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Abstract Cable-driven parallel robots (CDPRs) are vulnerable to vibration due to the in-
evitable flexible properties of the cables. Thus, vibration analysis is critical for CDPR’s operation
in which highly accurate motion is required. However, most of the current methods related to
vibration analysis of CDPRs rely on simple spring models which have limitations in their per-
formance and complexity that are not general to analyze the vibration of various CDPRs.
Hence, accurate, simple and general approaches for vibration analysis in CDPRs are need. To
solve this problem, this paper presents the finite element method (FEM) and the modified ana-
lytical method to analyze the vibration of CDPRs. To validate these methods, free vibration
analysis was conducted using the proposed methods for the planar and spatial cable-driven
parallel robots. The natural frequencies of these two CDPRs were computed by the proposed
two methods and compared with those of the commercial software, SAP2000. The solutions
obtained by the FEM and the modified analytical models turned out to be close to SAP2000’s
results, thereby verifying the validity of the proposed methods.

1. Introduction

Recently, animal-inspired robots have attracted many researchers [1-5] and a cable-driven
parallel robot (called CDPR) is one of them, like a spider with its spiderweb. The CDPR is also
a typical type of parallel robot. In CDPR, rigid links are replaced with flexible cables. The end-
effector is connected to the supporting frame by a number of cables, and by controlling the
cable length, the end-effector can be moved along the desired trajectory [6]. Because of using
flexible cables instead of rigid links, the inertia properties of CDPR are automatically much re-
duced. Hence, the dynamic capability of CDPRs is more advanced than rigid parallel robots [7].
Consequently, as reported in Refs. [8-10], the cutting-edge characteristics of CDPRs are a
large workspace, cost saving, lightweight, flexible reconfiguration, and easy transportation.

However, cables used in CDPRs are highly capable of vibration in both axial and transversal
directions due to the inevitably flexible characteristics of cables [7] and the performance of
CDPRs related to kinematics, positioning accuracy, force distribution, and control depends on
their vibration or stiffness [11]. Thus, the vibration and stiffness analysis of CDPRs are more
critical than those of the rigid parallel robots. Especially, for CDPRs used for applications requir-
ing highly accurate motion, such as constructional 3D printing [8, 12], pay-loading [13, 14], mo-
tion simulation [15], these issues are very important because they provide useful information for
dynamic analysis and controller design to enhance the position accuracy along a trajectory.

In the vibration or stiffness analysis for CDPRs, three popular approaches are available: (1)
the simplified model of CDPRs based on spring elements, (2) the dynamic stiffness method,
and (3) the finite element approach. However, these approaches still have poor accuracy,
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complex formulations or limited generality.

For instance, in the case of the first approach, as reported in
Ref. [7], the authors modeled cable elements as axial springs
and the end-effector as a rigid body to find the natural fre-
quency of a 6-DOF 7-cable manipulator. The same assump-
tions of cable modeling as linear spring can be found in Refs.
[16, 17]. Another method in which modeling the cable as
nonlinear springs was also reported in Ref. [18]. However, it
could be seen that assuming the cable as a simple spring ele-
ment for stiffness analysis or determination of the natural fre-
quencies of CDPRs leads to the accuracy problem, because of
the highly nonlinear and flexible characteristic and the sagging
effects of cable elements.

To overcome this problem, Yuan et al. [19] proposed the dy-
namic stiffness method to find the static stiffness and the dy-
namic stiffness for a 6-DOF suspended CDPR driven by eight
cables. However, considering the elasticity of pulleys and the
end-effector, the dynamic stiffness method was not suited ei-
ther. Additionally, only one element was used for each cable to
derive the cable stiffness; thus it was not possible to get a dy-
namic response for some arbitrary internal nodes along each
cable.

The finite element approach is one of the most frequently
used methods to analyze vibration, but it is not the case with
the vibration analysis for CDPRs and only several works have
been reported. Du et al. [20] proposed a finite difference ap-
proximation to solve the dynamic model of CDPRs in which it
considers the relation between the motion of the end-effector
and the cable force. However, the computational time is rela-
tively expensive for its nonlinear dynamic equation. Do and
Park [21] also used a finite element method for CDPRs, but
they did not provide a general mathematical model of CDPRs.
They only used the element Link 10 in ANSYS to model the
cable element of CDPRs.

