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Abstract  Five-axis side milling technique for Niemann worm wheel teeth flank using a 
tapered flat-end mill is presented. Equations describing the worm wheel tooth flank were de-
rived based on differential geometry and the working principle of gears. The tooth flank was
modified by offsetting its point cloud computed using these equations along the normal direc-
tion. The maximum normal curvature of the worm wheel tooth flank was computed, and its
minimum radius of curvature was obtained. The cutter path step length and spacing between
cutter travels were computed to generate a uniform path for five-axis machining. Software 
simulations of the cutter path were performed for validation and for analysing errors in the worm
wheel tooth flank machining; this technique was also verified by milling worm wheels. The re-
sults demonstrated that the technique not only improved machining efficiency by 5 times com-
pared with point milling but also guaranteed precision machining of the tooth flank for five-axis 
machining of cylindrical worm drives.  

 
1. Introduction   

Compared with normal cylindrical worm drives, the Niemann worm drive offers higher trans-
mission accuracy and efficiency and a longer service life. It is now widely used in metallurgy, 
mining, environmental protection, and the aerospace industry.  

Before the five-axis CNC machining came into being, worm wheels could only be hobbed by 
the generating method with a hob on a gear hobbing machine [1, 2]. The hobbing process has 
higher efficiency, but the manufacturing cycle of the hob is relatively long, and the cost is con-
siderably high. This method is suitable for mass production but not for single production. Five-
axis CNC machining is highly flexible and has the benefit of low cost in small-batch production. 
This study proposes an efficient and high-precision five-axis CNC machining method for single-
piece and small-batch production of Niemann worm wheels [3-13]. Table 1 shows a compari-
son of five-axis CNC machining and hobbing. 

The tooth flank of the Niemann worm wheel is an extremely complex surface [14, 15]. Com-
plex surfaces are now usually point-milled using ball-end mills, which is a low-efficiency and 
high-cost solution [16-18]. Five-axis side milling is a much more efficient method than point 
milling, but side milling requires the surface to be a ruled surface (such as a ruled-surface im-
peller face) or at least one of the U and V directions of the surface to be convex (the U and V 
directions of the non-ruled-surface impeller back are concave). The Niemann worm wheel has 
a convex shape in the tooth height direction. Therefore, this paper proposes a method for ma-
chining the tooth flank of a Niemann worm wheel by side milling using a tapered flat-end mill, 
which can considerably improve the machining efficiency of the tooth flank on the premise of  
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Table 1. Comparison of five-axis CNC machining and hobbing. 
 

Method Applicable situation Tool cost Machining time 

Hobbing Mass production 358 $ 2 h 
Five-axis CNC machining Small-batch production 41 $ 2.5 h 
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controlling tooth surface error. The feasibility of the technique 
was verified through milling simulation and trial applications. 
This technique provides a new solution for worm wheel ma-
chining in small-batch manufacturing. 

 
2. Worm drive modelling and tooth profile 

modification  
2.1 Equations describing worm shaft tooth 

flank 

Fig. 1 illustrates the motion of a worm and grinding wheel set. 
Here, OuXuYuZu represents the coordinate system for the grind-
ing wheel, OXYZ denotes the fixed co-ordinate system, 
O1X1Y1Z1 represents the coordinate system for the worm, θ is 
the rotation angle of the worm coordinate system relative to the 
fixed coordinate system, p is the axial travel resulting from the 
worm's rotation by a unit radian, γ is the lead angle at the ref-
erence cylinder of the worm, and 1a  is the distance between 
the centres of the grinding wheel and the worm. With the pa-
rameters illustrated in Fig. 1, the following matrix for converting 
the grinding wheel coordinate system to the worm coordinate 
system can be derived: 

 
1

1
1 10 0

cos sin cos sin cos cos
sin cos cos cos sin cos
0 sin cos
0 0 0 1

u u

a
a

M M M
p

θ θ γ θ γ θ
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−⎡ ⎤
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⎢ ⎥
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 (1) 
 

where Mou is the matrix for converting the grinding wheel coor-
dinate system to the fixed coordinate system and M10 is the 
matrix for converting the fixed coordinate system to the worm 
coordinate system. 

