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Abstract  In this paper, a new balancing approach called “zero-power balancing” (ZPB) 
method is presented for a two-link robot manipulator (TLRM) whose end-effector must move on 
a vertical plane between two given points repeatedly. To this purpose, a simple balancing
mechanism which has two adjustable degrees of freedom is presented by which the required
power will be zero and the proposed method can be applied for any specific boundary
conditions. In order to solve the problem, balancing problem is formulated as an optimal control
problem on which the required optimality conditions were derived using the Pontryagin's
minimum principle, leading to a two-point boundary value problem (TPBVP). By solving the 
obtained TPBVP, states, controls and the constant parameters of the counterweights were 
simultaneously determined. By considering the performance index as minimum effort, it was
interestingly observed that the values of torque at joints vanished perfectly and identical
counterweight’s specifications were obtained in forward and return motions, so that the 
manipulator could swing between the two given points freely. Capability of the proposed
method to implement the swinging motion between the two desired points was illustrated via
simulation. Due to friction, air resistance, and parametric uncertainties, it was practically difficult 
to implement the motion repeatedly and at no power consumption as an open-loop policy, but 
rather two small actuators are required to control the manipulator along the optimal trajectory.
Finally, an experimental set-up was developed to validate the simulation results and illustrated 
the efficiency of the ZPB method.  

 
1. Introduction   

As an efficient way to increase the performance of a robot, balancing refers to a well-known 
challenge in the field of mechanical engineering [1]. A review on related literature shows that a 
robotic system can be balanced via two classes of approach: Task-independent and task-
dependent approaches. The task-independent balancing methods (TIBMs) are performed 
without considering the traveling trajectory. Three types of TIBMs have been developed so far: 
Static balancing, adaptive balancing and dynamic balancing. In static balancing, it is assumed 
that the weight of the links exerts no force onto actuators for any configuration of the manipula-
tor, i.e., constant potential energy for all possible configurations [2]. Applying some modifica-
tions to unbalanced mechanisms, adaptive balancing attempts to obtain static balancing and 
complete decoupling of dynamic equations [3]. In dynamic balancing, the reaction forces and 
reaction moments vanish for any motion. Indeed, the shaking force and shaking moment of the 
manipulator are compensated for by the dynamic balancing [4]. For most part, this method is 
used for parallel manipulators. Moradi et al. proposed a systematic adaptive approach for open-
chain planar robots with their links connected by revolute joints [5]. Cho and Kang proposed a 
design method for a gravity compensator using unit spring balancers for a multi-degree of free-
dom (DOF) multi-link manipulator [6]. Chaudhary et al. presented an optimization technique to 
dynamically balance the planar mechanisms in which the shaking forces and shaking moments   
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were minimized using the genetic algorithm [7]. Veer and Su-
jatha presented a new method where approximate gravity bal-
ancing was implemented to reduce actuator loads. This new 
method allowed springs to be attached to the preceding parent 
link [8]. Chen et al. presented a methodology for combining 
counterweight and actuator torque. This method could lead to a 
considerable reduction in the required actuator torque, thereby 
favoring the implementation of the dynamic balancing [9]. Bois-
clair et al. used the concentric motion of Halbach cylinders to 
produce a joint torque that could compensate the torque pro-
duced by a gravitational load precisely [10]. Kumani et al. pre-
sented the octahedron seven point masses model and “teach-
ing-learning-based optimization” technique to minimize con-
straint forces and moments at joints of an industrial manipulator 
[11]. Zhang et al. proposed an analytically tractable solution to 
gravity balancing a planar four-bar linkage. They provided an 
optimal generation of the balancing developed by a non-zero 
length spring [12]. Yun et al. introduced a new balance method 
based on the identification of energy transfer coefficient of 
spindle rotor system [13]. Martini et al. presented an approach 
to statically balance of open and closed kinematic chains. The 
proposed algorithm determines the balance arrangement by 
installing combinations of counterweights and springs [14]. 

Unlike the TIBMs, in the task-dependent balancing methods 
(TDBMs), the balancing is performed for a given task. Ravi-
chandran et al. presented a method for simultaneously opti-
mizing the values of counterweights and gains of a nonlinear 
PD controller for a two-link robot manipulator (TLRM) perform-
ing a given task [15]. Nikoobin et al. presented an optimal 
balancing method where states, controls, and all unknown 
parameters associated with the counterweights or springs 
were calculated simultaneously to minimize the performance 
index for a point-to-point motion [16]. They developed the 
proposed method for counterweight-balanced robot manipula-
tors [17], spring-balanced robot manipulators [18], planar cable 
robot [19] and spatial cable robot [20]. Moradi et al. utilized a 
closed-loop method for addressing optimal control problem to 
find the optimal controller/parameters of an open-chain robot 
manipulator in point-to-point motion [21]. 

