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Abstract  Buoyancy-driven flows were investigated inside an enclosure with an inner cyl-
inder embedded within it. The square enclosure contains the power law fluids. The effects are
reported for the position of the cylinder along the horizontal and diagonal directions on the flow
and thermal characteristics based on a rigorous unsteady numerical analysis. The cylinder was
placed at several locations along the diagonal near the top-left corner, the center, and near the 
bottom right corner. The cylinder was also placed along the horizontal centerline near the right
wall. This paper reports the effects of shear thickening and thinning fluids on the heat transfer
mechanism in the enclosure. The thermal characteristics were more pronounced when the 
cylinder was near the bottom right corner than when near the top left corner and at the center.
Pseudoplastic and dilatant fluids can be used in applications requiring increased and de-
creased heat transfer rates, respectively.  

 
1. Introduction   

Many researchers have studied the phenomenon of buoyancy-driven flows in enclosures of 
various shapes with internal bodies. The applications of natural convection can be found in the 
passive cooling of electronic components, air conditioning and solar energy. The investigation 
of laminar natural convection in the presence of power law fluids is needed for enhanced heat 
transfer characteristics. One of the reasons is the distinct performance of non-Newtonian fluids, 
such as dilatant and pseudoplastic fluids. 

Ostrach [1] characterized the researches on free convection inside horizontal and rectangular 
cylinders and annuli subjected to discrete boundary conditions. Davis [2] summarized the 
benchmark solutions of 2D free convection for 103 ≤ Ra ≤ 106. The flow and thermal perform-
ance is enhanced when the internal bodies are subjected to Isothermal rather than Iso heat flux 
boundary conditions [3].  

Kim et al. [4] found symmetric flow conditions about the center vertical line for 103 ≤ Ra ≤ 106. 
Hussain and Hussein [5] analyzed the same physical domain as that of Kim et al. [4] with an 
internal cylinder but with constant heat-flux as a boundary condition. Unsteady flow arises at a 
higher Rayleigh number depending on the position of the internal body [6]. Lee et al. [7] re-
ported slanted thermal plumes on top of an inner circular cylinder. 

Kang et al. [8] extended the work of Lee et al. [7] to Ra = 107 and reported unsteadiness aris-
ing in the square enclosure. The heat transfer increases at all the boundaries except the lower 
wall with increasing Rayleigh number in the range of Rayleigh numbers of 103-106 [9]. Park et 
al. [10] reported enhanced thermal characteristics in a cold square cavity consisting two circular 
cylinders in comparison to an enclosure containing only one cylinder. The position of the local 
peaks of Nusselt numbers around the cylinder are governed by the gap between the enclosure 
walls and cylinders [11].   

The Nusselt numbers were higher at the horizontal walls of an enclosure in case of two 
heated inner cylinders than when a square enclosure has one hot and cold cylinder each [12].  
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The asymmetric flows arise about the vertical center line at Ra 
of 105 and 106 in the case of multi inner cylinders [13]. Seo et al. 
[14, 15] reported the change from steady to unsteady flow re-
gimes depending on the positions of inner cylinders. Pandey et 
al. [16] summarized the studies on free convection in enclo-
sures with or without internal bodies. 

Acrivos [17] reported the asymptotic solutions in the case of 
power law fluids. Ozoe and Churchill [18] discussed an algo-
rithm developed to analyze natural convection for only Ellis and 
power law models. The Nusselt number increases with de-
creasing value of the power law index [19]. Ohta et al. [20] 
observed a rather complicated flow field due to a viscosity 
change when the fluid is pseudoplastic in nature at a high 
Rayleigh number in a square cavity using the Sutterby model. 
Kim et al. [21] delineated the influence of the power law index 
on the transient buoyant convection.  

The heat transfer in the case of a tall rectangular cavity is 
mainly governed by the power law index and Rayleigh number 
at higher Prandtl numbers (Pr > 100), as reported by Lamsaadi 
et al. [22, 23]. The effect of the inclined rectangular cavity is 
more pronounced with decreasing power law index [24].  

Turan et al. [25-27] developed a criterion that can predict the 
change of flow from steady to unsteady flow inside an enclo-
sure. Matin and Khan [28] found that the Nusselt number in-
creases by 170 % in the case of pseudoplastic fluids inside an 
annulus when compared with the case of Newtonian fluid. The 
flow transition takes place at n = 0.6 in the pseudoplastic re-
gime, as proclaimed by Pandey et al. [29].    

Unlike the case of Newtonian fluid, non-Newtonian power 
law fluids exhibits different natures such as pseudoplastic or 
dilatant based on the shear rate and temperature depend-
ency. The novelty of present study stems from the fact that 
the flow and heat transfer characteristics of non-Newtonian 
fluids in these regimes are not well established yet and 
should be investigated thoroughly. Furthermore, many stud-
ies in past have been performed based on the steady state 
analysis. However, Pandey et al. [29] have reported an un-
steadiness arising at higher Rayleigh number of 106 in the 
shear thinning regime (n = 0.6). The effects of an inner cylin-
der placed along the diagonal as well as horizontal center-
lines on the behavior of non-Newtonian fluid have not been 
investigated so far. Hence, this paper focuses on analyzing 
the effects of the movement of an inner heated circular cylin-
der on laminar natural convection in an enclosure filled with 
non-Newtonian fluids. The cylinder was moved along the 
diagonal and horizontal center lines. The unsteadiness and 
asymmetry resulting from the position of inner cylinder are 
also reported. 