To overcome the above limitations, this paper presents a
new finite element formulation for the cables for the vibration
analysis of CDPRs. Originally, this cable formulation was de-
veloped in Refs. [22, 23] for constructional structures, but in
this research this formulation is first investigated for CDPRs.
The advantage of this finite element model is that it provides
simple, general and accurate models for vibration analysis of
CDPRs because the cable element can be considered as an
equivalent truss element for easy computation and the effect of
initial tension is also included in the stiffness of cables.

The exact analytical approach is another popular method
used for vibration analysis in constructional structures [24-26]
because it can present the realistic vibrational behavior of ca-
bles. However, there have been no researches using this ap-
proach for the vibration analysis for CDPRs. Thus, this paper
also presents the vibration analysis of CDPRs using the ana-
Iytical expression. One of the most considerable works in mod-
eling the cable by the analytical approach is the one used in
Ref. [26]. However, this analytical formulation still has two limi-
tations. Because this formulation used only a single two-node
element for each cable, it is impossible to get the vibration

Fig. 1. A general scheme of cable robots [27].

behaviors of internal nodes. Additionally, in the iteration loop of
the Newton-Raphson method, the stopping criterion is the error
of the projected lengths of cables; thus perfectly vertical cables
cannot be modeled. To overcome these shortcomings, a modi-
fied procedure of the analytical formulation for calculating the
stiffness of CDPRs is proposed in this research to model both
internal nodes of cables and perfectly vertical cables. For this
objective, each cable is divided into a number of elements and
the stiffness matrix of each element is directly calculated with-
out Newton-Raphson iteration.

To validate the feasibility of the FEM and the modified ana-
Iytical approach proposed in this research, those methods
were applied to a generalized planar CDPR model and a
spatial CDPR model. The models of CDPRs are built by
MATLAB codes. Natural frequencies of CDPRs are com-
puted and compared with those from a commercial software,
SAP2000. The main advantage of using the two proposed
methods compared with the use of SAP2000 is time-saving in
developing various models of CDPRs and they provide gen-
eral formulations of cables for modeling of CDPRs which
SAP2000 cannot.

2. Kinematics and tension distribution of
cable-driven parallel robots

Let us consider a general scheme of CDPRs driven by n ca-
bles as shown in Fig. 1. The i cable is attached on the base
and the end effector at A; and B, respectively. The vector |;
denotes the " cable and its norm is the length of the cable. S,
is the unit vector of the i cable. With the global frame O,, the
positions of A; and the centroid of the end effector (the point O,)
are vectors a; and p, respectively. The reference frame is at-
tached at point O; and b is the position vector of the point B;
[27].

p:ai+li-bi (i=12,..,n) )

where all the vectors are measured with respect to the global
frame, O,.
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From Eq. (1), we have the first equation of the kinematics as
follows:

’'=[p-a,+b,] [p-a +b,]. (2)

Next, we differentiate the above equation with respect to time
and then organize the n equations into a matrix form as fol-
lows:

L=Jt 3)
where
L= I .. LY (4)
r
! :LIS;SI :jxszm.., S:)nxsj ©)

where p ando are the linear velocity vector of point O; and
the angular velocity vector of the end effector, respectively; J is
the n x 6 Jacobian matrix of the cable robot.

Let T=[T, T, 7] be the vector of cable forces. In
CDPRs, cables cannot be compressed and the applied cable
forces must satisfy the force closure condition [28]. Thus, the
vector of cable forces T can be generated as follows:

JT=w (7

where w is the resultant wrench applied at the end effector and
is given as follows:

w={a]els] g
03><1 Te

where m is the mass of the end effector; g is the gravitational
acceleration vector; f, and t, the external force vector and the
external moment vector applied to the end-effector, respec-
tively.

As reported in Ref. [28], to calculate the tension applied to
cables, there is a need for the tension distribution algorithm to
handle the over-constraint condition and nonnegativity re-
quirement of the cable. One of the possible approaches is the

quadratic or nonlinear programming algorithm, which can be
formulated as follows:

minimize:%TTCT +¢'T ©)
subject to:7, <T, <T_ _ (10)
JT=w (11)

where C and c are the weighting factor for the objective func-

X,Y,Z global axes
x,y,Z local axes

N
<Y

Fig. 2. The equivalent cable-truss element.

tion and T, and T, are the minimum and the maximum ten-
sion allowed to cables, respectively. As reported in Ref. [28],
due to discontinuities by using the 1-norm as objective function,
the 2-norm in the objective function for the quadratic program-
ming is used. Thus, the weighting factors are set as follows: C
= | for the quadratic part in T and ¢ = 0 for nullifying the linear
part.

