffness and the number of cross-ties. 

 

Table 5. Comparison of the first five frequencies and modes of the system under different cable numbers (Hz). 
 

Five cables Four cables Three cables Two cables 

Order 
Without 

considering 
bending 
stiffness 

Considering 
bending 
stiffness 

Mode 
shape 

Without 
considering 

bending 
stiffness 

Considering 
bending 
stiffness 

Mode 
shape

Without 
considering 

bending 
stiffness 

Considering 
bending 
stiffness 

Mode 
shape

Without 
considering 

bending 
stiffness 

Considering 
bending 
stiffness 

Mode 
shape

1 1.3118 1.3273 GM 1.2844 1.2991 GM 1.2579 1.2719 GM 1.2322 1.2457 GM 
2 1.7359 1.7560 LM 1.7379 1.7581 LM 1.7409 1.7612 LM 1.7461 1.7665 LM 

3 1.7914 1.8128 LM 1.7950 1.8165 LM 1.8009 1.8226 LM 2.4645 2.4924 GM 

4 1.8513 1.8742 LM 1.8577 1.8808 LM 2.5154 2.5448 GM 3.4840 3.5267 LM 
5 1.9175 1.9421 LM 2.5679 2.5989 GM 3.4728 3.5154 LM 3.6950 3.7421 GM 

GM is global vibration mode; LM is local vibration mode 

 

(a) 
 

(b) 
 

(c) 
 
Fig. 17. Structure layout of multi-cables and single cross-tie stay cable 
network: (a) four cables system; (b) three cables system; (c) two cables 
system. 
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when considering the bending stiffness will also decrease 
compared with that when not considering the bending stiffness, 
such that the effect of bending stiffness on the frequency of 
cable network system decreases. In addition, in the case 
where the cable’s bending stiffness is the same, since the ca-
ble lengths increase successively from cable 5 to cable 1, the 
cables’ free vibration frequncies will decrease successively, 
from cable 5 to cable 1, when the cables are not connected by 
cross-ties. Therefore, the lower the number of the cables, the 
smaller the cable network’s fundamental frequency. A certain 
number of local vibration modes will appear between the global 
vibration modes. When the number of cables is 5, 4, 3, or 2, 
there will be 4, 3, 2, or 1 local vibration modes, respectively, 
between the global vibration modes. Therefore, there will be 
(n–1) local vibration modes between the global vibration modes 
in the n cable system. 

The fundamental frequency surface diagram of the cable 
network, while considering the interactions between the cable 
bending stiffness and the number of cables, is shown in Fig. 19. 
The cable network’s fundamental frequency decreases with 
reduction in the cable bending stiffness, and also decreases 
with decreases in the number of cables. Moreover, basically, 

the decrease in the fundamental frequency is linear with de-
creasing numbers of cables. 

 
5. Effect of bending stiffness on the free 

vibration characteristics of a double-
layer equal-sling network 

To study the influence of the bending stiffness of the slings 
on the sling network’s in-plane free vibration characteristics 
with different parameter systems, the slings at the C21L, C12L, 
and C03L suspension points of the Aizhai Large Suspension 
Bridge were used as the analysis object. The sling structure is 
shown in Fig. 20. There are four slings at each suspension 
point, and the slings straddle the suspension cable connected 
by the cross-links. Two slings in the transverse direction of the 
bridge are connected by a clamp at the top, and all of the slings 
are anchored to the beam by the anchor head at the bottom. 
The vibration absorber is set between the slings. The sling  

Order Five cables Four cables Three cables Two cables 

1 
 

2 
 

3 
 

4 
 

5 
 

 
Fig. 18. First five mode shapes of the system with multi-cable and single cross-tie. 

 

 
Fig. 19. Cable network’s fundamental frequency diagram under the interac-
tion between the cable’s bending stiffness and the number of cables. 

 

 
 
Fig. 20. Diagram of the sling structure. 
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length between the clamp and the anchor head is taken as the 
operating sling length, the operating sling length LA of C21L is 
17.700 m, the operating sling length LB of C12L is 42.048 m, 
the operating sling length LC of C03L is 79.176 m. The two 
slings in the longitudinal direction of the bridge are considered 
equivalent to the same sling. Therefore, there are double lay-
ers and equal-length slings in the transverse direction of the 
bridge connected by the vibration absorber. We analyze its in-
plane free vibration characteristics in the transverse direction of 
the bridge. The analysis model is shown in Fig. 21. 

