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Abstract In this paper, a new balancing approach called “zero-power balancing” (ZPB)
method is presented for a two-link robot manipulator (TLRM) whose end-effector must move on
a vertical plane between two given points repeatedly. To this purpose, a simple balancing
mechanism which has two adjustable degrees of freedom is presented by which the required
power will be zero and the proposed method can be applied for any specific boundary
conditions. In order to solve the problem, balancing problem is formulated as an optimal control
problem on which the required optimality conditions were derived using the Pontryagin's
minimum principle, leading to a two-point boundary value problem (TPBVP). By solving the
obtained TPBVP, states, controls and the constant parameters of the counterweights were
simultaneously determined. By considering the performance index as minimum effort, it was
interestingly observed that the values of torque at joints vanished perfectly and identical
counterweight’'s specifications were obtained in forward and return motions, so that the
manipulator could swing between the two given points freely. Capability of the proposed
method to implement the swinging motion between the two desired points was illustrated via
simulation. Due to friction, air resistance, and parametric uncertainties, it was practically difficult
to implement the motion repeatedly and at no power consumption as an open-loop policy, but
rather two small actuators are required to control the manipulator along the optimal trajectory.
Finally, an experimental set-up was developed to validate the simulation results and illustrated
the efficiency of the ZPB method.

1. Introduction

As an efficient way to increase the performance of a robot, balancing refers to a well-known
challenge in the field of mechanical engineering [1]. A review on related literature shows that a
robotic system can be balanced via two classes of approach: Task-independent and task-
dependent approaches. The task-independent balancing methods (TIBMs) are performed
without considering the traveling trajectory. Three types of TIBMs have been developed so far:
Static balancing, adaptive balancing and dynamic balancing. In static balancing, it is assumed
that the weight of the links exerts no force onto actuators for any configuration of the manipula-
tor, i.e., constant potential energy for all possible configurations [2]. Applying some maodifica-
tions to unbalanced mechanisms, adaptive balancing attempts to obtain static balancing and
complete decoupling of dynamic equations [3]. In dynamic balancing, the reaction forces and
reaction moments vanish for any motion. Indeed, the shaking force and shaking moment of the
manipulator are compensated for by the dynamic balancing [4]. For most part, this method is
used for parallel manipulators. Moradi et al. proposed a systematic adaptive approach for open-
chain planar robots with their links connected by revolute joints [5]. Cho and Kang proposed a
design method for a gravity compensator using unit spring balancers for a multi-degree of free-
dom (DOF) multi-link manipulator [6]. Chaudhary et al. presented an optimization technique to
dynamically balance the planar mechanisms in which the shaking forces and shaking moments
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were minimized using the genetic algorithm [7]. Veer and Su-
jatha presented a new method where approximate gravity bal-
ancing was implemented to reduce actuator loads. This new
method allowed springs to be attached to the preceding parent
link [8]. Chen et al. presented a methodology for combining
counterweight and actuator torque. This method could lead to a
considerable reduction in the required actuator torque, thereby
favoring the implementation of the dynamic balancing [9]. Bois-
clair et al. used the concentric motion of Halbach cylinders to
produce a joint torque that could compensate the torque pro-
duced by a gravitational load precisely [10]. Kumani et al. pre-
sented the octahedron seven point masses model and “teach-
ing-learning-based optimization” technique to minimize con-
straint forces and moments at joints of an industrial manipulator
[11]. Zhang et al. proposed an analytically tractable solution to
gravity balancing a planar four-bar linkage. They provided an
optimal generation of the balancing developed by a non-zero
length spring [12]. Yun et al. introduced a new balance method
based on the identification of energy transfer coefficient of
spindle rotor system [13]. Martini et al. presented an approach
to statically balance of open and closed kinematic chains. The
proposed algorithm determines the balance arrangement by
installing combinations of counterweights and springs [14].

Unlike the TIBMs, in the task-dependent balancing methods
(TDBMs), the balancing is performed for a given task. Ravi-
chandran et al. presented a method for simultaneously opti-
mizing the values of counterweights and gains of a nonlinear
PD controller for a two-link robot manipulator (TLRM) perform-
ing a given task [15]. Nikoobin et al. presented an optimal
balancing method where states, controls, and all unknown
parameters associated with the counterweights or springs
were calculated simultaneously to minimize the performance
index for a point-to-point motion [16]. They developed the
proposed method for counterweight-balanced robot manipula-
tors [17], spring-balanced robot manipulators [18], planar cable
robot [19] and spatial cable robot [20]. Moradi et al. utilized a
closed-loop method for addressing optimal control problem to
find the optimal controller/parameters of an open-chain robot
manipulator in point-to-point motion [21].