In process of designing the thermal systems such as heat 
exchangers, electronic chip cooling system, the internal bodies 
such as circular cylinder must be placed at the optimized posi-
tions depending on the system requirement. The present study 
layout the optimized locations such as closed to the bottom 
wall for heat enhancement and center for the diminished heat 
transfer characteristics. 

2. Numerical methodology 
The physical system comprises a square enclosure sub-

jected to cold temperature (θ c) with length L, as shown in Fig. 1. 
A circular cylinder of radius R subjected to hot temperature (θ h) 
is placed inside the enclosure. The cylinder was located at ξ = 
0.25γ (near the top left corner), ξ = 0 (center), and ξ = -0.25γ 
(near the bottom right corner) along the diagonal line, where γ 
= √2L, as illustrated in Fig. 1. The cylinder was also positioned 
at δ = 0.25L along the horizontal center line, as shown in Fig. 1. 
The physical properties of non-Newtonian fluid are assumed to 
be constant except for the density that appears in the body 
force term of the Y-momentum equation.  

The unsteady continuity, momentum and energy equations 
for incompressible laminar flow are defined as:  
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Fig. 1. Schematic diagram.  
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The effective viscosity (H) is defined as: 
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where ns and W are the normal direction with respect to the 
walls and the surface area of the walls, respectively. tp is the 
time period of integration. 

The inner cylinder and enclosure were subjected to θ = 1 
and θ = 0, respectively with no-slip conditions at the wall 
boundaries. All governing equations were solved using the 
finite-volume-based “Fluent” solver with SIMPLE scheme [30] 
used for pressure velocity coupling along with the Presto solver 
for solving the pressure equation. 

It is important to mention at this juncture that the numerical 
methodology followed in the present study is similar to our 
previous studies [29]. Hence, the results of grid independence 
study as well as the validation studies are available elsewhere 
[29].   

3. Results and discussion 
Bifurcation maps of the flow changing from steady to un-

steady flow are shown in Fig. 3. The flow becomes unsteady at 
a power law index of 0.6 and higher Rayleigh number of 106. 
However, it ultimately reaches steady state for all the other 
cases considered. In addition, the symmetry in the flow and 
thermal fields that occurs in all cases at ξ = 0, as reported by 
Pandey et al. [29], disappears when the cylinder is positioned 
at ξ = 0.25γ, ξ = -0.25γ, and δ = 0.25L. The unsteadiness aris-
ing in the enclosure based on this CFD analysis also justifies 
the criteria given by Turan et al. [25] for the non-existence of 
two-dimensional steady solution, which state that it is impossi-
ble to obtain a 2D steady solution if: 
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Fig. 2. Computational grid. 
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(b) 

 
Fig. 3. Bifurcation maps for (a) ξ = -0.25γ, 0.25γ and δ = 0.25L; (b) ξ = 0. 
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The term on the right side of Eq. (9) was found to be 
5.34×105, which corresponds to Pr = 10 and n = 0.6 and is less 
than Ra = 106. The effective Rayleigh number (Raeff) defined in 
Eq. (10) was found to be 2.37×108, which is higher than 108 
corresponding to Pr = 10, Ra = 106, and n = 0.6. Therefore, 
both conditions violate the possible existence of a two-
dimensional steady solution. 

 
3.1 Flow and thermal fields 

The CFD analysis was done for 103 ≤ Ra ≤ 106 and 0.6 ≤ n ≤ 
1.6 in a step size of 0.2. The Isotherms and streamlines were 
obtained for n = 0.6, 1, and 1.6 for all Ra, ξ, and δ. The time-
averaged isotherms and streamlines at n = 0.6, 1, and 1.6 for 
103 ≤ Ra ≤ 106 and ξ = -0.25γ are shown in Fig. 4. The Iso-
therms and streamlines were asymmetric for all cases of ξ =   
-0.25γ. The isotherms were intensified at the bottom right cor-
ner near the cylinder, whereas coarsened isotherms were ob-
served on the opposite corner of the enclosure, as depicted in 
Fig. 4. A weak thermal plume formed at n = 0.6 and Ra = 103, 
as revealed in Fig. 4(a). However, slanted thermal plumes 
appear at n = 0.6 and 1.0 at Ra = 104, as obvious in Figs. 4(d) 
and (e).  

