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Abstract  To solve the problem of the uneven thickness distribution of a formed part 
caused by a large difference between the forming angles and the different curvatures of the
surfaces in CNC incremental forming, a combinatorial optimization method of multidirectional 
sheet postures was proposed based on particle swarm optimization. In this method, an infinite
number of optional sheet postures at each point in the forming area are taken as the combined 
object. The optimization goal is to make the forming angles of the entire sheet part be smaller 
than the forming limit angle and to minimize the difference between them; then find the optimal 
combination of the multidirectional sheet postures that can be selected at each point in the
forming area. Case studies of the algorithm and the actual forming experiment show that not 
only can the optimized multidirectional sheet metal postures determined by the proposed
method realize the non-fracture forming of the sheet metal parts with different forming angles 
and different curvature of the surface, but also obtain a more uniform thickness distribution of
the formed parts.  

 
1. Introduction   

With the continuous advancement of computer science and technology, digital sheet metal 
forming technologies have begun to appear and continue to be developed. As a leader among 
them, the sheet metal CNC incremental forming technology has begun to develop rapidly in 
many fields and has been practically applied. Compared with traditional sheet metal forming 
technology, the reason that the sheet metal CNC incremental forming technology can obtain 
great advantages in the small batch production [1, 2] is mainly that the forming process does 
not need specific molds, its production cycle is greatly shortened, and the manufacturing cost is 
also greatly reduced [3, 4]. 

However, the sheet metal CNC incremental forming technology also inevitably has some 
disadvantages, such as uneven thickness distribution of the formed part and excessive thinning, 
which restricts its further popularization and application [5, 6]. 

To solve the problem, Zhang et al. [7] proposed a new hybrid flexible forming process. The 
forming process first makes a preform using the multi-point forming process, and then the pre-
form is formed again using the single point incremental forming process again, which can im-
prove the thickness distribution of the formed part to a certain extent. Parnika et al. [8] con-
ducted a single point incremental forming experiment using preheating the sheet at different 
temperatures. The experimental result shows that the preheating can improve the wall thick-
ness distribution to a certain extent and make the thickness more uniform. Choi and Lee [9] 
proposed a hybrid forming method combining the incremental forming and the stretch forming 
and established a mathematical model to predict the thickness distribution. The result shows 
that the hybrid forming method can improve the thickness distribution of the formed part. The 
above researches have improved the thickness distribution of the formed part to some extent, 
but the problems of uneven thickness distribution and excessive thinning of the difficult-forming
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surfaces with large forming angles have not been solved be-
cause the traditional single incremental forming is still using 
horizontal sheet posture with the same layer spacing. 

As we all know, in the process of the CNC incremental form-
ing, the thickness of the sheet in the forming area depends on 
the forming angles, and the forming angles depend on the 
angle between the sheet and the surface of the sheet part [10, 
11], so the problem of uneven thickness distribution and ex-
cessive thinning can be solved by changing the sheet posture 
or model posture. 

Zhu et al. [12] proposed a method to control the forming an-
gles and the thickness of the formed part by adjusting the tar-
get part posture (forming direction). However, in practice, the 
method has problems such as difficulty in clamping the sheet, 
difficult to fill the surface vacancies, and the need for special 
support. Moreover, for the multi-featured sheet metal, it is diffi-
cult to find a way to keep the sheet posture that can reduce the 
forming angles and minimize the difference relatively to all 
characteristic surfaces. Vanhove et al. [13] and Tanaka et al. 
[14] homogenized the thickness of the formed part based on 
the sheet posture that is inclined in a certain direction by taking 
the simple shapes such as the elliptical cones with different 
slopes between the left and right sides but also the shape is 
symmetrical between front and back sides as shown in Fig. 1.  

Zhu et al. [15] generated the forming toolpath inclined in a 
certain direction using the genetic algorithm and adjusted the 
horizontal sheet posture to the inclined sheet posture, which 
made the difference between the forming angles of the left and 
right side surfaces to be smaller and to reduce the forming 
angles of the left side surface, so that the problem of excessive 
thinning of the thickness of the formed part can be solved. Zhu 
and Li [16] proposed a method to make the forming angles 
smaller than the forming limit angle by rotating the sheet pos-
ture, as shown in Fig. 2. The method only guaranteed that the 
forming angles on the surfaces were smaller than the forming 
limit angle, while did not make the sheet posture and the form-
ing angles to be in an optimal state to homogenize the thick-
ness of the formed part. 