Once the trajectory planning problem is further introduced
into TDBM, special methods are required to solve the problem.
For this purpose, two categories of methods have been distin-
guished: Direct and indirect methods [22]. Direct methods are
based on discretization of dynamic variables (states, controls)
and result in a parameter optimization problem. Then, evolu-
tionary, non-linear optimization or classical stochastic tech-
niques are applied to obtain optimal values of the parameters.
However, these techniques lead to an approximate solution of
the optimization problem and often suffer from numerical ex-
plosion when encountering problems of large dimensions. The
indirect methods are based on Pontryagin's minimum principle
(PMP), in which the optimality conditions are expressed as a
set of differential equations. By solving the obtained two-point
boundary value problem (TPBVP), one can obtain the exact
solution of the optimal control problem. This method has been

widely used as a powerful and efficient tool for analyzing
nonlinear systems and trajectory planning for different types of
system [23, 24]. Ghasemi et al. used the indirect solution of an
open-loop optimal control problem so that the problem is trans-
lated to a non-linear TPBVP. By using an iterative method, the
time-optimal point-to-point control is computed for a robot ma-
nipulator [25]. Gong et al. performed a study on the optimal
control to find optimal pose at target for a planar three-DOF
manipulator. Accordingly, they reached an optimal trajectory for
which the torque was minimized while dynamics was taken into
consideration [26].

By reviewing the previous work, it is found that most of the
work dealing with the balancing of robotic systems are listed in
the TIBMs [2-14]. In the previous studies used TDBMs, the
torque was minimized rather than being actually vanished. Due
to the proposed balancing mechanism which has two adjust-
able degrees of freedom, the required power will be zero and
the proposed method can be applied for any specific boundary
conditions. The previous studies on the balancing tend to
solely minimize the torques rather than having it vanished,
while the ZPB method vanishes the torque at the joints. In or-
der to solve the problem, optimal balancing problem is formu-
lated as an optimal control problem. Since solving the optimal
control problem by indirect method results in exact solution,
PMP is applied to derive the required optimality conditions.
Finally, the obtained TPBVP is solved to determine the states,
controls and the constant parameters of the counterweights.

This paper is organized into four sections. In Sec. 2, formula-
tion of the ZPB approach is presented and the dynamic gov-
erning equations for a TLRM are derived by considering the
counterweights. In order to verify the proposed methodology,
simulation and experimental results are presented in Sec. 3.
Finally, Sec. 4 draws conclusions out of this study.

2. Formulation of zero-power balancing

In this section, a new balancing approach called “zero-power
balancing” (ZPB) method is introduced for the TLRM. This
method improves the dynamic performance of the robot. In this
method, counterweights, the robot trajectory, and the torque at
each joint must be evaluated simultaneously in such a way to
achieve zero performance index for a predefined point-to-point
task. The point-to-point motion is a repetitive motion between two
given positions. This motion contains forward and return motions.
For the forward motion, the robot moves from the start position to
end position. Then, in the return motion, the robot moves from
the end position to start position. The point-to-point motion uses
in many applications, one which is pick-and-place operation. For
implementation of the ZPB method, the optimal control method
can be used to obtain necessary conditions for optimality [27].

2.1 Dynamic modeling of TLRM with counter-
weights

In this paper, a robot with the counterweights shown in Fig. 1
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Table 1. Parameters of the robot.

Global coordinate XO0Y
Mass and length of link i m,li;i=12
Position of the center of mass of link i r;i=12
Joint angle of link i 6;i=12
Mass and length of counterweight i M, i 1=1,2
Installation angle of counterweight i relative to link i Bi;i=12
Gravitational acceleration g

Fig. 1. A schematic view of the considered TLRM with the counterweights.

was considered. As shown on the figure, two counterweights
were attached to the links 1 and 2. Herein my;, I;and B; (i = 1,
2) are mass, length, and installation angle of the counterweight
i with reference to the link i, respectively. The parameters of the
TLRM shown in Fig. 1 are introduced in Table 1.