3. Formulation problems

For vibration analysis of CDPRs, the finite element method is
first presented. Then, a modified analytical approach is pro-
posed to model both perfectly vertical cables and internal
nodes of cables.

3.1 Finite element formulation

In this section, the finite element formulation for cable ele-
ments is carried out. The cable element is assumed to have
two nodes, i and j, the length, J; and the applied tension, Tj, as
shown in Fig. 2. Then the general equation of motion of cable
element is as given follows [23]:

Mii+ (K, +K,)u=0 (12)

where i and u are the acceleration and displacement vec-
tor, respectively; K, is the conventional stiffness matrix; K,
is the geometric stiffness matrix.

Additionally,

uz[u” u, u; u; u; u, ' (13a)

K, = j (k, =TI, (N"NAA'N'N")d& (13b)
0

K, = jq Ndé (13c)
0

A=[x v oz x v oz] (13d)

where N is the shape function in the displacement field; N' is
the ordinary differentiation of N ; ks is the elastic stiffness with

3577



Journal of Mechanical Science and Technology 34 (9) 2020

DOI 10.1007/s12206-020-0809-9

k,=EA and {=x/I hasavaluefromOto1and A isthe
node coordinate vector.

The shape function and its differentiation are given as fol-
lows:

N=[a-§1 SN =1 1], (14)

i

With I being the 3x3 unit matrix, we also have:

NN = { ! _l] (15)

TPl
;

The mass matrix M is given as follows:

1121 1
M Jv{ } (16)
6g| 1 21

where y is the weight per unit length. Then, the stiffness matrix
is given as follows:

k —T, —
K, ={ ¢ G} (17a)
I, |-G G
T |1 -1
K =" 17b
¢ lf/ |:_I I:| ( )

where G is the transformation matrix which transforms the
element stiffness matrix of each cable in the local frame (oxy)
to the global frame (OXY) and is given as follows:

r ml nl

G=|ml m’ nm (18a)
nl nm n’

I=(x;=x)/lsm=(y,~y)/ lsn=(z,-2)/1. (18b)

3.2 The modified analytical method

This section presents a modified formulation of the analytical
approach of cables in the work of Tai and Kim [26]. The two
main modifications are that there is no iteration loop of the
Newton Raphson method, and the cables are divided into
numbers of finite elements. Thus the modified analytical formu-
lation can handle perfectly vertical cables and internal nodes of
cables.

A cable element is shown as in Fig. 3. The cable element
has two nodes, /(0,0,0) and J(, 1, /). The undeformed and
deformed configurations of the cable element are s and p, re-
spectively. The three equilibrium equations of the cable ele-
ment are as follows:

dp

(19a)

Fig. 3. The three-dimensional catenary cable element [26].

T(dy] __F, (19b)
dp
T(Zj:-@ s (19¢)

where F;, F,, F; are the projected components of cable tension
in x-, y-and z-axis, respectively; the weight per unit length of
the cable is y; T is the applied tension at the Lagrange coordi-
nate s and for the case of CDPRs, T is calculated from the
above-mentioned tension distribution algorithm. The relation-
ship between T and the projected tension is given as follows:

T(s)=\F? +F +(F-ys) . (20)

For the cable element, the relationship between tension (T)
and the strain (g) is represented by Hooke’s law [29] as follows:

T:EAE:EA[dp_de:EA[d—p—lj 1)
ds ds

where E and A are Young’s modulus and cross-sectional area
of the cable element, respectively.