The research results mentioned above show that [12-16], the 
thickness of the formed part can be controlled through adjust-
ing the sheet posture. But these studies only used an unopti-
mized multidirectional sheet posture that is only applicable to 
extremely special simple models with a certain difference of the 
forming angles between the left and right sides and the sym-
metrical shapes between the front and back sides, while it is 
difficult to make the sheet maintaining a reasonable posture 
relatively to the multi-features sheet part with different surface 
curvatures. 

In response to the above problems, we proposed a new 
CNC incremental forming method based on the feature recog-
nition and the multidirectional adjustment of the sheet posture 
in our previous research [17]. The method adopts the multidi-
rectional sheet posture for the sheet metal part that is com-
posed of many forming features with different geometric 
shapes. That is, the sheet metal part with multi-features is de-

composed into a plurality of forming feature units according to 
the size and distribution of the forming angles using the feature 
recognition algorithm. Then the sheet postures are adjusted in 
real time by the extrusion movement of the forming tool so that 
different directional sheet postures are given to each forming 
feature units to make the forming angles on the surface less 
than the forming limit angle. Therefore, each forming feature 
unit can be individually formed to achieve non-rupture forming 
of the sheet part with large forming angles such as the straight 
wall, as shown in Fig. 3. 

The key to the more effective function of this method is to 
reasonably determine the optimal combination of the multidi-
rectional sheet postures that can minimize the thickness reduc-
tion and homogenize the thickness distribution of the formed 
part according to the infinite number of optional multidirectional 
sheet postures. However, this study [17] does not address the 
problem of the optimal combination of multidirectional and mul-
tiple sheet metal postures. 

To this end, a combinatorial optimization method of the opti-
mized multidirectional sheet posture for the formed part thick-
ness homogenization based on the particle swarm optimization 
was proposed. The goal is to minimize the difference of the 
forming angles of the entire formed part and to obtain the op-
tional combinatorial optimization of the multidirectional sheet 
postures to ensure that although the different orientations of 
the sheet postures are given to the forming area, but the differ-
ence of the forming angles can be minimized. 

 
2. Combinatorial optimization method of 

the multidirectional sheet postures 
The sheet metal CNC incremental forming based on the mul-

tidirectional adjustment of the sheet posture is to make the 

 
 
Fig. 1. Single orientation sheet posture. 

 

 
 
Fig. 2. Personalized sheet posture. 

 

 
 
Fig. 3. Multidirectional sheet postures. 
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sheet to be inclined from the surface with the large forming 
angles (difficult-forming surface) to the surface with the small 
forming angles (easy-forming surface) by the extrusion motion 
of the forming tool during the CNC incremental forming process, 
reducing the forming angles of the difficult-forming surface 
while increasing the forming angles of the easy-forming surface, 
and achieving non-rupture forming of the difficult-forming sur-
face and homogenizing the thickness of the entire formed part. 

For example, as shown in Fig. 4, the forming angles of the 
easy-forming surface and the difficult-forming surface are 1θ  
and 3θ  before the sheet postures are adjusted; while after the 
sheet postures are adjusted, the forming angle of the easy-
forming surface is increased from 1θ  to 2θ , and the forming 
angle of the difficult-forming surface is reduced from 3θ  to 4θ . 
At this time, the difference between 2θ  and 4θ  is significantly 
smaller than the difference between 1θ  and 3θ . 

There are an infinite number optional sheet postures at each 
point of the forming area. In this paper, the optional sheet pos-
tures at each point in the forming area were taken as the com-
bined object; the optimal combination of the sheet posture in 
the forming area was determined using particle swarm optimi-
zation by taking the minimization of the forming angle and the 
difference of the forming angles of the entire part surface as 
the optimization goal. 