The Lagrange's method was used to obtain the dynamic
equation. This method is written in terms of the Lagrangian
function L, the generalized coordinate g, and the generalized
force or torque Q, as follows:

—(C)-—=0. Q)
q

By definition, function L evaluates the difference between ki-
netic and potential energies of a system; i.e., L = K-U, where K
is the kinetic energy and U is the potential energy of the system,
both written in terms of generalized coordinates g. For the
TLRM, generalized coordinate and generalized torque in Eq.
(1) are defined as follows:

q=0=[6 6] , 0=7=[7, 7,] @)

where T is the applied torque at joint. For the TLRM, the kinetic
and potential energies can be obtained as follows:

Kzémv2 +%Ia)2 , U=mgh (3)

where m, I, v, and w are mass, moment of inertia, linear veloc-
ity, and angular velocity of the considered part of robot, respec-

tively. Moreover, h is the height of the center of mass. For cal-
culating the kinetic and potential energies of the robot, the fol-
lowing steps were undertaken.

At first, positions of the center of masses were determined in
the global coordinate system.

X, =rcos6 ,y =rnsinf,

x, =1,cos6, +r,cos(6 +6,),y,=1sinb +r,sin(6 +06,)
x,=01,c08(6,+ ) ,y,=1,sin(6 + ) 4)
X, =lcos6 +1,cos(6,+6,+f,) ,

V., =1sin6 +1,sin(6, +6,+ f,)

where x; and y; (i = 1, 2) are the coordinates of the center of
mass of the link i in directions X and Y, respectively, and x;;
and y,; (i = 1, 2) are the coordinates of the mass of the coun-
terweight i in directions X and Y, respectively. Then, by taking
derivative of the above equation with respect to time, velocities
of the centers of mass were obtained as follows:

X, =—;ql9lsin¢9l » 0 =;qt91c0s42

%, =—1,6,sin8 —1,(6, + 6,)sin(6, +86,) ,

V= 119, cosé, +;3(91 +92)c0s(01 +6,)

%, =~1.6;sin6 +p) , ¥, =16 cos(6,+ )
X, =—16sin6,—1,(6,+86,)sin(6, + 6, + 3,) ,
Vo, = 119, cosé, +Icz(‘91 +92)cos(01 +6,+0,).

Finally, the kinetic and potential energies (K, U) of the robot
were evaluated as follows:

13 13
E= S+ 1) ko= Y
i=1 i=1

V=X =+l i=12,0 =6, 0,=6+0,
u=m, grsinb +m, g(l sin6 +r,sin(6, +6,)) ,
u,=m, gl,sin(6 + ) +m,g(sing +1,sin(6 +6, + f3,))

K=k+k ,U=u+u, (6)

where k and u are the kinetic and potential energies of the two
links of the robot, respectively, and k. and u, are the kinetic and
potential energies of the two counterweights of the robot, re-
spectively. By substituting Eq. (6) into Eq. (1), the final dynamic
equation of the robot was obtained as follows:

M6+N+G=1; 6=[6 6,1 ,r=[r, 7,T, @

where M, N and G are the matrix of inertia, the Coriolis and
centrifugal terms, and gravity terms, respectively.

2.2 The ZPB methodology

In this section, implementation of the ZPB method for the
TLRM is presented. The ZPB uses the optimal control problem
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by defining the state vector as follows:

T

®)

x:[qr qT]T o6 0,1 i=6 6,1 ax=[91 6, ‘9] 9:}

By rewriting the above equation, the final form of the state
vector x is obtained as follows:

The dynamic Eq. (7) can be rewritten in state-space form as:

=i 6 6,6.6]

B (10)
f= Xy
M;xlz(x|>x2>b)[1_ N(x,b) - G(xl’XZ’b)]

2x1

where fis continuous on x and r, and continuously differenti-
able with respect to x, and b is the vector of design parameters.
The vector b contains the unknown constant parameters of the
model. Then Hamiltonian function is written as follows:

H=F+y'f. (11)

In Eq. (11), w is the co-state vector and F is the integrand of
the performance index. For the TLRM, the control-effort vector
and the time interval are u = [r; 75" and t = [0 ], respectively.
Defining the performance index as the following minimum-
effort:

J:J-[:’th:J:/(rf+r§)dt, (12)
and the co-state vector as follows:

y=[y yy | —otealadonl sy =[xy, x ], (13)
the Hamiltonian function becomes

H=(1'+7))+x.x, + x,x, +[x7 xg] X

14
I:M;xlz(x17xzvb)[T_N(x»b)_G(xlsxzsb)] 2><1:| PN ( )

The value of J is placed between zero to positive infinity. The
lower the performance index J, the better the performance of
the robot. Using the PMP, the optimality conditions are defined
as follows:

T
. oH oH )
sz'/’=|:aW1 aw2:| %x:f, (15)

V=—H, -y =[5 % 5] =

dH oH oH dH | (16)
ox, dx, ox, ox, |

=09 g, 9 _g (17)
at, a7,

subject to the following boundary condition:

x(0)=x,, x(t,)=x,—>
x(0)= [xl(o) x,(0) x,(0) x, (O)] = [010 0, 0 0] i

X)) =[x0) x0,) %) x0)] =[8, 6, 00]

(18)

r

In the above equation, 6, is the initial angle at { = 0 and 6;is
the final angle at t = . For point-to-point motion, the initial and
final angular velocities are assumed to be zero (6, =6, =0).

The optimal control can be used to obtain the optimal values
of the vector b. This vector contains some system parameters.
This is performed by defining a new state vector called y [16].
Therefore, optimum trajectory planning is implemented based
on unknown parameters of the robot. In the ZPB, the parame-
ters my, mg, B; and B, are taken as unknown variables of the
counterweights.

Thus, by considering the vector of parameters as follows:

b=[m, m, B B, (19)

the new state vector y is defined as below:

r

(20)

/Ll:[x‘) xl() xll le

The optimality and boundary conditions associated with the
vector u are obtained as follows:

. . oH . oH
:u:_H/)_>x9:_ s Xjp =~ >
om,, om,,
(21)
oH i oH
b, ap,

/l(to) = /u(t/ )=0— x9(0) = xlo(o) = xll(O) = xlz(o) = (22)

)Cg(l‘/) = xm(t/‘) = xll(t/‘) = xlz(t/’) =0.

Finally, by substituting r; and 7, from Eq. (17) into Egs. (15),
(16) and (21), a total of 12 nonlinear ordinary differential equa-
tions are derived. Constrained to the 16 boundary conditions
given in Egs. (18) and (22), these equations construct a two-
point boundary value problem (TPBVP). This TPBVP is solved
using the bvp4c command in MATLAB software to determine
the state vector x, co-state vector w, new state vector y and
parameters vector b.

Also, to obtain the static balancing, the gravity terms G =
[G; GJ]" must be achieved to zero. So, the counterweights
parameters are obtained as follows:
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Table 2. Parameters of the examined TLRM.

Parameter Value
m;=0.171, m, = 0.208,

Mass (kg) Mes = 0.1, Mgz = 0.05

Length (m) 1;,=0.091, I, =0.067

ry=0.042, r, = 0.0384,
ley =0.07, I, = 0.05

1;=0.32e-3, I, =0.24e-3
Bi=m Bo=11
g=9.81

Position of the center of mass (m)

Moment of inertia (kg.m?)

Installation angle of counterweight (rad)

Gravitational acceleration (m/s?)

0.15

’
g
\
L]

Finish point (forward)

@ Start point {retum)

Start point (forward)
Finish point (return)

-0.2 '
015 -0.1 -005 0 0.05 01 0.15

X (m)
Fig. 2. The start and end positions of the robot.
m,r, _mr+myl +ml

ﬁlzﬂ',ﬁzzﬂ',m(z: lzz,mcl /

c2 cl

(23)

3. Simulation and experimental results

In this section, results of simulating the TLRM shown in Fig.
1 are presented. Two cases were considered for this purpose:
Unbalanced and zero-power balanced. In the unbalanced case,
counterweights were zero (m.; = m = 0). The experimental
set-up presented in Sec. 3.2 is based on the robot parameter
values given in Table 2. Simulations and experiments were
performed for different point-to-point motions. For both unbal-
anced and ZPB cases, the theoretical results were compared
to experimental data.

3.1 Theoretical simulation

Consider a repetitive point-to-point motion with the following
boundary conditions for the forward motion,

x,(0)=210°, x,(t,)=310°, x,(0)=15°, x,(¢,) =60 ° ”
x,(0) =x,(¢,) = x,(0)=x,(¢,) =0, £, =0.75s, (24)
and the following boundary conditions for the return motion:

x,(0)=310°, x,(t,)=210"°, x,(0) =60 °, x,(¢,) =15 °

(25)
x,(0) =x,(¢,) = x,(0) =x,(¢,) =0, ¢, =0.75s.