Combining Figs. 1~3, the following equation can be derived 
for describing the cutting surface of the grinding wheel:  
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       (2)
 

 
where β and ψ are parameters defining the cutting surface of 
the grinding wheel, c is the distance from the centre of the cut-
ting surface of the grinding wheel to the axis of rotation of the 
grinding wheel, and d is the axial distance from the axis of rota-
tion of the grinding wheel to the centre of the cutting surface of 
the grinding wheel, as illustrated in Figs. 1~3. 

The motion of the grinding wheel cutting the worm is an en-
veloping motion, which satisfies the following equation for the 
meshing of conjugate surfaces: 

 
1 0u uv n⋅ =  (3)  

 
where 1uv  is the velocity vector of the motion of the grinding 
wheel relative to the worm and un  is the normal vector at the 

point of contact for the grinding wheel and worm. 
Thus, the contact between the grinding wheel and worm can 

be described using the following equation: 
 

( ) ( )1 1tan cos cot / cos sin cot sin .= − + − + +c a p k a pβ ψ γ ψ ψ γ ψ  
                         (4) 
 
The following equation can then be derived for describing the 

worm tooth flank, by transforming Eq. (2) into the worm coordi-
nate system using Eq. (1) and simultaneously solving Eqs. (2) 
and (4): 
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Fig. 1. Illustration of motion of a grinding wheel and worm set. 

 

 
 
Fig. 2. Illustration of axial section of grinding wheel. 
 

      
                  (a)                                (b) 
 
Fig. 3. Illustration of cutting surface of grinding wheel: (a) Axial sectional 
view; (b) transverse sectional view. 
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Eq. (5) essentially represents the complex spiral path of con-
tact (a three-dimensional line) between the grinding wheel and 
the worm. The tooth flank of the worm is formed by rotating the 
transverse profile of the worm spirally around the axis of rota-
tion of the worm. As the transverse profile is two-dimensional, 
describing the worm tooth flank in this manner yields a simpler 
numerical representation. Designating 1 =z 0 in Eq. (5), the 
following equation can be derived for describing the transverse 
profile of worm: 

 

 
 
Fig. 4 illustrates the transverse profile of the worm. Here, 

OaXaYaZa denotes the coordinate system for the transverse 
profile of worm. With the parameters illustrated in Fig. 4, the 
following equation can be derived for describing the transverse 
profile of the worm: 
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As the tooth flank is taken to be formed by rotating the trans-

verse profile of the worm spirally around the axis of rotation of 
the worm, numerical representation of the worm can be simpli-
fied as: 
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In Eqs. (7) and (8), ζ is the circumferential angle of the spiral 

rotation of the transverse profile of worm around the axis of 
worm. Here, (1)r  is the length of the radius vector of the trans-
fer tooth profile , η is the intersection angle of (1)r  and Xa, and 
μ is the intersection angle of (1)r  and Ya. These parameters 
can be obtained using the following equation: 
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  (9) 

 
where 

1y
n  and 

1x
n  are the normal vectors of the transverse 

profile of the worm. Eq. (9) shows that (1)r , η, and μ are func-
tions of ψ . Therefore, the independent parameters of Eq. (8) 
are ψ  and ζ. 

 
2.2 Equations for describing worm wheel tooth 

flank 

Fig. 5 shows the coordinate systems for a meshed worm and 
worm wheel set. Here, O1X1Y1Z1 refers to the coordinate sys-
tem for the worm, OXYZ denotes the fixed coordinate system 
for the worm, OPXPYPZP represents the fixed coordinate system 
for the worm wheel, O2X2Y2Z2 constitutes the coordinate sys-
tem for the worm wheel, 2a  is the distance between the cen-
tres of the worm and worm wheel, and 1ϕ  and 2ϕ  are the 
rotation angles of the worm and worm wheel, respectively. 