The Lagrange coordinate s and the Cartesian coordinate are
related as follows:

x= rdx s = L@d—pds (22a)
0 ds o dp ds

p= [ gy [ (22b)
0 ds o dp ds

z= Léds = L%d—pds. (22c)
o ds " dp ds

As shown in Fig. 3, six boundary conditions are given as fol-
lows:

(23a)
(23b)

x(O) = y(O) = Z(O)
x(L)=1.y(L,)=1,.z(L,) =1, .
Now, substituting Egs. (19)-(21) into Eq. (22), we have the

three equations of the projected lengths of the cable are as
follows:
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l),=_%_£{1n|:\/E2+F‘22+(_F;+}/L0)2}+
EA y ’ (24a)
+;/L0—Fo—ln(\/m_Fa)}
lv:_%_i{ln[\/ﬁz+F22+(_F3+7L0)2}+

EA ¥ (24b)
oyl F, _m(m—a)}
L 2 L
: EA 2EA (24c)

+1[JF5 E o (FarL) —E R R |
/4

where L, is the unstressed length of the cable. Now, these
equations can be written in terms of the node forces
(F.F,.F):

I.=f(F.F.F,) (25a)
l,=g(F,F.F) (25b)
I.=h(F,F,F,). (25¢)

Differentiating these above equations with respect to
F,F,,F,,we have:

al =2 ar + P ap + L ar; (26a)
" OF, oF, oF,
dg Jg
dl, = dF, +—=-dF, (26b)
aF oF, oF,
dl. aldF g+ 9 ar (26¢)
oF, oF, oF,
Writing into a matrix form, we can get:
da. | | fu fo Js||dR dF,
dl,|=| Lo Jo S ||dE, |=F|dE, (27)
d.| [ fu fo Js]ldF dr,

where F is the flexibility matrix and the equations of elements
are given as follows:

(28a)
JE1
y{w,—Fs) T,-(Tf+Fﬁ)1

EF, 1 1

flz f21_ lzl: - ‘|
T(T - F, T AT +F,

7 1(! 3) j( + ) (28b)

11
f;Z_f;l_7 TJ Tj:l

T-F

3

T +F
e B e,
A4y

(28c)
El 1 1
y[m_g) Tj(T,+F6)}
FRI1_1
fzs—fsz_}/|:].; T]:l
(28d)
L ll:F F}
fo=- +
EA y|T T

With, T;and T;are initial tensions applied to cable robots:

T=\F+F +F (29a)
T =\F+F+F; (29b)
where
4= _Fl (303)
F,=-F, (30b)
Fﬁ_ F;+}/L0. (30C)
So, finally, the stiffness matrix is given as follows:
ho fe AT
K=F'= Ju fo Su| - (31)
So So S
The tangent stiffness matrix is given as follows:
-K K
K, = ) 32
; { « _K} (32)

For CDPRs, applied cable tensions (T,) in the modified ana-
lytical formulation are generated by tension distribution algo-
rithm in Sec. 2. Then, the modified procedure for calculation of
the stiffness matrix of cables can be given as follows:

Step 1:input w, E, A and nodes I(x,, Vi 2), J(%, ¥, Z).

Step 2: calculate [, =x;, —x,,l, =y, ~y.L,

Step 3: initialization the values of Lo, F,, Fy Fs.

=Z.—Z.
J i

F=-=27,
1 LO 0
/
F,=—=T,
LO
/
F=-2T,.

Step 4: calculate T;and T; using Egs. (29a) and (29b).
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Table 1. The dimensions of the planar CDPR.

Position Position

vector x(m) y(m) vector x(m) y(m)
A 1.25 1.25 Az -1.25 -1.25
A, -1.25 1.25 Ay 1.25 -1.25

Table 2. Data for the free vibration problem of the planar CDPR [30].

Parameters (unit) Value
The cross-sectional areas A(m?) 12.56x107°
The mass of the end effector (kg) 5
The modulus of elasticity £ (N/m?) 2.0x10"
The weight per unit length v (N/m) 0.067
The minimum tension T,,,, (N) [20,40,60,80]
The maximum tension T, (N) 250

Step 5: calculate the stiffness matrix by Egs. (31) and (32).

In this modified procedure, there is no Newton-Raphson
iteration for updating the misclosure vector: dL=
(,-1) (1,-1) (1,-L)}". Thus, this algorittm can

model perfectly vertical cables.

4. Natural frequencies of CDPRs

To evaluate the stiffness or dynamic performance of CDPRs,
the natural frequency obtained from free vibration analysis is a
good parameter.

Regarding the free vibration analysis of CDPRs, the following
assumptions are made:

1) The mass of the end effector is a point mass attached at
the centroid of the end effector.

2) All cables are connected at the centroid of the end effector.