As shown in Fig. 5, the sheet posture on any layer is deter-
mined by the radial line on the corresponding contour ring ac-
cording to the omnidirectional sheet posture generation algo-
rithm proposed by Li [17], while the radial line is determined by 
controlling the ray from central point ijO  to point ijA  on the 
contour ring that intersects with the forming surface at point 
ijB . For any radial line, the inclination angle is determined by 
ijθ , so the sheet posture can be adjusted by controlling the 

size of ijθ  and the forming angles can be adjusted to be 
smaller than the forming limit angle limθ . The adjustment 
range of the adjustment angle ijθ  of the radial line is shown in 
Eq. (1). 

 
lim initial initial lim

lim initial initial lim

min( )
max( )

ij

ij

θ θ α β θ
θ θ α β θ

≥ − −⎧⎪
⎨ ≤ − −⎪⎩

，

，
          (1) 

 
where initialα  represents the initial forming angle of the easily-
forming surface, and initialβ  represents the initial forming angle 
of the difficult-forming surface. Therefore, there are n kinds of 
radial lines to be chosen at any point on any layer, which can 
make the forming angles to be smaller than the forming limit 
angle within the range of the adjustment angle ijθ . For all 
points on all layers, there are n kinds of choices at each point 
corresponding to n kinds of different sheet postures. 

If it is not screened, any one of the optional schemes at each 
point is selected, it is inevitable that the thickness distribution is 
uneven although the sheet metal can be formed. In view of this 
situation, the paper proposed an optimal combination method 
of the optimized multidirectional sheet posture, which was tak-
ing into account the sheet postures at all points and using par-

ticle swarm optimization to optimize the radial line adjustment 
angle ijθ  at each point, then finding the optimal combination 
of sheet postures to minimize the thickness differences across 
the formed part. 

From the geometric relationship in Fig. 5, we can know the 
following formula. 

 
initial +ij ij ijα α θ=                     (2) 
initial

ij ij ijβ β θ= −                     (3) 

 
where ijα  is the forming angle on the easy-forming surface of 
the sheet posture determined by the radial line at the j-th point 
on the i-th contour ring, and ijβ  is the forming angle on the 
difficult-forming surface of the sheet posture determined by the 
radial line at the j-th point on the i-th contour ring; initial

ijα  is the 
initial forming angle on the easy-forming surface at the horizon-
tal sheet posture, and initial

ijβ  is the initial forming angle on the 
difficult-forming surface at the horizontal sheet posture. For a 
formed part, initial initial

ij ijβ α> . initial
ijα  and initial

ijβ  can be solved 
by the following formula: 

 
initial 1=cos− ⋅

⋅ijα
α
ij
α
ij

n m
n m

                   (4) 

initial 1cos− ⋅
=

⋅ijβ
β
ij
β
ij

n m
n m

                   (5) 

 
where, α

ijn  is the normal vector of the triangular surface on the 
easy-forming surface where the point with the same height as 
the j-th point on the i-th contour line, and β

ijn  is the normal 
vector of the triangular surface on the difficult-forming surface 
where the point with the same height as the j-th point on the i-
th contour line. m  is the normal vector of the horizontal plane. 

The difference between the two forming angles ijα  and ijβ  
determined by any sheet posture can be obtained by Eq. (6). 

 
 
Fig. 4. Adjustment of the sheet posture. 
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Fig. 5. Optional schemes of the radial line. 

 



 Journal of Mechanical Science and Technology 34 (10) 2020  DOI 10.1007/s12206-020-0917-6 
 
 

 
4254 

initial initial( ) ( )ij ij ij ij ij ijγ α β α θ β θ= − = + − −   

                    initial initial 2 .ij ij ijα β θ= − +               (6) 
 
In this paper, the particle swarm optimization algorithm was 

used to determine the optimal combination of ijθ  to minimize 
γ  value. 

 
3. Solution of the sheet posture combina-

tion based on particle swarm optimiza-
tion 

The degree of the thickness uneven of the formed part is 
mainly determined by the difference between the forming an-
gles of the forming surface. For any radial line, the difference 
between the forming angles ijα  and ijβ  can be controlled by 
controlling the adjustment angle ijθ  of the radial line. There-
fore, we aimed to find a set of forming angles with the minimum 
difference and the radial line adjustment angle ijθ  that mini-
mizes the forming angles difference through the particle swarm 
optimization and then obtains a set of optimally combined 
sheet postures.  