Once the trajectory planning problem is further introduced 
into TDBM, special methods are required to solve the problem. 
For this purpose, two categories of methods have been distin-
guished: Direct and indirect methods [22]. Direct methods are 
based on discretization of dynamic variables (states, controls) 
and result in a parameter optimization problem. Then, evolu-
tionary, non-linear optimization or classical stochastic tech-
niques are applied to obtain optimal values of the parameters. 
However, these techniques lead to an approximate solution of 
the optimization problem and often suffer from numerical ex-
plosion when encountering problems of large dimensions. The 
indirect methods are based on Pontryagin's minimum principle 
(PMP), in which the optimality conditions are expressed as a 
set of differential equations. By solving the obtained two-point 
boundary value problem (TPBVP), one can obtain the exact 
solution of the optimal control problem. This method has been 

widely used as a powerful and efficient tool for analyzing 
nonlinear systems and trajectory planning for different types of 
system [23, 24]. Ghasemi et al. used the indirect solution of an 
open-loop optimal control problem so that the problem is trans-
lated to a non-linear TPBVP. By using an iterative method, the 
time-optimal point-to-point control is computed for a robot ma-
nipulator [25]. Gong et al. performed a study on the optimal 
control to find optimal pose at target for a planar three-DOF 
manipulator. Accordingly, they reached an optimal trajectory for 
which the torque was minimized while dynamics was taken into 
consideration [26]. 

By reviewing the previous work, it is found that most of the 
work dealing with the balancing of robotic systems are listed in 
the TIBMs [2-14]. In the previous studies used TDBMs, the 
torque was minimized rather than being actually vanished. Due 
to the proposed balancing mechanism which has two adjust-
able degrees of freedom, the required power will be zero and 
the proposed method can be applied for any specific boundary 
conditions. The previous studies on the balancing tend to 
solely minimize the torques rather than having it vanished, 
while the ZPB method vanishes the torque at the joints. In or-
der to solve the problem, optimal balancing problem is formu-
lated as an optimal control problem. Since solving the optimal 
control problem by indirect method results in exact solution, 
PMP is applied to derive the required optimality conditions. 
Finally, the obtained TPBVP is solved to determine the states, 
controls and the constant parameters of the counterweights. 

This paper is organized into four sections. In Sec. 2, formula-
tion of the ZPB approach is presented and the dynamic gov-
erning equations for a TLRM are derived by considering the 
counterweights. In order to verify the proposed methodology, 
simulation and experimental results are presented in Sec. 3. 
Finally, Sec. 4 draws conclusions out of this study. 

 
2. Formulation of zero-power balancing  

In this section, a new balancing approach called “zero-power 
balancing” (ZPB) method is introduced for the TLRM. This 
method improves the dynamic performance of the robot. In this 
method, counterweights, the robot trajectory, and the torque at 
each joint must be evaluated simultaneously in such a way to 
achieve zero performance index for a predefined point-to-point 
task. The point-to-point motion is a repetitive motion between two 
given positions. This motion contains forward and return motions. 
For the forward motion, the robot moves from the start position to 
end position. Then, in the return motion, the robot moves from 
the end position to start position. The point-to-point motion uses 
in many applications, one which is pick-and-place operation. For 
implementation of the ZPB method, the optimal control method 
can be used to obtain necessary conditions for optimality [27]. 

 
2.1 Dynamic modeling of TLRM with counter-

weights 

In this paper, a robot with the counterweights shown in Fig. 1 
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was considered. As shown on the figure, two counterweights 
were attached to the links 1 and 2. Herein mci, lci and βi (i = 1, 
2) are mass, length, and installation angle of the counterweight 
i with reference to the link i, respectively. The parameters of the 
TLRM shown in Fig. 1 are introduced in Table 1. 

The Lagrange's method was used to obtain the dynamic 
equation. This method is written in terms of the Lagrangian 
function L, the generalized coordinate q, and the generalized 
force or torque Q, as follows: 

 

( ) .∂ ∂− =
∂ ∂

d L L Q
dt q q

  (1) 

 
By definition, function L evaluates the difference between ki-

netic and potential energies of a system; i.e., L = K-U, where K 
is the kinetic energy and U is the potential energy of the system, 
both written in terms of generalized coordinates q. For the 
TLRM, generalized coordinate and generalized torque in Eq. 
(1) are defined as follows: 

 
1 2 1 2[ ] , [ ]T Tq Qθ θ θ τ τ τ= = = =   (2) 

 
where τ is the applied torque at joint. For the TLRM, the kinetic 
and potential energies can be obtained as follows: 
 

2 21 1 ,
2 2

K mv I U mghω= + =   (3) 

 
where m, I, v, and ω are mass, moment of inertia, linear veloc-
ity, and angular velocity of the considered part of robot, respec-

tively. Moreover, h is the height of the center of mass. For cal-
culating the kinetic and potential energies of the robot, the fol-
lowing steps were undertaken. 

At first, positions of the center of masses were determined in 
the global coordinate system. 