3) Friction in gearbox and pulleys in CDPRs are neglected.

4) Cable materials are isotropic.

5) Applied tension for cables are calculated by a tension dis-
tribution algorithm solved by the quadratic programming as
mentioned in Sec. 2.

For the free vibration problem of CDPRs, the general equa-
tion of motion of CDPRs’ structure is given as follows:

Mii + Ku=0 (33)

where M and K are the global mass matrix and the global stiff-
ness matrix, respectively.
The eigenvalue problem is given as follows:

(M-oK)u=0 (34)

where @ and u are the natural frequency of cable robots and
the associated displacement vector. To get the nontrivial solu-
tions of the eigenvalue problem, the following determinant must
be equal to zero:

Cable 2 Cable 1

Cable 3 Cable 4
e ) A A (@
Fig. 4. A generalized planar cable driven parallel robot.
IM-0’K|=0. (35)

4.1 A planar cable-driven parallel robot

To validate the performance of the proposed methods to
analyze the vibration of CDPRs, a generalized planar CDPR as
shown in Fig. 4 is considered first.

First, the planar CDPR is assumed to locate at the position x
=0 and y = 0, then the dimension of the planar CDPR and the
data for the free vibration analysis are summarized in Tables 1
and 2.

Table 3 shows the first ten natural frequencies from the vi-
bration analysis using the FEM model in terms of numbers of
elements when the minimum tension T,,, was set to 20 N. The
number of elements was tried up to 40. With the same num-
bers of elements (40 elements) for each cable in SAP 2000
model, it is apparent that the ten natural frequencies obtained
from the FEM model are close to that of SAP2000 with mini-
mum and maximum errors of 1.52 % and 2.13 %, respectively.

Fig. 5 shows the convergence rate of the finite element algo-
rithm for the natural frequency of third mode in Table 3, and it
is seen that it converges quickly after six elements. It is also
shown that the natural frequencies converge to the 15.39 Hz
and 30.29 Hz for the modes between the second and tenth,
respectively. It proves that the required number of elements in
CDPRs’ models is relatively small and as a result, time-
consumption is not expensive.

The modified analytical formulation proposed for CDPRs is
now applied and Table 4 shows the comparison of the natural
frequencies obtained by the modified analytical model, the
FEM model and SAP2000 for four different lower-boundary
values of cable forces, T,;,. In all three models, each cable is
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Table 3. The natural frequencies (Hz) of the first ten modes for a planar CDPR with T, =20 N.

No. of elements Mode
1 2 3 4 5 6 7 8 9 10

1 0.48 38.10 38.10 0.00 0.00 0.00 0.00 0.00 0.00 0.00

2 0.48 16.96 16.96 16.97 16.97 16.97 16.97 16.97 16.98 38.12

4 048 15.78 15.78 15.79 15.79 15.79 15.79 15.79 15.80 33.92

6 0.48 15.56 15.56 15.56 15.56 15.56 15.56 15.56 15.58 3218

8 048 15.48 15.48 15.49 15.49 15.49 15.49 15.49 15.50 31.56

10 0.48 15.45 15.45 15.45 15.45 15.45 15.45 15.45 1547 31.27

20 0.48 15.40 15.40 15.40 15.40 15.40 15.40 15.40 15.42 30.89

40 0.48 15.39 15.39 15.39 15.39 15.39 15.39 15.39 15.41 30.80
SAP2000 047 15.16 15.16 15.16 15.16 15.16 15.16 15.16 15.17 30.29
Error 2.13% 1.52% 1.52% 1.52% 1.52% 1.52% 1.52% 1.52% 1.58% 1.68%

Table 4. Comparison of the natural frequency for a planar cable-driven parallel robot.