The sling forces T1 = T2 = 1000 kN, and each sling’s geo-
metric characteristics, are shown in Table 6. The sling fre-
quency value of C21L is 5.189 Hz, the sling frequency value of 
C12L is 2.126 Hz and the sling frequency value of C03L is 

1.120 Hz when the vibration absorber is not installed. 

 
5.1 Effect of bending stiffness on the free vi-

bration characteristics of a sling network 

When the vibration absorber is located at L/2 on the sling, 
and the vibration absorber stiffness is 107 N/m, to study how 
the frequency and mode shape of the system change with the 
sling’s bending stiffness, the first four frequencies and modes 
of the C12L (LB = 42.048 m) network without considering the 
sling’s bending stiffness (EI = 0), considering part of sling’s 
bending stiffness (0.01EI, 0.1EI) and considering the entire 
sling’s bending stiffness (EI), are as shown in Fig. 22. 

In the first four modes, as the sling’s bending stiffness in-
creased, the frequency of the corresponding order increased. 
When the sling’s bending stiffness was not considered and 
when considering a 0.01 times the sling’s bending stiffness, the 
first-order mode was the in-phase global vibration mode, the 
second-order mode was the out-of-phase global vibration 
mode, and the third- and fourth-order modes were the single 
vibration mode of sling 1 and sling 2, respectively. When con-
sidering a 0.1 times the sling’s bending stiffness and the entire 
sling’s bending stiffness, given that the frequency of the single 
vibration mode of sling 1 and sling 2 increased more than that 
of the out-of-phase global vibration mode, the second- and 
third-order modes changed into the single vibration mode of 
sling 1 and sling 2, respectively, while the fourth-order mode 
changed into the out-of-phase global vibration mode. 

The increased percentages (r2) of the first 20 natural fre-
quencies of the C12L network considering the sling’s bending 
stiffness compared with that without considering the sling’s 
bending stiffness are shown in Fig. 23. 

When the sling’s bending stiffness was 0.01EI, 0.1EI, and EI, 
the sling network’s fundamental frequencies were 0.19 %, 
0.57 %, and 1.87 % higher, respectively, than those without 
considering the sling’s bending stiffness. The first 20 natural  

 
Table 6. Parameters of slings. 
 

Cross-sectional 
area (m2) 

Inertia moment 
(m4) 

Elastic modulus 
(Pa) 

Linear density 
(kg/m) 

3.895×10-3 1.207×10-6 1.15×1011 32.46 

 

 
 
Fig. 21. Layout of the sling network. 

 
Order 0EI 0.01EI 0.1EI EI 

1  

 f = 2.0871 
θ = 0 

f = 2.0908 
θ = 0 

f=2.0994 
θ=0 

f=2.1263 
θ=0 

2  

 f = 4.1545 
θ = 0 

f = 4.1673 
θ = 0 

f=4.1993 
θ=0.577 

f=4.2576 
θ=0.577 

3  

 f = 4.1743 
θ = 0.577 

f = 4.1816 
θ = 0.577 

f=4.1993 
θ=0.577 

f=4.2576 
θ=0.577 

4 
 

 f = 4.1743 
θ = 0.577 

f = 4.1816 
θ = 0.577 

f=4.2020 
θ=0 

f=4.3140 
θ=0 

 
Fig. 22. The first four frequencies and mode shapes of the system changing with the sling’s bending stiffness. 
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frequencies of the network system were up to 0.36 %, 1.47 %, 
and 7.05 % higher, respectively, than those without considering 
the sling’s bending stiffness. In addition, when considering the 
entire sling’s bending stiffness, the sling network’s fundamental 
frequency was still 2.126 Hz, which is the same frequency 
present without setting the vibration absorber. Therefore, the 
application of the vibration absorber to the double-layer equal-
length sling does not change the sling network’s fundamental 
frequency. 

For the special case that the vibration absorber is located in 
the middle of the sling, the distribution curve of the sling net-
work frequencies presents a "stair-step" pattern that every 
fourth order is one period of change. When the sling’s bending 
stiffness is not considered and considering 0.01 times the 
sling’s bending stiffness, the 1st order in a period is an in-
phase global vibration mode, and the 2nd order is an out-of-
phase global vibration mode, and the 3rd and 4nd orders are 
individual vibration modes of a single sling. The frequencies of 
the individual vibrations of a single sling in each period are the 
same, and the frequencies of the out-of-phase global vibrations 
are smaller than the individual vibrations of a single sling. 
When considering 0.1 times the sling’s bending stiffness and 
the entire sling’s bending stiffness, the order of the in-phase 
global vibrations does not change and is still the 1st order in a 
period, but the frequencies of the individual vibrations of a sin-
gle sling become smaller than those of out-of-phase global 
vibrations and move forward to the 2nd and 3rd orders, so the 
4th orders is an out-of-phase global vibration mode. 