With the parameters illustrated in Fig. 5, the following matrix 
can be derived for transforming the worm coordinate system to 
the worm wheel coordinate system: 

 

2 1

2 2 0 01 1

2 1

( )P p

x x
y M M M y
z z

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= +⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

                 (10) 

 
where 

 
 
Fig. 4. Transverse profile of worm. 

 
 

 
Fig. 5. Coordinate systems for a meshed worm and worm wheel set. 
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The worm wheel tooth flank is enveloped by the worm tooth 

flank and satisfies the following equation for the meshing of 
conjugate surfaces: 

 
12 1 0v n⋅ =   (11) 

 
where 12v  is the velocity vector of the motion of the worm 
relative to the worm wheel, and 1n  is the normal vector at the 
contact point of the worm and worm wheel. 

Then, the contact between the worm and worm wheel can be 
described using the following equation: 

 
( ) ( ) ( ) ( )1 1 2
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With Eqs. (8), (10) and (12) resolved simultaneously, the fol-

lowing equation can be obtained for describing the worm wheel 
tooth flank: 

 

 
 
Eq. (13) yields a line of contact between the worm and the 

worm wheel for a given value of 1. With iteration of ψ and ζ 
performed according to their respective ranges of values, the 
point set of the line of contact for a given moment can be ob-
tained. The point cloud of the entire worm wheel flank can then 
be obtained by repeating the steps above to compute the set of 
lines of contact between the worm and the worm wheel. 

 
2.3 Worm wheel tooth profile modification 

The centre of the contact area of a meshed worm drive set 
can be determined according to the requirements regarding the 
area and position of the contact between meshed worm drive 
sets provided in relevant standards and handbooks. The centre 
is the reference point (Oc) for modifying the worm wheel tooth 
profile. First, a plane that is tangential to the worm wheel tooth 
flank and crosses the reference point needs to be established. 
Next, a coordinate system for the tangential plane, OCXCYC, 
needs to be established with the reference point as the origin 
(Oc), the tooth width direction as the XC-axis, and the tooth 

depth direction as the YC-axis. 
Projecting the point in the tooth facing the tangential plane, 

the coordinates of the projection in the tangential plane can be 
expressed as: 

 
( ) ( ) ( )
( ) ( ) ( )

proj c xc c xc c xc

proj c yc c yc c yc

x x x i y y j z z k
y x x i y y j z z k

⎧ = − + − + −⎪
⎨ = − + − + −⎪⎩

 (14) 

 
where xproj and yproj are the coordinates of the projection in the 
tangential plane; x, y, and z are the coordinates of the point 
before the projection; xc , yc , and zc are the coordinates of the 
reference point for tooth profile modification; ixc , jxc , and kxc are 
the unit vectors of the XC-axis of the coordinate system for the 
tangential plane; and iyc , jyc , and kyc are the unit vectors of the 
YC-axis of the coordinate system for the tangential plane. 

The offset of tooth flank (dis) can then be solved by substitut-
ing Eq. (14) into the following equation: 

 
2 2
proj projdis A x B y= ⋅ + ⋅   (15) 

 
where 

 
2

1/ ( )cont tA dis k st= ⋅    
2

2/ ( )cont t aB dis k h= ⋅  
 

where discont is the reference distance between the contact 
points of a meshed worm and worm wheel set, 1tk  is the ratio 
of the length of the contact area to the tooth width of the worm 
wheel, 2tk  is the ratio of the width of the contact area to the 
tooth depth of the worm wheel, and st and ha are the tooth 
width and depth of the worm wheel, respectively. 