 
1 1 1 1 1 1

2 1 1 2 1 2 2 1 1 2 1 2

1 1 1 1 1 1 1 1

2 1 1 2 1 2 2

2 1 1 2 1 2 2

cos , sin
cos cos( ) , sin sin( )
cos( ) , sin( )
cos cos( ) ,
sin sin( )

= =
= + + = + +
= + = +
= + + +
= + + +

c c c c

c c

c c

x r y r
x l r y l r
x l y l
x l l
y l l

θ θ
θ θ θ θ θ θ

θ β θ β
θ θ θ β
θ θ θ β

  (4) 

 
where xi and yi (i = 1, 2) are the coordinates of the center of 
mass of the link i in directions X and Y, respectively, and xci 
and yci (i = 1, 2) are the coordinates of the mass of the coun-
terweight i in directions X and Y, respectively. Then, by taking 
derivative of the above equation with respect to time, velocities 
of the centers of mass were obtained as follows: 
 

1 1 1 1 1 1 1 1

2 1 1 1 2 1 2 1 2

2 1 1 1 2 1 2 1 2

1 1 1 1 1 1 1 1 1 1

2 1 1 1 2 1 2 1 2 2

2 1

sin , cos

sin ( )sin( ) ,

cos ( )cos( )

sin( ) , cos( )

sin ( )sin( ) ,

= − =

= − − + +

= + + +

= − + = +

= − − + + +

=

c c c c

c c

c

x r y r

x l r

y l r

x l y l

x l l

y l

θ θ θ θ
θ θ θ θ θ θ

θ θ θ θ θ θ
θ θ β θ θ β
θ θ θ θ θ θ β

θ1 1 2 1 2 1 2 2cos ( )cos( ).+ + + +clθ θ θ θ θ β

  (5) 

 
Finally, the kinetic and potential energies (K, U) of the robot 

were evaluated as follows: 
 

2 2
2 2 2

1 1

2 2 2 2 2 2
1 1 2 1 2

1 1( ) , ;
2 2

, ; 1,2 , ,
= =

= + =

= + = + = = = +

∑ ∑i i i i c ci ci
i i

i i i ci ci ci

k m v I k m v

v x y v x y i

ω

ω θ ω θ θ
  

1 1 1 2 1 1 2 1 2

1 1 1 1 2 1 1 2 1 2 2

sin ( sin sin( )) ,
sin( ) ( sin sin( ))

= + + +
= + + + + +c c c c c

u m g r m g l r
u m g l m g l l

θ θ θ θ
θ β θ θ θ β

 

,= + = +c cK k k U u u   (6) 
 

where k and u are the kinetic and potential energies of the two 
links of the robot, respectively, and kc and uc are the kinetic and 
potential energies of the two counterweights of the robot, re-
spectively. By substituting Eq. (6) into Eq. (1), the final dynamic 
equation of the robot was obtained as follows: 
 

1 2 1 2; [ ] , [ ] ,+ + = = =T TM N Gθ τ θ θ θ τ τ τ   (7) 
 

where M, N and G are the matrix of inertia, the Coriolis and 
centrifugal terms, and gravity terms, respectively. 

 
2.2 The ZPB methodology 

In this section, implementation of the ZPB method for the 
TLRM is presented. The ZPB uses the optimal control problem 

Table 1. Parameters of the robot. 
 

Global coordinate XOY 

Mass and length of link i mi , li ; i = 1,2 

Position of the center of mass of link i ri ; i = 1,2 

Joint angle of link i θi ; i = 1,2 
Mass and length of counterweight i mci , lci ; i = 1,2 

Installation angle of counterweight i relative to link i βi ; i = 1,2 

Gravitational acceleration g 

 

 
 
Fig. 1. A schematic view of the considered TLRM with the counterweights.
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by defining the state vector as follows: 
 

1 2 1 2[ ] , [ ]
1 2 1 2 .= = ⎡ ⎤⎡ ⎤= ⎯⎯⎯⎯⎯⎯⎯→ =⎣ ⎦ ⎣ ⎦

T T TTT T q qx q q xθ θ θ θ θ θ θ θ   (8) 

 
By rewriting the above equation, the final form of the state 

vector x is obtained as follows: 
 

[ ]1 1 2 2 3 1 4 2, , ,
1 2 1 2 1 2 3 4 .= = = =⎡ ⎤= ⎯⎯⎯⎯⎯⎯⎯→ =⎣ ⎦

T Tx x x xx x x x x xθ θ θ θθ θ θ θ  (9) 

 
The dynamic Eq. (7) can be rewritten in state-space form as: 
 

[ ]

1 2 1 2

3

4
1

2 2 1 2 1 2 2 1
( , , ) ( , ) ( , , )

T
xf x

x
f x

M x x b N x b G x x b

θ θ θ θ

τ

⎡ ⎤=⎣ ⎦

−
× ×

= ⎯⎯⎯⎯⎯→

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥− −⎣ ⎦

  (10) 

 
where f is continuous on x and τ, and continuously differenti-
able with respect to x, and b is the vector of design parameters. 
The vector b contains the unknown constant parameters of the 
model. Then Hamiltonian function is written as follows: 

 
.= + TH F fψ   (11) 

 
In Eq. (11), ψ is the co-state vector and F is the integrand of 

the performance index. For the TLRM, the control-effort vector 
and the time interval are u = [τ1 τ2]T and t = [0 tf], respectively. 
Defining the performance index as the following minimum-
effort: 

 
2 2
1 20 0

( ) ,= = +∫ ∫
f ft t

J F dt dtτ τ   (12) 

 
and the co-state vector as follows: 
 