To assess the distinction between the global and local 
modes, Zhou [27] provided a more appropriate means to 
distinguish the global mode and local mode using potential 
energy of each cable segment and assessed the degree of 
mode localization using the energy distribution of each cable 
segment. 

The mode energy distribution vector is defined as 
 

11 12 21 22[ ]=E E E E E   (39) 

where Eij is the nondimensional potential vibration mode en-
ergy of the cable i and subsystem j. These can be derived by 
calculating the potential vibration mode energy from the known 
mode shape. 
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The mode energy distribution vector can clearly indicate the 

vibration mode energy distribution of each segment, but it can-
not offer a simple and direct way of identifying the global and 
local modes. Therefore, we must use the nondimensional in-
dex θ to measure the degree of mode localization: 
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where N is the total number of cable segments. The vibration 
mode will be more "local" as θ increases. When the vibration 
absorber is located at L/2 on the sling and when the mode is 
the in-phase or the out-of-phase global vibration mode, θ = 0, 
and when the mode is the individual vibrations mode of a sin-
gle sling, θ = 0.577. The values of θ are also listed in Fig. 22, a 
clear identification of the local mode when θ is greater than 0.5. 

 
5.2 Effect of bending stiffness on the free vi-

bration characteristics of a sling network 
with different sling lengths 

When the vibration absorber was located at L/2 on the sling 
and the vibration absorber stiffness was 107 N/m, the frequen-
cies of the C21L (17.700 m), C12L (42.048 m), and C03L 
(79.176 m) sling networks without considering and considering 
the bending stiffness can be denoted as A B C A B, , , , ,f f f f f′ ′ ′  
and C .f  The first 20 frequencies of the sling network are 
shown in Fig. 24, and the increased percentages (r3) of the 
natural frequency when considering the entire slings’ bending 
stiffness are shown in Fig. 25. 

As Figs. 24 and 25 show, the network’s fundamental fre-
quency for the C21L sling network without considering the 
sling’s bending stiffness was 4.958 Hz, while when considering 
the entire sling’s bending stiffness, the frequency was 5.189 Hz, 
representing a 4.66 % increase. When considering the entire 
sling’s bending stiffness, the first 20 natural frequencies were 
up to 27.01 % higher than those when the sling’s bending stiff-
ness was not considered. For the C03L sling network, the net-
work’s fundamental frequency without considering the sling’s 
bending stiffness was 1.108 Hz, while when considering the 
entire sling’s bending stiffness, the frequency was 1.120 Hz, 
representing a 1.08 % increase. When considering the entire  
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Fig. 23. Increased percentage of the first 20 natural frequencies of the 
C12L network considering the sling’s bending stiffness. 
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sling’s bending stiffness, the first 20 natural frequencies were 
up to 2.79 % higher than those when the sling’s bending stiff-
ness was not considered. 

For the C21L and C03L sling networks, owing to the special 
case of the vibration absorber being located in the middle of 
the sling, when the sling’s bending stiffness was not consid-
ered, the distribution curve of the sling network frequencies 
exhibited a "stair-step" pattern wherein every fourth order was 
one period of change from the C12L sling network. The first 
order in a given period was an in-phase global vibration mode, 
the second order was an out-of-phase global vibration mode, 
and the third and fourth orders were individual vibration modes 
of a single sling. When considering the entire sling’s bending 
stiffness, the distribution curve of the sling network frequencies 
exhibited a "stair-step" pattern wherein every fourth order was 
one period of change from the C12L sling network. The order 
of the in-phase global vibrations did not change and remained 
the first order in a given period, whereas the frequencies of the 
individual vibrations of a single sling became smaller than 
those of the out-of-phase global vibrations and moved forward 

to the second and third orders, resulting in the fourth order 
being an out-of-phase global vibration mode. 

Thus, for a system with two slings and a single vibration ab-
sorber, in the case where the sling length is the same, the fre-
quency of the network system will increase as the cable’s 
bending stiffness increases. When the sling’s bending stiffness 
is not considered, the frequency of each order of the in-phase 
global vibrations and the individual vibrations of a single sling 
will increase by integral multiples. After the sling’s bending 
stiffness is considered, the frequency of each order of the in-
phase global vibrations and individual vibrations of a single 
sling do not increase by integral multiples, and exchange the 
order of out-of-phase global vibrations and individual vibrations 
of a single sling. Besides, as the sling length decreases, the 
increasing percentage of the frequencies, while considering the 
bending stiffness, increase compared to those without consid-
ering the bending stiffness. As the length of the sling becomes 
longer, the frequencies of each order of the in-phase global 
vibrations and individual vibrations of a single sling approach to 
increase by an integral multiple. 