The coordinates of a point on the tooth flank after the offset-
ting can be computed by substituting Eq. (15) into the following 
equation:  

 

2

2

2

mod

mod

mod

x

y

z

x x dis n
y y dis n
z z dis n

⎧ = + ⋅
⎪ = + ⋅⎨
⎪ = + ⋅⎩

  (16)  

 
where xmod , ymod , and zmod are the coordinates of the point in 
the tooth flank after offsetting; x, y, and z are the coordinates of 
the point in the tooth flank before the offsetting; and, 

2x
n , 

2y
n  

and 
2z
n  are the unit normal vectors of the worm wheel tooth 

flank. 

 
3. Algorithms for generating cutter contact 

point of side milling of worm wheel 
tooth flank 

The minimum radius of normal curvature of the contact point 
(P1) of a worm drive set cannot be directly resolved using the 
line defined by the equation for describing the contact included 
in Eq. (13), a transcendental trigonometric equation. In this 



 Journal of Mechanical Science and Technology 34 (6) 2020  DOI 10.1007/s12206-020-0527-3 
 
 

 
2519 

study, the maximum normal curvature and induced normal 
curvature in the principal direction (Kg1

(12)) of the contact point 
(P1) in the worm surface were resolved according to the forma-
tion principle of conjugate surfaces. Then, the maximum nor-
mal curvature at the contact point (P1) in the worm wheel sur-
face was computed according to the definition of the induced 
normal curvature. Finally, the minimum radius of curvature at 
the contact point (P1) in the worm wheel surface was obtained. 

 
3.1 Solving minimum radius of curvature of 

worm wheel surface 

Any contact point in the worm surface has two principal cur-
vatures, which are unequal and are in different directions. Us-
ing calculus to resolve the extrema, the principal curvatures 
and principal directions can be expressed using the following 
equations: 

 
( ) ( )2 2 2( ) 2 0n nEG F k EG FM GL k LN M− − − + + − =   

( ) ( )2 0g gEM FLe EN GL e FN GM− + − + − =       (17)  
 

where E, F, G, L, M, and N are the first and second base quan-
tities, kn is the curvature, and 1ge  is the principal direction. 

Then, the maximum normal curvature (kgn) and principal di-
rection ( 1ge ) at the contact point (P1) can be obtained by solv-
ing Eqs. (8) and (17) simultaneously. 

To obtain the induced normal curvature (Kg1
(12)), the first step 

was to compute the normal curvature and short-range torsion 
of the contact point in the worm surface in the direction of the 
relative velocity ( (12)v ) of the meshed worm and worm wheel 
set:  

 
( ) ( ) ( )1 1u u
v v vK K K= −   
( ) ( ) ( )1 1 u u
v v vG G G= −   (18) 

 
where Kv

(u) and Gv
(u) are the normal curvature and short-range 

torsion, respectively, of the point in the cutting surface of the 
grinding wheel in the (12)v  direction, and Kv

(u1) and Gv
(u1) are 

the induced normal curvature and induced short-range torsion, 
respectively, of the meshed grinding wheel and worm set.  

The induced normal curvature (K(12)) at the contact point (P1) 
in the normal direction of the contact path can be obtained by 
substituting the values of Kv

(1) and Gv
(1) given by Eq. (18) into 

the following equation: 
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where 1 2,ω ω  are the angular velocities of the worm and 
worm wheel, respectively; 1r  and 2r  are the radius vectors 
of the contact point in the coordinate systems for the worm and 
worm wheel, respectively; (12)v  is the velocity of the worm 
relative to the worm wheel; and 1n  is the normal vector at the 
contact point (P1) in the worm surface. 

Then, the induced normal curvature Kg1
(12) at the contact 

point (P1) in the maximum curvature direction 1ge  can be ob-
tained by substituting the value of K(12) into the following equa-
tion: 

 
( ) ( )12 12
1 cosg aK K ϕ=   (22) 

 
where φa is the contact angle from the normal direction (σ ) of 
the line of contact to the direction of the maximum normal cur-
vature ( 1ge ). 