At n = 0.6, a heated plume reaches the upper boundary of 
the enclosure and scatters towards the vertical sidewalls, as 
manifested in Fig. 4(d). The streamlines show that a small 
inner vortex is generated in the lower right quarter. Moreover, 
the two inner vortices appearing inside the primary eddy in the 
left halve of the enclosure in case of n = 0.6, 1.0 and 1.6 for Ra 
= 103 and n = 1.0 and 1.6 for Ra = 104 when the cylinder is 
positioned at the center, as reported by Pandey et al. [29], 
merged into a large eddy in the respective cases of ξ = -0.25γ, 
as can be seen in Figs. 4(a)-(f). 

The Isotherms and streamlines corresponding to Ra = 105 
and 106 are shown in Figs. 4(g)-(l). The isotherms at Ra = 105 
and 106 show larger ascending plumes in comparison to 103 
and 104 due to increased buoyancy-driven flows. A thermal 
plume reaches the upper boundary of the enclosure in all 
cases at Ra = 105 and 106 due to higher velocity circulations in 
those regions with heated fluid. Figs. 4(g)-(l) exemplified that 
the stratification of isotherms takes place above the cylinder. 
Consequently, stronger thermal gradients occur at the location 
of the rising thermal plume.  

The stratification is more dominant in the upper left quarter, 
as appears in Figs. 4(g) and (h). With increasing Rayleigh 
number to 106, the isotherms start to distort with stronger 
buoyancy. The thermal gradient near the boundary walls was 
also larger due to closely packed isotherms forming across the 
boundaries of cavity.  

Analogous to the cases of Ra = 103 & 104, a small inner vor-
tex appeared in the enclosure at n = 1.0 and 1.6 at Ra = 105 
and 106. The flow circulation was identical in the left half of the 
enclosure at n = 1.6 for Ra = 105 & 106. However, with de-
creasing n, pseudoplastic effects start to overshadow dilatant 
effects, and the size of the right primary eddy increases, as 

shown in Fig. 4(k). The primary eddies in the left halve at n = 
0.6 and Ra = 105 were composed of three inner vortices due to 
increasing shear thinning effects, as shown in Fig. 4(g). In addi-
tion, secondary vortices appeared around the cylinder and all 
corners of the enclosure.  

Flow becomes unsteady corresponding to n = 0.6 and 106, 
and the isotherms become more intense across the enclosure 
walls, as shown in Fig. 4(j). The three inner vortices in the left 
primary eddy at n = 0.6 and Ra = 105 merged into one vortex 
with distorted flow at n = 0.6 and Ra = 106. Furthermore, remi-
niscent of n = 0.6 and Ra = 105, the streamlines show addi-
tional secondary vortices at different locations for n = 0.6 and 
Ra = 106 due to bifurcation of the flow. The flow appeared to be 
more confined in the right primary eddy for Ra = 105 & 106 with 
decreasing n of 0.6, as evident in Figs. 4(g) and (j). 

Time-averaged thermal and flow domains at n = 0.6, 1, and 
1.6 for 103 ≤ Ra ≤ 106 and ξ = 0.25γ are shown in Fig. 5. The 
Isotherms and streamlines were asymmetric for all cases of ξ = 
0.25γ, similar to the case of ξ = -0.25γ. The isotherms were 
intensified at the top left corner near the cylinder, whereas 
coarsened isotherms were observed on the opposite corner of 
the cavity, revealed in Fig. 5. As demonstrated in Figs. 5(a)-(c), 
in case of Ra = 103, the isotherms exhibit a similar profile irre-
spective of the power law index due to the conduction-
dominated flow regime.  

As Ra increases to 104, isotherms start to bend towards the 
right vertical side walls with decreasing n. Isotherms corre-
sponding to n = 0.6 depicts a weak heated plume, as indicated 
in Fig. 5(d). At n = 0.6, the heated plume reaches the right 
vertical walls, unlike the case of Ra = 103. As shown in Figs. 
5(e) and (f), the heated fluid fails to reach to the right wall for n 
= 1.0 and 1.6 due to shear thickening effects. The streamlines 
show that a small inner vortex formed in between the cylinder 
and the top left corner.  

The Isotherms and streamlines corresponding to Ra = 105 & 
106 are shown in Figs. 5(g)-(l). The isotherms at Ra = 105 & 106 
show larger slanted plumes than at 103 and 104 due to stronger 
buoyancy-driven flows. The thermal plume reaches the right 
vertical wall of the enclosure in all cases at Ra = 105 and 106 
due to higher velocity circulations in the right halve. The tem-
perature distributions at n = 1.0 and n = 1.6 at Ra = 105 were 
similar to those at n = 0.6 and n = 1.0 at Ra = 104, respectively, 
as shown in Figs. 5(h) and (i). However, two thermal plumes 
were formed at n = 0.6, as appeared in Fig. 5(g).  