 
5.3 Effect of bending stiffness on the free vi-

bration characteristics of a sling network 
with different stiffnesses of the vibration 
absorber 

When the vibration absorber is located at L/2 on the sling, 
the vibration absorber stiffness is infinite, 107 N/m, 106 N/m, 
105 N/m, and 104 N/m by changing the stiffness of the vibration 
absorber. The first 20 frequencies f’ in the C12L (42.048 m) 
network, while not considering the sling’s bending stiffness and 
the first 20 frequencies f in the C12L (42.048 m) network, while 
considering the entire sling’s bending stiffness, are as shown in 
Fig. 26. 

When the vibration absorber stiffness was infinite, the net-
work’s fundamental frequency without considering the sling’s 
bending stiffness was 2.087 Hz, while when considering the 
entire sling’s bending stiffness, the frequency was 2.126 Hz, 
representing a 1.87 % increase. The first 20 natural frequen-
cies when considering the entire sling’s bending stiffness were 
up to 7.68 % higher than those when the sling’s bending stiff-
ness was not considered. When the sling’s bending stiffness 
was not considered, the distribution curve of the sling network 
frequencies exhibited a “stair-step” pattern wherein every fourth 
order was one period of change from the network with a vibra-
tion absorber stiffness of 107 N/m. The first order in a given 
period was an in-phase global vibration mode, the second 
order was an out-of-phase global vibration mode, and the third 
and fourth orders were individual vibration modes of a single 
sling. However, it is interesting to note that the frequencies of 
the out-of-phase global vibrations became equal to those of the 
individual vibrations of the single slings and did not exceed 
them. Therefore, when the sling’s bending stiffness is not con-
sidered, changing the stiffness of the vibration absorber does 
not change the order of the mode shapes. When considering 
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Fig. 24. Curve of the first 20 natural frequencies of the sling network. 
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Fig. 25. Increase in percentage of the first 20 natural frequencies of the 
sling network when considering the entire sling’s bending stiffness. 
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the entire sling’s bending stiffness, the distribution curve of the 
sling network frequencies exhibited a “stair-step” pattern 
wherein every fourth order was one period of change. The 
order of the in-phase global vibrations did not change and re-
mained the first order in a given period, whereas the frequen-
cies of the individual vibrations of a single sling became smaller 
than those of the out-of-phase global vibrations and moved 
forward to the second and third orders, resulting in the fourth 
order being an out-of-phase global vibration mode. 

When the vibration absorber stiffness was 106, 105, and 104 
N/m, the first 20 natural frequencies when considering the en-
tire sling’s bending stiffness were up to 6.15 %, 5.73 %, and 
5.73 % higher, respectively, than those when the sling’s bend-
ing stiffness was not considered. When the vibration absorber 
stiffness was not greater than 106 N/m, the frequencies of the 
individual vibrations of a single sling did not become smaller 
than those of the out-of-phase global vibrations, when consid-

ering the entire sling’s bending stiffness. Therefore, after con-
sidering the entire cable’s bending stiffness, the vibration 
modes of all orders did not change. The distribution curve of 
the sling network frequencies exhibited a “stair-step” pattern 
wherein every fourth order was one period of change. The first 
order in a given period was an in-phase global vibration mode, 
the second order was an out-of-phase global vibration mode, 
and the third and fourth orders were individual vibration modes 
of a single sling. 

Thus, for a system with two slings and a single vibration ab-
sorber, in the case where the vibration absorber stiffness is the 
same, the frequency of the network system will increase as the 
cable’s bending stiffness increases. When the vibration ab-
sorber stiffness is more than 106 N/m, a “phenomenon of jump 
order” will appear after considering the entire sling’s bending 
stiffness, and the order of the individual vibration modes of a 
single sling will move forward from the third and fourth order to 
the second and third order of each period. When the vibration 
absorber stiffness is not more than 106 N/m, the vibration 
modes of all orders when considering the entire sling’s bending 
stiffness will be the same as those without considering the 
sling’s bending stiffness. As the vibration absorber stiffness 
decreases, the increasing percentage of the frequencies when 
considering the bending stiffness will also decrease compared 
with those without considering the bending stiffness, such that 
the effect of the bending stiffness on the frequency of the cable 
network system decreases. In addition, in the case where the 
sling’s bending stiffness is the same, the frequency of the in-
phase global vibrations and the individual vibrations of a single 
sling remain unchanged, whereas the frequency of the out-of-
phase global vibrations decreases with the decrease in the 
vibration absorber stiffness. Therefore, as the vibration ab-
sorber stiffness decreases, the stiffness of the sling network 
system also decreases. 