T 20N 40N 60N 80N
Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)
Mode sAP2000 | BYMateb | ouponop [ BYMataD | oppano0 | BYMallab | qaponng | BY Matiab
Analytical | FEM Analytical | FEM Analytical | FEM Analytical | FEM
1 0.474 0.481 0.481 0.675 0680 | 0.680 | 0.828 0832 | 0.832 | 0.956 0.961 0.961
2 15157 | 15448 |15.449| 21608 | 21.843 [21.845| 26481 | 26.745 |26.748| 30571 | 30.867 |30.872
3 15157 | 15449 |15.449| 21608 | 21.843 [21.845| 26.481 | 26.745 |26.748| 30571 | 30.867 |30.872
4 15159 | 15450 |15450| 21613 | 21.849 [21.850| 26.493 | 26.758 |26.761| 30.599 | 30.896 |30.901
5 15159 | 15450 |15.450| 21613 | 21.849 [21.850| 26.493 | 26.758 |26.761| 30.599 | 30.896 |30.901
6 15159 | 15450 |15.450| 21613 | 21.849 [21.850| 26.493 | 26.758 |26.761| 30.599 | 30.896 |30.901
7 15159 | 15450 |15.451| 21613 | 21.849 [21.850| 26.493 | 26.758 |26.761| 30.599 | 30.896 |30.901
8 15159 | 15450 [15451| 21.613 | 21.849 |21.851| 26493 | 26.758 |26.761| 30.599 | 30.896 |30.901
9 15174 | 15465 |15.466| 21634 | 21.870 [21.872| 26519 | 26.784 |26.787| 30.629 | 30.926 |30.931
10 30288 | 31.274 [31.275| 37.909 | 38109 |38.110| 37.932 | 38130 |38.130| 37.954 | 38.151 |38.151
Mean error - 0.291 | 0.292 - 0236 | 0.237 - 0.265 | 0.268 - 0.297 | 0.302
Computation time (s) 1.0 0.38 0.41 - - - - - - - - -
40 , . divided into 40 elements. It is apparent that results obtained by
the FEM and the modified analytical method are almost identi-
T cal and are very close to those of SAP2000, and the minimum
351 ] and maximum values of mean errors of 10 modes are 0.236
and 0.302, respectively.
= Although these three methods can generate the same re-
7 I sults, the time consumption with SAP2000 is considerable in
§ modeling the various CDPRs. Besides, SAP2000 does not
§25 I | provide general formulations of cables and it is difficult to inves-
e tigate more detailed information. In contrast, the proposed
methods are specifically designed for CDPRs. They are simple
w0l | and easy to modify for other comprehensive CDPR models.
Fig. 6 shows the relationship between the fundamental natu-
[E ral frequency of the CDPR on the values of T, As shown,
15 ; = : B : : £ when T, increases from 20 N to 60 N, the first natural fre-
0 5 10 15 20 25 30 35 40

No. of element

Fig. 5. Convergence rate of natural frequency for mode 3 in Table 3.

quency also increases from 0.48 Hz to 0.96 Hz almost linearly
by which dependence of the first natural frequency of the
CDPR on the T, is verified. From this observation, it could be
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The first natural frequency (Hz)
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Fig. 6. The dependency of the first natural frequency on Tp,.
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Fig. 7. The first natural frequency of the planar cable robot in a sub-

workspace ((1msx<1m,-Ims<y<1m)(@) Tm =10N; (b) Ty =
40 N.

inferred that the stiffnress of CDPRs and the vibration phe-
nomenon can be improved by increasing the value of T, be-
cause the stiffness of a structure is related to the natural fre-
quency.

Figs. 7(a) and (b) show the first natural frequency of the pla-

0.5

z(m)

-0.5

= = =Tmin=20N
Tmin=40N
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o ©

e
>

o
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o
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e
o
@
¥

Fig. 8. (a) The circular trajectory; (b) the first natural frequency of the planar
CDPR along the circular trajectory.

nar CDPR in a sub-workspace with two different values of T,
=10 N and 40 N. It is apparent that at the center of the sub-
workspace in both figures, the CDPR has the lowest first natu-
ral frequency, about 0.481 Hz and 0.68 Hz, respectively. And
the first natural frequency is seen to increase as the end-
effector goes towards the boundaries of the workspace. The
first natural frequency reaches the highest frequency of
0.99Hz and 1.4 Hz, respectively, at the midpoints of four
edges of the workspace. From this first natural frequency dis-
tribution results, it can be inferred that for a planar type of
CDPR, the cable structure is least stiff and vulnerable to the
vibration when the end-effector is positioned at the center of
the workspace. In contrast, the planar CDPR has the maximum
structural stiffness when the end-effector is located at the mid-
points of four top edges in the workspace hence is more robust
to the vibration.