The flow circulation was identical in the case of n = 1.6 for Ra 
= 105 and 106, as shown in Figs. 5(i) and (l). The flow fields at n 
= 0.6 at Ra = 105 were somewhat different from other cases of 
n. The left primary eddy that was confined in the left half of the 
enclosure reaches the right half of the enclosure with more 
disturbed flow, as shown in Fig. 5(g). The stratification and 
distortion of isotherms take place above the cylinder as the Ra 
increases to 106, as highlighted in Figs. 5(k) and (l). Fig. 5(j) 
reveals that the stratification is more dominant near the right 
vertical wall. Accordingly, stronger thermal gradients occur 
near the right vertical wall.  
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Fig. 4. Time-averaged isotherms and streamlines at Pr = 10 and n = 0.6, 1.0 and 1.6 for ξ = -0.25γ for various Ra. 

  
(a) Ra = 103, n = 0.6 

 

  
(b) Ra = 103, n = 1.0 

 

  
(c) Ra = 103, n = 1.6 

 

  
(d) Ra = 104, n = 0.6 

 

  
(e) Ra = 104, n = 1.0 

 

  
(f) Ra = 104, n = 1.6 

 
 

  
(g) Ra = 105, n = 0.6 

 

  
(h) Ra = 105, n = 1.0 

 

  
(i) Ra = 105, n = 1.6 

 

  
(j) Ra = 106, n = 0.6 

 

  
(k) Ra = 106, n = 1.0 

 

  
(l) Ra = 106, n = 1.6 
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Fig. 5. Time-averaged isotherms and streamlines at Pr = 10 and n = 0.6, 1.0 and 1.6 for ξ = 0.25γ for various Ra. 

  
(a) Ra = 103, n = 0.6 

 

  
(b) Ra = 103, n = 1.0 

 

  
(c) Ra = 103, n = 1.6 

 

  
(d) Ra = 104, n = 0.6 

 

  
(e) Ra = 104, n = 1.0 

 

  
(f) Ra = 104, n = 1.6 

 
 

  
(g) Ra = 105, n = 0.6 

 

  
(h) Ra = 105, n = 1.0 

 

  
(i) Ra = 105, n = 1.6 

 

  
(j) Ra = 106, n = 0.6 

 

  
(k) Ra = 106, n = 1.0 

 

  
(l) Ra = 106, n = 1.6 
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There is a thinner thermal boundary layer across the cylinder 
for Ra = 106 at n = 0.6 due to increased convection and shear 
thinning effects. The left primary eddy with a single inner vortex 
splits into two inner vortices as Ra increases to 106 at n = 0.6 
and 1.0 in comparison to the respective cases for Ra = 105, 
which can be seen in Figs. 5(j) and (k). 

Moreover, a secondary vortex appears in the vicinity of lower 
wall. Flow found to be unsteady for n = 0.6 and 106, and the 
isotherms become more intense across the enclosure walls, as 
can be observed in Fig. 5(j).  

The isotherms and streamlines at n = 0.6, 1, and 1.6 for 103 
≤ Ra ≤ 106 and δ = 0.25L are illustrated in Fig. 6. The Iso-
therms and streamlines were symmetric about the horizontal 
center line at Ra = 103 for n = 1.0 and 1.6 and at Ra = 104 for n 
= 1.6, as shown in Figs. 6(b), (c) and (f). However, this symme-
try breaks down at n = 0.6 for Ra = 103 and n = 0.6 and 1.0 for 
Ra = 104 due to shear thinning effects and the combined ef-
fects of increased buoyancy and shear thinning, respectively. 
The streamlines at Ra = 103 and Ra = 104 show one primary 
eddy in the left halve and two primary eddies in the right halve 
of the enclosure for all cases of n. However, the eye of the left 
primary eddy in the left half slightly moves in the upper half of 
the enclosure at n = 0.6 for Ra = 103 and n = 0.6 and 1.0 for Ra 
= 104, as shown in Figs. 6(a), (d) and (e). In addition, a plume 
rises above the cylinder corresponding to Ra = 104 and n = 0.6, 
as manifested in Fig. 6(d).  

The flow and thermal domains were asymmetric about the 
horizontal center line of the enclosure at Ra of 105 and 106 for 
all cases due to stronger buoyancy flows, as shown in Figs. 
6(g)-(l). The temperature and velocity distributions at n = 1.6 at 
Ra = 105 were identical to those of n = 1.0 and Ra = 104, as 
observed in Fig. 6(i). The thermal fields at n = 0.6 and 1.0 
reach the upper wall because of the rising thermal plume 
above the cylinder, as shown in Figs. 6(g) and (h). At n = 1.0 
and 1.6 for Ra = 105, the primary eddy in the left halve with one 
inner vortex bifurcates into three inner vortices at n = 0.6, as 
shown in Fig. 6(g). Furthermore, the primary eddy in the lower 
right halve with one vortex bifurcates into two inner vortices.  

For Ra = 106, the isotherms distort, resulting in stratification 
along the vertical side walls. Figs. 6(j) and (k) revealed that the 
primary eddy in left halve with one inner vortex for n = 1.6 and 
Ra = 106 bifurcates into three and two inner vortices for n = 0.6 
and n = 1.0, respectively. A transitional flow from steady to 
unsteady state at n = 0.6 and 106 is observed, and the iso-
therms become more intense across the enclosure walls, as 
shown in Fig. 6(j).  