 
5.4 Effect of bending stiffness on the free vi-

bration characteristics of a sling network 
with different vibration absorber positions 

For a vibration absorber stiffness of 107 N/m, the position of 
the vibration absorber was changed such that it was located at 
L/3, L/4, and L/8 from the anchor head of the sling. The natural 
frequencies f’ in the C12L (42.048 m) network when not consid-
ering the sling’s bending stiffness and the natural frequencies f 
in the same network when considering the entire sling’s bending 
stiffness were as given in Table 7 and Fig. 27. The shape of the 
first 10 modes of the sling network system under different posi-
tions of the vibration absorber are shown in Fig. 28. 

When the vibration absorber was located at L/3 on the sling, 
with the exception of the order in which the mode changed, 
when considering the entire sling’s bending stiffness, the first 
20 natural frequencies were up to 7.18 % higher than those 
when the sling’s bending stiffness was not considered. In the 
first 10 modes, when the sling’s bending stiffness was not con-
sidered, the 1st, 3rd, 7th, 9th orders were in-phase global  
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Fig. 26. The curve of the first 20 natural frequencies of the sling network 
changing with the vibration absorber stiffness: (a) the curve of the first 20
natural frequencies without considering the sling’s bending stiffness; (b) the 
curve of the first 20 natural frequencies considering the entire sling’s bend-
ing stiffness. 
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vibration modes, the 4th and 10th orders were out-of-phase 
global vibration modes, the 2nd and 8th orders were local vi-
bration modes of the upper part, and the 5th and 6th orders 
were individual vibration modes of a single sling. When consid-
ering the entire sling’s bending stiffness, with the exception of 
the 5th order, which changed to in-phase global vibration 
modes, and the 6th order, which changed to out-of-phase 
global vibration modes, the vibration modes of the other orders 
were the same as those without considering the sling’s bending 
stiffness. 

When the vibration absorber was located at L/4 on the sling, 
with the exception of the order in which the mode changed, 
when considering the entire sling’s bending stiffness, the first 
20 natural frequencies were up to 6.89 % higher than those 
when the sling’s bending stiffness was not considered. In the 
first 10 modes, when the sling’s bending stiffness was not con-
sidered, the 1st, 3rd, 5th, and 9th orders were in-phase global 
vibration modes, the 6th order was an out-of-phase global vi-

bration mode, the 2nd, 4th, and 10th orders were local vibra-
tion modes of the upper part, and the 7th and 8th orders were 
individual vibration modes of a single sling. When considering 
the entire sling’s bending stiffness, with the exception of the 7th 
order, which changed to in-phase global vibration modes, and 
the 8th order, which changed to out-of-phase global vibration 
modes, the vibration modes of the orders were the same as 
those without considering the sling’s bending stiffness. 

When the vibration absorber was located at L/8 on the sling, 
with the exception of the order in which the mode changed, 
when considering the entire sling’s bending stiffness, the first 
20 natural frequencies were up to 5.73 % higher than those 
when the sling’s bending stiffness was not considered. In the 
first 10 modes, when the sling’s bending stiffness was not con-
sidered, the 1st, 3rd, 5th, 7th, and 9th orders were in-phase 
global vibration modes, and the 2nd, 4th, 6th, 8th, and 10th 
orders were local vibration modes of the upper part. When 
considering the entire sling’s bending stiffness, the vibration 
modes of the remaining orders were the same as those without 
considering the sling’s bending stiffness. 

Thus, for a system with two slings and a single vibration ab-
sorber, in the case where the position of the vibration absorber 
is the same, the frequency of the network system will increase 
as the cable’s bending stiffness increases. When the sling’s 
bending stiffness was not considered and the vibration ab-
sorber was located at L/n on the sling, with the exception of 
when the vibration absorber was in the middle of the sling, 
every (2n) order was one period of change. The (2n-1) order 
and the (2n) order in a given period were individual vibration 
modes of a single sling, the remainder of the odd orders in a 
given period were the in-phase global vibration modes, the (2n-
2) order in a given period was the out-of-phase global vibration 
mode, and the remainder of the even orders in a given period 
were the local vibration modes of the upper part. When consid-
ering the entire sling’s bending stiffness, the mode of the indi-
vidual vibrations of a single sling will not appear. In every pe-

Table 7. Frequency comparison of the first 10 orders of the two-sling system under different positions of the vibration absorber (Hz). 
 