Fig. 8(a) shows the circular trajectory for the planar CDPR
with a radius of 0.75 m, and Fig. 8(b) illustrates the first natural
frequency of CDPRs along the circular trajectory for two differ-
ent values of T,,;, =20 N and 40 N. As shown, in the case of
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Table 5. The dimensions of the spatial CDPR.

Position vector X (m) y(m) z(m) Position vector X (m) y(m) z(m)
A 1.25 1.25 25 As 1.25 1.25 0
A -1.25 1.25 25 Ag -1.25 1.25 0
A -1.25 -1.25 25 A -1.25 -1.25 0
Ay 1.25 -1.25 25 Ag 125 -1.25 0

Table 6. Data for the free vibration problem of a spatial cable-driven parallel robot.

Parameters (unit) Value
Mass of the end effector (kg) 30
The cross-sectional areas A (m?) 50.265x10°°
The dimensional lengths of the robot's frame (m) 2.5%x2.5x2.5
The position of the end effector, [x,y,2] (m) [0;0;1.25]
The modulus of elasticity £ (N/m?) 2.01x10"
The weight per unit length y (N/m) 0.251
The minimum tension T, (N) [60,80,100,120]
The maximum tension T, (N) 350

Table 7. The natural frequencies (Hz) of the first ten modes for the spatial cable-driven parallel robot obtained by FEM with T, =60 N.

No. of elements Mode
1 2 3 4 5 6 7 8 9 10
1 32.511 32.511 32.511 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 12.396 12.396 12.396 12.397 12.397 12.397 12.397 12.397 20.286 20.287
4 11.533 11.533 11.533 11.533 11.533 11.533 11.533 11.533 18.873 18.875
6 11.371 11.371 11.371 11.372 11.372 11.372 11.372 11.372 18.609 18.610
8 11.314 11.314 11.314 11.315 11.315 11.315 11.315 11.315 18.516 18.517
10 11.288 11.288 11.288 11.289 11.289 11.289 11.289 11.289 18.474 18.475
20 11.254 11.254 11.254 11.254 11.254 11.254 11.254 11.254 18.417 18.418
40 11.245 11.245 11.245 11.246 11.246 11.246 11.246 11.246 18.403 18.404
SAP2000 10.978 10.978 10.978 10.978 10.978 10.978 10.978 10.978 18.267 18.269
Error 244 % 244 % 243 % 244 % 244 % 244 % 244 % 244 % 0.74 % 0.74 %

Tmin = 40 N, the CDPR cable structure always has higher natu-
ral frequencies than those in the case of T,,, = 20 N. It implies
that the stiffness of CDPRs and the vibration resistance can be
improved by increasing the value of T,

4.2 A spatial cable-driven parallel robot

Now the FEM and a modified analytical method are applied . .
to a spatial CDPR driven by eight cables as shown in Fig. 9.
Data for the free vibration analysis of the spatial CDPR are v
summarized in Tables 5 and 6. .

Table 7 shows the natural frequencies of the first ten modes JZ. )
of the spatial CDPR using the FEM model with T,,,, set to 60 N.
With the same number of elements (40 elements) for each
cable in SAP 2000 model, it can see that the ten natural fre-
quencies obtained from the FEM model are close to that of ~ Fig. 9. A spatial cable-driven parallel robot.
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Table 8. Comparison of the natural frequency for the spatial cable-driven parallel robot.

T 60N 80N 100N 120N
Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)
Mode | sap2000 By Matiab SAP2000 By Matiab SAP2000 By Matiab SAP2000 By Matiab
Analytical | FEM Analytical | FEM Analytical | FEM Analytical | FEM
1 10.978 11245 | 11.245| 12815 12984 | 12984 | 14.382 14516 | 14516 | 15.780 15.901 | 15.901
2 10.978 11245 | 11.245| 12815 12.984 | 12984 | 14.382 14516 | 14516 | 15.780 15.901 | 15.901
3 10.978 11245 | 11.245| 12815 12984 | 12984 | 14.382 14516 | 14516 | 15.780 15.901 | 15.901
4 10.978 11246 | 11.246 | 12.817 12985 |12.985| 14.384 14518 | 14518 | 15.782 15.903 | 15.904
5 10.978 11246 | 11.246 | 12.817 12985 | 12985 | 14.384 14518 | 14518 | 15.782 15.903 | 15.904
6 10.978 11246 | 11.246 | 12.817 12985 |12.985| 14.384 14518 | 14518 | 15.782 15.903 | 15.904
7 10.978 11246 | 11.246 | 12.817 12.985 | 12985 | 14.384 14518 | 14518 | 15782 15.903 | 15.904
8 10.978 11246 | 11.246 | 12.817 12985 | 12985 | 14.384 14518 | 14518 | 15.782 15.903 | 15.904
9 18.267 18401 | 18403 | 17.637 17.771 | 17.773 | 18315 18449 | 18451 | 20.335 20472 | 20474
10 18.269 18402 | 18.404 | 17.638 17.772 | 17.774 | 18316 18450 | 18452 | 20.337 20473 | 20476
Mean error - 0.268 0.268 - 0.168 0.168 - 0.134 0.134 - 0.121 0.122
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Fig. 10. Convergence rate of natural frequency for mode 3. Fig. 11. The dependency of the first natural frequency on Ty
Hz