 
3.2 Unsteady dynamics 

The evolution of Nu  at inner cylinder over time is shown in 
Figs. 7(a)-(d) for ξ = -0.25γ, ξ = 0, ξ = 0.25γ, and δ = 0.25L 
corresponding to Ra = 106 and n = 0.6. The solution shows 
aperiodic unsteady oscillations. There is non-periodic sway of 
the thermal plume in either half of the enclosure, which causes 
the thickness of the thermal boundary to amend. Consequently, 

the distribution of the surface-averaged Nusselt number oscil-
lates with time. Thereby, exhibiting asymmetric natures dem-
onstrated in Figs. 4(j), 5(j) and 6(j) at n = 0.6 and Ra = 106. 

The primary frequency distributions of the instantaneous sur-
face-averaged Nusselt number around the cylinder for all 
cases are shown in Figs. 7(e) and (f). The primary frequencies 
for the cases of diagonal movements (ξ = -0.25γ, ξ = 0, and ξ = 
0.25γ) are illustrated in Fig. 7(e). The oscillatory motion of the 
thermal plume rising on top of the cylinder is very strong in the 
case of ξ = -0.25γ. Consequently, the temperature and velocity 
distributions rapidly alter with time because of the strong sway 
of the thermal plume. For this reason, the highest dominant 
primary frequency is 402 Hz corresponding to Ra = 106 and n = 
0.6.  

However, for ξ = 0.25γ, the fluctuations are less intensified 
compared to the case of ξ = -0.25γ. Thus, lower primary fre-
quency of 114 Hz. The lowest primary frequency among all 
cases is about 10 Hz in the case of ξ = 0 due to symmetrical 
thermal characteristics.  

Similarly, the primary frequency for the cases of horizontal 
centerline movements (δ = -0.25L, δ = 0 or ξ = 0 and δ = 
0.25L) are illustrated in Fig. 7(f). The results of only one case of 
horizontal movements are reported because the thermal and 
flow characteristics should be identical for δ = -0.25L and δ = 
0.25L due to symmetrical positions along the horizontal center-
line.  

The primary frequency lies between those that occur at ξ =  
-0.25γ and ξ = 0.25γ. The space between the cylinder and top 
wall of the enclosure is larger than in the case of ξ = 0.25γ. 
This leads to stronger sway of the thermal plume on either side 
of the upper surface of the cylinder, and the additional plume 
rising on the right upper side of the cylinder appears and dis-
appears over time. Therefore, the primary frequency of 210 Hz 
is higher than in the case of ξ = 0.25γ. 

 
3.3 Distribution of local Nusselt number 

The variation of Nu around the cylinder can be justified 
upon analyzing the thermal fields of respective cases. For the 
case of ξ = -0.25γ, the variations of Nu  at n = 0.6 to 1.6 are 
shown in Fig. 8. The distribution of Nu  at Ra = 103 shows 
two peak values at φ = 90o and 180o, irrespective of n, as mani-
fested in Fig. 8(a). This is due to the highly packed isotherms in 
these regions, as shown in Figs. 4(a)-(c). Moreover, the varia-
tion of Nu at n = 0.6 is somewhat different from other cases 
in the range of 220o ≤ φ ≤ 360o due to slanted isotherms devel-
oping above the cylinder.  

The distribution of Nu at Ra = 104 is similar to that at Ra = 
103, especially at higher n, as shown in Fig. 8(b). However, 
with decreasing n, the variation of Nu with reference to φ 
shows a somewhat different increasing and decreasing trends 
except in the range of 70o ≤ φ ≤ 210o. This is due to the slightly 
higher buoyancy-induced flow than that at Ra = 103, as shown 
in Fig. 8(b). The distribution of Nu  at Ra = 105 is similar to 
that at Ra = 104 except at n = 0.6, as shown in Fig. 8(c). Two  
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Fig. 6. Time-averaged isotherms and streamlines at Pr = 10 and n = 0.6, 1.0 and 1.6 for δ = 0.25L for various Ra. 

  
(a) Ra = 103, n = 0.6 

 

  
(b) Ra = 103, n = 1.0 

 

  
(c) Ra = 103, n = 1.6 

 

  
(d) Ra = 104, n = 0.6 

 

  
(e) Ra = 104, n = 1.0 

 

  
(f) Ra = 104, n = 1.6 

 

  
(g) Ra = 105, n = 0.6 

 

  
(h) Ra = 105, n = 1.0 

 

  
(i) Ra = 105, n = 1.6 

 

  
(j) Ra = 106, n = 0.6 

 

  
(k) Ra = 106, n = 1.0 

 

  
(l) Ra = 106, n = 1.6 
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local peaks appear in the distributions of Nu at φ = 90o and 
180o for n = 0.8-1.6. However, due to increasing shear thinning 
effects, Nu at n = 0.6 shows a local peak at φ = 260o due to 
intensified thermal fields at φ = 260o, as shown in Fig. 4(g). 