Without considering the bending stiffness Considering the bending stiffness 

L/3 L/4 L/8 L/3 L/4 L/8 Order 

f f f f θ f θ f θ 

1 2.087 (a) 2.087 (a) 2.087 (a) 2.126 (a) 0.042 2.126 (a) 0.132 2.126 (a) 0.372 
2 3.125 (c) 2.779 (c) 2.382 (c) 3.192 (c) 0.562 2.832 (c) 0.566 2.421 (c) 0.571 

3 4.174 (a) 4.174 (a) 4.174 (a) 4.258 (a) 0.294 4.258 (a) 0.307 4.258 (a) 0.394 

4 6.228 (b) 5.557 (c) 4.764 (c) 6.387 (b) 0.415 5.674 (c) 0.560 4.849 (c) 0.571 
5 6.261 (2) 6.261 (a) 6.261 (a) 6.399 (a) 0.228 6.399 (a) 0.385 6.399 (a) 0.422 

6 6.261 (1) 8.296 (b) 7.146 (c) 6.537 (b) 0.383 8.527 (b) 0.493 7.292 (c) 0.570 

7 8.349 (a) 8.349 (2) 8.349 (a) 8.555 (a) 0.167 8.555 (a) 0.336 8.555 (a) 0.458 
8 9.375 (c) 8.349 (1) 9.528 (c) 9.644 (c) 0.552 8.843 (b) 0.405 9.756 (c) 0.568 

9 10.436 (a) 10.436 (a) 10.436 (a) 10.731 (a) 0.238 10.731 (a) 0.282 10.731 (a) 0.490 

10 12.456 (b) 11.114 (c) 11.910 (c) 12.906 (b) 0.413 11.444 (c) 0.544 12.249 (c) 0.564 

(a) is the in-phase global vibration; (b) is the out-of-phase global vibration; (c) is the local vibration of the upper part; (i) is the single vibration of the i-th sling 
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Fig. 27. Curve of the first 20 natural frequencies of the sling network de-
pending on the position of the vibration absorber. 
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riod, with the exception of the (2n-1) order, which changed to 
in-phase global vibration modes, and the (2n) order, which 
changed to out-of-phase global vibration modes, the vibration 
modes of the orders were the same as those when not consid-
ering the sling’s bending stiffness. When the mode was an in-
phase global vibration mode or an out-of-phase global vibration 
mode, θ ≤ 0.5, and when the mode was a local vibration mode, 
θ > 0.5. As the vibration absorber approaches the anchorage 
point, the increasing percentage of the frequencies when con-
sidering the bending stiffness decreases compared with those 
without considering the bending stiffness so that the effect of 
the bending stiffness on the frequency of the cable network 
system decreases. In addition, in the case where the sling’s 
bending stiffness is the same, the frequency and the mode of 
the in-phase global mode will not change with the position of 
the vibration absorber, whereas the frequency and mode of the 
out-of-phase global mode and the local vibration mode of the 
upper part will be affected by the position of the vibration ab-
sorber. The frequency of the local vibration mode of the upper 
part decreases as the vibration absorber approaches the an-
chorage point. 

 
5.5 Effect of bending stiffness on the free vibra-

tion characteristics of a sling network with 
different number of vibration absorbers 

When the vibration absorber stiffness is 107 N/m, by chang-
ing the number of vibration absorbers, the number of vibration 
absorber is 2, 3, or 4. The distance of each vibration absorber 
is L/(n+1) on the sling. The natural frequencies f’ in the C12L 
(42.048 m) network, while not considering the sling’s bending 

stiffness and the natural frequencies f in the C12L (42.048 m) 
network, while considering the entire sling’s bending stiffness, 
are as shown in Table 8 and Fig. 29. 

When the number of vibration absorbers was 2, when con-
sidering the entire sling’s bending stiffness, the first 20 natural 
frequencies were up to 7.72 % higher than those when the 
sling’s bending stiffness was not considered. In the first 10 
modes, when the sling’s bending stiffness was not considered, 
the 1st, 2nd, 7th, and 8th orders were in-phase global vibration 
modes; the 3rd, 4th, 9th, and 10th orders were out-of-phase 
global vibration modes; and the 5th and 6th orders were indi-
vidual vibration modes of a single sling. When considering the 
entire sling’s bending stiffness, the 1st, 2nd, 4th, 7th, 8th, and 
10th orders were in-phase global vibration modes and the 3rd, 
5th, 6th, and 9th orders were out-of-phase global vibration 
modes; there were no individual vibration modes of a single 
sling. 
When the number of vibration absorbers was 3, when consid-
ering the entire sling’s bending stiffness, the first 20 natural 
frequencies were up to 8.56 % higher than those when the 
sling’s bending stiffness was not considered. In the first 10 
modes, when the sling’s bending stiffness was not considered, 
the 1st, 2nd, 3rd, 9th, and 10th orders were in-phase global 
vibration modes; the 4th, 5th, and 6th orders were out-of-phase 
global vibration modes; and the 7th and 8th orders were indi-
vidual vibration modes of a single sling. When considering the 
entire sling’s bending stiffness, the 1st, 2nd, 3rd, 5th, 9th, and 
10th orders were in-phase global vibration modes and the 4th, 
6th, 7th, and 8th orders were out-of-phase global vibration 
modes; there were no individual vibration modes of a single sling. 