[ ]1 5 6 2 7 8[ ] , [ ]
1 2 5 6 7 8 ,= =⎡ ⎤= ⎯⎯⎯⎯⎯⎯⎯→ =⎣ ⎦

T TTT T Tx x x x x x x xψ ψψ ψ ψ ψ   (13) 
 

the Hamiltonian function becomes 
 

[ ]
[ ]

2 2
1 2 5 3 6 4 7 8

1
2 2 1 2 1 2 2 1 2 1

( )

( , , ) ( , ) ( , , ) .−
× × ×

= + + + + ×

⎡ ⎤− −⎣ ⎦

H x x x x x x

M x x b N x b G x x b

τ τ

τ
  (14) 

 
The value of J is placed between zero to positive infinity. The 

lower the performance index J, the better the performance of 
the robot. Using the PMP, the optimality conditions are defined 
as follows: 

 

1 2

,
⎡ ⎤∂ ∂= = → =⎢ ⎥∂ ∂⎣ ⎦

T
H Hx H x fψ ψ ψ

  (15) 

5 6 7 8

1 2 3 4

[ ]

,

= − → = =

⎡ ⎤∂ ∂ ∂ ∂− ⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦

T
x

T

H x x x x

H H H H
x x x x

ψ ψ
  (16) 

1 2

0 0 , 0,∂ ∂= → = =
∂ ∂u

H HH
τ τ

  (17) 

 
subject to the following boundary condition: 
 

[ ] [ ]
0

1 2 3 4 10 20

(0) , ( )

(0) (0) (0) (0) (0) 0 0 ,
f f

T T

x x x t x

x x x x x θ θ

= = →

= =
 (18) 

1 2 3 4 1 2( ) ( ) ( ) ( ) ( ) 0 0 .
T T

f f f f f f fx t x t x t x t x t θ θ⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦   

  
In the above equation, θ0 is the initial angle at t = 0 and θf is 

the final angle at t = tf. For point-to-point motion, the initial and 
final angular velocities are assumed to be zero ( 0 0= =fθ θ ). 

The optimal control can be used to obtain the optimal values 
of the vector b. This vector contains some system parameters. 
This is performed by defining a new state vector called μ [16]. 
Therefore, optimum trajectory planning is implemented based 
on unknown parameters of the robot. In the ZPB, the parame-
ters mc1, mc2, β1 and β2 are taken as unknown variables of the 
counterweights. 

Thus, by considering the vector of parameters as follows: 
 

[ ]1 2 1 2 ,= c cb m m β β   (19) 

 
the new state vector μ is defined as below: 
 

[ ]9 10 11 12 .= Tx x x xμ   (20) 
 
The optimality and boundary conditions associated with the 

vector μ are obtained as follows: 
 

9 10
1 2

11 12
1 2

, ,

,

∂ ∂= − → = − = −
∂ ∂

∂ ∂= − = −
∂ ∂

b
c c

H HH x x
m m

H Hx x

μ

β β

  (21) 

0 9 10 11 12

9 10 11 12

( ) ( ) 0 (0) (0) (0) (0)
( ) ( ) ( ) ( ) 0.

= = → = = = =

= = = =
f

f f f f

t t x x x x
x t x t x t x t
μ μ

  (22) 

 
Finally, by substituting τ1 and τ2 from Eq. (17) into Eqs. (15), 

(16) and (21), a total of 12 nonlinear ordinary differential equa-
tions are derived. Constrained to the 16 boundary conditions 
given in Eqs. (18) and (22), these equations construct a two-
point boundary value problem (TPBVP). This TPBVP is solved 
using the bvp4c command in MATLAB software to determine 
the state vector x, co-state vector ψ, new state vector μ and 
parameters vector b. 

Also, to obtain the static balancing, the gravity terms G = 
[G1 G2]T must be achieved to zero. So, the counterweights 
parameters are obtained as follows: 
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2 2 1 1 2 1 2 1
1 2 2 1

2 1

, , , .+ += = = = c
c c

c c

m r m r m l m lm m
l l

β π β π   (23) 

 
3. Simulation and experimental results 

In this section, results of simulating the TLRM shown in Fig. 
1 are presented. Two cases were considered for this purpose: 
Unbalanced and zero-power balanced. In the unbalanced case, 
counterweights were zero (mc1 = mc2 = 0). The experimental 
set-up presented in Sec. 3.2 is based on the robot parameter 
values given in Table 2. Simulations and experiments were 
performed for different point-to-point motions. For both unbal-
anced and ZPB cases, the theoretical results were compared 
to experimental data. 

 
3.1 Theoretical simulation 

Consider a repetitive point-to-point motion with the following 
boundary conditions for the forward motion, 

 
1 1 2 2

3 3 4 4

(0) 210 , ( ) 310 , (0) 15 , ( ) 60
(0) ( ) (0) ( ) 0, 0.75 ,

= ° = ° = ° = °

= = = = =
f f

f f f

x x t x x t
x x t x x t t s

  (24) 

 
and the following boundary conditions for the return motion: 

 
1 1 2 2

3 3 4 4

(0) 310 , ( ) 210 , (0) 60 , ( ) 15
(0) ( ) (0) ( ) 0, 0.75 .