 
3.1 Basic principles of the particle swarm op-

timization 

Particle swarm optimization (PSO) [18] is an effective optimi-
zation tool for the nonlinear continuous optimization problems, 
combinatorial optimization problems, and mixed integer nonlin-
ear optimization problems [19]. The algorithm randomly gener-
ates an initial population at the initial stage and gives each 
particle an initial random velocity, and then continuously ap-
proaches the optimal solution based on the flight experience. 
The specific update method of the speed and position of each 
particle is shown as follows [20]: 

 
1 1 2 2( 1) ( ) [ ( ) ( )] [ ( ) ( )]d d d d d d

i i i i g iv t v t c r p t x t c r p t x tω+ = + − + −  (7)  

( 1) ( ) ( 1)d d d
i i ix t x t v t+ = + +               (8) 

max max

max max

,  
,  

d d
i i

d d
i i

v v v v
v v v v

⎧ = >⎪
⎨

= − < −⎪⎩
               (9) 

 
where i represents the particle in the population, i = 1, 2, , N, 
N represents the size of the population; d represents the space 
dimension, d = 1, 2, , D; t represents the iteration times of 
the algorithm, t = 1, 2, , Tmax, Tmax is the specified maximum 
times of iteration; c1 and c2 represent the acceleration con-
stants of the particles; r1 and r2 are two random numbers uni-
formly distributed between [0,1]; x represents the spatial coor-
dinate position; v represents the speed, and maxv  is the speci-
fied maximum speed; the value of inertia weight ω  is usually 
constant, and can also be adjusted dynamically. The specific 
expression is shown as follows: 

 
max min

max
max

( ) .t
T

ω ωω ω − ×= −             (10) 

3.2 Construction of the objective function 

The optimization goal is to make the thickness of the formed 
part to be homogenized. Because the sheet thickness in the 
forming area depends on the forming angles, the optimization 
goal indirectly becomes to make the global forming angles to 
be smaller than the forming limit angle and to minimize the 
difference of the forming angles. The degree of the forming 
angles difference can be expressed by the variance. 

The specific calculation formula of variance is shown as fol-
lows: 

 
2

2 ( )X
N

μ
σ

−
= ∑                   (11) 

 
where 2σ  is the population variance, X is the variable, μ  is 
the population mean, and N is the population number. How-
ever, the sample statistics are used instead of the population 
parameters when the population mean is difficult to obtain in 
actual work. The sample variance calculation formula is shown 
as follows after correction: 

 
2 2

1

1 ( )
1

n

i
i

S x X
n =

= −
− ∑                  (12) 

1 2 nx x xX
n

+ + +=                   (13) 

 
where 2S is the sample variance, 1 2( , , , )    i nx x x x  is 
the variable, X  is the sample mean, and n is the number of 
samples. The global objective function is constructed by taking 
the ijα  and ijβ  as the independent variables. 
 

2

1

1( ) ( )
1

n

i
i

f x x X
n =

= −
− ∑               (14) 

 
where ix  includes all ijα  and ijβ  determined by the radial 
line, and X  is the sample mean of all ijα  and ijβ . Eq. (14) 
can be transformed as follows. 

 
1 2 2 2

1

1( ) [( ) ( ) ]
2 1

n

i i
i

f x x X x X
n =

= − + −
− ∑       (15) 

 
where 1

ix  represents ijα , 2
ix  represents ijβ . The expres-

sion of X  is as follows: 
 

1 2
1
( )

.
2

n

i ii
x x

X
n

=
+

= ∑                (16) 

 
Putting Eqs. (2) and (3) into Eq. (16), the expression of X  

is as follows: 

 
initial initial+

.
2

ij ijX
n

α β
= ∑ ∑               (17) 
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Since the initial
ijα  and initial

ijβ  have already been determined 

for the given the model, the X  is a fixed value, making 
C X= , then Eq. (15) can be transformed as follows: 

 
1 2 2 2

1

1( ) [( ) ( ) ] .
2 1

n

i i
i

f x x C x C
n =

= − + −
− ∑       (18) 

 
The initial random value of the adjustment angle ijθ  is given 

by the PSO, and the ijα  and ijβ  corresponding to ijθ  are 
obtained from the Eqs. (2) and (3), and then taken to find the 
degree of difference of the forming angles using the Eq. (18). 

 
3.3 Construction of the fitness function 

The fitness function refers to the ability of the individual to 
adapt to the environment and survive. The greater the fitness 
value, the stronger the survivability. Otherwise, the lower the 
fitness value, the weaker the survivability. The fitness function 
is usually transformed from the objective function and the fit-
ness value must be non-negative. The goal of the optimal 
combination of the sheet posture is to minimize the difference 
of the forming angles, which is a problem of minimizing the 
objective function, so the following fitness function ( )Fit X  is 
used:  

 
1( )   0, ( ) 0

1 ( )
Fit X c c f x

c f x
= ≥ + ≥

+ +
       (19) 

 
where c  is a constant. Take =c 0 to ensure ( )+ ≥c f x 0. 
Putting ( )f x  into Eq. (19). 