By solving the TPBVP obtained in Sec. 2.2, the joint angular

Fig. 3. The optimal trajectory of the robot.

Time (s)

Fig. 4. Angular position of the joints.

R
-

First joint angular veloci
’

Fig. 5. Angular velocity of the joints.

positions and velocities and the values of m.;, m.,, B; and B, of
the counterweights could be obtained. The start and finish
positions of the TLRM with the counterweights are shown in
Fig. 2. For the forward motion, the end-effector of the robot
moves from A to B. Then, in the return motion, the end-effector
of the robot moves from B to A. The optimal trajectories of the
robot for the forward and return motions are plotted in Fig. 3. In
this figure, the red curves show the trajectory of the end-
effector. As seen in Fig. 3, the trajectory of the end-effector in
the forward motion is in accordance with the trajectory of the
end-effector in the return motion. The angular positions and
velocities of the joints of the robot for the forward and return
motions are illustrated in Figs. 4 and 5, respectively.
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Fig. 6. Simulation of the TLRM via the Simmechanics toolbox.

start

| Defining boundary condition (Eq. 18) |

Solving TPBVP (Eqs. 15, 16 and 21) I

counterweights parameters
met, mez, fiy and Bs)

Optimal trajectory

Solving forward dynamic (Eq. 7)

T SN o)

Obtaining trajectory (Eq. 9)

Fig. 7. The command diagram of the theoretical model.

As seen in Fig. 4, in the forward motion, the first joint moves
from 210° to 310° while the second joint moves from 15° to 60°.
Then, in the return motion, the first joint returns from 310° to
210°, and the second joint goes back from 60° to 15°. The time
interval for both the forward and return motions is 0.75 s, mak-
ing up a full-cycle period of 1.5 s.

As seen in Fig. 5, in both forward and return motions, zero
angular velocity is expected at both start and end points.

The values of performance index for the forward and return
motions were evaluated as 0 (N.m)%s and 0 (N.m)’.s, respec-
tively. Thus, the torques applied at the joints 1 and 2 were
found to be zero for both forward and return motions; i.e., the
robot could move and return from/to the start point to/from the
end point at no effort. Interestingly, the same values of parame-
ters were obtained for the forward and return motions: m,, =
381.7096 g, my = 123.9781 g, B, = 175.8087° and B, =
189.5429°. From these results, it can be concluded that, by
setting the unknown variables of the counterweights appropri-
ately, the robot exhibited a free oscillatory motion.

In order to verify the results, the obtained parameters of
counterweights and the initial conditions given in Eq. (24) were
applied to the Simmechanics model of the TLRM (Fig. 6), and
the forward dynamic was solved without considering any ac-
tuator, i.e. open-loop case. Flowchart of the command diagram
of the model is shown in Fig. 7. Angular positions and velocities
of the robot were obtained by the Simmechanics toolbox and
shown in Figs. 8 and 9, respectively. These figures are plotted
for three motion cycles with a period of 1.5 s.

As seen in Figs. 8 and 9, the robot exhibited a free periodic
motion at a period of 1.5 s between start position A and end
position B. In addition, for the time interval of 0-0.75 s, the re-

_1%0

A — R e N

2310

20 M\ /\

S0 f

]

b /

H

E 230

g

g2 —TREVF

[ == Simmechanics.

190
o ans 15 3 ams

Time (s)

o - = _— = - =
e F [ ¥ L] ¥ "
58 /\

i /o

> [\

& \
Ve \/ A\
rmm

Fig. 8. Angular positions of the joints.

- o e

a

b bbb L
oW
- = 'l

]

&

]

-

&

/\\/\/

5
Time (s)

Second joint angular velocity (rads)
=

ol kX

Fig. 9. Angular velocities of the joints.

Fig. 10. The TLRM with two adjustable counterweights.

sults of the Simmechanics model are well in accordance with
the results of the TPBVP (Figs. 4 and 5).