Then, the maximum normal curvature (kln) at the contact 
point (P1) in the worm wheel surface can be obtained by substi-
tuting the values of kgn and Kg1

(12) into the following equation: 
 

( )12
1 ln .= −g gnK k k   (23) 

 
Finally, the minimum radius of curvature (Rn) can be ob-

tained by substituting the value of kln in Eq. (24): 
 

ln

1 .=nR k
 (24) 

 
The minimum radius of curvature (Rn) at each contact point 

of the meshed worm and worm wheel set was computed using 
the method above. The minimum radius of curvature (Rmin) for 
the entire worm wheel surface was then obtained through nu-
merical comparison. 

 
3.2 Discretization of worm wheel-cutter con-

tact points 

In this study, the cutter path was divided into uniform sec-
tions as follows. First, the machining tolerance (εs) was deter-
mined. Next, the cutting step length along the cutter path (LS) 
was computed using Eq. (25). Next, the spacing between the 
travels of cutting path was computed using Eq. (26). Then, the 
cross-section of the worm wheel surface in the axial direction of 
the worm wheel (tooth width direction) at a distance of ≤ LS was 
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determined. The longest cross-section was divided into equal 
sections with a length of ≤τ  to obtain the number of discrete 
points. Finally, all the other cross-sections were divided into the 
same number of equal sections. Fig. 6 illustrates the procedure 
above. 

 
min2 (2 )S s sL Rε ε= −   (25) 

min
min

min

2 1 .
⎡ ⎤

= − ⎢ ⎥+⎣ ⎦s

RR
R

τ
ε

  (26) 

 
In Fig. 6, the chamfering and gorge circle of the worm wheel 

tooth flank are neglected; the top line represents the tip; the 
bottom line represents the boundary between the flank and the 
root circle. 

The coordinates of the cutter contact and the normal vector 
of toot flank at each cutter contact were retrieved on a three-
dimensional CAD software, as shown in Figs. 7 and 8. 

 
4. Computation of cutter path in worm 

wheel tooth flank 
The coordinates of the cutter location points and the vector of 

the cutter shaft were computed according to the coordinates 
and normal vectors of the cutter contact points in the worm 
wheel tooth flank. To achieve uniform cutter wear, this study 

developed an algorithm for allowing the entire cutting edge of a 
tapered flat-end mill to participate in milling. 

 
4.1 Computing the vector of cutter shaft 

To control the oscillation angle of the cutter shaft, the gener-
ating line of conical surface of the cutter that crosses the cutter 
contact point should remain parallel to the transverse surface 
of worm wheel. Therefore, the vectors of the generating line 

( )u m m mm u v w  are the cross products of the flank normal vec-
tor 

2 2 22 ( )n n nn u v w  and the unit vector of +Z2-axis can be de-
scribed as follows: 

 
2

2

0.

=⎧
⎪ = −⎨
⎪ =⎩

m n

m n

m

u v
v u
w

  (27)      

 
With the vector of the generating line, the normal vector at 

the cutter contact point in the tooth flank, and the half taper 
angle of the cutter already known, the components of the vec-
tor of cutter shaft can be obtained using the following equation: 

 

( )
( )

( )

2 2 2 2

2 2 2 2

2 2 2 2

2 2

2 2

2 2

cos sin

sin cos

sin

n n n n

n n n n
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v v u v u

w w u w v

⎧ = Δ + Δ +
⎪⎪ = Δ + − Δ⎨
⎪

= Δ +⎪⎩

   (28) 

 
where ∆ is the half taper angle of the cutter. 

 
4.2 Computing cutter location point 

Fig. 9 illustrates the method for obtaining the cutter location 
point. First, the discrete point P1 is projected onto the cutter 
shaft along the normal vector of the tooth flank, with the projec-
tion point designated as P1t. Next, point P1t is projected onto 
the bottom surface of the cutter along the reverse direction of 
the vector of the cutter shaft. The resulting projection point C0 
is the cutter location point. 