 

1 2 2 2
1

1( ) .11 [( ) ( ) ]
2 1

n

i ii

Fit X
x C x C

n =

=
+ − + −

− ∑
   (20) 

 
3.4 Constraint condition 

First, all the forming angles must be smaller than the preset 
forming limit angle. 

 
lim .ix θ≤                               (21) 

 
Secondly, it actually controls the forming angles ijα  and ijβ  

by controlling the adjustment angle ijθ  of the radial line al-
though the objective function ( )f x  takes the forming angles 
ijα  and ijβ  as independent variables, so the size of ijθ  

needs to be controlled. Since all forming angles need to be 
smaller than the forming limit angle after adjustment, it can be 
obtained from Eqs. (2), (3) and (21) as follows: 

 
initial

limij ijα θ θ+ <                   (22) 
initial

lim .ij ijβ θ θ− <                   (23) 

From Eqs. (22) and (23), the range of ijθ  can be obtained 
as follows. 

 
initial initial

lim lim .ij ij ijβ θ θ θ α− < < −           (24) 

 
That is, it needs to initialize ijθ  within the range. 

 
3.5 Solution process 

The process of solving the optimal combination of the sheet 
posture using PSO is as follows. 

(1) The population initialized 
The main parameters that need to be initialized in the popu-

lation include the number of particles N, the inertia factor ω , 
the maximum flying speed maxv , the acceleration constants 1c  
and 2c , and the maximum times of iterations. The number of 
the particles N is generally 20 to 40, then 100 to 200 particles 
are also needed for the special problems. The larger the num-
ber of particles, the easier it is to find the global optimal solution, 
but at the same time the search time is longer. We took N = 40, 
that is, the group consists of 40 individuals. The inertia factor 
ω  can be a variable or a constant. If ω  is a variable, it is 
usually set to a large value at the beginning and then gradually 
decreased during the iteration process, in which Eq. (10) can 
be used; if it is constant, a reasonable value in the range of 0.6 
to 0.75 is recommended. We took =ω 0.6. Acceleration con-
stants 1c  and 2c  usually take values between [0, 2]. At pre-
sent, there are bifurcations of values for the two parameters in 
academic circles.  

Table 1 shows the reference values given by the major 
scholars [21]. Among them, the first and fourth applications are 
more common. We took 1 2= =c c 2.0. 

If the maximum speed maxv  is a fixed value, it is usually set 
from 10 % to 20 % of the variation range per dimension. We 
took max =v 0.8. The maximum times of iterations usually take 
from 100 to 4000 which is determined according to the needs. 
The maximum times of iterations in this paper is 100. 

(2) Calculate the fitness value of each particle 
Calculate the initial fitness value of each particle according to 

the initial particle position, take it as the local optimal value 
pbest of each particle and remember the location; take the best 
initial fitness value as the current global optimal value gbest 
and remember the location. 

Table 1. Reference value of the acceleration constant. 
 

Scholar 1c  and 2c  

Clerc 1c = 2c = 2.05 

Carlisle 1c = 2.8, 2c = 1.3 

Trelea =ω 0.6, 1c = 2c = 1.7 

Eberhart =ω 0.729, 1c = 2c = 1.494 
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(3) Update the flight speed 
Update the current flying speed of each particle according to 

Eq. (7). 
(4) The flying speed limitation 
Limit the maximum flying speed of each particle according to 

Eq. (9). 
(5) Update the particle position 
Update the current location of each particle according to Eq. 

(8). 
(6) Update the local optimal value pbest 
Calculate the current fitness value of each particle again and 

compare it with the historical local optimal value. If the current 
fitness value is better than the historical local optimal value, 
take the current fitness value as the particle's local optimal 
value pbest, and take the corresponding position as the local 
optimal location. 

(7) Update the global optimal value gbest 
The global optimal value found in the current population is 

the new global optimal value gbest and the corresponding 
position is taken as the global optimal value location. 

(8) Iterative 
Repeat steps (3)~(7) until the iteration termination condition 

is satisfied. 
(9) Output 
Output the global optimal value of the particles in the popula-

tion and the corresponding particle positions, that is, the radial 
line adjustment angle ijθ  and the forming angles ijα  and ijβ  
after adjustment. 