In common with Ra = 105, Nu  at Ra = 106 shows a similar 

increasing trend in the range of 0o ≤ φ < 90o, followed by two 
peaks at φ = 90o and 180o and then a decreasing trend in the 
region to 180o < φ ≤ 340o. Finally, a small increase occurs until 
360o or 0o. However, due to a thermal plume arising on the top 
right of the cylinder, Nu  values increase much more than in 

      
                                            (a)                                                           (b)  
 

     
                                             (c)                                                          (d)  
 

      
                                             (e)                                                          (f) 
 
Fig. 7. Evolution of Nu  for (a) ξ = -0.25γ; (b) ξ = 0; (c) ξ = 0.25γ; (d) δ = 0.25L at n = 0.6, Ra = 106. And Primary frequency distributions for (e) diagonal; (f) 
horizontal movements of inner cylinder. 
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the case of Ra = 105 as φ increases from 0 to 10o, as shown in 
Fig. 8(d). The local peaks of Nu attain a maximum value at 
φ = 260o, and Nu is higher than that in the case of Ra = 105 
due to increasing shear thinning effects at n = 0.6 and in-
creased buoyancy convective flow.  

The variations of Nu at n = 0.6 to 1.6 in the case of ξ = 0 
are shown in Fig. 9. The distribution of Nu  is shown only for 
half domain (0o ≤ φ < 180o) around the inner cylinder due to 
symmetry observed in the flow and thermal fields for all cases 
of ξ = 0, as reported by Pandey et al. [29]. In the case of ξ = 0, 
the distribution of Nu is almost symmetric about 90o (hori-
zontal center line) at Ra = 103, as shown in Fig. 9(a). However, 
Nu shows an increasing pattern for n = 0.6 and 0.8 due to 

the small thermal plume rising above the cylinder towards the 
top wall at Ra = 104, as shown in Fig. 9(b). These small plumes 
makes the thermal boundary layer weaker on top of the cylin-
der surface at Ra = 104 and ξ = 0. The symmetry in the distri-
bution of Nu about horizontal center line in the case of ξ = 0 
disappears as the Rayleigh number increases to 105 and 106 at 
all power law indices. This results from the thermal plume ap-
pearing with increasing Ra and decreasing n, as shown in Figs. 

9(c) and (d). The distribution of Nu  at n = 0.6 and Ra = 105 
shows a complex pattern of decreasing and increasing trends 
due to two upwelling and one down welling thermal plumes 
arising on top of inner circular cylinder, as reported by Pandey 
et al. [29]. In addition there appears two secondary vortices in 
flow fields. Moreover, the increment in Nu  increases with 
decreasing power law index due to thinner thermal boundary 
layer developing across the inner cylinder for 0o ≤ φ < 180o and 
Ra = 106, as reported by Pandey et al. [29] and illustrated in 
Fig. 9(d). 

The variations of Nu at n = 0.6 to 1.6 in the case of ξ = 
0.25γ are shown in Fig. 10. The distribution of Nu  at Ra = 
103 shows two peak values at φ = 0o/360o and 270o irrespec-
tive of the n, as shown in Fig. 10(a). This is due to the much 
denser isotherms around the cylinder at φ = 0o/360o and 270o, 
as shown in Figs. 5(a)-(c). However, the distribution of Nu  
at n = 0.6 in the range of 120o ≤ φ ≤ 200o is somewhat different 
from other cases due to rising forward isotherms appearing 
around the surface of the cylinder. The distribution of Nu  at 
Ra = 104 is similar to that at Ra = 103, especially at higher n, as 
shown in Fig. 10(b). However, with decreasing n, the local 

      
                                            (a)                                                           (b) 
 

      
                                           (c)                                                            (d) 
 
Fig. 8. Nu variation for (a) Ra = 103; (b) Ra = 104; (c) Ra = 105; (d) Ra = 106 and ξ = -0.25γ. 
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Nusselt number shows a somewhat different increasing trend 
with respect to φ except in the range of 70o ≤ φ ≤ 220o. This is 
due to the slightly higher buoyancy-induced flow than at Ra = 
103, as shown in Fig. 10(b). This increase in Nu  values 
increases with decreasing power law index.  

The distribution of Nu at Ra = 105 is similar to that at Ra = 
104 except at n = 0.6, as shown in Fig. 10(c). The increasing 
Nu  trend with decreasing n spans over a higher range of 

60o ≤ φ ≤ 240o, but at Ra = 104, the range was 70o ≤ φ ≤ 220o. 
In addition, the peak value shifted to 310o from 270o due to 
rising plumes above the cylinder, as shown in Fig. 5(g). Two 
local peaks appear in the distributions of Nu at φ = 0o/360o 
and 270o for n = 0.8-1.6.  