The coordinates of the projection point were computed using 
the following equation: 

 

2

2

2

1

1

1

t n n

t n n

t n n

x x dev u
y y dev v
z z dev w

⎧ = + ⋅
⎪ = + ⋅⎨
⎪ = + ⋅⎩

     (29)   

 
where x1t, y1t, and z1t are the coordinates of the projection point; 
xn, yn, and zn are the coordinates of the cutter contact point; 
dev is the distance from the cutter contact point to the projec-
tion point on the cutter shaft (along the normal vector of tooth 
flank) and is computed using the following equation: 

 
( )

( )( )
2

tan ( / 2cos )
1 / 2sin

S

S S d

L gap
dev D

N N k gap D
⎛ ⎞− ⋅

= Δ + Δ⎜ ⎟⎜ ⎟− − + + Δ⎝ ⎠
 

  (30)   

 
 
Fig. 6. Illustration of discretization of cutter contact points in worm wheel 
surface. 

 

 
 
Fig. 7. Cutter contacts in worm wheel tooth flank. 

 

 
 
Fig. 8. Normal vectors at cutter contacts in worm wheel tooth flank. 
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The coordinates of the cutter location point were computed 
by substituting Eq. (29) into the following equation: 

 
( ) ( )( )
( ) ( )( )
( ) ( )( )

1

1

1

( 2 / 1 / 2sin ) / cos
( 2 / 1 / 2sin ) / cos
( 2 / 1 / 2sin ) / cos

t S S S d

t S S S d

t S S S d

x x L gap N N k gap D u
y y L gap N N k gap D v
z z L gap N N k gap D w

⎧ = − − ⋅ − − + + Δ Δ
⎪ = − − ⋅ − − + + Δ Δ⎨
⎪ = − − ⋅ − − + + Δ Δ⎩

 

     (31) 
 
In Eqs. (30) and (31), LS is the length of the cutting edge, gap 

is the allowance throughout the length of the cutting edge, NS is 
the number of cutter travels, kd is the sequential number of 
cutter travel, and D is the diameter of the cutter. 

 
4.3 Interference verification and correction 

As shown in Fig. 10, the worm wheel tooth flank consists of 
two opposite surfaces, and the end surface of the cutter while 
machining one of the surfaces may possibly interfere with the 
other surface. This validity of this possibility can be verified 
using the following equation: 

 
22 2

0 0( )m c m c i r⎡ ⎤− − − ⋅ >⎣ ⎦   (32) 

 
where m  is the vector of coordinates at the point in the other 
surface of the tooth flank, 0c  is the vector of coordinates at the 
cutter location point, i  is the vector of cutter shaft, and r is the 
radius of the cutter. If the computation result does not satisfy 
the above equation, then there exists interference owing to the 
end surface of the cutter and a cutter with a smaller radius 
needs to be selected to eliminate the interference. 

5. Trial applications for verifying five-axis 
milling of worm wheel tooth flank 

5.1 Accurate three-dimensional modelling and 
tooth profile modification of worm wheel 

Table 2 shows the parameters for the modelling and tooth 
profile modification of a three-start right-hand Niemann worm 
drive. 

First, the point cloud for the modified worm wheel tooth flank 
was computed according to the modelling and tooth profile 
modification algorithm described in Sec. 1. Next, the tooth sur-
face was simulated using the point cloud (tooth surface fitting 
accuracy is 0.0017 mm). Finally, the tooth profile of the blank 
worm wheel was modified using the simulated surface to obtain 
a three-dimensional model of the worm wheel, as shown in Fig. 
11. 

 
5.2 Simulation verification of the numerical-

control side milling 

Table 3 shows the parameters for machining the worm wheel 
(machining tolerance: 0.005 mm). 

The coordinates and normal vector of the cutter location  

mu

 
 
Fig. 9. Illustration of method for computing cutter location point. 

 
 

 
 
Fig. 10. Illustration of cutter interference. 

 

Table 2. Parameters for modelling and tooth profile modification of worm 
drive. 
 