 
4. Case studies 

To verify the feasibility of the algorithm proposed in this pa-
per, a sheet posture optimization software system based on 
PSO was developed using C++, VC++, OpenGL and MATLAB 
under the Windows 7 environment, and the case studies were 
given as follows by taking the sheet metal model shown in Fig. 
6 as example. 

The curvature of the difficult-forming surface of the model 
gradually changes in the Z-axis direction, and the forming an-
gles are different from each other. When the sheet is in a hori-
zontal posture, the forming angle of the easy-forming surface is 
30.0025°; the difficult-forming surface is divided into 12 layers 
from top to bottom according to the layer spacing of 1.1 mm, 
and the forming angles from the first layer to the twelfth layer 
are 67.1620°, 68.2545°, 69.1813°, 71.0447°, 71.9813°, 
72.9056°, 73.8420°, 75.7958°, 76.7758°, 77.7536°, 78.5322° 
and 80.1836°, respectively. The minimum forming angle is 
30.0025° and the maximum forming angle is 80.1836° of the 
model. The forming angles on the difficult-forming surface are 
greater than the forming limit angle of 65 ,  and the difference 
between the maximum forming angle and the minimum form-
ing angle is 50.1811°. 

When using unoptimized multidirectional sheet posture for 
forming, the forming angle on the easy-forming surface is 
40.0025°; the forming angles on the difficult-forming surface 

are 57.1620°, 58.2545°, 59.1813°, 61.0447°, 61.9813°, 
62.9056°, 63.8420°, 65.7958°, 66.7758°, 67.7536°, 68.5322° 
and 70.1836°, respectively. The minimum forming angle is 
40.0025° and the maximum forming angle is 70.1836° at this 
time. There are still forming angles greater than the forming 
limit angle on the difficult-forming surface, and the difference 
between the maximum forming angle and the minimum form-
ing angle is 30.1811°. Fig. 7 shows the unoptimized multidirec-
tional radial line and the sheet posture. 

The objective function value reached a minimum value of 
38.1258 after 40 iterations and stabilized by the PSO. The 
image where the particle's flying position changed with the 
times of iterations is shown in Fig. 8, and the image where the 
objective function value changed with the times of iterations is 
shown in Fig. 9. 

When the value of the objective function reached the mini-
mum value, the sixth set of data in the 40 groups of samples 
shown in Fig. 10 is the optimal adjustment angle of the radial 
lines of each layer, which are 18.6463°, 19.1251°, 19.5527°, 
20.5194°, 20.9748°, 21.4304°, 21.9403°, 22.8861°, 23.3443°, 
23.8963°, 24.2505° and 25.1203° from top to bottom. 

The forming angles of the easy-forming surface shown in Fig. 
11 after adjusting according to the optimal adjustment angle of 
the radial line become 48.6463°, 49.1251°, 49.5527°, 50.5194°, 
50.9748°, 51.4304°, 51.9403°, 52.8861°, 53.3443°, 53.8963°, 

 
 
Fig. 6. Model used for verification. 

 
 

                  (a)                              (b) 

                 (c)                                (d) 
 
Fig. 7. Unoptimized multidirectional sheet posture: (a) multidirectional radial 
line; (b) multidirectional sheet posture; (c) section view; (d) local enlarged 
view. 
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54.2505° and 55.1203°, respectively. 
The forming angles of the difficult-forming surface shown in 

Fig. 12 after adjusting according to the optimal adjustment 
angle of the radial line become 48.5157°, 49.1294°, 49.6286°, 
50.5253°, 51.0065°, 51.4752°, 51.9017°, 52.9097°, 53.4315°, 
53.8573°, 54.2817° and 55.0633°, respectively. 

The minimum forming angle and maximum forming angle 
are 48.5157° and 55.1203° after the multidirectional sheet pos-
tures have been optimized, which are both smaller than the 
forming limit angle 65°, and the difference between the maxi-
mum forming angle and the minimum forming angle is 6.6046°. 
Compared with the unoptimized multidirectional sheet posture, 
not only the forming angles on the difficult-forming surface are 
adjusted to be smaller than the forming limit angle, but the 
difference between the maximum forming angle and the mini-
mum forming angle is greatly reduced from 30.1811° when not 
optimized to 6.6046° after optimized. Therefore, the algorithm 
proposed in this paper effectively optimizes the forming angle 
of the sheet metal during the incremental forming process and 
reduces the difference between the forming angles. Fig. 13 
shows the multidirectional radial line and the sheet posture 
generated according to the optimal radial line adjustment an-
gle; Fig. 13(a) shows the multidirectional radial line generated 
according to the optimized radial line adjustment angle; Fig. 
13(b) shows the optimized multidirectional sheet posture gen-
erated according to the radial line. Figs. 13(c) and (d) show the 
cutaway view of the optimized multidirectional sheet posture 
and the partial enlarged drawing of the sheet posture, respec-
tively. 