= ° = ° = ° = °

= = = = =
f f

f f f

x x t x x t
x x t x x t t s

  (25) 

 
By solving the TPBVP obtained in Sec. 2.2, the joint angular 

positions and velocities and the values of mc1, mc2, β1 and β2 of 
the counterweights could be obtained. The start and finish 
positions of the TLRM with the counterweights are shown in 
Fig. 2. For the forward motion, the end-effector of the robot 
moves from A to B. Then, in the return motion, the end-effector 
of the robot moves from B to A. The optimal trajectories of the 
robot for the forward and return motions are plotted in Fig. 3. In 
this figure, the red curves show the trajectory of the end-
effector. As seen in Fig. 3, the trajectory of the end-effector in 
the forward motion is in accordance with the trajectory of the 
end-effector in the return motion. The angular positions and 
velocities of the joints of the robot for the forward and return 
motions are illustrated in Figs. 4 and 5, respectively. 

Table 2. Parameters of the examined TLRM. 
 

Parameter Value 

Mass (kg) m1 = 0.171, m2 = 0.208, 
mc1 = 0.1, mc2 = 0.05 

Length (m) l1 = 0.091, l2 = 0.067 

Position of the center of mass (m) r1 = 0.042, r2 = 0.0384, 
lc1 = 0.07, lc2 = 0.05 

Moment of inertia (kg.m2) I1 = 0.32e-3, I2 = 0.24e-3 

Installation angle of counterweight (rad) β1 = π, β2 = π 

Gravitational acceleration (m/s2) g = 9.81 

 

 
 
Fig. 2. The start and end positions of the robot. 

 

 
 
Fig. 3. The optimal trajectory of the robot. 

 

 

 
 
Fig. 4. Angular position of the joints. 

 

 

 
 
Fig. 5. Angular velocity of the joints. 
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As seen in Fig. 4, in the forward motion, the first joint moves 
from 210o to 310o while the second joint moves from 15o to 60o. 
Then, in the return motion, the first joint returns from 310o to 
210o, and the second joint goes back from 60o to 15o. The time 
interval for both the forward and return motions is 0.75 s, mak-
ing up a full-cycle period of 1.5 s. 

As seen in Fig. 5, in both forward and return motions, zero 
angular velocity is expected at both start and end points. 

The values of performance index for the forward and return 
motions were evaluated as 0 (N.m)2.s and 0 (N.m)2.s, respec-
tively. Thus, the torques applied at the joints 1 and 2 were 
found to be zero for both forward and return motions; i.e., the 
robot could move and return from/to the start point to/from the 
end point at no effort. Interestingly, the same values of parame-
ters were obtained for the forward and return motions: mc1 = 
381.7096 g, mc2 = 123.9781 g, β1 = 175.8087o and β2 = 
189.5429o. From these results, it can be concluded that, by 
setting the unknown variables of the counterweights appropri-
ately, the robot exhibited a free oscillatory motion. 

In order to verify the results, the obtained parameters of 
counterweights and the initial conditions given in Eq. (24) were 
applied to the Simmechanics model of the TLRM (Fig. 6), and 
the forward dynamic was solved without considering any ac-
tuator, i.e. open-loop case. Flowchart of the command diagram 
of the model is shown in Fig. 7. Angular positions and velocities 
of the robot were obtained by the Simmechanics toolbox and 
shown in Figs. 8 and 9, respectively. These figures are plotted 
for three motion cycles with a period of 1.5 s. 

As seen in Figs. 8 and 9, the robot exhibited a free periodic 
motion at a period of 1.5 s between start position A and end 
position B. In addition, for the time interval of 0-0.75 s, the re-

sults of the Simmechanics model are well in accordance with 
the results of the TPBVP (Figs. 4 and 5). 

 
3.2 Experimental simulation 

3.2.1 Experimental set-up 
A TLRM with adjustable counterweights manufactured in 

Semnan Robotics Lab was used for the experimental imple-
mentation. The robot construction with associated counter-
weights are demonstrated in Fig. 10. A graded plate was used 
to adjust the counterweight arm angle (Fig. 11). Components of 
the counterweight are presented in Fig. 12. The servo-

 
Fig. 6. Simulation of the TLRM via the Simmechanics toolbox. 

 

 
 
Fig. 7. The command diagram of the theoretical model. 

 

 
 
Fig. 8. Angular positions of the joints. 

 

 
 
Fig. 9. Angular velocities of the joints. 

 

 
 
Fig. 10. The TLRM with two adjustable counterweights. 
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actuators used in the robot were Dynamixle XH430-W210 by 
Robotis©. Indeed, due to friction, air resistance, and parametric 
uncertainties, it was practically difficult to implement the motion 
repeatedly without consuming any power as an open-loop 
policy to exactly reproduce the situation in the previous section. 
Thus, in order to implement the proposed method, the servo-
actuators were operated in position-control mode and the ex-
perimental apparatus was set up following a closed-loop ap-
proach. Flowchart of the command diagram is shown in Fig. 13. 