Parameter Value Parameter Value

Modulus (mm) 10 Number of starts of worm 3 

Number of teeth 31 Radius of the cutting sur-
face of grinding wheel (mm) 56 

Addendum modification 
coefficient of worm wheel 0.4 Lead angle of reference 

cylinder of worm (°) 20.1

Nominal pressure angle of 
grinding wheel (°) 23 Dedendum coefficient 1.2 

Addendum coefficient 1 Maximum modification 0.2 

 
Table 3. Parameters for worm wheel machining. 
 

Parameter Value Parameter Value

Cutter path step length 
(mm) 1.5 Spacing between travels of 

cutter path 0.63 

Diameter of cutter (mm) 4 Cutting edge length (mm) 18 

Half taper angle of cutter (°) 6 Effective cutting-edge 
length (mm) 10 

 

 
 
Fig. 11. Three-dimensional model for worm wheel tooth profile modification.
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point were obtained according to the algorithm described in 
Sec. 3, with the resulting cutter location points exported as a 
cutter location file. The file was then processed to generate G 
codes, which were then input into the VERICUT software to 
perform simulation analysis, as shown in Fig. 12.          

The worm wheel tooth flank obtained from the simulation 
machining in the VERICUT program was compared with that 
obtained by the three-dimensional design model, as shown in 
Fig. 13. 

The comparative analysis results confirmed no over- or un-
der-cutting. 

 
5.3 Milling test 

Worm wheels (tin bronze) were machined using a five-axis 
numerical-control machine (MIKRON UCP 800 Duro). The 
spindle speed was 8000 r/min, and the feed speed was 
1500 mm/min. The resulting products had a roughness of ap-
proximately Ra 0.8 as tested using a Mahr hand-held rough-
meter, as shown in Fig. 14. 

Finally, the finished products were tested for their perform-
ance in meshing on a worm drive testing platform (check 
whether the actual meshing area is consistent with the theo-
retical design), as shown in Fig. 15. During the meshing test, 

      
                (a)                                  (b) 
 

 
(c) 

 
Fig. 12. Cutter path and simulation machining of worm wheel flank: (a) 
Cutter path for left-hand surface; (b) cutter path for right-hand surface; (c) 
simulation of worm wheel machining.          

 
 

   
(a) 

 

 
(b) 

 
Fig. 13. Accuracy analysis of simulation machining of worm wheel: (a) 
Overcut analysis; (b) under-cut analysis. 

      
                    (a)                          (b) 
 

      
                    (c)                          (d) 
 
Fig. 14. Worm wheel products and surface roughness measurements: (a) 
Finished side-milled worm wheel; (b) finished worm wheel; (c) measuring 
roughness in the direction of tooth depth; (d) measuring roughness in the 
direction of tooth width.  

 

 
 
Fig. 15. Meshing contact spots left by the meshing test. 
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the worm drive operated smoothly, showing no undesirable 
vibration, and the meshing contact spots were acceptable, 
thereby confirming that the products satisfied operating re-
quirements. 

 
6. Conclusions 

This study developed a three-dimensional model for modify-
ing the tooth profile of the Niemann worm wheel based on dif-
ferential geometry and the working principle of gears. Com-
pared with simulation modelling, this enveloping-based method 
of modelling yields more accurate models in a more time-
efficient manner. 

A technique for five-axis side milling of the Niemann worm 
wheel tooth flank was proposed: It used a tapered flat-end mill 
based on the working principle of gears and the numerical-
control milling technology. The technique was confirmed feasi-
ble and valid through a simulation run by the VERICUT soft-
ware. 

The proposed technique was tested by machining Niemann 
worm wheels on a five-axis machine. The test demonstrates 
that the technique can not only resolve issues of low operating 
efficiency and cost efficiency inherent in point milling that used 
ball-end cutters but can also effectively guarantee machining 
surface quality. The technique offers great potential for applica-
tions in five-axis machining of other cylindrical worm drives, as 
well. 
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