When the number of vibration absorbers was 4, when con- 

Mode shape L/3 L/4 

Without considering 
bending stiffness 

  

Considering bending 
stiffness 

  
 
Fig. 28. Shape of the first 10 modes of the system with two slings and a single vibration absorber under different positions of the vibration absorber. 
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sidering the entire sling’s bending stiffness, the first 20 natural 
frequencies were up to 11.40 % higher than those when the 
sling’s bending stiffness was not considered. In the first 10 
modes, when the sling’s bending stiffness was not considered, 
the 1st, 2nd, 3rd, and 4th orders were in-phase global vibration 
modes; the 5th, 6th, 7th, and 8th orders were out-of-phase 
global vibration modes; and the 9th and 10th orders were indi-
vidual vibration modes of a single sling. When considering the 
entire sling’s bending stiffness, the 1st, 2nd, 3rd, 4th, and 6th 
orders were in-phase global vibration modes and the 5th, 7th, 
8th, 9th, and 10th orders were out-of-phase global vibration 
modes; there were no individual vibration modes of a single 
sling. 

Thus, for a system with two slings, in the case where the 
number of vibration absorbers is the same, the frequency of 
the network system will increase as the cable’s bending stiff-
ness increases. When the sling’s bending stiffness is not con-
sidered and the number of vibration absorbers is located at n, 
every 2(n+1) order is one period of change. The first 1 to n 

orders in a given period are the in-phase global vibration 
modes. Meanwhile, the frequency of the in-phase global vibra-
tions does not change with the change in the number of vibra-
tion absorbers. The orders n+1 to 2n in a given period are the 
out-of-phase global vibration modes, while the orders 2n+1 to 
2n+2 in a given period are the modes of the individual vibra-
tions of a single sling. When considering the entire sling’s 
bending stiffness, every 2(n+1) order is still one period but the 
mode of the individual vibrations of a single sling will not ap-
pear. The first 1 to n orders and the (n+2) order in a given pe-
riod are the in-phase global vibration modes, and the remaining 
orders in a given period are the out-of-phase global vibration 
modes. As the number of vibration absorbers increases, when 
considering the bending stiffness, the increasing percentage of 
the frequencies also increases in relation to those without con-
sidering the bending stiffness, such that the effect of bending 
stiffness on the frequencies of the cable network system in-
creases. In addition, in the case where the sling’s bending 
stiffness is the same, when the number of vibration absorbers 
is changed, the fundamental frequency of the sling network 
structure and the frequency of the in-phase global vibration do 
not change. However, the higher the number of vibration ab-
sorbers, the later the mode of the out-of-phase global vibration 
will occur, and the larger the minimum frequency of the out-of-
phase global vibration will be. 

 
6. Conclusions 

The results from theoretical derivations and parameter 
analysis research on the influence of the bending stiffness on 
the in-plane free vibration characteristics of a cable network 
system can be concluded as follows: 

1) After considering the cable’s bending stiffness, the cable 
network’s natural frequency clearly increases. Moreover, the 
slings network’s increase in amplitude is larger than that of the 
stay-cable network, and the influence of the sling’s bending 
stiffness is more obvious. After the cable network system is 
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Fig. 29. Curve of the first 20 natural frequencies of the sling network de-
pending on the number of vibration absorbers. 

 

Table 8. Frequency comparison of the first 10 orders of the two-sling system under different numbers of vibration absorbers (Hz). 
 

Without considering the bending stiffness Considering the bending stiffness 
Order Two vibration  

absorbers 
Three vibration  

absorbers 
Four vibration  

absorbers 
Two vibration  

absorbers 
Three vibration  

absorbers 
Four vibration  

absorbers 

1 2.087 (a) 2.087 (a) 2.087 (a) 2.126 (a) 2.126 (a) 2.126 (a) 

2 4.174 (a) 4.174 (a) 4.174 (a) 4.258 (a) 4.258 (a) 4.258 (a) 
3 6.195 (b) 6.261 (a) 6.261 (a) 6.360 (b) 6.399 (a) 6.399 (a) 

4 6.239 (b) 8.215 (b) 8.349 (a) 6.399 (a) 8.477 (b) 8.555 (a) 

5 6.261 (2) 8.270 (b) 10.216 (b) 6.521 (b) 8.555 (a) 10.613 (b) 
6 6.261 (1) 8.325 (b) 10.276 (b) 6.573 (b) 8.659 (b) 10.731 (a) 