3.2 Experimental simulation

3.2.1 Experimental set-up

A TLRM with adjustable counterweights manufactured in
Semnan Robotics Lab was used for the experimental imple-
mentation. The robot construction with associated counter-
weights are demonstrated in Fig. 10. A graded plate was used
to adjust the counterweight arm angle (Fig. 11). Components of
the counterweight are presented in Fig. 12. The servo-

2590



Journal of Mechanical Science and Technology 34 (6) 2020

DOI 10.1007/s12206-020-0533-5

Fig. 11. The graded circular plate.

I counteveigtmss

Counterweight arm

Fig. 12. Different components of the counterweight.

start

Defining boundary comdition (Eq. 18)

Solving TPBVP (Eqgs. 15, 16 and 21)

counterweights parameters
{mes, mes, fi and fis)

[ + [ 1 T T l 1 Actial respomse (Eq. %)
Optimal trajectory ——O—> Position || Sevo Lol gy | ——
L comtroller motar L i

Desiznd respouss T

Fig. 13. Command diagram of the experimental set-up.

actuators used in the robot were Dynamixle XH430-W210 by
Robotis©. Indeed, due to friction, air resistance, and parametric
uncertainties, it was practically difficult to implement the motion
repeatedly without consuming any power as an open-loop
policy to exactly reproduce the situation in the previous section.
Thus, in order to implement the proposed method, the servo-
actuators were operated in position-control mode and the ex-
perimental apparatus was set up following a closed-loop ap-

proach. Flowchart of the command diagram is shown in Fig. 13.

3.2.2 Experimental results

In this experiment, the ZPB method was implemented for dif-
ferent pairs of start and end points. Two configurations were
considered (Eq. (26)) with different positions of the coordinate
system XOY. For two cases, the angular velocities were as-
sumed to remain at zero at the start and end points
(90 = gf =0).

casel: x(0)=210°, x,(¢,)=310°,
x%,(0)=15°, x,(t,)=60°; t, =0.75s
case2: x,(0)=400°, x,(z,)=250°,

x%,(0)=—45°, x,(t,)=-100°; 1, =1s

8

©

L g oy

~

First joint angular position (deg)

Tire (s)

Second jont angular position (deg)

6 01 02z 03 0e 05 06 07 08 0§ 1
Time (s)

Fig. 15. Angular positions of the joints for case 2.

By solving the TPBVP, angular position and velocity at the
joints and also the values of m;;, mg,, B; and 8, of the counter-
weights were evaluated. Angular positions of the joints of the
TLRM for the forward and return motions are illustrated in Figs.
14 and 15 for both numerical and experimental simulations.

As seen in Figs. 14 and 15, results of the TPBVP were in
agreement with the results of the experimental set-up.

The angular velocities of the joints for the forward and return
motions are illustrated in Figs. 16 and 17 for both simulation
and experimental studies.

As seen in these figures, the results of the TPBVP were in
agreement with the results of the experimental set-up.

Optimal values of the parameters m.;, m.,, 8, and 3, of coun-
terweights for two cases are given in Table 3. For each case,
the same values of parameters m;;, mg,, B; and 3, were ob-
tained for the forward and return motions.

For these cases, the start and finish positions of the TLRM
with the counterweights are shown in Figs. 18 and 19. For the
forward motion, the end-effector of the robot moves from A to B.
Then, in the return motion, the end-effector of the robot moves
from B to A. For case 2, the optimal trajectories of the robot for
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Table 3. Optimal values of m.s, mc,, 81 and B, for two cases.

Case M1 () Me2 (9) Bi (deg) B2 (deg)
1 381.7096 123.9781 175.8087 189.5429
4 495.9998 133.9166 190.5673 174.2849

Sccond jon: angular velecry (racls)

Time (s}

Fig. 16. Angular velocities of the joints for case 1.

Fig. 17. Angular velocities of the joints for case 2.

the forward and return motions are plotted in Fig. 20. In this
figure, the red curves show the trajectory of the end-effector.
As seen in Fig. 20, the trajectory of the end-effector in the for-
ward motion is coincides the trajectory of the end-effector in the
return motion.

Numerically simulated and experimentally observed values
of torque at joints of the TLRM are plotted in Figs. 21 and 22
for forward and return motions. Table 4 provides the values of
the performance index under different sets of condition, as per
Eq. (12).

As seen in Figs. 21 and 22, for the ZPB method, zero
theoretical torque values were obtained for the forward and
return motions. Also, when experimentally investigating the
torque at joints upon implementing the proposed ZPB method,
the obtained values were considerably lower than those under
unbalanced conditions.