SAP2000 with minimum and maximum errors of 0.74 % and B
2.44 %, respectively. Fig. 10 shows the convergence of the
proposed finite element algorithm and it is seen that it con-
verges only after six elements. Table 8 shows a comparison of
the natural frequency obtained by the FEM algorithm, the modi-
fied analytical method and SAP2000. In all three models, each
cable element is divided into 40 elements. It is observed that
those three methods show almost identical results. Moreover,

E
the minimum and maximum values of mean errors are 0.121 i N b
and 0.268, respectively. 067 YA [P
Fig. 11 shows the relationship between the fundamental 04

natural frequency of the spatial CDPR on the values of T, 02+
As shown, when T, increases from 60 N to 120 N, the first 0 o 4 x(m)®es
natural frequency also increases from 11.245 Hz to 15.901 Hz ¥ (m) K

almost linearly by which dependence of the first natural fre- Fig. 12. The first natural frequency of the spatial cable robot in a sub-
quency of the CDPR on the T,,, is verified. From this observa- workspace (-1 m<x<1m,-1m<y<1m,0.25m<z<1.25m)with Ty =
tion, it could be inferred that the stiffness of the spatial CDPRs 60 N.
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and the vibration phenomenon can be improved by increasing
the value of T,,;, because the stiffness of a structure is related
to the natural frequency.

According to Figs. 6 and 11, when the first natural frequency
needs to be increased to a specific desired value to improve
the stiffness of CDPRs, it could be achieved by altering the
values of T,

Fig. 12 illustrates the first natural frequency of the spatial
CDPR in a sub-workspace with T,;, = 60 N. It is noticed that
the first natural frequency of the spatial CDPR increases as the
end-effector moves up and reaches the maximum of 10.8 Hz at
the top center. This implies that the structural stiffness of the
cable structure is low at the low region and is vulnerable to
vibration. However, when the end-effector moves towards the
top center, the structural stiffness would be high so that it
would be vibration resistant.

5. Conclusions

A modified analytical formulation for calculating the stiffness
of the cable-driven parallel robot is proposed to model both
internal nodes of cables and perfectly vertical cables by divid-
ing cables into numbers of elements and calculating the stiff-

ness matrix of each element without Newton-Raphson iteration.

Along with this modified analytical formulation, a new finite
element formulation that provides a simple, general and accu-
rate models for vibration analysis is successfully applied to the
vibration analysis of CDPRs for the first time.

Both methods were applied to the computation of natural fre-
quencies of the planar and the spatial cable-driven parallel
robots for the validation. Both methods yielded the same result
with that of the commercial software SAP2000, thereby accu-
racy and feasibility of the FEM and the modified analytical
models are proved in predicting vibration of CDPRs.

From the obtained results in free vibration analysis of CDPRs
using the proposed methods, some conclusions can be de-
rived:

1) In the case of the planar cable robot, the structure will
have the lowest natural frequency, i.e., the lowest stiffness at
the center of the workspace compared to the other poses of
the end effector.

2) The spatial CDPR has the highest natural frequency at the
top center of the workspace.

3) For all two types of CDPRs, the natural frequencies, i.e.,
the structural stiffness of the CDPR will be increased by raising
the lower boundary of the allowed cable forces.

4) A desired natural frequency to meet some design re-
quirements can be achieved by adjusting the minimum tension
in cables.
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