 
 
Fig. 8. Image of particle's flying position changing with the times of iteration.
 
 

 
 
Fig. 9. Image of objective function value changing with the times of itera-
tion. 

 
 
Fig. 10. Optimal adjustment angle of the radial line. 

 

 
 
Fig. 11. Forming angles on the easy-forming surface after adjustment. 

 

 
 
Fig. 12. Forming angles on the difficult-forming surface after adjustment. 

 

                (a)                               (b) 
 

                  (c)                               (d) 
 
Fig. 13. Optimized multidirectional sheet posture: (a) multidirectional radial 
line; (b) multidirectional sheet posture; (c) section view; (d) local enlarged 
view. 
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5. Forming experiment 
To verify the feasibility of the proposed method, taking the 

model shown in Fig. 6 as research object, the forming experi-
ments were carried out by using the forming method based on 
the horizontal multidirectional sheet posture, unoptimized mul-
tidirectional sheet posture, and optimized multidirectional sheet 
posture. The the support was milled by a mold engraving ma-
chine as shown in Fig. 14. In the forming experiment, the sheet 
material was 1060 aluminum plate and the thickness was 
0.88 mm. The forming tool was a hemispherical tool head with 
a diameter of 10 mm. The spindle speed and the feed rate was 
set as 400 r/min and 600 mm/min. 

Fig. 15(a) shows the CNC incremental forming process 
based on the horizontal sheet posture. When the forming proc-
ess was conducted to a depth of 15 mm, cracks and rupture 
began to appear on the difficult-forming surface as shown in 
Figs. 15(b) and (c). The forming experiment showed that the 
sheet part cannot be formed using the horizontal sheet posture. 
Figs. 16(a) and (b) showed the CNC incremental forming proc-
ess and the formed part by using the optimized multidirectional 
sheet posture. The formed part was partially broken at a depth 
of 16 mm as shown in Fig. 16(c). The CNC incremental form-
ing process and the formed part based on the optimized multi-

directional sheet posture are shown in Figs. 17(a) and (b). The 
formed part had good forming quality without cracking as 
shown in Fig. 17(c). 

To compare the profile accuracy of the formed parts with the 
unoptimized multidirectional sheet posture and optimized mul-
tidirectional sheet posture, the profile measurement at Y = 0 
section of the formed part was carried out by using the three-
coordinate measuring machine at an interval of 2 mm as 
shown in Fig. 18. Import the profile data obtained from the 
measurement into the Excel software and draw the profile 
curves which are shown in Fig. 19. Then compare it with the 
profile curve of the theoretical model at Y = 0 section and draw 
the Z-direction deviation curves as shown in Fig. 20. 

 
 
Fig. 14. The milling process of the support. 

 

 
(a) 

 

 
                 (b)                               (c) 
 
Fig. 15. Horizontal sheet posture: (a) forming process; (b) formed part; (c) 
local enlarged view. 

 

 
(a) 

 

 

Rupture

(b)                                 (c) 
 
Fig. 16. Unoptimized multidirectional sheet posture: (a) forming process; (b) 
formed part; (c) local enlarged view. 

 

 
(a) 

 

 
(b)                               (c) 

 
Fig. 17. Optimized multidirectional sheet posture: (a) forming process; (b) 
formed part; (c) local enlarged view. 
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It can be known from Figs. 19 and 20 that the maximum Z-
direction deviation of the formed part obtained by using the 
unoptimized multidirectional sheet posture is 2.9032 mm, the 
minimum Z-direction deviation is 0.0011 mm, and the average 
deviation is 0.5189 mm. The maximum Z-direction deviation of 
the formed part obtained by using the optimized multidirec-
tional sheet posture is 2.4201 mm, the minimum Z-direction 
deviation is 0.0001 mm, and the average deviation is 
0.3563 mm. It can be known that the profile of the formed part 
obtained by the optimized multidirectional sheet posture is 
more consistent with the theoretical profile. 