 
3.2.2 Experimental results 

In this experiment, the ZPB method was implemented for dif-
ferent pairs of start and end points. Two configurations were 
considered (Eq. (26)) with different positions of the coordinate 
system XOY. For two cases, the angular velocities were as-
sumed to remain at zero at the start and end points 
( 0 0= =fθ θ ). 

 
1 1

2 2

1 1

2 2
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2 : (0) 400 , ( ) 250 ,
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= ° = °

= ° = ° =

= ° = °

= − ° = − ° =

f

f f

f

f f

case x x t
x x t t s

case x x t
x x t t s

  (26) 

By solving the TPBVP, angular position and velocity at the 
joints and also the values of mc1, mc2, β1 and β2 of the counter-
weights were evaluated. Angular positions of the joints of the 
TLRM for the forward and return motions are illustrated in Figs. 
14 and 15 for both numerical and experimental simulations. 

As seen in Figs. 14 and 15, results of the TPBVP were in 
agreement with the results of the experimental set-up. 

The angular velocities of the joints for the forward and return 
motions are illustrated in Figs. 16 and 17 for both simulation 
and experimental studies. 

As seen in these figures, the results of the TPBVP were in 
agreement with the results of the experimental set-up. 

Optimal values of the parameters mc1, mc2, β1 and β2 of coun-
terweights for two cases are given in Table 3. For each case, 
the same values of parameters mc1, mc2, β1 and β2 were ob-
tained for the forward and return motions. 

For these cases, the start and finish positions of the TLRM 
with the counterweights are shown in Figs. 18 and 19. For the 
forward motion, the end-effector of the robot moves from A to B. 
Then, in the return motion, the end-effector of the robot moves 
from B to A. For case 2, the optimal trajectories of the robot for 

 
 
Fig. 11. The graded circular plate. 

 

 
Counterweight arm 

Counterweight mass

 
Fig. 12. Different components of the counterweight. 

 

 
Fig. 13. Command diagram of the experimental set-up. 

 

 

 
 
Fig. 14. Angular positions of the joints for case 1 (Exp.: Experimental). 
 

 

 

 
 
Fig. 15. Angular positions of the joints for case 2. 
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the forward and return motions are plotted in Fig. 20. In this 
figure, the red curves show the trajectory of the end-effector. 
As seen in Fig. 20, the trajectory of the end-effector in the for-
ward motion is coincides the trajectory of the end-effector in the 
return motion. 

Numerically simulated and experimentally observed values 
of torque at joints of the TLRM are plotted in Figs. 21 and 22 
for forward and return motions. Table 4 provides the values of 
the performance index under different sets of condition, as per 
Eq. (12). 

As seen in Figs. 21 and 22, for the ZPB method, zero 
theoretical torque values were obtained for the forward and 
return motions. Also, when experimentally investigating the 
torque at joints upon implementing the proposed ZPB method, 
the obtained values were considerably lower than those under 
unbalanced conditions. 

 
 
Fig. 18. The start and end points of the robot in case 1. 

 

 
 
Fig. 19. The start and end points of the robot in case 2. 

 

 
 
Fig. 20. The optimal trajectory of the robot in case 2. 

 

 

 
 
Fig. 21. Applied torque to the first (up) and second (down) joints of the robot –
case 1 (Ub: Unbalanced, B: Balanced (ZPB method), Exp.: Experimental).

Table 3. Optimal values of mc1, mc2, β1 and β2 for two cases. 
 

Case mc1 (g) mc2 (g) β1 (deg) β2 (deg) 

1 381.7096 123.9781 175.8087 189.5429 

4 495.9998 133.9166 190.5673 174.2849 

 

 

 
 
Fig. 16. Angular velocities of the joints for case 1. 

 

 

 
 
Fig. 17. Angular velocities of the joints for case 2. 
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As can be seen from figures, there is a difference between 
theoretical and experimental results. These differences are due 
to the friction and parameter uncertainties. Parameter uncer-
tainties caused by measurement error of mass, length, mo-
ment of inertia and the position of the center of mass. Indeed, 
the used parameters in the simulation study are not identical to 
the actual values of the experimental model. 

Based on the results presented in Table 4, the following con-
clusions can be drawn: 

(1) Under theoretical unbalanced condition, the values of 
performance index for cases 1 and 2 were found to be 0.0173 
and 0.0405, respectively. Under static balancing, the values of 
performance index for cases 1 and 2 are 0.0057 and 0.0054, 
respectively, while the corresponding values under theoretical 
ZPB were all zeros. 

The static balancing reduces the performance index for 
cases 1 and 2, respectively, 67.05 %, and 86.67 %, while the 
ZPB method reduces the performance index for two cases 
100 %. Note that the performance index in the static balancing 
is increased for high-speed task. 

(2) Under experimental unbalanced condition, the values of 
performance index for cases 1 and 2 were found to be 0.0190 
and 0.0449, respectively, while the corresponding values under 
experimental balanced condition were 0.0018 and 0.0031, 
respectively. Therefore, the ZPB method reduces the perform-
ance index for cases 1 and 2, respectively, 90.53 %, and 
93.10 %. 

Plotted in Fig. 23 are the values of the performance index 
under experimental condition for two cases. This figure dem-
onstrates the efficiency of ZPB method in comparison with the 
unbalanced condition. 