7 8.349 (a) 8.349 (2) 10.351 (b) 8.555 (a) 8.866 (b) 10.807 (b) 

8 10.436 (a) 8.349 (1) 10.412 (b) 10.731 (a) 8.910 (b) 11.056 (b) 
9 12.390 (b) 10.436 (a) 10.436 (2) 12.852 (b) 10.731 (a) 11.298 (b) 

10 12.478 (b) 12.523 (a) 10.436 (1) 12.931 (a) 12.931 (a) 11.333 (b) 

(a) is the in-phase global vibration; (b) is the out-of-phase global vibration; (i) is the single vibration of the i-th sling 
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formed by the cross-ties or the vibration absorber, each cable’s 
natural frequency is the same, and the local vibration fre-
quency, or the individual vibration frequency of a single cable, 
occurs between the global vibration frequencies. 

2) For the multilayer unequal-length stay-cable network, the 
application of cross-ties increases the target cable’s fundamen-
tal frequency. As the cable’s bending stiffness increases, the 
frequency of the network system will increase, and the orders 
of a part of modes will slightly change but the shapes do not 
change. If the cross-tie is at the middle of the cable, there are 
local vibration modes for multiple cables as well as the individ-
ual vibration modes of single cable between the global vibra-
tion modes. However, when the cross-tie is at a position other 
than at the middle of the cable, the individual vibration modes 
of a single cable do not appear. The global vibration frequen-
cies and local vibration frequencies of multiple cables will de-
crease as the cross-tie stiffness decreases, but a single cable’s 
individual vibration frequencies do not change as the cross-tie 
stiffness changes. Besides, as the cross-tie stiffness decreases, 
the increasing percentage of the frequencies when considering 
the bending stiffness and those frequencies without consider-
ing the bending stiffness also decreases. Except when the 
cross-tie is located at L/2 on the target cable, as the position of 
the cross-tie approaches the anchor point, the increasing per-
centage of the frequencies when considering the bending stiff-
ness increases compared with those without considering the 
bending stiffness. The effect of the cross-ties position on the 
cable network’s fundamental frequency is not obvious. 

3) As the number of cross-ties increases, the fundamental 
frequency of the five-cable system increases accordingly, and 
the later the local vibration mode shape appears, the larger the 
minimum frequency of local vibration occurs. Besides, as the 
number of cross-ties increases, the influence of the cable’s 
bending stiffness is more obvious. As the number of cables 
decreases, the cable network’s fundamental frequency de-
creases. There are (n–1) local vibration modes between the 
global vibration modes in the n cable system. Besides, the 
influence of the cable’s bending stiffness is less obvious as the 
number of cables decreases. 

4) For the double-layer equal-length sling network, the fun-
damental frequency of the sling network structure does not 
change when applying the vibration absorber. As the sling’s 
bending stiffness increases, the frequency of the network sys-
tem will increase and the orders and shapes of a part of the 
modes will change. The nondimensional index θ can be used 
to assess the degree of mode localization. There are individual 
vibration modes of a single sling (appearing in pairs when the 
vibration absorber is locate at the middle of sling) as well as 
out-of-phase vibration modes between the in-phase global 
vibration modes. The shorter the sling length, the more obvious 
is the influence of bending stiffness. As the stiffness of the 
vibration absorber decreases, the frequency of the in-phase 
global vibrations and the individual vibrations of a single sling 
remain unchanged, while the frequency of the out-of-phase 
global vibrations decreases. Besides, when the vibration ab-

sorber stiffness is more than 106 N/m, a "jump phenomenon of 
order" will appear when considering the sling’s bending stiff-
ness. As the vibration absorber stiffness decreases, the in-
creasing percentage of the frequencies when considering the 
bending stiffness and those frequencies without considering 
the bending stiffness also decreases. 

5) As the vibration absorber approaches the anchorage point, 
the increasing percentage of the frequencies when considering 
the bending stiffness decreases compared with those without 
considering the bending stiffness. The frequency and mode of 
the in-phase global mode will not change with the position of 
the vibration absorber; however, the frequency and mode of 
the out-of-phase global mode and the local vibration mode of 
the upper part are affected by the position of the vibration ab-
sorber. As the number of vibration absorbers increases, the 
sling network’s fundamental frequency and the frequency of 
the in-phase global vibration do not change, while the later that 
the mode of the out-of-phase global vibrations occurs, the lar-
ger the minimum frequency of the out-of-phase global vibration 
appears. The greater the number of vibration absorbers, the 
more obvious is the influence of the bending stiffness. 
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