0.157¢
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0.05} et Eg 1
\‘\ el s
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04f s e |
Start point (farward)
Finish pok
0.15| inish point (return)

02! . . h . .
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Fig. 18. The start and end points of the robot in case 1.
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Start point (forwarc)
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ig. 19. The start and end points of the robot in case 2.

Torque (N m)

Time (s)

Fig. 21. Applied torque to the first (up) and second (down) joints of the robot —
case 1 (Ub: Unbalanced, B: Balanced (ZPB method), Exp.: Experimental).
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Table 4. The value of performance index.

2
Case Condition J((N.m)”s)
Forward | Retun | Average
Theoretical | 0.0173 | 0.0173 | 0.0173
Unbalanced
Experimental | 0.0190 | 0.0191 | 0.0190
1 Static Theoretical | 0.0057 | 0.0057 | 0.0057
balancing
Balanced Theoretical 0 0 0
(ZPB) | Experimental | 0.0016 | 0.0019 | 0.0018
Theoretical | 0.0405 | 0.0405 | 0.0405
Unbalanced
Experimental | 0.0447 | 0.0451 0.0449
2 Static Theoretical | 0.0054 | 0.0054 | 0.0054
balancing
Balanced Theoretical 0 0 0
(ZPB) | Experimental | 0.0027 | 0.0034 | 0.0031

c c2 c4a

ce c8
Time (s)

Fig. 22. Applied torque to the first (up) and second (down) joints of the robot —
case 2.

I Urbaianced
I Balanced (ZPB)
0.04 1
w
e 0.03
E
£
= 0.02
- L
0

case 1 case 2

Fig. 23. The values of performance index for the experimental set-up.

As can be seen from figures, there is a difference between
theoretical and experimental results. These differences are due
to the friction and parameter uncertainties. Parameter uncer-
tainties caused by measurement error of mass, length, mo-
ment of inertia and the position of the center of mass. Indeed,
the used parameters in the simulation study are not identical to
the actual values of the experimental model.

Based on the results presented in Table 4, the following con-
clusions can be drawn:

(1) Under theoretical unbalanced condition, the values of
performance index for cases 1 and 2 were found to be 0.0173
and 0.0405, respectively. Under static balancing, the values of
performance index for cases 1 and 2 are 0.0057 and 0.0054,
respectively, while the corresponding values under theoretical
ZPB were all zeros.

The static balancing reduces the performance index for
cases 1 and 2, respectively, 67.05 %, and 86.67 %, while the
ZPB method reduces the performance index for two cases
100 %. Note that the performance index in the static balancing
is increased for high-speed task.

(2) Under experimental unbalanced condition, the values of
performance index for cases 1 and 2 were found to be 0.0190
and 0.0449, respectively, while the corresponding values under
experimental balanced condition were 0.0018 and 0.0031,
respectively. Therefore, the ZPB method reduces the perform-
ance index for cases 1 and 2, respectively, 90.53 %, and
93.10 %.

Plotted in Fig. 23 are the values of the performance index
under experimental condition for two cases. This figure dem-
onstrates the efficiency of ZPB method in comparison with the
unbalanced condition.

4. Conclusions

In this paper, zero-power balancing (ZPB) method was pre-
sented for a two-link robotic manipulator (TLRM) using an indi-
rect solution of the optimal control problem. In the proposed
methodology, the states, joint torques, and unknown parame-
ters of counterweights were determined simultaneously, ending
up with zero performance index. Therefore, by achieving the
performance index to the optimal value, the values of states
and counterweights parameters are optimum for the predefined
point-to-point task. The necessary conditions for optimality of
the TLRM were derived using the PMP. Indeed, for a point-to-
point motion, the values of m.;, mg,, B; and B, of the counter-
weights were obtained in such a way to have the TLRM oscil-
lated freely between the start and end points. By applying the
optimal values of m.;, m.,, B; and B, of the counterweights to
the Simmechanics model of the TLRM, the robot was proved to
be able to oscillate between initial and final angles at no power
consumption. In order to demonstrate efficiency of the pro-
posed method, it was applied experimentally. In the practical
implementation, significantly lower performance index values
were obtained with the robot on which the proposed methodol-
ogy was applied, as compared to the unbalanced robot.
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