Due to the thermal plume arising on the top right of the cylin-
der with increased buoyancy-induced flow, the increase in 
Nu  in the case of n = 0.8-1.6 and Ra = 106 is much higher 

than in the case of Ra = 105 as φ increases from 60o to 240o, 
as shown in Fig. 10(d). Distorted thermal fields in between the 
cylinder and the left corner of the enclosure result in the distri-
bution of Nu  in the case of n = 0.6 that is somewhat differ-
ent from other cases of n in the range of 0o ≤ φ ≤ 50o. Nu  

Corresponding to a local peak at φ = 310o was higher than at 
Ra = 105 due to increasing shear thinning effects at n = 0.6 and 
increased buoyancy convective flow. 

For the case of δ = 0.25L, Fig. 11 shows the variations of 
Nu  at n = 0.6 to 1.6. The distribution of Nu  at Ra = 103 

shows one peak value at φ = 90o irrespective of n, as shown in 
Fig. 11(a). This is a result of denser thermal fields around the 
cylinder at φ = 90o, as shown in Figs. 6(a)-(c). Nu  at n = 0.6 
is somewhat different from other cases in the range of 180o ≤ φ 
≤ 360o due to slanted isotherms developing around the cylinder. 
The distribution of Nu  at Ra = 104 is similar to that at Ra = 
103, especially at higher n, as shown in Fig. 11(b). However, 
with decreasing n, Nu shows a somewhat different increas-
ing and decreasing trends with respect to φ except in the range 
of 70o ≤ φ ≤ 140o. This is due to the slightly higher buoyancy 
induced flow than at Ra = 103, as shown in Fig. 11(b).  

The distribution of Nu at Ra = 105 is similar to that at Ra = 
104 except at n = 0.6, as shown in Fig. 11(c). Due to increasing 
shear thinning effects, Nu at n = 0.6 shows two local peaks 
at φ = 30o and 240o. At Ra = 106, a thermal plume arises on the 
top right of the cylinder with increased buoyancy-induced flow.  

      
                        (a)                                                           (b) 

 

      
                                            (c)                                                           (d) 
 
Fig. 9. Nu variation for (a) Ra = 103; (b) Ra = 104; (c) Ra = 105; (d) Ra = 106 and ξ = 0. 
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                                                 (a)                                                (b) 
 

     
                                                 (c)                                                (d) 
 
Fig. 10. Nu variation for (a) Ra = 103; (b) Ra = 104; (c) Ra = 105; (d) Ra = 106 and ξ = 0.25γ. 

 

      
                                                (a)                                                  (b) 
 

      
                                                (c)                                                  (d) 
 
Fig. 11. Nu variation for (a) Ra = 103; (b) Ra = 104; (c) Ra = 105; (d) Ra = 106 and δ = 0.25L. 
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As a result, the increase in Nu in the case of n = 0.8-1.6 is 
much higher than in the case of Ra = 105 as φ increases from 
120o to 340o, as shown in Fig. 11(d). Nu corresponding to a 
local peak at φ = 30o is higher than at Ra = 105 due to increas-
ing shear thinning effects at n = 0.6 and increased buoyancy 
convective flow. 

 
3.4 Distribution of surface-averaged Nusselt 

number 

Figs. 12(a)-(d) show the distributions of Nu versus n for 
various Ra with respect to cylinder location along the diagonal 
and horizontal center lines. Nu  is a decreasing function of 
n irrespective of the cylinder location. The maximum and mini-
mum Nusselt numbers were found at ξ = -0.25γ and ξ = 0, 
respectively. The highest surface-averaged Nusselt number of 
42.58 was found at n = 0.6 and Ra = 106 for ξ = -0.25γ, 
whereas the lowest value of 5.05 was found at n = 1.6 and Ra 
= 103 for ξ = 0.  

Nu  always increases with increasing Ra for any given 
power index. However, this increase is more pronounced with 
decreasing n. Nu decreases less with increasing n. The 
time and surface-averaged Nusselt number at n = 0.6 in-

creases by 138.8 % with respect to n = 1 (Newtonian case) at 
Ra = 106 and ξ = -0.25γ. However, this increase for the cases 
of ξ = 0, ξ = 0.25γ, and δ = 0.25L was 158.7, 126.21 and 
151.6 %, respectively. Nu at n = 1.6 decreases by 30 % 
with respect to n = 1 (Newtonian case) at Ra = 106 and ξ =     
-0.25γ. However, this decrease for the cases of ξ = 0, ξ = 0.25γ, 
and δ = 0.25L was 59.45, 23.74, and 40.28 %, respectively.  