 
4. Conclusions 

In this paper, zero-power balancing (ZPB) method was pre-
sented for a two-link robotic manipulator (TLRM) using an indi-
rect solution of the optimal control problem. In the proposed 
methodology, the states, joint torques, and unknown parame-
ters of counterweights were determined simultaneously, ending 
up with zero performance index. Therefore, by achieving the 
performance index to the optimal value, the values of states 
and counterweights parameters are optimum for the predefined 
point-to-point task. The necessary conditions for optimality of 
the TLRM were derived using the PMP. Indeed, for a point-to-
point motion, the values of mc1, mc2, β1 and β2 of the counter-
weights were obtained in such a way to have the TLRM oscil-
lated freely between the start and end points. By applying the 
optimal values of mc1, mc2, β1 and β2 of the counterweights to 
the Simmechanics model of the TLRM, the robot was proved to 
be able to oscillate between initial and final angles at no power 
consumption. In order to demonstrate efficiency of the pro-
posed method, it was applied experimentally. In the practical 
implementation, significantly lower performance index values 
were obtained with the robot on which the proposed methodol-
ogy was applied, as compared to the unbalanced robot. 

 
References 
[1] E. I. Rivin, Mechanical Design of Robots, New York, McGraw-

Hill (1988). 
[2] R. Saravanan, S. Ramabalan and P. D. Babu, Optimum static 

balancing of an industrial robot mechanism, Engineering Appli-

Table 4. The value of performance index. 
 

J ((N.m)2.s) 
Case Condition 

Forward Return Average

Theoretical 0.0173 0.0173 0.0173 
Unbalanced 

Experimental 0.0190 0.0191 0.0190 
Static 

balancing Theoretical 0.0057 0.0057 0.0057 

Theoretical 0 0 0 

1 

Balanced 
(ZPB) Experimental 0.0016 0.0019 0.0018 

Theoretical 0.0405 0.0405 0.0405 
Unbalanced 

Experimental 0.0447 0.0451 0.0449 
Static 

balancing Theoretical 0.0054 0.0054 0.0054 

Theoretical 0 0 0 

2 

Balanced 
(ZPB) Experimental 0.0027 0.0034 0.0031 

 
 

 

 
 
Fig. 22. Applied torque to the first (up) and second (down) joints of the robot –
case 2. 

 
 

 
 
Fig. 23. The values of performance index for the experimental set-up. 

 



 Journal of Mechanical Science and Technology 34 (6) 2020  DOI 10.1007/s12206-020-0533-5 
 
 

 
2594 

cations of Artificial Intelligence, 21 (6) (2008) 824-834. 
[3] T. A. H. Coelho, L. Yong and V. F. A. Alves, Decoupling of 

dynamic equations by means of adaptive balancing of 2-dof 
open-loop mechanisms, Mechanism and Machine Theory, 
39 (8) (2004) 871-881. 

[4] C. M. Gosselin, F. Vollmer, G. Cote and Y. Wu, Synthesis 
and design of reactionless three-degree-of-freedom parallel 
mechanisms, IEEE Transactions on Robotics and Automa-
tion, 20 (2) (2004) 191-199. 

[5] M. Moradi, A. Nikoobin, and S. Azadi, Adaptive decoupling 
for open chain planar robots, Scientia Iranica. Transaction B, 
Mechanical Engineering, 17 (5) (2010) 376. 

[6] C. Cho and S. Kang, Design of a static balancing mecha-
nism for a serial manipulator with an unconstrained joint 
space using one-DOF gravity compensators, IEEE Transac-
tions on Robotics, 30 (2) (2013) 421-431. 

[7] K. Chaudhary and H. Chaudhary, Dynamic balancing of 
planar mechanisms using genetic algorithm, Journal of Me-
chanical Science and Technology, 28 (10) (2014) 4213-
4220. 

[8] S. Veer and S. Sujatha, Approximate spring balancing of 
linkages to reduce actuator requirements, Mechanism and 
Machine Theory, 86 (2015) 108-124. 

[9] L. Chen, Z. Yan and Z. Du, Optimal design of dynamic bal-
ancing for the redundant orientation mechanism of a master 
manipulator, International Conference on Mechatronics and 
Automation (ICMA), IEEE (2015). 

[10]  J. Boisclair, P. L. Richard, T. Laliberte and C. Gosselin, 
Gravity compensation of robotic manipulators using cylindri-
cal halbach arrays, IEEE/ASME Transactions on Mecha-
tronics, 22 (1) (2016) 457-464. 

[11]  D. S. Kumani and H. Chaudhary, Minimizing constraint 
forces and moments of manipulators using teaching-
learning-based optimization and octahedron point mass 
model, Proceedings of the Institution of Mechanical Engi-
neers, Part C: Journal of Mechanical Engineering Science, 
232 (19) (2018) 3500-3511. 

[12]  Y. Zhang, V. Arakelian and J. P. L. Baron, Linkage design 
for gravity balancing by means of non-zero length springs, 
ROMANSY 22–Robot Design, Dynamics and Control, 
Springer, Cham. (2019) 163-170. 