To compare and analyze the thickness of the formed parts 
obtained by using the unoptimized multidirectional sheet pos-
ture and optimized multidirectional sheet posture, a wire cutting 
machine was used to cut the formed parts along the X = 0 
section and to measure the thickness of the corresponding 
sections, as shown in Fig. 21(a). One half of the formed parts 
are selected after cutting and marked along the cross section 
from the bottom to top with a height meter at intervals of 2 mm 
as shown in Fig. 21(b). Then the pointed micrometer is used to 
measure the thickness of the marking points as shown in Fig. 
21(c). 

The measured data was imported into the Excel software and 
the thickness distribution curves were plotted. The comparison 

of the thickness distribution of the formed parts based on the 
unoptimized multidirectional sheet posture and optimized multi-
directional sheet posture is shown in Fig. 22. The thickness of 
the formed part based on the horizontal sheet posture is mainly 
distributed in the range of 0.252 mm to 0.863 mm, and the 
overall thickness difference is 0.611 mm. The thickness of the 
easy-forming surface is mainly distributed in the range of 0.780 
mm to 0.721 mm, while the thickness of the difficult-forming 
surface is mainly distributed in the range of 0.237 mm to 0.746 
mm, and the thickness difference between the difficult-forming 
surface and easy-forming surface is 0.543 mm. The thickness 
of the formed part obtained by the optimized multidirectional 
sheet posture is mainly distributed in the range of 0.338 mm to 
0.829 mm, and the overall thickness difference is 0.491 mm. 
The thickness of the easy-forming surface is mainly distributed 
in the range of 0.641 mm to 0.722 mm, while the thickness of 
the difficult-forming surface is mainly distributed in the range of 
0.338 mm to 0.657 mm, and the thickness difference between 
the difficult-forming surface and easy-forming surface is 0.384 
mm. From the above data, the thickness of the formed part is 
more uniform when the sheet is formed by using the optimized 
multidirectional sheet posture. 

The roughness measurement was performed as shown in 
Fig. 23(a). Figs. 23(b) and (c) show the roughness curves of 

 
 
Fig. 18. The profile measurement of the formed part. 

 
 

 
 
Fig. 19. The profile curve at Y = 0 section. 

 
 

 
 
Fig. 20. Z-direction deviation. 

 

 
(a) 

 

 
                 (b)                               (c) 
 
Fig. 21. Thickness measurement of the formed part: (a) cutting process; (b) 
marking sample points; (c) thickness measurement of sample points. 

 

 
 
Fig. 22. Comparison of the thickness distribution of the formed parts at X = 
0 section. 
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formed parts based on the optimized and unoptimized multidi-
rectional sheet posture, respectively, which show that the sur-
face roughness of the formed part obtained by the optimized 
multidirectional sheet posture is better. 

 
6. Conclusion 

To make CNC incremental forming based on the multidirec-
tional adjustment of the sheet posture work better, a combina-
torial optimization method of the optimized multidirectional 
sheet posture for the formed part thickness uniformity based on 
PSO was proposed in this paper. The research result shows 
not only that the proposed method can achieve non-crack 
forming of the sheet metal part with large difference forming 
angles and different curvatures of the surface, but also obtain a 
more uniform thickness distribution of the formed part. The 
CNC incremental forming method based on the combinatorial 
optimization of the optimized multidirectional sheet posture 
proposed in the paper can effectively solve the problem of the 
thickness distribution unevenness of the formed part due to the 
large difference between the forming angles, which is signifi-
cant to the development of CNC incremental forming technol-
ogy. In the future study, for the combinatorial optimization of 
the optimized multidirectional sheet posture, it is necessary to 
continue to study the influence on the forming quality of the 
extrusion direction of the forming tool. 
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Nomenclature----------------------------------------------------------------------------------- 

ijO     : The central point of the radial line 
ijθ      : The angle of inclination of the radial line 
limθ     : Forming limit angle 
initialα   : The initial forming angle of the easily-forming surface 
initialβ   : The initial forming angle of the difficult-forming surface 

ijα      : The forming angle on the easy-forming surface 
ijβ     : The forming angle on the difficult-forming surface  

m      : The normal vector of the horizontal plane 
i       : The particle in the population 
d       : The space dimension 
t       : The iteration times of the algorithm 
c1, c2   : The acceleration constants of the particles 
r1, r2     : The random numbers uniformly distributed between 
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