Several correlations have been derived to estimate Nu  
for given input parameters (Ra and n) at different positions of 
the cylinder:  

 
Near the bottom right corner (ξ = -0.25γ): 

( )
1.561.40.42 2.34.63 0.1 1 6.9Nu Ra n

−⎡ ⎤= + +⎢ ⎥⎣ ⎦
; R2 = 0.998 

 
Near the top left corner (ξ = 0.25γ): 

( )
0.711.450.58 2.8729.72 0.34 1 15.54Nu Ra n

−⎡ ⎤= + +⎢ ⎥⎣ ⎦
; R2 = 0.999 

 
Near the right wall (δ = 0.25L): 

( )
0.572.50.6 1.838.57 4.8 1 7.4Nu Ra n

−⎡ ⎤= + +⎢ ⎥⎣ ⎦
; R2 = 0.998 

      
                                              (a)                                                        (b)  
 

      
                                             (c)                                                         (d)  
 
Fig. 12. Nu  in terms of n at various Ra for (a) ξ = -0.25γ; (b) ξ = 0; (c) ξ = 0.25γ; (d) δ = 0.25L. 
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4. Conclusions  
The present research examined the effects of diagonal and 

horizontal movements of a cylinder on laminar natural convec-
tion. Based on the unsteady two-dimensional CFD analysis, it 
was found that the location of the cylinder affects temperature 
and velocity fields inside the cavity. The symmetry when the 
cylinder positioned at ξ = 0 no longer occurs when the cylinder 
moves across the horizontal centerline and diagonal of the 
enclosure. Flow bifurcation takes place at n = 0.6 (shear thin-
ning fluid) at Ra = 106 irrespective of the cylinder location along 
the horizontal centerline and diagonal.  

The maximum heat transfer rate around the cylinder oc-
curred when the cylinder was placed near the bottom right 
corner (ξ = -0.25γ). However, when the cylinder was near the 
top left corner (ξ = 0.25γ), the heat transfer rate decreased in 
comparison to when the cylinder was near the bottom right 
corner (ξ = -0.25γ). The maximum increase was 158.7 % in 
Nu  at n = 0.6, Ra = 106 and ξ = 0 compared to the Newto-

nian fluid case (n = 1). The minimum decrease was 23.74 % at 
n = 0.6, Ra = 106 and ξ = 0.25γ compared to the Newtonian 
fluid case (n = 1). 

Nu  was a decreasing function of the power law index. 
The flow characteristics in the shear thinning regime were dif-
ferent from those in the shear thickening regime. In the case of 
heat enhancement applications, placing the cylinder near the 
bottom right corner shows the highest heat transfer rate. How-
ever, when less heat is desired, the cylinder must be placed at 
the center of the enclosure. 

The time-averaged thermal and flow fields were found to be 
asymmetric when the cylinder is placed at a location other than 
at the center unlike the most of the cases of centrally placed 
cylinder (ξ = 0). The heat transfer characteristics within the 
enclosure enhance when the inner cylinder is placed close to 
the bottom wall (ξ = -0.25γ) in the shear thinning regime with 
increasing Rayleigh number. On the other hand, the heat trans-
fer characteristics diminish when the inner cylinder is placed at 
the center (ξ = 0) in the shear thickening regime with decreas-
ing Rayleigh number. The oscillatory motion of the thermal 
plume arising on top of inner cylinder was rapid as well as 
strong unlike the case of ξ = 0 resulting in highest dominant 
primary frequency of 402 Hz. On the other hand, the lowest 
primary frequency of 10 Hz was recorded in the case of cen-
trally placed cylinder (ξ = 0) due to the symmetrical isotherms 
and streamlines. 
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Nomenclature----------------------------------------------------------------------------------- 

D : Diameter of internal circular cylinder, m 
G : Grid 
g : Gravitational acceleration, m/s2 
H : Apparent viscosity 
k : Thermal conductivity, W/mK 
L : Length of the enclosure, m 
m : Consistency index, Ns2/m2 
N : Total number of grid elements 
Nc : Number of circumferential grid points along the cylinder 
Nu : Instantaneous local Nusselt number 
Nu  : Instantaneous surface-averaged Nusselt number 
Nu  : Time-averaged local Nusselt number 

Nu  : Time and surface-averaged Nusselt number 

n : Power law index 
p : Pressure, Pa 

P : Dimensionless pressure, = L pP
ρα

2

2  

Pr : Prandtl number 
Ra : Rayleigh number 
R : Radius of internal circular cylinder, m 
R2 : Coefficient of multiple determination 
T : Temperature, K 
T0 : Reference temperature, K 
Tm : Mean temperature, K 
∆T : Temperature difference between the hot and cold sur-

faces (Th-Tc), K 
t : Time, s 
u, v : Velocities in x and y directions, m/s 
U, V : Dimensionless velocities in x and y directions,  
x, y : Cartesian coordinates in x and y directions, m 
X, Y : Dimensionless coordinates in x and y directions,  
2D : Two dimensional 

 
Greek letters 

α : Thermal diffusivity, m2/s 
β : Thermal expansion coefficient, 1/K 
δ : Distance of the center of circular cylinder from the center 

of the enclosure measured horizontally 
η : Effective viscosity, Ns/m2 
ρ : Density, Kg/m3 
φ : Angle of internal cylinder 
θ : Dimensionless temperature,  

τ : Dimensionless time, = tατ
L2  

ξ : Distance between the center of circular cylinder and 
center of enclosure measured diagonally 

 
Superscripts and subscripts 

c : Cold/cooled 
h : Hot/heated 
m : Mean 
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