[13]  X. Yun, X. Mei, G. Jiang and B. Wang, A new dynamic 
balancing method of spindle based on the identification en-
ergy transfer coefficient, Journal of Mechanical Science and 
Technology, 33 (10) (2019) 4595-4604. 

[14]  A. Martini, M. Troncossi and A. Rivola, Algorithm for the 
static balancing of serial and parallel mechanisms combin-
ing counterweights and springs: Generation, assessment 
and ranking of effective design variants, Mechanism and 
Machine Theory, 137 (2019) 336-354. 

[15]  T. Ravichandran, D. Wang and G. Heppler, Simultaneous 
plant-controller design optimization of a two-link planar ma-
nipulator, Mechatronics, 16 (3-4) (2006) 233-242. 

[16]  A. Nikoobin and M. Moradi, Optimal balancing of the ro-
botic manipulators, Dynamic Balancing of Mechanisms and 

Synthesizing of Parallel Robots, Springer, Cham. (2016) 
337-363. 

[17]  A. Nikoobin and M. Moradi, Optimal balancing of robot 
manipulators in point-to-point motion, Robotica, 29 (2) 
(2011) 233-244. 

[18]  A. Nikoobin, M. Moradi and A. Esmaili, Optimal spring 
balancing of robot manipulators in point-to-point motion, 
Robotica, 31 (4) (2013) 611-621. 

[19]  A. Nikoobin, M. R. Vezvari and M. Ahmadieh, Optimal 
balancing of planar cable robot in point to point motion using 
the indirect approach, 2015 3rd RSI International Confer-
ence on Robotics and Mechatronics (ICROM), IEEE (2015). 

[20]  M. R. Vezvari and A. Nikoobin, Optimal balancing of spatial 
suspended cable robot in point-to-point motion using indi-
rect approach, International Journal of Advanced Design & 
Manufacturing Technology, 10 (3) (2017) 89-98. 

[21]  M. Moradi, M. Naraghi and E. A. Kamali, Simultaneous 
design of parameters and controller of robotic manipulators: 
Closed loop approach to practical implementation, Ad-
vanced Robotics, 32 (3) (2018) 105-121. 

[22]  T. Chettibi, H. E. Lehtihet, M. Haddad and S. Hanchi, Mini-
mum cost trajectory planning for industrial robots, European 
Journal of Mechanics-A/Solids, 23 (4) (2004) 703-715. 

[23]  H. R. Heidari, M. H. Korayem, M. Haghpanahi and V. F. 
Batlle, Optimal trajectory planning for flexible link manipula-
tors with large deflection using a new displacements ap-
proach, Journal of Intelligent & Robotic Systems, 72 (3-4) 
(2013) 287-300. 

[24]  M. H. Korayem and M. Irani, New optimization method to 
solve motion planning of dynamic systems: Application on 
mechanical manipulators, Multibody System Dynamics, 31 
(2) (2014) 169-189. 

[25]  M. H. Ghasemi, N. Kashiri and M. Dardel, Time-optimal 
trajectory planning of robot manipulators in point-to-point 
motion using an indirect method, Proceedings of the Institu-
tion of Mechanical Engineers, Part C: Journal of Mechanical 
Engineering Science, 226 (2) (2012) 473-484. 

[26]  S. Gong, R. Alqasemi and R. Dubey, Gradient optimization 
of inverse dynamics for robotic manipulator motion planning 
using combined optimal control, ASME 2017 International 
Mechanical Engineering Congress and Exposition (2017).  

[27]  D. E. Kirk, Optimal Control Theory: An Introduction, Pren-
tice-Hall, Englewood Cliffs, New Jersey (1970). 

 
 
 

Mojtaba Riyahi Vezvari is a Ph.D. stu-
dent of Mechanical Engineering in Uni-
versity of Semnan, Iran. He received his 
B.Sc. in Mechanical Engineering at 
Semnan University, Iran, in 2012 and his 
M.Sc. in Mechanical Engineering at the 
same university, in 2014. His research 
interests are robotic, optimization, dy-

namic and control. 



 Journal of Mechanical Science and Technology 34 (6) 2020  DOI 10.1007/s12206-020-0533-5 
 
 

 
2595 

Amin Nikoobin is an Assistant Profes-
sor of Mechanical engineering at the 
University of Semnan, Iran. He received 
his B.Sc. in Mechanical Engineering at 
Isfahan University of Technology, Iran, in 
2001. He received his M.Sc. in Mechani-
cal Engineering at Iran University of Sci-
ence and Technology, in 2003 and his 

Ph.D. in Mechanical Engineering at the same university in 
2007. His research interests are robotic, control and dynamic. 

Ali Ghoddosian is an Associate Profes-
sor of Mechanical Engineering at the 
University of Semnan. He received his 
B.S. in Mechanical Engineering from 
Shahid Chamran University, Iran in 1989 
and his M.S. in Mechanical Engineering 
from Iran University of Science and 
Technology in 1993. He received his 

Ph.D. in Mechanical Engineering from I.I.T Delhi University, 
India in 2000. His research interests are finite element, struc-
tural optimization and numerical optimization. 

 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


